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On the Evidential Reasoning Algorithm for Multiple
Attribute Decision Analysis Under Uncertainty

Jian-Bo Yang and Dong-Ling Xu

Abstract—In multiple attribute decision analysis (MADA), one
often needs to deal with both numerical data and qualitative in-
formation with uncertainty. It is essential to properly represent
and use uncertain information to conduct rational decision anal-
ysis. Based on a multilevel evaluation framework, an evidential
reasoning (ER) approach has been developed for supporting such
decision analysis, the kernel of which is an ER algorithm devel-
oped on the basis of the framework and the evidence combination
rule of the Dempster—-Shafer (D-S) theory. The approach has been
applied to engineering design selection, organizational self-assess-
ment, safety and risk assessment, and supplier assessment.

In this paper, the fundamental features of the ER approach
are investigated. New schemes for weight normalization and
basic probability assignments are proposed. The original ER
approach is further developed to enhance the process of aggre-
gating attributes with uncertainty. Utility intervals are proposed
to describe the impact of ignorance on decision analysis. Several
properties of the new ER approach are explored, which lay the
theoretical foundation of the ER approach. A numerical example
of a motorcycle evaluation problem is examined using the ER
approach. Computation steps and analysis results are provided in
order to demonstrate its implementation process.

Index Terms—Assessment, evidential reasoning, multiple
attribute decision analysis (MADA), uncertainty, utility interval.

I. INTRODUCTION

ANY decision problems in engineering and manage-

ment involve multiple attributes of both a quantitative
and qualitative nature. A decision may not be properly made
without fully taking into account all attributes in question
[2], [7], [10], [11], [14], [23]. It is the rational handling of
qualitative attributes and uncertain or missing information that
causes complexity in multiple attribute assessment. There is a
growing need to develop theoretically sound methods and tools
for dealing with multiple attribute decision analysis (MADA)
problems under uncertainty in a way that is rational, reliable,
repeatable, and transparent.

Over the past two decades, considerable research has been
conducted on integrating techniques from artificial intelligence
(AI) and operational research (OR) for handling uncertain infor-
mation [1], [3]-[5], [8], [19], [21], [22], [32], [34]. Following
this line of research, an evidential reasoning (ER) approach has
been developed for MADA under uncertainty [23], [24], [28],
[31]. This approach is based on an evaluation analysis model
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[33] and the Dempster—Shafer (D-S) theory of evidence [9]. In
recent years, the ER approach has been applied to decision prob-
lems in engineering design, safety and risk assessment, organi-
zational self-assessment, and supplier assessment, e.g., motor-
cycle assessment [23], general cargo ship design [12], marine
system safety analysis and synthesis [15], [16], software safety
synthesis [17], [18], retrofit ferry design [26], executive car as-
sessment [27], and organizational self-assessment [29].

The kernel of the ER approach is an evidential reasoning al-
gorithm developed on the basis of a multiattribute evaluation
framework and the evidence combination rule of the DS theory.
The algorithm can be used to aggregate attributes of a multilevel
structure [24]. A rational aggregation process needs to satisfy
certain common sense or self-evident rules, referred to as syn-
thesis axioms. It can be shown that the original ER approach
only satisfies the following synthesis axioms approximately.

Suppose there are two levels of attributes with a general at-
tribute at the top level and a number of basic attributes at the
bottom level. Each basic attribute may be assessed with refer-
ence to a set of evaluation grades. An attribute can be assessed
to individual or a subset of the evaluation grades with different
degrees of belief. Within this ER assessment framework, the fol-
lowing four synthesis axioms are proposed.

* If no basic attribute is assessed to an evaluation grade at all,
then the general attribute should not be assessed to the same
grade either.

« If all basic attributes are precisely assessed to an individual
grade, then the general attribute should also be precisely as-
sessed to the same grade.

« If all basic attributes are completely assessed to a subset of
grades, then the general attribute should be completely as-
sessed to the same subset as well.

* If any basic assessment is incomplete, then a general assess-
ment obtained by aggregating the incomplete and complete
basic assessments should also be incomplete with the degree
of incompleteness properly assigned.

Incomplete assessments may result from the lack of data or
the inability of assessors to provide precise judgments or the
failure for some assessors to provide judgments in a group de-
cision situation. This paper is aimed to investigate the features
of the ER approach based on the above synthesis axioms. As a
result of this investigation, the original ER approach is evolved
through the development of a new aggregation process that sat-
isfies all the above axioms precisely. Utility intervals are pro-
posed to characterize the degrees of incompleteness present in
original assessments and describe the impact of incomplete in-
formation on decision analysis. Several properties of the new
ER approach are explored, which provide the theoretical basis
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Fig. 1. Evaluation hierarchy for operation.

of the approach. A numerical example of a motorcycle evalua-
tion problem is examined using the ER approach. Both complete
and incomplete assessments are involved in the problem. To il-
lustrate the implementation process of the ER approach, some
of the computation steps and results are provided.

The original ER approach is revisited in the next section. As
a result of this investigation, the ER approach is further devel-
oped in Section II. In Section III, the properties of the new ER
approach are explored. In Section IV, a motorcycle performance
assessment problem is examined. The paper is concluded in Sec-
tion V.

II. THE EVIDENTIAL REASONING ALGORITHM

A. Problem Description

Subjective judgments may be used to differentiate one alter-
native from another on qualitative attributes. To evaluate the
quality of the operation of a motorcycle, for example, typical
judgments may be that “the operation of a motor cycle is poor,
good, or excellent to certain degrees.” In such judgments, poor,
good, and excellent denote distinctive evaluation grades. In a
motorcycle evaluation problem, a set of evaluation grades is de-
fined by [23]

H = {poor (Hy) indifferent (H>)

good (Hy)

average (Hs)
excellent (Hs)}. (1)

Operation is a general technical concept and difficult to as-
sess directly. It needs to be decomposed into detailed concepts,
such as handling, transmission, and brakes. If a detailed con-
cept is still too abstract to assess directly, it may be further
broken down to more detailed concepts. For instance, the con-
cept of brakes (y) may be measured by stopping power (e1),
braking stability (e2), and feel at control (e3), which can be di-
rectly assessed and therefore referred to as basic attributes in this
paper. Assessment attributes often constitute a multilevel hier-
archy [24]. An evaluation hierarchy for assessing the operation
of a motorcycle is shown in Fig. 1.

In hierarchical assessment, a high level attribute is assessed
through associated lower level attributes. For example, if the

brakes

feel at
control

braking
stability

stopping power; braking stability, and feel at control of a motor-
cycle are all assessed to be exactly good, then its brakes should
also be good. In evaluation of qualitative attributes, uncertain
judgments could be used. In assessment of the brakes of a mo-
torcycle, for example, assessors may be

1) 30% sure that its stopping power is at average level and
60% sure that it is good;

2) absolutely sure that its braking stability is good,

3) 50% sure that its feel at control is good and 50% sure that

it is excellent.

In the above assessments, 30%, 50%, 60%, and 100% (abso-
lutely sure) are referred to as degrees of belief and sometimes
used in decimal format: 0.3, 0.5, 0.6, and 1, respectively. Note
that assessment 1) is incomplete as the total degree of belief is
0.3 4+ 0.6 = 0.9 < 1 while assessments 2) and 3) are complete.
The missing 0.1 in assessment 1) represents the degree of ig-
norance or uncertainty. A problem arises as to how to generate
an overall assessment about the brakes of the motorcycle by ag-
gregating the above three judgments in a rational way. The ev-
idential reasoning approach provides a means for dealing with
the aggregation problem. The basic ER model and the ER al-
gorithm are discussed in the next two subsections, and the syn-
thesis axioms are defined in the following subsection where the
shortcomings of the original ER algorithm are also discussed.

B. Basic Evaluation Framework

To begin with, suppose there is a simple two-level hierarchy
of attributes with a general attribute at the top level and a number
of basic attributes at the bottom level. Suppose there are L. basic
attributes e; (¢ = 1, ..., L) associated with a general attribute
1. Define a set of L basic attributes as follows:

er}. )

E={e; e -+ ¢

Suppose the weights of the attributes are given by w =
{wi we -+ w; wr,} where w; is the relative weight
of the sth basic attribute (e;) with 0 < w; < 1. Weights play
an important role in assessment. They may be estimated using
existing methods such as simple rating methods or more elab-
orate methods based on the pairwise comparisons of attributes
(71, [11], [30].
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Suppose N distinctive evaluation grades are defined that col-
lectively provide a complete set of standards for assessing an
attribute, as represented by

H = {H, H, H, Hy} 3)
where H, is the nth evaluation grade. Without loss of generality,
it is assumed that H, ;1 is preferred to H,,.

A given assessment for e; (¢ = 1, ..., L) of an alternative
may be mathematically represented as the following distribu-
tion:

S(ei) ={(Hn,Bn,i),n=1,...

where (3, ; > 0, 25:1 Brn,i £ 1, and 3, ; denotes a degree
of belief. The above distributed assessment reads that the at-
tribute e; is assessed to the grade H,, with the degree of belief
of Bi»m = 1,..., N. An assessment S(e;) is complete if
Z;Ll B, = 1 and incomplete if Zi\;l On.+ < 1. A special
case is Zg:l Bn,i =0(r fp,,; =0foralln =1,..., N),
which denotes a complete lack of information on e;. Such par-
tial or complete ignorance is not rare in many decision making
problems. In the new ER approach to be investigated in this and
next sections, ignorance will be handled using the upper and
lower bounds of degrees of belief and utility intervals.

Let 3, be a degree of belief to which the general attribute
y is assessed to the grade H,,. The aggregation problem is to
generate 3, (n = 1, ..., N) by aggregating the assessments
for all the associated basic attributes e; (¢ = 1, ..., I) as given
in (4). The following evidential reasoning algorithm can be used
for this purpose.

N} i=1,...,L 4

C. Summary of the Original ER Algorithm

In this subsection, the original ER algorithm will be briefly
discussed and its shortcomings will be analyzed. Let m,, ; be
a basic probability mass representing the degree to which the
tth basic attribute e; supports the hypothesis that the attribute
y is assessed to the nth grade H,,. Let my ; be a remaining
probability mass unassigned to any individual grade after all
the N grades have been considered for assessing the general
attribute as far as e; is concerned. m,, ; is calculated as follows:

M, i = Wifn i n=1..., N 5)
where w; need be normalized as discussed later. my_; is given
by

N N
m/H,izl_Zmn,i:]-_wi Zﬁn,i- (6)
n=1 n=1

Define E7y(;) as the subset of the first 7 basic attributes as
follows:

Erqy ={e1 ez e} 7

Let my,, 1(;) be a probability mass defined as the degree to which
all the ¢ attributes in £ ;) support the hypothesis that y is as-
sessed to the grade H,. my, r(;) is the remaining probability
mass unassigned to individual grades after all the basic attributes
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in E,(,;) have been assessed. m,,, r(;y and my;, (;y can be gener-
ated by combining the basic probability masses m,, ; and my, ;
foralln=1,..., N, 3 =1, ..., 1

Given the above definitions and discussions, the original re-
cursive evidential reasoning algorithm can be summarized as
follows [24]:

Mo, 1G41) = KrGany (Mo, 1), i1 + My 1ymm, i1

+ My, 1(5)Mn, i+1) n=1...,N (3a)
mu, 1¢i+1) = K1G+1)™m, 1()MH, i+1 (8b)
-1
N N
Kiyny = L= > maaayms in
t=1 j=1
JF#L
i=1,...,L—-1 (8c)
where K1) is a normalizing factor so that

Z;’L:l Mn, I(i+1) + MH, 1(i+1) = 1. Note that My, 1(1) = Mnp, 1
(n = 1,..., N)and myg ;1) = mgp, 1. Also note that the
basic attributes in £ are numbered arbitrarily. This means
that the results m,, (1), (n = 1, ..., N), and mp rry do
not depend on the order in which the basic attributes are
aggregated.

In the original ER approach, the combined degree of belief
By, is directly given by

ﬁ71:mn,7(h)7 ’n’:17"'7N
]\T

B =mypy 1) =1~ Z Br ©)]
n=1

where (3 is the degree of belief unassigned to any individual
evaluation grade after all the L basic attributes have been as-
sessed. It denotes the degree of incompleteness in the assess-
ment generated.

D. Synthesis Axioms and Issues Associated With the Original
ER Algorithm

The aggregation process shown in the previous section may
not be rational or meaningful if it does not follow certain syn-
thesis axioms. Suppose F as defined in (2) contains a complete
set of basic attributes for evaluation of y. The four synthesis ax-
ioms to be investigated in this paper are defined as follows.

Axiom 1: y must not be assessed to a grade H,, if none
of the basic attributes in F is assessed to H,,,
which is referred to as the independency axiom.
It means that if 3, ; = O foralli =1, ..., L,
then 3, = 0.

y should be precisely assessed to a grade H,, if
all the basic attributes in F are precisely assessed
to H,,, which is referred to as the consensus
axiom. It means thatif 8 ; = 1and 3, ; = 0
foralli=1,..., Landn=1, ..., N, n #k,
then B, = land 8, =0(n=1,..., N, n #
k).

If all basic attributes in £ are completely as-
sessed to a subset of evaluation grades, then y

Axiom 2:

Axiom 3:
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should be completely assessed to the same subset
of grades, which is referred to as the complete-
ness axiom.

If an assessment for any basic attribute in £ is
incomplete, then the assessment for y should be
incomplete to certain degree, which is referred to
as the incompleteness axiom.

The first independency axiom is naturally followed in the
original ER algorithm as from (8) and (9) we have 3,, = 0 if
My,; = O0foralls =1,..., L.

Regarding the second synthesis axiom, we have the following
conclusion.

Theorem 1: 1f 3, and By are calculated using (9), then to
satisfy the consensus axiom it is necessary and sufficient to hold
the following condition:

Axiom 4:

(1—w;)=0.
1

L
(10)

K2

Proof: From (5) and (6), the basic probability assignments
are given by

an

My, i =w;iBr,i = W

Mp, i =wWifp,i =0 ;

n=1,...,N,n#k (12)
N

mu,; =1-— Z wifln,i =1 —w;

n=1

i=1,..., L. (13)

Since my, j(1y = My, 1 = 0 for n # k, from (12) and (13),
at+ = 1 we have

M, 1(:)Men, i+1 = 0,

My, 1(iyMH,i+1 =0,

MH, 1(:)Mn,i+1 = 0

foranyn=1,..., N, n # k.

Using (8a), we then obtain at 1 = 2

My, 1) = 0 forn=1,..., N,n #k.

Suppose m,, j;y = Oatiwith2 <4 < Lforn=1,..., N,
n # k. Using (8a) again, we generate
My, 1(i+1) — KI(i+1) (mn,l(i)mn,i+1 + My, 1G)MH, i41

+ 7”H,I(i)7”n,i+1)
:Kl(i+1) (0 Xx0+0xmg it1 +mpy, 1) X 0)

=0 forn=1,..., N, n #k.
Thus, we deduce that atany¢ =1, ..., L
My, (i) = 0 forn=1,..., N,n#k. (14)
From (11)—(14), we have
my, 1(;)My,i+1 = 0 forany: =1, ..., L —1;
t,j=1,..., N, t#35 (15)
Combining (8c) and (15), we get
Krivy =1 fore=1,..., L—1. (16)

From (8b) and (13), we get

My, (L)
= Krymm, L/mm, 1(1.—1)
= Ki)yKi(—ymm, mm, L—1muy, 1(1.—2)

= KinyKr—1) - Kreymu, rmup, -1 mmg 2mu 1
L L

L L
= H Ki) H MH,; = H MH,; = H(l —w;). (A7)
7j=2 =1

i=1 =1
Since Y20 m, y(1) +mu, 1(r) = 1[24], combining (14) and
(17) we get

L L

’"I‘k,I(L) + H (l - wi) =1 or "Lk,I(L) =1- H (l - wi).
=1 =1

The consensus axiom and (9) require that

L
[)’k:mk)I(L):l—H(l—wi)Zl.

i=1
Therefore, we must have
L

[T -w)=o.
=1

On the other hand, if [ i”zl(l — w;) = 0, the consensus axiom
will be satisfied as

r r
O =1-— H(l —w;)=1 and My, (L) = H(l —w;) =0.
i=1 i=1
Q.E.D.
Unfortunately, (10) cannot be exactly satisfied unless w; is
normalized to one for the most important basic attribute e;, or
w; = 1. If w; = 1, however, the ¢th attribute ¢; would domi-
nate the assessment. In other words, other basic attributes with
smaller weights would play no role in the assessment of ¢, which
is obviously unacceptable. This is the dilemma of applying the
Dempser—Shafer theory to aggregating multiple criteria.
To resolve the dilemma, in the original ER approach the
weights were normalized by [23], [24], [26]
Wi

W; = . - 18
Wi amax{wi,z:l,...,L} (18)

and « is a constant determined by satisfying
L

w,
1- - <46
H amax{w,;J:L...,L} -

(19)
=1

where 4 is a small constant, representing the degree of approx-
imation in aggregation. The above normalization of weights
means that the consensus axiom could only be satisfied approxi-
mately, as shown using an example in the next section. Another
shortcoming of the above normalization technique is that the
most important attribute may play a dominating role in the as-
sessment of y. It will also be shown in the next section that the
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original ER approach does not precisely satisfy the complete-
ness axiom either.

E. An Example to lllustrate the Original ER Algorithm

In summary, the original ER algorithm is composed of (4)
for original information acquisition and representation, (18) and
(19) for weight normalization, (5) and (6) for basic probability
assignments where w; is replaced by w;, recursive (8a)—(8c) for
attribute aggregation, and (9) for generating the combined de-
grees of belief.

To help understand the original ER algorithm and illustrate
its shortcomings discussed above, we show the calculation steps
for aggregating the following two assessments for two attributes
e1 and es:

S(el) :{(Hla 0)7 (H27 0)* (Hiiv 0)* (H47 l)* (H57 0)}
S(e2) ={(Hy, 0), (Ha, 0.5), (Hs, 0.5), (Hy, 0), (Hs, 0)}
which are two complete assessments. e; is completely assessed

to H4 and ey completely assessed to Ho and Hs. From (4), we
have

B1,1=0, B21=0, B31=0, By1=1, B51=0

B1,2=0, B2,2=0.5, f32=05, B12=0, F52=0.

Suppose e; is twice as important as eg, or w1 = 2ws and
6 = 0.05. Then the weights w; and ws are normalized using

(18) as follows:

w1 =« and Wo = —.

N R

Since (1 — a)(1 — a/2) = 0.05 leads to o = 0.9083 [see (19)],
we have

w1 =0.9083 and wy = 0.4542.

From (5) and (6), we can calculate basic probability masses
My, ; as follows:

mi 1 = 0, ma 1= 0, ms3 1= 07 mg 1 = 0.9083
ms,1 =0, mg 1 =0.0917
mi, 2 =0 my 2 = 02271, ms o2 = ()2271, my 2 = (),

ms, 2 :0, mp,2 = 0.5458.

The recursive (8a)—(8c) can then be used to calculate the com-
bined probability masses as follows. Let m,, ri) = my,, 1 for
n =1,...,5. Since

-1

Kizy=|1- Z Z My, 1(1)M5, 2

t=1 j=1
it
=[1—-(04+--+0+my1 Xmga2+mg
X mz2+0+-+0)]7"
=1 — (0.9083 x 0.2271 + 0.9083 x 0.2271)] "

=1.7023
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we then have

my, 12) = Kreay(ma,ama 2 +my amp 2 +mpy 1my 2) =0
My, 1(2) = Kreay)(ma,1ma 2 + ma 1mp 2 +mpy 1ms, 2)
=1.7023(0 x 0.2271 + 0 x 0.5458
+0.0917 x 0.2271) = 0.035 45
ma, 1(2) = Krea)(ms, 1ms 2 + m3 1mp 2 +mpy, 1m3,2)
=1.7023(0 x 0.2271 + 0 x 0.5458
+0.0917 x 0.2271) = 0.03545
my, 1(2) = Krea)(ma, 1ma 2 +my 1mpy 2 +mm 1My, 2)
=1.7023(0.9083 x 0 + 0.9083 x 0.5458
+0.0917 x 0) = 0.8439
ms, 1(2) = Krea)(ms 1ms 2 + ms 1mp s +mgims2) =0
mH, 1(2) :Ki(z)mH,lmH,z
=1.7023 x 0.0917 x 0.5458 = 0.0852.

The combined degrees of belief are given using (9) as follows:

1 =my 1) =0, B2 =1y 2y = 0.03545
ﬁg =mg, 1(2) — 0.035 45, ,84 = mﬁLI(z) = 0.8439
ﬂ5 - m571(2) = 07 ;BH = mHVI(z) = 0.0852.

The above results show that the combined assessment is to a
large extent focused on (4. This is because the first attribute e,
is completely assessed to 34, it is twice as important as e, and
the weighs are normalized using (19). It can also be seen that
the combined assessment is not precisely complete as Sy =
0.0852, though the two basic assessments S(e;) and S(eq) are
complete. It can be shown that Sz will reduce if a smaller ¢ is
selected. However, this will make e; even more dominant in the
assessment. In the extreme, setting 6 = 0 will lead to wy; =1
and wy = 0.5, resulting in 8, = 1, By = 0, and 3; = 0 for
1 =1,2,3,05.

F. New Schemes for Weight Normalization and Basic
Probability Assignment

The original ER approach is revised in this and next two sub-
sections so that the four synthesis axioms can be satisfied pre-
cisely, as will be proven in Section III. The revision includes
three main parts:

1) the renormalization of weights and the re-assignments of
basic probability masses including the decomposition of
the remaining degree of belief;

2) the development of a new ER algorithm;

3) the generation of combined degrees of belief through the
normalization of combined probability masses.

The original ER approach is in essence aimed to establish

certain relationships between 3, and 3, ; ¢ =1, ..., L;n =
1, ..., N). Such relationships are generally represented by
ﬂn :fn(wiﬁn,i? 1= 1, ceey L7 n = 1, Cey N),
n=1,..., N (20)

where f,, is in general a nonlinear function of 3, ;. If f, is
assumed to behave linearly at a specific point with 3, ; = 1
and 3; ; =0forallj=1,..., N, #n,ands =1,..., L,
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0. would be expressed as a linear combination of 3,, ; (+ =
, L) as follows:

L
ﬂn — Z wiﬁn,i-
i=1

To satisfy the consensus axiom at this point, we would have
Bn=land B, =0(k =1, ..., N, k # n). Thus
L

=) w

=1

21

(22)

Although in general f,, is a nonlinear function, (22) does sug-
gest an alternative way of normalizing weights, different from
what was suggested in (18) and (19). Using the new weight nor-
malization, the assignment of basic probability masses as given
by (5) and (6) is appropriate in the sense that each basic attribute
can play a proportionally important role relative to its weight.

The linear combination equation [(21)] is simple but not
suitable for attribute aggregation in MADA under uncertainty
within the ER evaluation framework. This is because not only
its underlying linearity assumption is questionable but also it is
incapable of properly handling incomplete information. In the
rest of this section, a new evidential reasoning algorithm will
be developed for aggregating both complete and incomplete
information using the new weight normalization given by (22).

Different from the original ER algorithm as shown in
(8a)—(8c) and (9), in the new ER algorithm, the remaining
probability mass initially unassigned to any individual evalu-
ation grades will be treated separately in terms of the relative
weights of attributes and the incompleteness in an assessment.
In this way, the upper and lower bounds of the belief degrees
can be generated using the concepts of the belief measure and
the plausibility measure in the D-S theory of evidence. This
is one of the distinctive features of the new ER approach from
other MADA approaches.

Note that mg ;, given in (6), is the remaining probability
mass initially unassigned to any individual grades. In the new
ER algorithm, it is decomposed into two parts: 1) 7y, ; and 2)
My, i, where

N

Wﬂ,izl—wi and mH,i—wi<1_ZBn,i) 23)

n=1
with my ; = M, + ﬁzHyi.

T, ; is the first part of the remaining probability mass that is
not yet assigned to individual grades due to the fact that attribute
1 (denoted by e;) only plays one part in the assessment relative
to its weight. 7y ; is a linear decreasing function of w;. Mg ;
will be one if the weight of e; is zero or w; = 0; iy ; will be
zero if e; dominates the assessment or w; = 1. In other words,
My, ; represents the degree to which other attributes can play
a role in the assessment. 7y ; should eventually be assigned
to individual grades in a way that is dependent upon how all
attributes are weighted and assessed.

My ; is the second part of the remaining probability mass
unassigned to individual grades, which is caused due to the
incompleteness in the assessment S(e;). Ty ; will be zero if
S(e;) is complete, or Zf:;l Bn,i = 1; otherwise, 7, ; will be

positive. g, ; is proportional to w; and will cause the subse-
quent assessments to be incomplete. In Yang [28], 7 ; (2 =
1, ..., L) were linearly combined, which would not be appro-
priate for the generation of a plausibility measure, as discussed
in Section II-H.

G. New Evidential Reasoning Algorithm

Asused in Yang and Singh [23], an attribute aggregation table
(Table I) is again used to deduce a new ER algorithm for com-
bining two assessments S(e;) and S(e;). Note that in Table I,
HnNnH,=H,foralln=1,2,..., N.

The combined probability masses are generated by aggre-
gating (denoted by @) the assessments S(e;) and S(e;) as
shown in Table I as follows:

{Hut mp, 102y = Ki(ir)[ma, i, j + g, ima,
+ M, M, j + M i, + M i ]
= K1t [mn, ima, j + (Mg, i + M, i) mn, 5
+mn (M, + T, )]

= KyG+n)[mn, i, j + M imn, ;
n=12,...
{H}:m 1) = Krenim amm, j + Mg i,

+ i, ]

{H}: My, 1(2) = K[(H-l)[mH, imH,j]

N N
Kriayny = |1 - Z Z My, M,

+ My im, 5] . N

where m,, j(2) is the combined probability mass for the grade
H,, generated by aggregating the two assessments S(e;) and
S(ej); My, 1(2) the combined probability mass for H due to
the possible incompleteness in S(e;) and S(e;), and My, r(2)
for H due to the combined relative importance of e; and e;.

Let My, 1(4) (n = 17 2, ey N), ’ﬁl};[, 1(3) and m};[, 1(3) denote
the combined probability masses generated by aggregating the
first ¢ assessments. The following new ER algorithm is then de-
veloped for combining the first ¢ assessments with the (7 + 1)th
assessment using the same process as shown in Table I in a re-
cursive manner

{Hnt:my, 1641 = KrGen M, 16)Mn, i+1
+ME, 16T, ir1 + M ()M, i41]
(24a)
=g 16) + TH, 16)
n=12,...,N

= Ki(i+1) [, 16)yMH, i11

MH 1(i)
(24b)
{H}: o, 1t

+ My, 1GyMm, i1 + Mg, 16T, 1]

(24¢)
{H}:mp 141 = Ky [, 16)70H, i+1] (244d)
1
N N
Kien = [1= Y Y me 1My, i1

t=1 j—1
Gt

—{1,2,...,L—1}. (24e)
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TABLE 1
AGGREGATION OF TWO ASSESSMENTS
S(e;)
8(e) @ SCe) [Tm )y | (ms)) (m,,) me) | () | 07,
{H,} {H,} {H,} {H} H} {H})
(m) {(m,m )| (m,m ) (m, m ). | (mym, ) (7 ,m, ) | (7, m,
{H} {H} {} {9} ) {H,} {H\}
(mlj) (mumz./‘ (mz,imz.J . (mu.imz,j) o (mN.imz.j (ﬁzmmz,j (mu.imz,f
(H,} {0} {H,} {¢} {0} {H,} {H,}
(m,.) (m. m, )| (m,m, ) (m,.m, ... |(mym, ) (m,,m, )\ (5, m, )
S(e)| (H,) | {6} {0} {H,} {0} {H) | {H}
(mn/./‘) (ml.:m:\‘:/ (mz.imN‘j - (mn.rmlv,j) nee (m}v.;mN,j) (”ﬁ/l,im}v,j (’T{H.iml\/.j
{H} 10} {9} {4} {Hy} tH.} {H,}

The terms T g7, 1¢;)™y, i+1 and My, 1My, i+1 are assigned to
T, 1(i+1) rather than to My 7¢;41) so that the incompleteness
synthesis axiom can be satisfied, as proven in Section III-D.

After all L assessments have been aggregated, the combined
degrees of belief are generated by assigning 77, (1) back to all
individual grades proportionally using the following normaliza-
tion process:

{Hn} Bn -

MMy, (L)

n=12 ..., N (253

1=y 1(1)

(HY: By __mam)

— (25b)
1=y 1(1)

[y, generated above is a likelihood to which H,, is assessed.
O is the unassigned degree of belief representing the extent of
incompleteness in the overall assessment. It will be proven in the
next section that the combined degrees of belief generated above
satisfy all the four synthesis axioms as defined in Section II-D.

In summary, the new ER algorithm is composed of (4) for
information acquisition and representation, (22) for weight nor-
malization, (5), (6), and (23) for basic probability assignments,
(24a)—(24e) for attribute aggregation, and (25a) and (25b) for
generating combined degrees of belief.

Similar to (4), the generated assessment for 4 can be repre-
sented by the following distribution:

S(U):{(Hrwﬂn)v ”:lv-'-vN}

which reads that y is assessed to the grade H,, with the degree
of beliefof 3, (n =1, ..., N).

(26)

H. Expected Utility and Utility Interval of the ER Approach

There may be occasions where distributed descriptions are
not sufficient to show the difference between two assessments.
In such cases, it is desirable to generate numerical values equiv-

alent to the distributed assessments in a sense. The concept of
expected utility is used to define such values. Suppose u(H,, ) is
the utility of the grade H,, with

w(Hpq1) > u(Hpy)

u(Hy) may be estimated using the probability assignment
method [8], [20] or by constructing regression models using par-
tial rankings or pairwise comparisons [30]. If all assessments are
complete and precise, there will be S = 0 and the expected
utility of the attribute y can be used for ranking alternatives,
which is calculated by

if Hy, 4 is preferred to H,,. 27

N
u(y) = Z Bou(H,,). (28)
n=1

An alternative a is preferred to another alternative b on y if and
only if u(y(a)) > u(y(bh)).

If any assessment for the basic attribute is incomplete, it will
be proven that 3 is positive. Within the ER assessment frame-
work, G, given in (25a) represents the belief measure in the D-S
theory and thus provides the lower bound of the likelihood to
which y is assessed to H,, [9], [13], [23]. The upper bound of
the likelihood is given by a plausibility measure [13], [32]. It
can be shown that the plausibility measure for H,, within the
ER evaluation framework is given by (5,, + Br ). Thus the be-
lief interval [3,,, (8,48 )] provides the range of the likelihood
to which y may be assessed to H,,. It is obvious that the interval
will reduce to a point 3,, if all assessments are complete.

The above discussion shows that if any basic assessment is
incomplete, the likelihood to which ¥ may be assessed to H,, is
not unique and can be anything in the interval [3,,, (8, + 8]
In such circumstances, we define three measures to characterize
the assessment for y, namely the minimum, maximum and av-
erage expected utilities.
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Without loss of generality, suppose H is the least preferred
grade having the lowest utility and H  the most preferred grade
having the highest utility. Then the maximum, minimum and
average expected utilities on y are given by

Umnax(Y) Z Bru( + (Bn + Bu)u(Hy)  (29)
N

Umin(y) = (B1 + Bu)u(Hy) + Y Bou(H, (30)
n=2

g (y) = Lmex) ;r“"‘i"(y). (31)

If all original assessments S (e; ) are complete, then 3y = 0 and
WY) = Umax(Y) = Umin(Y) = Uawg(y). Note that the above
utilities are only used for characterizing an assessment but not
for attribute aggregation.

The ranking of two alternatives a; and ay, is based on their
utility intervals. a; is said to be preferred to aj on ¥ if and
only if wmin(y(a1)) > Umax(y(ar)); ai is said to be indif-
ferent to ay, if and only if wmin(y(a1)) = Umin(y(ar)) and
Umax (01) = Umax (ar ). Otherwise, average expected utility may
be used to generate a ranking, though such a ranking is in-
conclusive. For instance, if weuq(y(ar)) > ewg(y(ar)) but
Umax (Y(ax)) > tmin(y(ar)), one could say that a; is preferred
to aj on an average basis. However, this ranking is not reliable,
as there is a chance that a; may have higher utility than a;. In
such cases, to generate a reliable ranking the quality of the orig-
inal assessments must be improved by reducing incompleteness
present in the original assessments associated with a; and ay.
Note that to clarify the relationship between a; and a, there is
no need to improve the quality of information related to other
alternatives.

III. PROPERTIES OF THE NEW ER ALGORITHM

In this section, we prove the conclusions that we took for
granted to develop the new ER approach in the last section.
These include the basic synthesis theorem, the consensus syn-
thesis theorem, the complete synthesis theorem and the incom-
plete synthesis theorem.

A. Basic Synthesis Theorem

In the new ER approach, the combined degrees of belief 3,
(n =1, ..., N)and By are generated using (24a)—(24e), (25a),
and (25b). These belief degrees are between zero and one and
are summed to one as proved in the following theorem.

Theorem 2: The degrees of belief generated using (25a) and
(25b) possess the following property:

0< 48, <1, n=1...,N;0< B8y <1 (32
> ButBu=1 (33)
n=1

Proof: First of all, we prove that (24b) is held for any ¢ =
{1,2, ..., L — 1}. Note that without partition of 1z (;11)
into My, 1) and My, r(i+1)> M, 1(i+1) Would be calculated
using (8b), or

7”‘H,I(i+1) = KI(i+1)[WLH,I(i)'”LH;i—}—l} 7= {l, 2, e ,L—].}.

From the definitions of 7 ; and T ; shown in (23), we
have

foralll={1,2,..., L —1}.

Suppose Ej(z) = {e1, ea} and note that 17y, ;1) = 75,1 and
My, r(1) = mpy, 1. Fors = 1, from the new ER algorithm [(24c)
and (24d)] we have

Mu,1 =MH,|+MH,

mm, 12) + M, 1(2)
= Kyl 1m, 2 + My 1%u 2 + Mg 1My, )
+ Ky [mm, 1, o]
= Kyol(mm, 1 +mu 1 )mm 2+ (g 1+ Mg, 1)mm, o
= Kyylmu, 1mu, 2 + mu 1y, 2]
= Kiylmm, 1(my, 2 + My, 2)]
= Kyylmm, 1mu, 2| = mm, 12)-

Suppose fors = r—1thereis my 1y = My, 1)+ Mm, 1(r)-
For ¢ = r, from the new ER algorithm we then get
M, I(r+1) T T0H, I(r+1)
= Ki(oa ) [Mw, 1)y MH, vl +TE 1(0)MH, 11
+ Wy, 1), ri1] + Kies ) [Ma, 109, ra1]
= K1) [(Mm, 160y + Mom, 167) ) H, 11
+ (M, 1(r) + Tom, 1) JTOH, 1]
= Kian)[Mu, 1(0yMm, ri1 + My, 10w, 1]
= Kips1)[ma, 1) (M, r41 + Tom rq1)]
= Kiyv)[mu, 1yma, r+1] = mu, 141y
Having proven (24b), (24a)—(24e) is then the straightforward

implementation of the evidence combination rule of the D-S
theory within the ER framework and thus ensure that

I\T
Z 'mn,I(L) + mH)](L) + ’I?LH)](L) =1. (34)
n=1
Therefore, from (25a) and (25b), we have
N
Z /Bn ‘I’ 67—[
n=1
N -
_ Z Mn, I(L) My, I1(L)
o l-mee)  L-mae )

1 N
(Z My, 1(1) + M, I(I)) =1 (35

1—mg (1)

As K41y calculated by (24e) is always positive, we must
have

'"I‘n,I(L) ZO foralln:l, 2, ...,N, mH)](L) 20

(36)
With criteria weights normalized using (22) and from (34) and

(36), there must be M7 71y < 1. From (25a), (25b), and (36),
we then have

and ’I’7V7/H7 (L) Z 0.

Bn >0, n=1, ..., Nand Bg > 0. (37
From (35) and (37), we therefore conclude
G, <1, n=1,..., Nand 0y < 1.
Q.E.D.
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B. Consensus Synthesis Theorem

In this section, we prove that the combined degrees of belief
generated using (24a)—(24e), (25a), and (25b) satisfy the con-
sensus axiom, as shown by the following theorem.

Theorem 3: 1f in (4) B,; = land 3, ; = O forall n =
1,...,Nwithn # kand¢ = 1, ..., L, then 8, and Sy
calculated using (25a) and (25b) satisfy that 3, = 1, 5, = 0 for
allm=1,..., N withn # k and 8y = 0.

Proof: From (5) and (6), the basic probability assignments
are given by

M, i =Wilk,i = Wi i=1,..., L (38)
M, i =wibn i =0 i1=1,..., L;
n=1 ..., N,n#k (39
=1 —w; i=1,.... L (40)
N
MH,i =Ww; (1 — Z Bn,i) =0
= i=1,..., L. @1)

Since iy, 11y = mu 1 = 0, from (24¢) and (41), we have

o, 1(2) = Kiylmm 1w, o + T 17, o + g, 170, ]
=Ki2[0x 0+ mMu1 x0+0xmp 2] =0.

Suppose 7ty 15y = 0 forz = r > 2. We then get

MH, I(r4+1)
= K1) [Mom, 1y Ma, vl +TH, 1(0)MH, r11
+ M, 1), 1]
= Kip41)[0 x 04+ Mg, () X 04+ 0 X Mgy, rq1] = 0.
Therefore, there must be

i, 1i+1) =0 forany:=1,2,..., L — 1. 42)

Thus

Mp ()

By = =0.

1=y

Since my, ;1) = Mn,1 = 0 forn # k, from (39) and (40),
we have at 7 = 1

(43)

My, 1(i)Mn,i+1 — 0,
M, 1(yMH, i+1 = 0,
My, 1()Mn,i+1 =0

foranyn=1,..., N, n #k.

Using (24a), we then get at ¢ = 2
forn=1,..., N,n#k.

M, 1) = 0

Suppose i, 1y = 0 at ¢ with 2 < ¢ < L for
n = 1,...,N,n # k. Using (24a)-(24e) again, we
generate
Mo, 1641y = K141y (Mo, 1)Mo, i1 + Mo 1yMo, i1

+ mpy, 1M, i+1)
=K+ (0X 04+ 0 x mp ip1 +my, 13y X 0)
=0 forn=1,..., N, n#k.

Thus, we deduce

my ) =0atanyi=1,...,Lforn=1,... N,n#k.
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We therefore conclude that
My 1(L)
Bp=——"—""—=0 forn=1,..., N, n#k. (44)
1 —mg 1)
Combining (33), (43), and (44), we have

N N
Zﬁn‘l-ﬂH:l or B+ Zﬁn-l-ﬁﬂ =1
i

Therefore, 3, = 1. Q.E.D.

C. Complete Synthesis Theorem

We now prove that if all basic attributes are completely as-
sessed to a set of evaluation grades then the associated general
attribute is also completely assessed to the same subset of the
grades using the new ER approach.

Theorem 4: Let HT be a subset of H defined by (3) and
H~ the negationof H*,or HY, H- C H,HTUH~ = H,
HT N H- = ¢. Define IT = {n|H, € Ht} and I~ =
{jlHj € H }.If B s > 0(n € IT), 37 .74 Bni = L and
Bii =0 € I7)forall: =1, ..., L, then the combined
degrees of belief obtained using (24a)—(24e), (25a), and (25b)
satisfy D ;4 Bn = Lland 3; = 0 (5 € I7).

Proof: From (5), (6), and (23), the basic probability as-
signments are given by

fornelIt, i=1, ..., L
foryel ,:=1,..., L

Moy, i :wiﬁn,i >0
mj,i =wifji =0

Mh,; =1 —w;

N
MH, i =w; (1 - Z @m) =0,
n=1
fore=1,..., L.
In the same way of proving (42), we can get

mf—f,f(i+1):() foralli:L 277L—1

Therefore
M, (L)

Bu =

= 8 = 0. 45)
1 =g (1)

Since i 1y = mj 1 = 0forj € I™, wethenhaveati = 1

m; 1)y, i+1 = 0,

mj 1My, i+1 = 0,

My, 1(i)Mj,i+1 =0

Using (24a)—(24¢), we then getm; 7;y = Oforj € I~ ati = 2.

Suppose m; 1) = Oforj € I~ ati = r. Using (24a)—(24e),
we generate

forjel”.

Mj I(r+1)
= Ki(ot1) (Mg, 16yM, p1 + 05 16 T0H, r 41
+ mH,I(r)mj,r+1)
= K](T+1) (0 X04+0xXmyg r41+ T T(r) X 0)
=0 foryel™.
Thus, we deduce m;; j(;) = Oforj € I~ atanyi =1, ..., L.
We therefore conclude that
3, = My 1(1)

= ——=0 forje ™.
1—mg (1)
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Thus

> Bi=o0

jeI—

(46)

From Theorem 1, (45) and (46), we finally conclude

Y Bt D Bi+Bu= ) Bu

nel+ jeI— nel+

N
n=1

QED

D. Incomplete Synthesis Theorem

If any basic assessment is not complete, we have the fol-
lowing conclusion.

Theorem 5: Suppose no basic attribute is given a weight of
zero (completely ignored) or a weight of one (dominating the as-
sessment). If the assessment of a basic attribute is not complete,
then the assessment for the associated general attribute will not
be complete either, or 5y > 0.

Proof: Suppose the assessment on basic attribute j is not
complete,or ) '_, B, ; < 1andall other assessments are com-
plete. If no attribute is dominant and the weights of attributes
are normalized using (22), then there will be 1 > w; > 0 for all
i = {1, ..., L}. From (5) and (6), the basic remaining proba-
bility assignments are given by

mH’i:1—wi>0

N
’th)i:wi(l—Z/Bn’i> =0 i=1,...,Li#]

i=1,...,L (47

n=1

(48)
N

my, j = w;j (1 - Zﬂm) > 0. (49)
n=1

Equation (24e) ensures that Kjy) > 1 for any

i = {1, ..., L}. From (24d), we then have

m, 1¢) = K@My, imm, 1i—1)

= HK’(D ng,k >0 foranysi={1,...,L}
1=2 k=1

and thus M7 r(;—1)"u, ; > 0. Therefore, (24¢) leads to
w1y = Kigy [, 1G-0mm  + g, 1-1mm,

+ g, -1, ] > 0.
Then,

Suppose 7p,r; > 0 for some ¢ > j.

"hH,I(i)mH,H—l > 0. Thus

M, 1G+1) = Ki+) [Mom, )M, iv1 + T, 16)MH, is1
+ 1, 1G)TH, i41] > 0.

We therefore conclude g, r(;y > 0 forany i = {j, ..., L}
and

i
By = —2 1) S g,

_ A, QED.
I —mg 1)

Note that [y is the remaining degree of belief unassigned
to individual grades, measuring the degree of incompleteness
in the assessment. The new ER algorithm inherits the features
of the evidence combination rule of the DS theory and ensures
that (8; 4+ 17), as the plausibility measure in the ER framework,
provides the upper bound of the degree of belief to which y is
assessed to the grade H;.

IV. NUMERICAL STUDY
A. Motorcycle Assessment Problem

In this section, the new evidential reasoning approach is ap-
plied to analyzing the performance of four types of motorcycles,
including Kawasaki, Yamaha, Honda, and BMW. For the pur-
pose of demonstrating the ER algorithm, only qualitative per-
formance attributes are taken into account, though quantitative
attributes may also be included [23], [24], [28].

Three major performance attributes are considered which are
quality of engine, operation, and general finish. These attributes
are general and difficult to assess directly. Lower level attributes
are therefore used to facilitate the assessment of these three at-
tributes. For instance, the quality of an engine may be assessed
through the engine’s responsiveness, fuel economy, quietness,
vibration, and starting. An attribute hierarchy for evaluation of
motorcycles is shown in Fig. 2, where w;, w;;, and w;;; denotes
relative weights of relevant attributes.

Qualitative evaluation information can be expressed using
statements such as 1)-3) as discussed in Section II-A. These
assessments can be summarized as in Table II, where typical
elements in a subjective judgment are listed, including the defi-
nitions of attributes, evaluation grades, and degrees of belief.

Using the grades defined in (1), the above three assessments
can be represented using the following three distributions as de-
fined in (4)

S(stopping power) = {(average, 0.3), (good, 0.6)}
(50a)
S(braking stability) = {(good, 1.0)} (50b)
S(feel at control) ={(good, 0.5), (excellent, 0.5)}.
(50¢)

Note that only grades with nonzero degrees of belief are listed
in the distributions. The other assessment information in terms
of the basic attributes as defined in Fig. 2 were extracted and
transformed from the published sources [24]. The assessment
problem is summarized as in Table III, where P, I, A, G,and E
are the abbreviations of the evaluation grades poor, indifferent,
average, good, and excellent, respectively, and a number in a
bracket denotes a degree of belief to which an attribute is as-
sessed to a grade. For instance, E(0.8) means “excellent to a de-
gree of 0.8 (80%).”

In Table III, a subjective assessment is expressed in a con-
cise format. As shown for the brakes of Yamaha, for example,
statement 1) in Section II-A or (50a) is expressed by “A(0.3),
G(0.6),” statement 2) or (50b) by “G(1.0),” and statement 3) or
(50c) by “G(0.5), E(0.5).” Note that statement 1) is incomplete
and in Table III there are a number of incomplete assessments
similar to statement 1).
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Level 1 Level 2 Level 3 Level 4
— responsiveness ( @, )
— fuel economy (@, )
— engine T quietness ( W3 )
[}
(@) — vibration (®,,)
T starting (@,5)
- steering (@,,;)
—— bumpy bend (@,,,)
— handling B
(@,)) —— manoeuvrability (@,,3)
L— top speed (@, )
— clutch operation (@,,,)
m(l);orcycle —— operation ——— transmission bo
— ti w,
performance (@,) (@y) gearbox operation ( @,,, )
stopping power ( @,3;)
—— brakes braking stability (@3, )
[4)
(&) feel at control ( @,3,)
— quality of finish (@, )
|~ seat comfort (@s,)
—— general —1—— head light (@5, )
(@3) .
[ mirrors ( @,,)

— horn (@)

Fig. 2. Evaluation hierarchy for motorcycle performance assessment.

TABLE 1I
SUBJECTIVE JUDGMENTS FOR EVALUATING BRAKES OF YAMAHA

. Evaluation grade
Degree of belief ( ) poor | indifferent | average | good | excellent
Basic stopgtng power 0.3 0.6
attribute braking stability 1.0
feel at control 0.5 0.5

B. Aggregating Assessments via Evidential Reasoning—A
Step-by-Step Illustration

A basic assessment problem is how the original judgments as
given in Table IT or (50a)—(50c) could be aggregated to arrive at
an assessment about the quality of the brakes of Yamaha. It is in-
tuitively clear from Table II that the quality of Yamaha’s brakes
should be good to a large extent. To generate a precise assess-
ment, however, the relative importance of the three attributes
needs to be assigned. Several well-known methods could be
used for weight assignment [7], [11]. For the purpose of demon-

strating the ER algorithm, hypothetical weights are used in this
analysis. Without loss of generality, suppose the attributes are of
equal importance. The evidential reasoning approach can then
be applied to deal with the assessment problem.

To demonstrate the implementation procedure of the new ev-
idential reasoning algorithm, we first show the detailed calcula-
tion steps for generating the assessment for Yamaha’s brakes (y)
by aggregating three basic attributes: stopping power, braking
stability, and feel at control, as shown in (50a)-(50c) and de-
noted by ej, es, and e3, respectively. The evaluation grades are
as defined in (1). Let y = ey @ eo @ e3, where & denotes the
aggregation of two attributes.

From (50a)—(50c) and (4), we have

B1,1=0, B21=0, B31=03, B1,1=06, 851=0
Bi1,2=0, B22=0, B32=0, B42=10, B52=0
B1,3=0, B23=0, B33=0, B43=05, B53=0.5.
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TABLE III
GENERALIZED DECISION MATRIX FOR MOTORCYCLE ASSESSMENT

General Basic Type of motorcycle
attribute attribute Kawasaki Yamaha Honda BMW
responsiveness @,,  |E03) G(0.3), E(0.6) |G(1.0) 1(1.0)
' fuel economy o, A(1.0) 1(1.0) 1(0.5), A(0.5) |E(1.0)
engine <

- | quietness @, 105), AQ.5) |AL0) G(0.5), E03) [E(1.0)

vibration @, G(L.0) I(1.0) G(0.5), E(0.5) |P(1.0)

starting @, 5 G(1.0) A(0.6), G(0.3) |G(1.0) A1.0)

steering @, E(0.9) G(L.O) A(1.0) A(0.6)
- handling [bumpy bends @,,, |05 (05 1G(1.0) G(0.8), E(0.1) {P(0.5), 1{0.5)

perfor- D3y Manoeuvrability @53 A(1.0) E(0.9) 1(1.0) P(1.0)
e operation top speed stability @, E(1.0) G(1.0) G(1.0) G(0.6), E(0.4)
o, [Masmis e operation @y, [AOS) G(1.0) E(0.85) 1(0.2), A(0.8)

ston My, gearbox operation @y, |05 G(O5) [10.5) A(0.5) |E(1.0) P(1.0)

orakes [S1OPPING pPOWEr @5, G(1.0) A(0.3), G(0.6) |G(0.6) E(1.0)

05 braking stability @, [0 E0-5) [G(10) A(0.5), G(0.5) |E(1.0)
feel at control @53 P(1.0) G(0.5), E(0.5) |G(1.0) G(0.5), E(0.5)
quality of finish @,, |P(O-3» 10 G(1.0) E(1.0) G(0.5), E(0.5)

general seat comfort @5, G(1.0) G(0.5), E(0.5) |G(0.6) E(1.0)
@3 headlight @, G(1.0) A(1.0) E(1.0) G(0.5), E(0.5)

mirrors @y, A(0.5), G(0.5) |G(0.5), E(C.5) |E(1.0) G(1.0)

hom @ A(1.0) G(1.0) G(0.5), E(0.5) |E(1.0)

Suppose the three attributes are of equal importance. From (22)
we then have L = 3 and w1 = ws = w3 = 1/3. From (5),
(6), and (23), we can calculate basic probability masses m, ; as
follows:

mi,1 =0, me 1 =0, ms1=0.3/3, ms1=06/3
M1 =0, M1 =23, g1 =01/3

mi,2 =0, ma2=0, mzo=0, mys=1/3

ms o =0, Mg 2=2/3, Mmg2=0

mi1,3=0, ma3=0, m33=0, mgs=0.5/3
5,5 =05/3, My = 2/3, s = 0.

We can now use the recursive equations (24a)—(24e) to calcu-
late the combined probability masses as follows. Let ., 7(1) =
my,1 forn =1, ..., 5. First, we aggregate stopping power and

braking stability. Since
-1

5
Z My 1(1)MMj, 2
j=
i#
=[L—=(04-+0+mz1xmg2+0+---+0)]"
=[1—0.1 x0.3333]"" = 1.0345

and my ; = my ; +mg ; (0 =1, 2, 3), we then have

1 —

hE

K@) =

t=1

o =

my, 12) = Kreay(ma, 1ma e +my imp 2 +mp 1my2) =0
ma, 1(2) = Kr2) (ma,1ma, 2 + Mo, 1mp, 2 + M, 1M2, 2) =0

ma, 1(2) = Krea)(ms, 1ma, 2 +m3 1mp, 2 +mpy 1ms3,2)
=1.0345(0 + 0.1 x 2/3 + 0) = 0.069

’NL4) 1(2) = KI(Q)(’NM) 174 2 + Ty 1T H 2 + T, 174, 2)
—=1.0345(0.2 x 1/34 0.2 x 2/3+2.1/3 x 1/3)
=0.4483

ms, 1(2) = Krea)(ms, 1ms, 2 + ms 1mpy, 2 +mpy 1ms 2) =0

M, 12) = Kr)(Mm, 1mm, 2 + Mg 1mE, 2 + M 1M, 2)
= 1.0345(0.1/3 x 0+ 2/3 x 0+ 0.1/3 x 2/3)
=0.023

mm, 1(2) = Kreoymum, 1mu, 2
=1.0345 x 2/3 x 2/3 = 0.4598.

Now, we combine the above results for stopping power and
braking stability with feel at control. Since

-1

5 5
1— Z Z My, 1(2)75, 3

t=1 j=1
st
=[1= (04 +0+m3 j2yma, 3+ ms 1(2yM5,3
+ my, j2yms, 3+ 0+ -+ 0)] -
[1 —(0.069 x 0.5/3 + 0.069 x 0.5/3
+0.4483 x 0.5/3)] 7" = 1.1083

K3y =
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and mmg, (2) = myy 1(2) + ’ﬁl].[7 (2) = 0.4598 + 0.023 =
0.4828, we then have

mi, 13 = Ki3) (T’H r(2)™1,3 +ma j(2)Mmu,3
+ my, zyma,3) =0
ma, 1(3) = Kr(3) (T’?2 [(2)M2,3 + Mo 1(2)MH,3
+ mpy, zyma,3) =0
ms, 13y = K(3) (M3, 12)ms, 3 + ms3, 1(ymm, 3
+ mHJ(Z)mS,S)
= 1.1083(0.069 x 0 + 0.069 x 2/3 + 0.4828 x 0)
=0.051
may, 13y = K13y (ma, 12yma, s + ma, 1ymu, 3
+ "”1{,1(2)"“4,3)
=1.1083(0.4483 x 0.5/3 + 0.4483 x 2/3
+0.4828 x 0.5/3) = 0.5032
ms 1(3) = K[(:&) (ms,l(z)ms,a + M5 1(2)™MH,3
+ mpy, 1(2)m5,3)
— 1.1083(0 x 0.5/3 + 0 x 2/3 + 0.4828 x 0.5/3)
=0.0892
w13y =Ky (M, 12)mm, s + My, 12y, s
+ My, 1(2)MH, 3)
=1.1083(0.023 x 0+ 0.4598 x 0
+0.023 x 2/3) = 0.017
m, 13) = Kr3)Mm, 12)Mu, 3
=1.1083 x 0.4598 x 2/3 = 0.3397.

From (25a) and (25b), the combined degrees of belief are cal-
culated by

My 1(3)

ﬁn:l m :07 77,:172
— My 1(3)
0.051

gy = MBI®) = 0.0772
L=y s 1—0.3397

gy M@ 08032 oo
L -y 3 1-03397

s — M5, 1(3) 0.0892 =0.1350

5 1 — mH, 1(3) 1 -0.3397 .

L=y s 1-03397

The assessment for Yamaha’s brakes by aggregating stopping
power, braking stability, and feel at control is therefore given by
the following distribution [see (26)]

S(brakes) = S(stopping power & braking stability
& feel at control)
= {(average, 0.0772), (good, 0.7621),
(excellent, 0.135)}.

Note that changing the order of combining the three basic at-
tributes does not change the final result at all.
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Yamaha on Motorcycle performance

100.00%

Belief degree

or Indifferent Average Good Excéllent Unknown
Evaluation grades

Fig. 3. Distributed assessment for Yamaha.
C. Results and Analysis Generated Using Intelligent Decision
System (IDS)

A general assessment problem arises as to how the four types
of motorcycle could be assessed and ranked on the basis of the
attributes and the original assessments information related to the
basic attributes as shown in Table III. The relative weights of
attributes at a single level associated with the same upper level
attribute are defined by w;, wij, and wy;y for the attributes at
levels 2, 3, and 4, respectively, as shown in Table III and Fig. 2.
For the purpose of demonstrating the ER algorithm and without
loss of generality, we assume that all relevant attributes are of
equal relative importance, that is

w1 —ws — w3 = 0.3333 (51a)
w1l =wi2 = w13z = w14 = wis = 0.2 (51b)
Wol = was = woy = 0.3333 1c)
wo11 = w12 = wo13 = war4 = 0.25 (51d)
wa21 —wazz = 0.5; w31 = wazz = wazz = 0.3333  (Sle)
w31 = w3z = w33z = waq = w35 = 0.2, (51

It should be noted, however, that weights play an important role
and should be estimated with care. In general, it is advisable to
estimate a range of weights to test whether the generated assess-
ments are reliable.

A Windows-based intelligent decision system (IDS!') has
been developed to implement the new ER approach. All of the
following calculations and Figs. 3—5 were generated using IDS.
Given the evaluation information about the motorcycle assess-
ment problem as shown in Fig. 2, Table III, and (51a)—(51f),
the assessment for each motorcycle can be generated using
IDS. For instance, the aggregated assessments for the upper
level attributes are generated for Yamaha as follows:

S(engine)
= {(indi fferent, 0.4193), (average, 0.3227),
(good, 0.1131), (excellent, 0.1091)}
S(handling)
= {(good, 0.8095), (excellent, 0.1715)}

A demo version of the IDS software is available from the author via e-mail:
jian-bo.yang @umist.ac.uk.
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Distributed Assessment on Motorcycle performance

100.00%-
90.00%-
8 80.00%-" gmsaki
70.00%- =
{;, 000°" - Yamaha
g 60.00% - Honda 5
T 50.00%-
% 40.00%-
A 30.00%- \
D 2000% N\
A 10.00%- N N _
0.00% b im : | —
Poor Indifferent ~ Average Good Excellent  Unknown
Evaluation grades
Poor indifferent [Average ~ |Good ~ -~ |Excellent {Unknown
5.47% 5.41% 32.16% 44.52% 10.58% 1.86%
15.76% 7.92% 11.24% 14.04% 50.26% 0.78%
0.00% 14.47% 18.32% 54.35% 11.48% 1.38%
0.00% 4.74% 6.21% 44.37% 40.68% 3.99%
Fig. 4. Distributed assessment for four motorcycle.
S(transmission) degree to the grades poor; indifferent, and average. Similarly, it
= {(indifferent, 0.25), (average, 0.25), (good, 0.5)} can be seen that Honda is preferred to Yamaha. It is also fair to
say that Honda is preferred to BMW as the former is assessed
S(brakes) Y p

= {(average, 0.0772), (good, 0.7621),
(excellent, 0.135)}
S(operation)
= {(¢ndi fferent, 0.0664), (average, 0.0892),
(good, 0.7491), (excellent, 0.0836)}
S(general)
= {(average, 0.1674), (good, 0.6547),
(excellent, 0.1779)}.

The final assessment about Yamaha’s performance is generated
as follows:

S(Yamaha) = {(indi fferent,0.1447), (average, 0.1832),
(good, 0.5435), (ewcellent,0.1148), (H,0.0138)}. (52)

The degree of incompleteness in the above evaluation for
Yamaha is 0.0138 (or 1.38%). This is incurred due to the in-
complete assessments in four of the basic attributes for Yamaha,
as shown in Table III. Compared with the four original incom-
plete assessments with the degree of incompleteness being each
10%, the overall incompleteness is significantly reduced due to
the relatively large number of complete assessments in other
basic attributes. The above distributed assessment for Yamaha
can be shown graphically as in Fig. 3. In a similar way, the per-
formances of the other three types of motorcycle are also as-
sessed as shown in Fig. 4.

From Figs. 3 and 4, the differences between some of the four
motorcycles can be identified and used to rank them, though
it may not be a straightforward task. For instance, it is clear
that Yamaha is preferred to Kawasaki as the former is to a large
degree assessed to the grades good and excellent and to a smaller

to good and excellent to a total degree of over 85% while the
latter under 65%. However, it is not straightforward to tell the
difference between Yamaha and BMW.

To precisely rank the four motorcycles, their utilities need to
be estimated. To do so, the utilities of the five individual evalua-
tion grades need to be estimated first. The above partial rankings
of alternatives could be used to formulate regression models for
estimating the utilities of grades [30]. Alternatively, the proba-
bility method could be used for utility estimation [20]. We first
normalize utilities so that the worst grade is given a utility value
of zero and the best given one. Thus

u(H1) = u(poor) = 0, u(Hs) = u(excellent) = 1.

Using the probability method, the utilities of the other grades
may be estimated as follows. To estimate the utility of the grade
average, for example, two hypothetical tickets are shown to the
decision-maker (DM). The first ticket offers a motorcycle with
average performance. The second ticket contains a lottery of-
fering one motorcycle having poor performance with a proba-
bility of 1 — p and another motorcycle having excellent perfor-
mance with a probability of p. The DM is asked which ticket he
prefers. The probability p (0 < p < 1) is regulated until the DM
is unable to differentiate between the two tickets.

Suppose the DM is indifferent to the two tickets when p =
0.55. Then the utility of the grade average is calculated by

u(H3) =u(average)
= (1 — p) x u(poor) + p x u(excellent)
=0.45x 04 0.55 x 1 = 0.55.

In a similar way, the utilities of the grades indifferent and good
could be estimated. Suppose u(H2) = u(indifferent) = 0.35
and u(Hy4) = u(good) = 0.85.
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Utility Intervals on Motorcycle Performance

Kawasaki
BMW
Yamaha

B
"
~
o
43
=)
Worst bossible Average Best pbssible '
Utility interval
Fig. 5. Utility intervals for four motorcycles.

The degrees of belief for Yamaha are given as follows [see
(52)]

B1=0.0, B =0.1447, 33 =0.1832,
B, =0.5435, s = 0.1148, By = 0.0138.

Since [p is not zero, the assessment for Yamaha’s perfor-
mance is not unique and is characterized by the utility interval
[min (Y amaha), tmax (Y amaha)] where

Umin(Yamaha) = (f1 + Br)u(Hy) + Z Bn X u(Hy)

=2

n==2iz=

Umax (Y amaha) = Z B X u(Hy) + (Bs + Br)u(Hs)
n=1

=0.7419.

The above utility interval can be shown graphically as in Fig. 5.
Similarly, we can generate the utility intervals for the other three
motorcycles, as shown in Fig. 5.

It is clear from Fig. 5 that the minimum utility of Honda is
larger than the maximum utilities of the other three motorcy-
cles. This means that the overall performance of Honda is the
most preferred among the four motorcycles. Based on the same
principle, the ranking of the four motorcycles is given by

Honda = Yamaha = BMW = Kawasaki

where > denotes “is preferred to.” The above ranking is conclu-
sive despite the imprecision present in the original assessments
shown in Table III. Note, however, that this ranking is generated
on the basis of the equal weighting assumed in (51a)—(51f). In
general, a range of weights could be used for sensitivity anal-
ysis to test whether or not the rankings generated are reliable. It
should also be noted that there may be overlap in utility inter-
vals if there is greater incompleteness in original assessments. In
such circumstances, it may be necessary to improve the quality
of the original information to achieve a reliable ranking.

V. CONCLUDING REMARKS

Real-world decision problems are complex in that they often
involve multiple attributes with uncertainty. It is essential to
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conduct decision analysis in a way that is rational, reliable, re-
peatable, and transparent. In this paper, the evidential reasoning
approach is investigated and further developed. Its properties
were explored and the ER aggregation process was enhanced
to provide a rational means for aggregating multiple attributes.
This new ER approach satisfies all the four synthesis axioms as
discussed in this paper. In the new aggregation process, proper
compensation among attributes is allowed so that an attribute
can play a significant role relative to its weight, however small
the weight may be.

The evidential reasoning algorithm essentially establishes a
nonlinear relationship between an aggregated assessment for a
general attribute and original assessments for basic attributes.
To handle incomplete information, utility intervals were estab-
lished to describe the impact of missing information on decision
analysis. This provides a basis for improving the quality of orig-
inal data and for conducting sensitivity analysis. In general, the
theoretical results reported in this paper revealed the distinctive
features of the ER approach, which should also be of interest to
researchers who are developing or applying hybrid Al and OR
methods to deal with complex decision problems.

The numerical analysis of the paper dealt with a product
selection problem with the information taken from published
sources. It demonstrated the implementation process of the new
ER approach on a step-by-step basis. Using the Windows-based
IDS developed for implementing the ER approach, the user
is relieved from the tedious calculations and can concentrate
on model building and validation, scenario generation, and
sensitivity analysis. Although the example is taken from the
domain of engineering design, it is clear that the ER approach
can be applied to general MADA problems with or without
uncertainty.
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