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ON THE EQUIVALENCE OF STOCHASTIC COMPLETENESS
AND LIOUVILLE AND KHAS’'MINSKII CONDITIONS
IN LINEAR AND NONLINEAR SETTINGS

LUCIANO MARI AND DANIELE VALTORTA

Sui quisque laplaciani faber

ABSTRACT. Set in the Riemannian enviroment, the aim of this paper is to
present and discuss some equivalent characterizations of the Liouville property
relative to special operators, which in some sense are modeled after the p-
Laplacian with potential. In particular, we discuss the equivalence between
the Liouville property and the Khas’minskii condition, i.e. the existence of an
exhaustion function which is also a supersolution for the operator outside a
compact set. This generalizes a previous result obtained by one of the authors.

1. INTRODUCTION

In what follows, let M denote a connected Riemannian manifold of dimension
m, with no boundary. We stress that no completeness assumption is required.
The relationship between the probabilistic notions of stochastic completeness and
parabolicity (respectively the non-explosion and the recurrence of the Brownian
motion on M) and function-theoretic properties of M has been the subject of
an active area of research in the past few decades. Deep connections with the
heat equation, Liouville type theorems, capacity theory and spectral theory have
been described, for instance, in the beautiful survey [8]. In [23] and [22], the
authors showed that stochastic completeness and parabolicity are also related to
weak maximum principles at infinity. This characterization has revealed to be
fruitful in investigating many kinds of geometric problems (for a detailed account,
see [24]). Among the various conditions equivalent to stochastic completeness, the
following two are of prior interest to us:

- [L®°-Liouwille] for some (any) A > 0, the sole bounded, non-negative, con-
tinuous weak solution of Au — Au > 0 is u = 0;
- [weak mazimum principle] for every u € C?(M) with u* = sup,; u < +00,
and for every n < u*,
(1.1) inf Au <0, where Q, =u~*{(n, +o0)}.
n
R.Z. Khas'minskii [IT] has found the following condition for stochastic complete-

ness. We recall that w € C°(M) is called an exhaustion if it has compact sublevels
w((—o00,t]), t € R.
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Theorem 1.1 (Khas'minskii test [I1]). Suppose that there exists a compact set K
and a function w € CO(M) N C%*(M \ K) satisfying for some X > 0:

(1) w is an exhaustion; (7)) Aw—Adw <0 on M\K.
Then M is stochastically complete.

A very similar characterization holds for the parabolicity of M. Namely, among
many others, parabolicity is equivalent to:

- every bounded, non-negative continuous weak solution of Au > 0 on M is
constant;

- for every non-constant u € C%(M) with u* = sup,; u < +o0, and for every
n <u’,
(1.2) inf Au <0, where Q, =u"*{(n, +o0)}.
n

Note that the first condition is precisely case A = 0 of the Liouville property
above. As for Khas'minskii type conditions, it has been proved by M. Nakai [20] and
Z. Kuramochi [I5] that the parabolicity of M is indeed equivalent to the existence
of a so-called Evans potential, that is, an exhaustion, harmonic function w defined
outside a compact set K and such that w = 0 on K. To the best of our knowledge,
an analogue of such equivalence for stochastic completeness or for the non-linear
case has still to be proved, and this is the starting point of the present work.

With some modifications, it is possible to define the Liouville property, the
Khas’'minskii test and Evans potentials also for p-Laplacians or other non-linear
operators, and the aim of this paper is to prove that in this more general setting
the Liouville property is equivalent to the Khas’minskii test, answering in the affir-
mative a question raised in [26] (question 4.6). After that, a brief discussion on the
connection with appropriate definitions of the weak maximum principle is included.
The final section will be devoted to the existence of Evans type potentials in the
particular setting of radially symmetric manifolds. To fix the ideas, we state the
main theorem in the “easy case” of the p-Laplacian and then introduce the more
general (and more technical) operators to which our theorem applies. Recall that
for a function u € Wi)’cp(Q), the p-Laplacian A, is defined weakly as

(1.3) [ o= [ 196 (vulve),
Q Q
where ¢ € C2°(Q2) and integration is with respect to the Riemannian measure.

Theorem 1.2. Let M be a Riemannian manifold and let p > 1, A > 0. Then, the
following conditions are equivalent.

(W) The weak mazimum principle for C° holds for A,. That is, for every non-
constant u € CO(M) N W,-P(M) with u* = supy,u < oo and for every
n < u* we have

(1.4) infA,u<0  (<0ifA=0)
weakly on Q, = u={(n, +o0)}.

(L) Every non-negative, L> N Wl})’f solution u of Apu — AuP~1 >0 is constant
(hence zero if A >0).
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(K) For every compact K with smooth boundary, there exists an exhaustion
w e CO(M) NW,5P(M) such that

w>0 on M\K, w=0 onK, Ayw— <0 on M\K.

Up to some minor changes, the implications (W) < (L) and (K) = (L) have
been shown in [25], Theorem A, where it is also proved that, in (W) and (L), u can
be equivalently restricted to the class C1(M). In this respect, see also [26], Section
2. On the other hand, the second author in [33] has proved that (L) = (K) when
A = 0. The proof developed in this article covers both the case A = 0 and A > 0, is
easier and more straightforward and, above all, does not depend on some features
which are typical of the p-Laplacian.

2. DEFINITIONS AND MAIN THEOREMS

Notational conventions. We set RT = (0, +o0c), Rf = [0, +00), and R~, Ry accord-
ingly; for a function u defined on some set 2, u* = esssupu and u, = essinfou; we
will write K €  whenever the set K has compact closure in §; Lip,,.(M) denotes
the class of locally Lipschitz functions on M; with u € Holjoe(M) we mean that, for
every Q € M, u € C%%(Q) for some « € (0, 1] possibly depending on . Finally,
we will adopt the symbol Q@ = ... to define the quantity Q as .. ..

In order for our techniques to work, we will consider quasilinear operators of the
following form. Let A : TM — TM be a Carathéodory map, i. e., if 7 : TM — M
is the bundle projection, m o A = 7. Moreover every representation A of A in local
charts satisfies

e A(z,-) continuous for a.e. x € M,

e A(-,v) measurable for every v € R™.

Note that every continuous bundle map satisfies these assumptions. Furthermore,
let B: M xR — R be of Carathéodory type, that is, B(:,t) is measurable for
every fixed ¢ € R, and B(z,-) is continuous for a.e. z € M. We shall assume that
there exists p > 1 such that, for each fixed open set Q € M, the following set of
assumptions . is met:

(Al)  (AX)X) > m|XP ¥ X eTM,

(A2) [A(X)] < az] X"~ VX € TM,

(Mo) A is strictly monotone, i.e. <A(X) - A(Y)|X -Y), 2 0 for
every x € M, X,Y € T, M, with equality if and only if X =Y

(B1) |B(2,t)| < by +bo|t|P™t fort eR,

(B2) for a.e. z, B(z,-) is monotone non-decreasing,

(B3) for a.e. z, B(x,t)t >0,

where a1, ag, by, by are positive constants possibly depending on €. As explained in
Remark 42, we could state our main theorem relaxing condition [B1l to

(B1+) |B(z,t)] < b(t) forteR

for some positive and finite function b. However for the moment we assume [B1l
to avoid some complications in the notation, and explain later how to extend our
result to this more general case.
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We define the operators F, A, B : W1P(Q) — WHP(Q)* by setting

A w6 e WHH(Q) s fo (A(VW)|Ve) .
O T u o [0 e W) s fo Bla,u(x))o].
F=A+B.

With these assumptions, it can be easily verified that both A and B map to contin-
uous linear functionals on WP(Q) for each fixed Q € M. We define the operators
L4, Ly according to the distributional equality:

/ OLau = —(A(u), 6), / Lru = —(F(u), 0)
M M

for every u € Wlif(M) and ¢ € C°(M), where (,) is the duality. In other words,
in the weak sense

Lru=div(A(Vu)) — B(z,u) Y ue W\ P(M).

loc

Example 2.1. The p-Laplacian defined in ([3]), corresponding to the choices
A(X) = |X|P72X and B(w,t) = 0, satisfies all the assumptions in .# for each
Q) € M. Another admissible choice of B is B(x,t) = A|t|P72t, where A\ > 0. For
such a choice,

(2.2) Lru = Apu — Aul|P?u

is the operator of Theorem However, we stress that in . we require no homo-
geneity condition either on A or on B.

Example 2.2. More generally, as in [25] and [29], for each function ¢ € CO(R{)
such that ¢ > 0 on RT, ¢(0) = 0, and for each symmetric, positive definite 2-
covariant continuous tensor field h € I'(Sym,(T'M)), we can consider differential
operators of type

C o \Y
Ly pu = div <SOT|VUU|J) h(Vu, )ﬁ) ,

where f is the musical isomorphism. Due to the continuity and the strict positivity
of h, conditions (ATl and (A2) in .% can be rephrased as

(2.3) artP™t < o(t) < agtP.
Furthermore, if ¢ € C*(R™), a sufficient condition for ((Md) to hold is given by

(2.0 ZOnex0+ (¢0 - £ i ne x> 0

for every X, Y with |X| = |Y| = 1. The reason why it implies the strict monotonic-
ity can be briefly justified as follows: for L, », (Md)) is equivalent to requiring

e(I1X1) vy (YD) B .
X X, X —Y) v MY,X =Y)>0 if X#Y.

In the non-trivial case when X and Y are not proportional, the segment Z(t) =
Y +t(X -Y),te€0,1], does not pass through zero so that

(2.5)

F(t) = (pTZZDh(Z, z')
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is C1. Condition (24) implies that F'(t) > 0. Hence, integrating we get F(1) >
F(0), that is, (2E). We observe that, if h is the metric tensor, the strict mono-
tonicity is satisfied whenever ¢ is strictly increasing on R™ even without any dif-
ferentiability assumption on (.

Example 2.3. Even more generally, if A is of class C!, a sufficient condition for the
monotonicity of A has been considered in [I], Section 5 (see the proof of Theorem
5.3). Indeed, the authors required that, for every x € M and every X € T, M, the
differential of the map A, : T, M — T, M at the point X € T, M is positive definite
as a linear endomorphism of Tx(T,M). This is the analogue, for Riemannian
manifolds, of Proposition 2.4.3 in [28].

We recall the concept of subsolutions and supersolutions for Lz.

Definition 2.4. We say that u € Wlif(M) solves Lru > 0 (resp. < 0, =
weakly on M if, for every non-negative ¢ € C°(M), (F(u),¢) < 0 (resp., > 0,
= 0). Explicitly,

/ (A(Vu)|Ve) —I—/ B(z,u)¢ <0 (resp., >0, =0).
M M

Solutions of Lru > 0 (resp., < 0, = 0) are called (weak) subsolutions (resp.,
supersolutions, solutions) for L.

Remark 2.5. When defining solutions of Lru = 0, we can drop the requirement
that the test function ¢ be non-negative. This can be easily seen by splitting ¢ into
its positive and negative parts and using a density argument.

Remark 2.6. Note that, since B is Carathéodory, (B3) implies that B(z,0) = 0 a.e.
on M. Therefore, the constant function u = 0 solves Lru = 0. Again by (B3),
positive constants are supersolutions.

Following [25] and [26], we present the analogues of the L°-Liouville property
and the Khas’minskii property for the non-linear operators constructed above.

Definition 2.7. Let M be a Riemannian manifold, and let A, B, F be as above.

- We say that the L°°-Liouville property (L) for L> (respectively, Holjoe)
functions holds for the operator Lz if every uw € L>(M) N V[/licp (M) (re-
spectively, Holi,c(M) N W,5P(M)) is essentially bounded, satisfying u > 0,
and Lru > 0 is constant.

- We say that the Khas'minskii property (K) holds for Lz if, for every pair
of open sets K € 2 € M with Lipschitz boundary, and every € > 0, there
exists an exhaustion function

w e CO(M) VWP (M)

such that
w>0 on M\K, w=0 on K,

w<e on Q\K, Lrw <0 on M\K.

A function w with such properties will be called a Khas’minskii potential
relative to the triple (K, ¢€).

- A Khas'minskii potential w relative to some triple (K,,¢) is called an
Evans potential if Lrw = 0 on M\K. The operator Ly has the Evans
property (F) if there exists an Evans potential for every triple (K, Q,¢).
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The main result in this paper is the following.

Theorem 2.8. Let M be a Riemannian manifold, and let A, B satisfy the set
of assumptions ., with (BIE) instead of (BI). Define A,B,F as in 1)), and
L, Lr accordingly. Then, conditions (L) for Holiec, (L) for L™ and (K) are
equivalent.

Remark 2.9. It should be observed that if Lz is homogeneous, as in (22), the
Khas’minskii condition simplifies considerably as in (K) of Theorem Indeed,
the fact that dw is still a supersolution for every § > 0, and the continuity of w,
allow us to get rid of © and e.

Next, in Section Bl we briefly describe in which way (L) and (K) are related to
the concepts of weak maximum principle and parabolicity. Such a relationship has
been deeply investigated in [24], [25], whose ideas and proofs we will follow closely.
With the aid of Theorem 2.8 we will be able to prove Theorem To state it,
we shall restrict ourselves to a particular class of potentials B(z,t), those of the
form B(z,t) = b(z)f(t) with

b,b~t € L2 (M), b>0ae. on M;
f€C°%R), f(0)=0, fisnon-decreasing on R.
Clearly, B satisfies (BI1), (B2) and (B3). As for A, we require (AJl) and (A2)), as

before.

Definition 2.10. Let A, B be as above, define A, B, F as in (1) and L4, Lr
accordingly.

(2.6)

(W) We say that b~ L4 satisfies the weak maximum principle for C° functions
if, for every u € CO(M) N W,5P(M) such that u* < +oo, and for every
n <u’,

islllf b 'Lau<0 weakly on Q, = u"{(n, +00)}.

(Wpa) We say that b='L 4 is parabolic if, for every non-constant u € C°(M) N
WLP(M) such that u* < +oo, and for every n < u*,

infb~'Lqu <0 weakly on Q, = u'{(n, +o0)}.

n

- We say that F is of type 1 if, in the potential B(z,t), the factor f(t) satisfies
f > 0on R*. Otherwise, when f = 0 on some interval [0, 7], F is said to
be of type 2.

Remark 2.11. infq, b~1L qu < 0 weakly means that, for every e > 0, there exists
0<¢eC(y,), ¢#0 such that

—(A(u), ¢) <5/b¢.

Similarly, with infq, b= L u < 0 weakly we mean that there exist ¢ > 0 and
0<¢eCx(Q,), ¢ #0 such that —(A(u), d) < —¢ [ be.

Theorem 2.12. Under the assumptions Z6) for B(z,t) = b(z)f(t), and (AT,
(A2) for A, the following properties are equivalent:

- The operator b=1L 4 satisfies (W).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LIOUVILLE AND KHAS’MINSKII CONDITIONS 4705

- Property (L) holds for some (hence any) operator F of type 1.
- Property (K) holds for some (hence any) operator F of type 1.

Furthermore, under the same assumptions, the next equivalence holds:

- The operator b1 L 4 is parabolic.
- Property (L) holds for some (hence any) operator F of type 2.
- Property (K) holds for some (hence any) operator F of type 2.

In Section [6 we address the question as to whether (W), (K), (L) are equivalent
to the Evans property (F). Indeed, it should be observed that, in Theorem 2.8 no
growth control on B as a function of ¢ is required at all. On the contrary, as we
will see, the validity of the Evans property forces some precise upper bound for its
growth. To better grasp what we shall expect, we will restrict ourselves to the case
of radially symmetric manifolds. For the statements of the main results, we refer
the reader directly to Section [l covering the situation.

3. TECHNICAL TOOLS

In this section we introduce some technical tools, such as the obstacle problem,
that will be crucial to the proof of our main theorems. In doing so, a number of
basic results from literature are recalled. We have decided to add a full proof to
those results for which we have not found any reference converting the situation
at hand. Our aim is to keep the paper basically self-contained and to give the
non-expert reader interested in this topic a brief overview of the standard technical
tricks. Throughout this section, we will always assume that the assumptions in
& are satisfied, if not explicitly stated. First, we state some basic results on
subsolutions-supersolutions such as the comparison principle, which follows from
the monotonicity of A and B.

Proposition 3.1. Assume w and s are a supersolution and a subsolution defined
on Q. If min{w — 5,0} € WyP(Q), then w > s a.e. in Q.

Proof. This theorem and its proof, which follows quite easily using the right test
function in the definition of a supersolution, are standard in potential theory. For
a detailed proof see [I], Theorem 4.1. O

Next, we observe that A, B satisfy all the assumptions for the subsolution-
supersolution method in [I4] to be applicable.

Theorem 3.2 ([I4], Theorems 4.1, 4.4 and 4.7). Let ¢1,¢2 € LS N V[/lif be,
respectively, a subsolution and a supersolution for Ly on M, and suppose that
01 < ¢ a.e. on M. Then, there is a solution u € L3S N WP of Lru = 0

loc loc
satisfying o1 < u < ¢o a.e. on M.

A fundamental property is the strong maximum principle, which follows from
the next Harnack inequality

Theorem 3.3 ([28], Theorems 7.1.2, 7.2.1 and 7.4.1). Let u € W P(M) be a
non-negative solution of Lau < 0. Let the assumptions in . be satisfied. Fiz a
relatively compact open set Q € M.

(i) Suppose that 1 < p < m, where m = dimM. Then, for every ball Bsr C
and for every s € (0, (p—1)m/(m—p)), there exists a constant C depending
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on R, on the geometry of Byr, on m and on the parameters ai,aq in &
such that

L(Ban) <C (essinfBQRu) .

(i) Suppose that p > m. Then, for every ball Byr C Q, there exists a constant
C depending on R, on the geometry of Byr, on m and on the parameters
ay,as i . such that

[[ul

esssupp, u < C (essinfBR u) .

In particular, for every p > 1, each non-negative solution u of Lau < 0 on M is
such that either w =0 on M or essinfqu > 0 for every relatively compact set €.

Remark 3.4. We now write a few words to comment on the Harnack inequalities
quoted from [28]. In our assumptions ., the functions as, @, by, b2, b in Chapter 7,
(7.1.1) and (7.1.2) and the function a in the monotonicity inequality (6.1.2) can be
chosen to be identically zero. Thus, in Theorems 7.1.2 and 7.4.1 the quantity k(R)
is zero. This gives no non-homogeneous term in the Harnack inequality, which is
essential for us. For this reason, we cannot weaken (A2) to

[AX)] < ax| X"~ +@

locally on £, since the presence of non-zero a implies that k(R) > 0. It should be
observed that Theorem 7.1.2 is only stated for 1 < p < m, but, as observed at the
beginning of Section 7.4, the proof can be adapted to cover the case p = m.

Remark 3.5. In the rest of the paper, we will only use the fact that either u = 0 or
u > 0 on M, that is, the strong maximum principle. It is worth observing that, for
the operators L4 = L j, described in Example 2.2] very general strong maximum
principles for C' or Lip,,, solutions of L, ,u < 0 on Riemannian manifolds have
been obtained in [27] (see Theorem 1.2 when h is the metric tensor and Theorems
5.4 and 5.6 for the general case). In particular, if h is the metric tensor the sole
requirements

(3.1) e C'RY), ¢(0)=0, ¢>0o0nR" ¢ in strictly increasing on R*

are enough for the strong maximum principle to hold for C! solutions of L,u < 0.
Hence, for instance for L, the two-sided bound (Z3)) on ¢ can be weakened to
any bound ensuring that the comparison and strong maximum principles hold,
the subsoluton-supersolution method is applicable and the obstacle problem has a
solution. For instance, besides (B, the requirement

(3.2) 0(0)=0, aitP ' <o(t) <astP !4 a3

is enough for Theorems [3.1] and 3.2 and it also suffices for the obstacle problem to
admit a unique solution, as the reader can infer from the proof of Theorem [B.111

Remark 3.6. Regarding the above observation, if ¢ is merely continuous, then
even solutions of L,u = 0 are not expected to be C L or even Lip,,.. Indeed, in our
assumptions the optimal regularity for u is (locally) some Hoélder class; see Theorem
B2 If o € C*(RY) is more regular, then we can avail ourselves of the regularity
result in [32] to go even beyond the C! class. Indeed, under the assumptions

(k4 t)P~? < min <g0’(t), @) < max (4,0/(15), @) < T(k4t)P~2,
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for some k > 0 and some positive constants v < I, then each solution of L,u = 0 is
in some class C1'* on each relatively compact set 2, where o € (0, 1) may depend on
Q. When h is not the metric tensor, the condition on ¢ and & is more complicated,
and we refer the reader to [25] (in particular, see (0.1) (v), (vi) p. 803).

Part of the regularity properties that we need are summarized in the following
theorem.

Theorem 3.7. Let the assumptions in . be satisfied.

(i) [[I8], Theorem 4.8] If u solves Lru < 0 on some open set §, then there
exists a representative in WP (Q) which is lower semicontinuous.

(i) [[16], Theorem 1.1, p. 251] If u € L>=(Q) N WHP(Q) is a bounded solution
of Lru = 0 on Q, then there exists a € (0,1) depending on the geometry
of Q, on the constants in &/ and on |ul|p=(q) such that u € C**(9).
Furthermore, for every Qo € Q, there exists C = C(v, dist(Qo,0Q)) such
that

[ullco.e(aq) < C.

Remark 3.8. As for (i), it is worth observing that, in our assumption, both by and
a in the statement of [I8], Theorem 4.8 are identically zero. Although we will not
need the following properties, it is worth noting that any u solving Lru < 0 has a
Lebesgue point everywhere and is also p-finely continuous (where finite).

Next, this simple elliptic estimate for locally bounded supersolutions is useful:

Proposition 3.9. Let u be a bounded solution of Lru < 0 on Q. Then, for every
relatively compact, open set Qy € Q2 there is a constant C' > 0 depending on p, £, Qo
and on the parameters in . such that

IVull oy < CL A+ [[ull oo (o))

Proof. Given a supersolution u, the monotonicity of B assures that for every pos-
itive constant ¢ u + ¢ is also a supersolution, so without loss of generality we may
assume that u, > 0. Thus, u* = [|ul 1= (q)-

Shortly, with || - ||, we denote the LP norm on  and with C' we denote a positive
constant depending on p, Q2 and on the parameters in ., that may vary from place
to place. Let n € C°(€Q) be such that 0 <7 <1 on Q and n =1 on Qy. Then, we
use the non-negative function ¢ = n?(u* —u) in the definition of a supersolution to
obtain, after some manipulation and from ([AT]), (A2)) and (B3),

a3) o [PV < pes [ [FuP i - Vel + [ B
Q Q Q
Using (BI)), the integral involving B is roughly estimated as follows:
(3.4) / NP B(z,u)u* < |Q](bru* + ba(u*)P) < C(1 + u™)P,
Q

where the last inequality follows by applying Young’s inequality on the first ad-
dendum. As for the term involving |V7l, using (v* — u) < u* and again Young’s
inequality |ab| < |al?/(peP) 4 €7|b|?/q, we obtain

paz / (VPP @ —w)|Val) < pa / (IVafP~ 1071 (¥ V])
Q Q

q
< B InVully + 2= [[Vll; ()P,

(3.5)
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Choosing € such that aze™ = a1/2, inserting (3.4) and B3] into (B3] and rear-
ranging we obtain

ay "
Sllvuly < [+ @+ [Vnlp) ).

Since n =1 on Qg and [|Vn]|, < C, taking the p-root the desired estimate follows.
(]

Remark 3.10. We observe that when B # 0 we cannot apply the technique of [9],
Lemma 3.27 to get a Caccioppoli type inequality for bounded, non-negative super-
solutions. The reason is that subtracting a positive constant from a supersolution
does not yield, for general B # 0, a supersolution. It should be stressed that,
however, when p < m a refined Caccioppoli inequality for a supersolution has been
given in [I§], Theorem 4.4.

Now, we fix our attention on the obstacle problem. There are many references
regarding this subject (for example see [I8], Chapter 5 or [9], Chapter 3 in the case
B = 0). As often happens, notation can be quite different from one reference to
another. Here we try to adapt the conventions used in [9], and for the reader’s
convenience we also sketch some of the proofs.

First of all, we give some definitions. Given a function ¥ : Q@ — R U 400 and
given 6 € WP(Q), we define the closed convex set

Koo ={feWh(Q)| f>¢ aec. and f—60c WP (Q)}.

Loosely speaking, 6 determines the boundary condition for the solution w, while
1 is the “obstacle” function. Most of the time, obstacle and boundary functions
coincide, and in this case we use the convention Ko = Ky 9. We say that u € ICy o
solves the obstacle problem if for every ¢ € Ky g,

(3.6) (F(u),p —u) >0.

Note that for every non-negative ¢ € Cg°(12) the function ¢ = u+¢ belongs to Ky g,
and this implies that the solution to the obstacle problem is always a supersolution.
Note also that if we choose ¥ = —oo, we get the standard Dirichlet problem with
Sobolev boundary value 6 for the operator F. In fact, in this case any test function
¢ € C(Q) verifies ut ¢ € Ky 9, and so the inequality in ([B:6) becomes an equality.
Next, we address the solvability of the obstacle problem.

Theorem 3.11. Under the assumptions .7, if Q is relatively compact and Ky ¢ is
non-empty, then there exists a unique solution to the relative obstacle problem.

Proof. The proof is basically the same if we assume B = 0, as in [9], Appendix
1. In particular, it is an application of the Stampacchia theorem; see for example
Corollary III.1.8 in [13]. To apply the theorem, we shall verify that ICy ¢ is closed
and convex, which follows straightforwardly from its very definition, and that F :
WP(Q) — WHP(Q)* is weakly continuous, monotone and coercive. Monotonicity
is immediate by properties (Mdl), (B2). To prove that F is weakly continuous, we
take a sequence u; — u in WHP(Q). By using (A2) and (BI)), we deduce from (2]
that

|(F(ui), ¢)| < ((GZ + ba) ||“i||€v_11,p(g) + b1|Q|%) ||¢HW1,p(Q) .

Hence the WP (Q)* norm of {F(u;)} is bounded. Since W1P(Q)* is reflexive, we
can extract from any subsequence a weakly convergent sub-subsequence F(ug) — 2
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in WHP(Q)*, for some z. From ug — u in W1P(2), by the Riesz theorem we get
(up to a further subsequence) (ux, Vug) — (u, Vu) pointwise on €2, and since the
maps
X — A(X), t — B(x,t)

are continuous, then necessarily z = F(u). Since this is true for every weakly
convergent subsequence {F(ux)}, we deduce that the whole F(u;) converges weakly
to F(u). This proves the weak continuity of F.

Coercivity on Ky follows if we fix any ¢ € Ky ¢ and consider a diverging
sequence {u;} C Ky ¢ and if we calculate

(F(ui) = F(@)lui — ) B (A(ui) — A(@)|ui — )
[lui — ‘P‘|W1,p(gz) B [[ui — <P||W1,p(ﬂ)

@@ o ([ Vuly +19¢l) - az (IVwll; ™ 1], + 190l V6057

i — <PHWLp(Q)

This last quantity tends to infinity as 4 goes to infinity, thanks to the Poincaré
inequality on 2:

l|ui — @HLP(Q) <CO|Vu; - V@HLP(Q) )
which leads to [|Vuil| 1, ) = C1+ C2 [|uill s () for some constants C1, C2, where
C1 depends on [|¢lyy1.p(q)- O

A very important characterization of the solution of the obstacle problem is
a corollary to the following comparison, whose proof closely follows that of the
comparison proposition, Proposition .11

Proposition 3.12. If u is a solution to the obstacle problem Ky ¢ and if w is a

supersolution such that min{u,w} € Ky g, then u < w a.e.

Proof. Define U = {z| u(z) > w(x)}. Suppose by contradiction that U has positive
measure. Since u solves the obstacle problem, using (8:6) with the function ¢ =
min{u, w} € Ky o we get

(3.7 0< (Fu),p —u) :/U<A(Vu)|Vw—Vu>—|—/UB(x,u)(w—u).

On the other hand, applying the definition of the supersolution w with the test
function 0 < ¢ = u — min{u, w} € Wy () we get

(38)  0< (Fw),¢) = /U (A(V0)|Vu — V) + /U B, w)(u — w).
Adding the two inequalities we get, by (Mal) and (B2),
0< / (A(Vu) — A(Vw)|Vw — Vu) —|—/ [B(z,u) — B(z,w)](w —u) <0.
U U

Since A is strictly monotone, Vu = Vw a.e. on U so that V((u—w)y) = 0 a.e. on .
Consequently, since U has positive measure, u—w = c a.e. on (2, where c is a positive
constant. Since min{u, w} € Ky, we get ¢ = u — w = u — min{u, w} € W, *(Q),
a contradiction. (]

Corollary 3.13. The solution u to the obstacle problem in Ky ¢ is the smallest
supersolution in Ky g.
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Proposition 3.14. Let wy,ws € Wﬁ)Cp(M) be supersolutions for Lx. Then, w =
min{wy,ws} is a supersolution. Analogously, if ui,us € VVlif(M) are subsolutions
for Ly, then so is u = max{uy, us}.

Proof. Consider a smooth exhaustion {€2;} of M and the obstacle problem /C,, on
Q;. By Corollary BI3]its solution is necessarily w)q,, and so w is a supersolution
that is locally the solution of an obstacle problem. As for the second part of the
statement, define A(X) = —A(—X) and B(x,t) = —B(z, —t). Then, A, B satisfy
the set of assumptions .. Denote by F the operator associated to A, B. T hen,
it is easy to see that Lru; > 0 if and only if L}:(—ui) < 0, and to conclude it is
enough to apply the first part with the operator L x. (Il

The next version of the pasting lemma generalizes the previous proposition to the
case when one of the supersolutions is not defined on the whole M. Before stating
it, we need a preliminary definition. Given an open subset 2 C M, possibly with
non-compact closure, we recall that the space I/Vlif (Q) is the set of all functions
u on €2 such that, for every relatively compact open set V € M that intersects €2,
u € WEP(QN V). A function u in this space is, loosely speaking, well behaved on
relatively compact portions of 052, while no global control on the W norm of u
is assumed. Clearly, if €2 is relatively compact, Wéf(ﬁ) = WbP(Q). We identify
the following subset of W,7(Q), which we call X5(Q):

(3.9)
u € Wﬁ)’f (€2) such that, for every open set U € M that

b intersects €2, there exists {¢,}125 C CO(QNTU)NWHP(QNU),
X5(Q) =
with ¢, = 0 in a neighbourhood of 0¢2, satisfying

On — win WHP(QNU) as n — 400.
If 2 is relatively compact, then X2 (Q) = W, ?(Q).

Remark 3.15. Observe that if w € CO(€) N W,5P(Q), then u € X2(Q) if and only
if u =0 on 90. This is the version, for non-compact domains 2, of a standard
result. However, for the convenience of the reader we briefly sketch the proof. Up
to working with positive and negative parts separately, we can suppose that u > 0
on . If u = 0 on 99, then choosing the sequence ¢,, = max{u—1/n,0} it is easy to
check that u € X[ (). Vice versa, if u € XF(Q), let x9 € IQ be any point. Choose
U; € Uy @ M such that xy € Uy, and a sequence {¢,, } € CO(QNUx)NWLP(QNUy)
as in the definition of X! (). If ¢ € C°(Uz) is a smooth cut-off function such that
Y =1 on Uy, then ¥, — u in WHP(Q N Us). Since 1¢,, is compactly supported
in QN Uy, then Yu € Wol’p(Q NUs). Tt is a standard fact that, in this case, ¥u =0
on 0(2NUz). Since g € INNUz C IQNUz), u(xg) = up(zg) = 0. By the
arbitrariness of xq, this shows that u = 0 on 9.

Lemma 3.16. Let wy € W,-P (M) be a supersolution for Ly, and let wy € W5 (Q)
be a supersolution on some open set Q with Q@ C M, Q being possibly non-compact.
Suppose that min{wy — wy,0} € XT(Q). Then, the function

. ) min{wi, wa} on €,
"= w1 on M\Q

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LIOUVILLE AND KHAS’MINSKII CONDITIONS 4711

is a supersolution for Ly on M. In particular, if further wy € CO(M) and wy €
C°(QQ), then m is a supersolution on M whenever wy = wy on Q. A similar
statement is valid for subsolutions, replacing min with max.

Proof. We first need to check that m € VVli,Cp(M) Let U € M be an open set. By
assumption, there exists a sequence of functions {¢,} € C°(QNU)NWLP(QNU),
each ¢, being zero in some neighbourhood of 99, which converges in the W1?
norm to min{ws — wy,0}. We can thus continuously extend ¢,, on the whole U
by setting ¢, = 0 on U\Q, and the resulting extension is in WP(U). Define
u = min{wy — wy,0}xq, where xq is the indicatrix function of Q. Then, ¢, — u
in WYP(U) so that u € WHP(U). It follows that wy + ¢, € WLP(U) converges to
m = wy + u, which shows that m € WHP(U). To prove that Lrm < 0 we use a
technique similar to Proposition Let U € M be a fixed relatively compact
open set, and let s be the solution to the obstacle problem K,, on U. Then by
Corollary BI3] we have s < wy a.e. on U, and so s = w; = m on U\Q. Since s
solves the obstacle problem, using ¢ = m in equation [B.6]) we have

(3.10) 0< (F(s),m—s) :/QQU <A(Vs)|Vm—Vs)—|—/QQUB(:E,S)(m—s).

On the other hand m is a supersolution in Q N U, being the minimum of two
supersolutions, by Proposition B.14l To apply the weak definition of Lrm < 0 on
QNU to the test function s —m, we first claim that s —m € Wol’p(Q NU). Since
we know that s < w; on U, then on QN U

0<s—m <w; —min{wy, w; } = —min{wy — wy,0} € XT(N2).
The claim now follows by a standard result (see for example [9], Lemma 1.25), but
for the sake of completeness we sketch the proof. Since 0 < s —m € Wy P (U)
by the definition of the obstacle problem, there exists a sequence of non-negative
functions 1, € C°(U) converging to s —m. We further consider the sequence {¢,, }
of continuous functions, converging to min{ws — w,0}, defined at the beginning
of this proof. Then, on QN U, 0 < s —m < lim,, min{—¢,,, ¥, }, where the limit is
taken in WP (QNU). Now, min{—¢,, 1, } has compact support in QN U, and this
proves the claim. Applying the definition of Lzm < 0 to the test function s —m
we get
(3.11) 0< (F(m),s —m) :/ (A(Vm)|Vs—Vm>—|—/ B(xz,m)(s —m).

QnU QU

Summing inequalities (3I0) and (3I1]), we conclude as in Proposition that
V(s —m)=0in QNU with s —m € Wy ?(QNU), and so the two functions there
are equal. Since s = w = m on U\, then m = s is a supersolution on U. The thesis
follows by the arbitrariness of U. If further w; € C°(M) and wy € C°(Q), then the
conclusion follows by Remark The proof of the statement for subsolutions is
obtained via the same trick as in Proposition [3.141 |

As for the regularity of solutions of the obstacle problem, we have

Theorem 3.17 ([18], Theorem 5.4 and Corollary 5.6). If the obstacle v is continu-
ous in ), then the solution u to Ky ¢ has a continuous representative in the Sobolev
sense. Furthermore, if 1 € C%*(Q) for some o € (0,1), then there exist C,3 > 0
depending only on p, a, Q, ||u||Loo(Q) and on the parameters in % such that

H’U’HC(LB(Q) <C(+ ||1/’Hcova(sz))-
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Remark 3.18. The interested reader should be advised that, in the notation of [1§],
by and a are both zero with our assumptions. Stronger results, for instance C'H®
regularity, can be obtained from stronger requirements on v, A and B which are
stated for instance in [I8], Theorem 5.14.

In the proof of our main theorem, and to get some boundary regularity results, it
will be important to see what happens on the set where the solution of the obstacle
problem is strictly above the obstacle.

Proposition 3.19. Let u be the solution of the obstacle problem ICy ¢ with contin-
wous obstacle . If u > 1 on an open set D, then u is a solution of Lru = 0 on
D.

Proof. Consider any test function ¢ € C°(D). Since u > ¥ on D and since ¢
is bounded, by continuity there exists § > 0 such that u £+ d¢ € Ky 9. From the
definition of the solution to the obstacle problem we have that

£(F(),¢) = 5 (F(u),£69) = 5 (F(w), (ut66) — ) >0,

hence (F(u),®) =0 for every ¢ € C°(D), as required. O

As for boundary regularity, to the best of our knowledge there is no result for
solutions to the kind of obstacle problems we are studying. However, if we restrict
ourselves to Dirichlet problems (i.e. obstacle problems with ) = —c0), some results
are available. We briefly recall that a point xg € 91 is called “regular” if for every
function § € W1P(Q) continuous in a neighbourhood of xg, the unique solution to
the relative Dirichlet problem is continuous in x(, and that a necessary and sufficient
condition for zy to be regular is the famous Wiener criterion (which has a local
nature). For our purposes, it is enough to use some simpler sufficient conditions for
regularity, so we just cite the following corollary of the Wiener criterion:

Theorem 3.20 ([6], Theorem 2.5). Let Q be a domain, and suppose that xo € 0
has a neighbourhood where 9S) is Lipschitz. Then xq is reqular for the Dirichlet
problem.

For a more specific discussion of the subject, we refer the reader to [6]. We
mention that Dirichlet and obstacle problems have also been studied in metric
space setting, and boundary regularity theorems with the Wiener criterion have
been obtained for example in [2], Theorem 7.2.

Remark 3.21. Note that [6] deals only with the case 1 < p < m, but the other cases
follow from standard Sobolev embeddings.

Using the comparison principle and Proposition B.19 it is possible to obtain a
corollary to this theorem which deals with boundary regularity of some particular
obstacle problems.

Corollary 3.22. Consider the obstacle problem Ky 9 on €, and suppose that )
has Lipschitz boundary and that both 6 and v are continuous up to the boundary.
Then the solution w to Ky ¢ is continuous up to the boundary (for convenience we
denote w as the continuous representative of the solution).

Proof. If we want Ky ¢ to be non-empty, it is necessary to assume 9 (zo) < 6(zo)
for all zg € 0€2.
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Let 6 be the unique solution to the Dirichlet problem relative to 8 on 2. Then
Theorem guarantees that 8 € C° (©2) and the comparison principle allows us
to conclude that w(z) > 6(x) everywhere in Q.

Suppose first that ¢)(xo) < 6(z). Then in a neighbourhood U of zg (U C ).
w(z) > 6(x) > (z). By Proposition BI9, Lrw = 0 on U, and so by Theorem 3201
w is continuous in xg.

If ¢(x0) = 0(x0), consider we to be the solutions to the obstacle problem Kz, .
By the same argument as above we have that w, are all continuous at xg, and by
the comparison principle w(z) < we(x) for every x € §2 (recall that both functions
are continuous in ). So we have on one hand

liminf w(z) > liminf ¢ (z) = ¥(xo) = 0(xo)

rT—rT0o T—rT0

and on the other

lim sup w(z) < limsup w(z) = 0(xp) + €.
T—rTo T—rTo

This proves that w is continuous in z¢ with value 6(zy). O

Finally, we present some results on the convergence of supersolutions and their
approximation with regular ones.

Proposition 3.23. Let w; be a sequence of supersolutions on some open set €.
Suppose that either w; T w or w; | w pointwise monotonically, for some locally
bounded w. Then, w is a supersolution and there exists a subsequence of {w;} that
converges locally strongly in WP to w on each compact subset of ). Furthermore,
if {u;} is a sequence of solutions of Lru; = 0 which are locally uniformly bounded
in L and pointwise convergent to some wu, then u solves Lru = 0 and, up to
choosing a subsequence, {u;} converges to u locally strongly on each compact subset
of Q.

Proof. Suppose that w; T w. Up to changing the representative in the Sobolev class,
by Theorem [B7 we can assume that w; is lower semicontinuous. Hence, w; has
minimum on compact subsets of €. Since w is locally bounded and the convergence
is monotone up to a set of zero measure, the sequence {w;} turns out to be locally
bounded in the L>-norm. The elliptic estimate in Proposition B9 ensures that {w;}
is locally bounded in W1?(Q). Fix a smooth exhaustion {Q,} of Q. For each j, up
to passing to a subsequence, w; — z, weakly in W1P(€,,) and strongly in LP(£2,,).
By the Riesz theorem, z; = w for every j; hence w € Wﬁ)g’(ﬂ) With a Cantor
argument, we can select a sequence, still called w;, such that w; converges to w
both weakly in WP (,,) and strongly in LP(2,,) for every fixed n. To prove that w
is a supersolution, fix 0 < n € C°(Q) and choose a smooth relatively compact open
set 2o € {2 that contains the support of 7. Define M = max; [|w; ||y, (g, < +00-
Since w; is a supersolution and w > w; for every j,

(F(wj),n(w —w;)) > 0.

Using (Al we can rewrite the above inequality as follows:

312) [ (AVwlnT0 - V) = - [ [Blew) + ATw)90) |- ).
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Using (BI)), (A2) and suitable Holder inequalities, the RHS can be bounded from
below with the following quantity:

. /Q (w = w5) = ba lll o /Q g P~ oo — ;]
0 0

B1) —a |Vallegoy [ Vs o=

0

p=1 _ _
= = |nller [51|Qo| 7 = by MP™ — agMP 1} lw = w;ll 1oy =0

as j — +oo. Combining this with (3I2]) and the fact that w; — w weakly on
WLP(Qq), by assumption (Md) the following inequality holds true:

(3.14) 0< /77 (A(Vw) — A(Vw;)|Vw — Vw;) < o(1) as j — +oo.

By a lemma due to F. Browder (see [3], p. 13, Lemma 3), the combination of
assumptions w; — w both locally weakly in WP and locally strongly in LP, and
BI4) for every 0 < n € C°(Q2), implies that w; — w locally strongly in W7,
Since the operator F is weakly continuous, as shown in the proof of Theorem [3.1T],
this implies that

0 < (Flwj),m) — (Fw),n);
hence Lrw < 0, as required.

The case w; | w is simpler. By the elliptic estimate, w € Wli’f (), being locally
bounded by assumption. Let {{2,,} be a smooth exhaustion of €2, and let u,, be a
solution of the obstacle problem relative to €2, with obstacle and boundary value
w. Then, by B13) w < u,, < wj|q,, and letting j — +oo we deduce that w = u,
is a supersolution on 2, being a solution of an obstacle problem.

The proof of the last part of the proposition exactly follows the same lines as
the case w; T w done before. Indeed, by the uniform local boundedness, the elliptic
estimate gives {u;} C Wb?(€2). Furthermore, in the definition (F(u;),¢) =0 we
can still use as a test function ¢ = n(u — u;), since no sign of ¢ is required.

A few corollaries follow from this theorem. It is in fact easy to see that we can
relax the assumption of local boundedness on w if we assume a priori w € Wﬁ)’cp(Q),
and moreover with a simple trick we can also prove that local uniform convergence
preserves the supersolution property, as in [9], Theorem 3.78.

Corollary 3.24. Let w; be a sequence of supersolutions locally uniformly converg-
ing to w. Then w is a supersolution.

Proof. The trick is to transform local uniform convergence into monotone conver-
gence. Fix any relatively compact ©p € Q and a subsequence of w; (denoted for
convenience by the same symbol) with |jw; — w||LDQ(QO) < 277. The modified se-
quence of supersolutions w; = w; + % ZZOZJ 27k = wj +3 X 277 is easily seen to be a
monotonically decreasing sequence on ), and thus its limit, still w by construction,
is a supersolution on any 2y by the previous proposition. The conclusion follows
from the arbitrariness of €. O

Now we prove that with continuous supersolutions we can approximate every
supersolution.
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Proposition 3.25. For every supersolution w € VVlif(Q), there exists a sequence
wy, of continuous supersolutions which converge monotonically from below and in
Wi)f(Q) to w. The same statement is true for subsolutions with monotone conver-
gence from above.

Proof. Since every w has a lower-semicontinuous representative, it can be assumed
to be locally bounded from below, and since w(™) = min{w, m} is a supersolution
(for m > 0) and converges monotonically to w as m goes to infinity, we can assume
without loss of generality that w is also bounded from above.

Let ©,, be a locally finite relatively compact open covering on 2. Since w is lower
semicontinuous it is possible to find a sequence ¢,, of smooth function converging
monotonically from below to w (see [9], Section 3.71, p. 75). Let wi be the solu-

tion to the obstacle problem Ky, 4,, on £, and define w,, = minn{wﬁ,? )}. Thanks
to the local finiteness of the covering 2, w,, is a continuous supersolution, being
locally the minimum of a finite family of continuous functions.

Monotonicity of the convergence is an easy consequence of the comparison prin-
ciple for obstacle problems, i.e. Proposition[3.12 To prove convergence in the local
WP sense, the steps are pretty much the same as for Proposition B:23, and the
statement for subsolutions follows from the usual trick. |

Remark 3.26. With similar arguments and up to some minor technical difficulties,
one could strengthen the previous proposition and prove that every supersolution
can be approximated by locally Holder continuous supersolutions.

4. PROOF OF THEOREM [2.§

Theorem 4.1. Let M be a Riemannian manifold, and let A, B satisfy the set of
assumptions . Define A, B, F as in 1)), and L4, Ly accordingly. Then, the
following properties are equivalent:

(1) (L) for Holype functions,

(2) (L) for L* functions,

3) (K).
Proof. (2) = (1) is obvious. To prove that (1) = (2), we follow the arguments in
[25], Lemma 1.5. Assume by contradiction that there exists 0 < w € L>(M) N
WP (M), u # 0 such that Lru > 0. We distinguish two cases.

loc

- Suppose first that B(z,u)u is not identically zero in the Sobolev sense.
Let us > u* be a constant. By (B3), Lrus < 0. By the subsolution-
supersolution method and the regularity Theorem [B7] there exists w €
Holoe (M) such that u < w < us and Lrw = 0. Since, by (B2), (B3) and
u < w, B(x,w)w is not identically zero, then w is non-constant, contra-
dicting property (1).

- Suppose that B(z,u)u = 0 a.e. on M. Since u is non-constant, we can
choose a positive constant ¢ such that both {u—c > 0} and {u—c < 0} have
positive measure. By (B2)), Lr(u — ¢) > 0; hence by Proposition [3.14] the
function v = (u — ¢)+ = max{u — ¢, 0} is a non-zero subsolution. Denoting
by X{u<c} the indicatrix of {u < ¢}, we can say that Lrv > 0 = X< vP ™"
Choose any constant us > v*. Then, clearly Lrus < x{u@}u’z’*l. Since
the potential

B(z,t) = B(x,t) + X{u<e) () [t 72
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is still a Carathéodory function satisfying the assumptions in ., by The-
orem there exists a function w such that v < w < wy and Lrw =
X{u<eywP ™. By Theorem B (ii) w is locally Hélder continuous and, since
{u < ¢} has positive measure, w is non-constant, contradicting (1).

To prove the implication (3) = (1), we follow a standard argument in potential
theory; see for example [25], Proposition 1.6. Let u € Holoc(M) N Wﬁ)f(M) be a
non-constant, non-negative, bounded solution of Lru > 0. We claim that, by the
strong maximum principle, u < u* on M. Indeed, let A be the operator associated
with the choice A(X) = —A(—X). Then, since A satisfies all the assumptions in
&, it is easy to show that L z(u* —u) < 0 on M. Hence, by the Harnack inequality
u* —u >0 on M, as desired.

Let K € M be a compact set. Consider n such that 0 < n < u* and define
the open set Q, = u'{(n,+00)}. From u < u* on M, we can choose 7 close
enough to u* so that K N Q, = . Let zo be a point such that u(z) > @
Let Q be such that zg € €2, and choose a Khas’minskii potential relative to the
triple (K, €, (u* —n)/2). Now, consider the open set V defined as the connected
component containing x of the open set

V={zreQ, | u) >n+uw)}

Since u is bounded and w is an exhaustion, V is relatively compact in M and
w(x) = n+ w(z) on V. Since, by (B2), Lr(n +w) < 0 and Lru > 0; this
contradicts the comparison in Proposition 311

We are left to the implication (2) = (3). Fix a triple (K,,¢) and a smooth
exhaustion {Q;} of M with Q € Q. By the existence theorem, Theorem B.I1] with
the obstacle ¢ = —oo, there exists a unique solution h; of

L]:hj =0 on Qj\K,
hj:O on 8K, hjzl on an,

and 0 < h; <1 by the comparison theorem, Theorem B} with k; continuous up
to 0(Q; \ K) thanks to Theorem Extend h; by setting h; = 0 on K with
hj =1 on M\$;. Again by comparison, {h;} is a decreasing sequence which, by
Proposition [3.23] converges pointwise on M to a solution

henW P(M) of Lrh=0on M\K.

Since 0 < h < h; for every j, and since h; = 0 on 0K, using Corollary with
1) = —oo we deduce that h € C°(M) and h = 0 on K. We claim that h = 0. Indeed,
by Lemma BI6 v = max{h,0} is a non-negative, bounded solution of Lru > 0 on
M. By (1), u has to be constant; hence the only possibility is h = 0.

Now we are going to build by induction an increasing sequence of continuous
functions {wy, }, wo = 0, such that:

(a) wp|x =0, w, are continuous on M and Lrw, <0 on M\K,
(b) for every n, w, < mn on all of M and w,, = n in a large enough neighbour-
hood of infinity denoted by M\C,,,

(c) HwnHLOO(Qn) < HwﬂleLOO(Q,,) + 5

Once this is done, by (c) the increasing sequence {w,, } is locally uniformly conver-
gent to a continuous exhaustion which, by Proposition B.23] solves Lrw < 0 on
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M \ K. Furthermore,

+oo c
lwll ooy <D 5 <€
n=1

Note that w € Wli’f(M \ K) N C°%M) with w = 0 on K, so we can immediately
conclude that w € Wlf)’f (M), and hence w is the desired Khas'minskii potential
relative to (K, ,¢).

We start the induction by setting w; = h;, for j large enough in order for
property (c) to hold. Define C in order to fix property (b). Suppose now that
we have constructed w,. For notational convenience, write w = w,. Consider
the sequence of obstacle problems Ky, defined on Q;1\K and let s; be their
solution. By Theorem B.I7 and Corollary we know that s; is continuous up to
the boundary of its domain. Take for convenience j large enough such that C; C ;.
Note that s;|sx = 0, and since the constant function n 4 1 is a supersolution, by
comparison s; < n+ 1 and sj|Qj+1\Qj =n+ 1. So we can extend s; to a function
defined on all of M by setting it equal to 0 on K and equal to n + 1 on M\, 1,
and in this fashion, by Lemma Lrs; <0on M\ K. By Corollary B3] {s;}
is decreasing, and so it has a pointwise limit § which is still a supersolution on
M \ K by Proposition B:223] Observe that 5(z) is continuous. Indeed, since 5 is
upper-semicontinuous, § > w and w is continuous, § is continuous at each point
x for which 3(z) = w(x). On the other hand, at points x satisfying 5(z) > w(x),
5(x) > w(z) + hj(z) definitively in j. Thus, Lrs; = 0 in a neighbourhood of x and
so0, by the uniform Holder estimates given in Theorem B.7] (ii), 5 is continuous at z.
We are going to prove that § = w. First, we show that 5 < n everywhere. Suppose
by contradiction that this is false. Then, since h; converges locally uniformly to
zero, on the open set A = 5 '{(n,00)} the inequality s; > @ + h; is locally
eventually true, so that s; is locally eventually a solution of Lrs; = 0 by Proposition
BI9 and so Lx5 = 0 on A by Proposition B:23] By Lemma and assumptions
., the function

f = max{s —n,0}

is a continuous non-negative, bounded solution of Lxf > 0. By (2), f is constant,
hence zero; therefore § < n. This proves that § = w = n on M\C,,. As for
the remaining set, an argument similar to the one just used shows that s is a
solution of L3 = 0 on the open, relatively compact set V' = {5 > @} and that
s—w € VVO1 "P(V). The comparison principle guarantees that § < w everywhere,
which is what we needed to prove. Now, since s; | w, by Dini’s theorem the
convergence is locally uniform, and so we can choose j large enough in such a way
that s; —w < 57 on Q,41. Define wy, 1 = 53, and Cp, 11 in order for (b) to hold,
and the construction is completed. |
Remark 4.2. As anticipated in Section 2] the results of our main theorem are the
same if we substitute condition (BIl) with condition (BI]):

|B(z,t)| < b(t) instead of |B(z,t)] < by +bo|t|P™" forteR.

Although it is not even possible to define the operator B if we take W1P(Q) as its
domain, this difficulty is easily overcome if we restrict the domain to (essentially)
bounded functions, i.e. if we define

B:WhP(Q)NL>®(Q) — WP (Q)*.
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Now consider that each function used in the proof of the main theorem is either
bounded or essentially bounded, so it is quite immediate to see that all the existence
and comparison theorems proved in Section[3] along with all the reasoning and tools
used in the proof, still work. Consider for example an obstacle problem Ky, such

that || < C' > |¢], and define the operator B relative to the function:
B(x,t) for |t| < C+1,
B(z,t) = bi(z,C+1) fort > C +1,
bi(z,—(C+1)) fort<—(C+1).
B evidently satisfies condition (BI), so it admits a solution to the obstacle problem,
which by comparison Theorem is bounded in modulus by C, and now it is

evident that this function also solves the obstacle problem relative to the original
bad-behaved B.

5. ON THE LINKS WITH THE WEAK MAXIMUM PRINCIPLE AND PARABOLICITY:
ProoF oF THEOREM [2.12]

As already explained in the introduction, throughout this section we will restrict
ourselves to potentials B(x,t) of the form B(x,t) = b(x)f(t), where

b,b=t € Li2.(M), b>0ae. on M,
feCo%R), f(0)=0, fisnon-decreasing on R,
while we require (A]]), (A2) on A.

Remark 5.1. As in Remark 3.5, in the case of the operator L, in Example [Z2] with
h being the metric tensor, (Adl) and [A2)) can be weakened to BI) and ([B.2)).

(5.1)

We begin with the following lemma characterizing (W), whose proof follows the
lines of [24].

Lemma 5.2. Property (W) for b=1L 4 is equivalent to the following property, which
we call (P):

For every g € C°(R) and for every u € CO(M)NWLP (M) bounded

loc

above and satisfying L au > b(x)g(u) on M, g(u*) <0 holds.

Proof. (W) = (P). From (W) and L4u > b(x)g(u), for every n < u* and € > 0 we
can find 0 < ¢ € C°(€),) such that

86> ~(Aw.0) = [ gtwpo =t [bo

Since b > 0 a.e. on M, we can simplify the integral term to obtain infq, g(u) <e.
Letting € — 0 and then n — u*, and using the continuity of u, g, we get g(u*) <0,
as required. To prove that (P) = (W), suppose by contradiction that there exists
a bounded above function v € C° N Wﬁ)’f , a value n < u* and € > 0 such that
info, b™'Lau > €. Let g.(t) be a continuous function on R such that g.(t) = ¢
ift > u*—n and g.(t) = 0 for t < 0. Then, by the Pasting Lemma BI0 w =
max{u — 7,0} satisfies Lqw > b(x)g.(w). Furthermore, g.(w*) = g.(u* —1n) = ¢,
contradicting (P). O

Theorem [2.12] is an immediate corollary of the main Theorem 2.8 and of the
following two propositions.
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Proposition 5.3. If b=1L 4 satisfies (W), then (L) holds for every operator Lz of
type 1. Conversely, if (L) holds for some operator F of type 1, then b=L 4 satisfies
().

Proof. Suppose that (W) is met, and let u € Holjoe N Wﬁ)f be a bounded, non-
negative solution of Lru > 0. By Lemma (B2 f(u*) < 0. Since F is of type 1,
u* < 0, that is, u = 0, as desired. Conversely, let F be an operator of type 1
for which the Liouville property holds. Suppose by contradiction that (W) is not
satisfied, so there exists u € C° ﬁI/Vl})’Cp such that b='L q4u > € on some 1,),. Clearly,
u is non-constant. Since f(0) = 0, we can choose 1 € (19, u*) in such a way that
f(u* —n) < e. Hence, by the monotonicity of f, the function u — n solves

La(u—mn)>blx)e>b(x)f(u—mn) on .

Thanks to the Pasting Lemma BI6, w = max{u — 7,0} is a non-constant, non-
negative bounded solution of L 4w > b(z) f(w), that is, Lrw > 0, contradicting the
Liouville property. O

Proposition 5.4. If b='L 4 is parabolic, then (L) holds for every operator Lx of
type 2. Conversely, if (L) holds for some operator F of type 2, then b=1L 4 satisfies
(Wpa)-

Proof. Suppose that (Wy,) is met. Since each bounded, non-negative u € Holjoe N
Wli’cp solving Lru > 0 automatically solves L 4u > 0, then u is constant by (Wpa),
which proves (L). Conversely, let F be an operator of type 2 for which the Liouville
property holds, and let [0, T] be the maximal interval in RJ where f = 0. Suppose
by contradiction that (W,,) is not satisfied, so there exists a non-constant u €
c'n Wl})’f with b 'L4u > 0 on M. For n close enough to u*, u—n < T on
M. Hence w = max{u — 1,0} is a non-negative, bounded non-constant solution of
Law > 0=0b(z)f(w) on M, contradicting the Liouville property for F. O

6. THE EVANS PROPERTY

We conclude this paper with some comments on the existence of Evans poten-
tials on model manifolds. It turns out that the function-theoretic properties of
these potentials can be used to study the underlying manifold. By a way of ex-
ample, we quote the papers [34] and [3I]. In the first one, the authors extend
the Kelvin-Nevanlinna-Royden condition and find a Stokes’ type theorem for vec-
tor fields with integrability condition related to the Evans potential, while in the
second article Evans potentials are exploited in order to understand the spaces of
harmonic functions with polynomial growth. As a matter of fact, these spaces give
much information on the structure at infinity of the manifold. We recall that, only
for the standard Laplace-Beltrami operator, it is known that any parabolic Rie-
mannian manifold admits an Evans potential, as proved in [20] or in [30], but the
technique involved in this proof heavily relies on the linearity of the operator and
cannot be easily generalized, even for the p-Laplacian. In this respect, see [12].

From the technical point of view, we remark that, for the main Theorems 2.8
and to hold, no growth control on B(x,t) in the variable ¢ is required. As we
will see, for the Evans property to hold for Lz we shall necessarily assume a precise
maximal growth of B; otherwise there is no hope to find any Evans potential. This
growth is described by the so-called Keller-Osserman condition.
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To begin with, we recall that a model manifold M, is R™ endowed with a metric
ds? which, in polar coordinates centered at some origin o, has the expression ds? =
dr? + g(r)2d#?, where d6? is the standard metric on the unit sphere S™~! and g(r)
satisfies the following assumptions:

geC®RY), g>0onRY, g0)=1, ¢ 0)=0

for every k = 0,1,2,..., where ¢®**) means the (2k)-derivative of g. The last
condition ensures that the metric is smooth at the origin 0. Note that

r(x) = (m— g’(r(x)) Vo = g(r)ym1 Vo _ " m—1
Ar(e) = (m =) TS al0B,) = o)™ volB,) = [ gteytar.

Consider the operator L, of Example 221 with h being the metric tensor. If u(x) =
z(r(z)) is a radial function, a straightforward computation gives

(6.1) Lou=g"""[g" " o(|2"sen ()]
Note that ([23) implies ¢(t) — +o0 as t — +o00. Let B(z,t) = B(t) be such that
BeC'RY), B>0onR", B(0)=0, B is non-decreasing on R,

and set B =0 on R™. For ¢ > 0, define the functions
Valr) =7 (eg) ™). Vaulr) = o7 (cg(r) ™ [aty™ ),

Zpa(T) = f; Via(t)dt, 2t (1) = flg Vit (t)dt.

Note that both z,, and zs are increasing on [R,+00). By (E1)), the functions
Upa = Zpa O T, Usy = Zgt O T are solutions of

(6.2)

L,oupa =0, L,oug = c.
Therefore, the following property can be easily verified:

Proposition 6.1. For the operator Ly defined by Lyru = L,u — B(u), properties
(K) and (L) are equivalent to either

(6.3) Ve & L' (+00)  for every ¢ > 0 small enough, if B >0 on RT
or
(6.4) Via & L'(+00)  for every ¢ > 0 small enough, otherwise.

Proof. We sketch the proof when B > 0 on RT, the other case being analogous. If
Vit € L' (+00), then ug is a bounded, non-negative solution of Lyu > ¢ on M\Bg.
Choose n € (0,u*) in such a way that B(u* —n) < ¢, and proceed as in the second
part of the proof of Proposition B3] to contradict the Liouville property of Lr.
Conversely, if Vi; ¢ L'(4+00), then ug is an exhaustion. For every § > 0, choose
¢ > 0 small enough that ¢ < B(¢). Since ¢(0) = 0, for every p > R and € > 0 we
can reduce c in such a way that w. , = 0 + u; satisfies

wep, =0 on 0Br, w.,<0+¢e on B,\Br, L,w.,=c<B(0)<B(we)).

As the reader can check by slightly modifying the argument in the proof of (3) = (1)
of Theorem 2.8 the existence of these modified Khas’minskii potentials for every
choice of d, e, p is enough to conclude the validity of (L), hence of (K). |
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Remark 6.2. In the case p(t) = tP~1 of the p-Laplacian, making the conditions
on Vi and V,, more explicit and using Theorem we deduce that, on model
manifolds, A, satisfies (W) if and only if

and A, is parabolic if and only if

(g #70)

This has been observed, for instance, in [25]. See also the end of [26] and the
references therein for a thorough discussion of A, on model manifolds.

We now study the existence of an Evans potential on M,. First, we need to
produce radial solutions of L,u = B(u) which are zero on some fixed sphere 0Bpg.
To do so, the first step is to solve locally the related Cauchy problem. The next
result is a modification of Proposition A.1 of [4].

Lemma 6.3. In our assumptions, for every fized R > 0 and ¢ € (0, 1] the problem

{ [9" (el )sen(=)]" = g™ ' B(cz)  on [R, +00),

(6.5)
2(R)y=9 >0, Z(R)=p>0

has a positive, increasing C* solution z. defined on a mazimal interval [R, p), where
p may depend on c. Moreover, if p < 400, then z.(p~) = +00.

Proof. We sketch the main steps. First, we prove local existence. For every chosen
r € (R,R+ 1), denote with A, the e-ball centered at the constant function ¥ in
CO([R, 7], |l=). We look for a fixed point of the Volterra operator T defined by

R
It is a simple matter to check the following properties:
(i) If |r — R| is sufficiently small, T.(A.) C A..

(ii) There exists a constant C' > 0, independent of r € (R, R + 1), such that
|Teu(t) —Teu(s)| < Clt—s| for every u € A.. By the Ascoli-Arzela theorem,
T, is a compact operator.

(iii) T is continuous. To prove this, let {u;} C A. be such that ||u; —u||ze — 0,
and use the Lebesgue convergence theorem in the definition of T, to show
that T,u; — T,u pointwise. The convergence is indeed uniform by (ii).

By the Schauder theorem ([7], Theorem 11.1), T, has a fixed point z.. Differentiat-
ing 2. = T.z. we deduce that 2/, > 0 on [R,7]; hence z, is positive and increasing.
Therefore, z. is also a solution of (63]). This solution can be extended up to a
maximal interval [R, p). If by contradiction the (increasing) solution z. satisfies
ze(p~) = 2F < 400, then by differentiating z. = Tz, we would argue that z.(p~)
exists and is finite. Hence, by local existence z. could be extended past p, a con-
tradiction. ]

(cu(T))dT) ds.

We are going to prove that if B(t) does not grow too fast and under a reasonable
structure condition on My, the solution z. of (G.0)) is defined on [R,+occ). To do
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this, we first need some definitions. We consider the initial condition ¥ = 0. For
convenience, we further require the following assumptions:

(6.7) o € CHR™), ay 'tPTL <t (t) < ag 4 axtP™! on RT,

for some positive constants ai,as. Define

K= [seas a0 = [ B

Note that §(¢) is non-decreasing on R™ and that, for every p > 0, K, is strictly
increasing. By (6.1), K, (+00) = +00. We focus our attention on the condition

1

— ¢ L'(+0).
K 3y © )
This (or, better, its opposite) is called the Keller-Osserman condition. Originating,
in the quasilinear setting, from works of J. B. Keller [I0] and R. Osserman [21],
it has been the subject of increasing interest in the last few years. The interested
reader can consult, for instance, [5], [17], [I9). Note that the validity of (KO
is independent of the choice of p € [0,1), and we can thus refer ((KO) to Ky =
K. This follows since, by ([@7), K,(t) < t? as t — 400, where the constant is
independent of u, and thus K;l(s) = s'/P as s — 400, for some constants which
are uniform when p € [0,1). Therefore, (CKQ)) is also equivalent to

1
5(3)1/;)
Lemma 6.4. Under the assumptions of the previous proposition and subsequent
discussion, suppose that ¢ > 0 on RT. If

1
K=1(B(s))
then, for every choice of ¢ € (0,1], the solution z. of (G.1) is defined on [R,+00).

("KO)

(6.8) ¢ L' (400).

("KO) ¢ L' (+00),

Proof. From [g" 1p(c2')] = g™ 1 B(cz) and g’ > 0 we deduce that

O (c2)ez" < B(cz) sothat c2'¢(c2')cz” < B(cz)ez' = (B(ez))’.

Hence integrating and changing variables we obtain

Ku(cs') = / " s < | Bloas = siea),

Applying K, ¢z’ = K/ '(B(cz)). Since 2’ > 0, we can divide the last equality by
K 1(B(cz)) and integrate on [R,t) to get, after changing variables,

m
cz(t) d
/ > <i-R
0 K. (B(s))
By (CKQ), we deduce that p cannot be finite for any fixed choice of c. O

For every R > 0, we have produced a radial function u. = (cz.) o r which solves
Lyu. = B(u.) on M\Bpg and u, = 0 on Br. The next step is to guarantee that, up
to choosing p, ¢ appropriately, u. can be arbitrarily small on some bigger ball Bp, .
The basic step is a uniform control of the norm of z, on [R, R;] with respect to the
variable ¢, up to choosing p = p(c) appropriately small. This requires a further
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control on B(t), this time on the whole R* and not only in a neighbourhood of

+o0.

Lemma 6.5. Under the assumptions of the previous proposition, suppose further
that

(6.9) B(t) <bitP™'  onRT,

Then, for every Ry > R and every ¢ € (0,1], there exists u > 0 depending on c
such that the solution z. of (@A) with ¥ = 0 satisfies

(6.10) 1zell Lo (1, 1Y) < K
for some K > 0 depending on R, Ry, on as in ([€1) and on by in [G3) but not on
c.

Proof. Note that, by ([69), (CKQO) (equivalently, ([6.8)) is satisfied. Hence, z. is
defined on [R,+400) for every choice of p,c. Fix Ry > R. Setting ¢ = 0 in the
expression (@.6) of the operator T, and using the monotonicity of g and z., we
deduce that

welt) < 1L/t¢1<¢«w>+u/sfxmmr»dr)ds

CJRr R
sélf*@wwum—mmwwmw-

Differentiating, this gives

p(cug(t)) < plep) + (B — R)B(cuc(t)).
Now, from ([@7) and (69) we get
(6.11) AP < agplep) + az(Ry — R)boc? tuP ™t
Choose p in such a way that

1
plep) <% thatis,  p< - (P
&

Then, dividing (6I1) by ¢?~! and applying the elementary inequality (z + y)® <
2%(z® 4 y*), we obtain the existence of a constant K = K(Ry, R, ag, b2) such that

ul(t) < K(1 4+ ue(t).
Estimate (6.10) follows by applying Gronwall’s inequality. O

Corollary 6.6. Let the assumptions of the last proposition be satisfied. Then,
for each triple (Br, Br,,¢€), there exists a positive, radially increasing solution of
L,u = B(u) on My\Bg such that w =0 on 0Bg and uw < ¢ on Bg,\Bg.

Proof. By the previous lemma, for every ¢ € (0, 1] we can choose p = u(c) > 0 such
that the resulting solution z. of (6.5) is uniformly bounded on [R, R;] by some K
independent of ¢. Since, by (6], ue = (cz.) o r solves Lyou. = B(uc), it is enough
to choose ¢ < ¢/K to obtain a desired u = u, for the triple (Bg, Bg,,¢). |

To conclude, we shall show that Evans potentials exist for any triple (K, ¢),
not necessarily given by concentric balls centered at the origin. In order to do so,
we use a comparison argument with suitable radial Evans potentials. Consequently,
we need to ensure that, for careful choices of ¢, i, the radial Evans potentials do
not overlap.
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Lemma 6.7. Under the assumptions of Lemma [6.4], let 0 < R be chosen, and let
w be a positive, increasing C' solution of

{ [ ()] = g™ 'B(w)  on[R,+00),

(6.12)
w(R) =0, w'(R)=whk>0.

Fiz R > R. Then, for every c > 0, there exists u = p(c, R, R) small enough that
the solution z. of ([©3), with R replaced by R, satisfies cz. < w on [R, +00).

Proof. Let p satisfy g™ *(R)p(wh) > g™ '(R)¢p(cu). Suppose by contradiction
that {cz. > w} is a closed, non-empty set. Let r > R be the first point where
¢ze = w. Then, ¢z, < w on [R,r], and thus cz.(r) > w'(r). However, from the
chain of inequalities

ey = T TR [ g

> %W + /RT B(CZC(T))dT = QO(CZQ(T))

and from the strict monotonicity of ¢ we deduce w’(r) > cz.(r), a contradiction. [J
Corollary 6.8. For each u constructed in Corollary and for every Ry > R,

there exists a positive, radially increasing solution w of Lrw =0 on My\Bg, such
that w =0 on OBg, and w < u on M\DBg,.

Proof. 1t is a straightforward application of the last lemma. |
We are now ready to state the main result of this section.

Theorem 6.9. Let M, be a model with origin o and non-decreasing defining func-
tion g. Let ¢ satisfy (620) with a1 = 0, and suppose that B(t) satisfies (69). Define
Lr according to Lru = Lyu— B(u). Then, properties (K), (L) (for Holioe or L)
and (E) restricted to triples (K,Q,e) with o € K are equivalent and also equivalent

to either
vol(B,) \ 7T, . .
(6.13) (vol(aBr)) gL (+00) ifB>0o0onR
or
1 N7 _
(6.14) (m) & L (4+00) otherwise.

Proof. From (G.7), assumptions (6I3) and (6I4) are equivalent, respectively, to
©3) and [G4)). Therefore, by Proposition 6.1l and Theorem 2-8] the result will be
proved once we show that (L) implies (E) restricted to the triples (K, €,¢) such
that o € K. Fix such a triple (K,Q,¢). Since o € K and K is open, let R < p be
such that Br € K € Q € B,. By making use of Corollary we can construct
a radially increasing solution wo of Lrws = 0 associated to the triple (Bg, B,,¢).
By (L), v must tend to +oco as = diverges. Otherwise by the Pasting Lemma,
Lemma [BT0] the function s obtained by extending wy with zero on Bgr would
be a bounded, non-negative, non-constant solution of Lrs > 0, a contradiction.
From Corollary and the same reasoning, we can produce another exhaustion w;
solving Lrw; = 0 on M\B,, w; = 0 on 0B, and w; < wy on M\B,. Setting w,
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equal to zero on B,, by the Pasting Lemma w» is a global subsolution on M below
wsy. By the subsolution-supersolution method on M\ K, there exists a solution w
such that w; < w < wy. By construction, w is an exhaustion and w < e on Q\K.
Note that, by Remark B8] from (1) with a; = 0 we deduce that w € C'(M\K).
We claim that w > 0 on M\K. To prove the claim we can avail ourselves of the
strong maximum principle in the form given in [27], Theorem 1.2. Indeed, again
from (6.7) with a3 = 0 we have (in their notation)

b
paglsp < K(s) < pags? on RT, 0< F(s) < 2Ls? on RT,
p
and hence
1
— g L'(0).
ke £

The last expression is a necessary and sufficient condition for the validity strong
maximum principle for C* solutions u of Lru < 0. Therefore, w > 0 on M\K
follows since w is not identically zero by construction. In conclusion, w is an Evans
potential relative to (K, ,¢), as desired. O
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