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On the Evolution Equations of
Viscous Gaseous Stars

PAOLO SECCHI

1. - Introduction

In this paper we study the non-stationary motion of a star regarded as a
compressible viscous fluid with self gravitation, bounded by a free surface. The
star is supposed to occupy a given bounded domain y of R? at the initial time
t = 0, while for each subsequent instant ¢ it occupies the domain €;, not known
a priori. The equations governing the motion, obtained by the three laws of
conservation (momentum, mass and energy), are the following (see for instance
Serrin [7] and for detailed discussions in astrophysical context Ledoux-Walraven

(1]):

(LD pla+(u-Vu+Ve—bl= —Vp+Ep.Dj(D]-u+Vu]-)+ <§ - %u) V div u
j

in Dr = {(t,y) €10, T[xR3 |y € @},

(1.2) p+div(pu) =0 in Dy,

= = -0p . c
cop(@ +u - V) = —053 div u + XA+ 57 + 5 iEj(Diuj +Dju,)?

(1.3) 5
+ <§ - §u> (div u)?

in DT.

The unknowns are the density p = p(t,y), the fluid velocity u = u(t,y)
= (u1, us, u3), the temperature ¢ = 6(¢,y) and the domain Q;. Here u represents
the time derivative. The external force field per unit mass b and the heat supply
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per unit mass per unit time 7 are known functions defined in 10, Ty[xR?3. The
pressure p = p(5,0) and the specific heat at constant volume ¢, = c,(p,0) are
given functions depending on the density and the temperature; the viscosity
coefficients p and ¢ and the coefficient of heat conductivity x are assumed to
be constant and to satisfy 4 > 0, ¢ > 0, x > 0. Moreover ¢ represents the
Newtonian gravitational potential given by

(1.4) () = —r / P62 4,
J. ly ~ 2|

« standing for the constant of gravitation. We consider the following boundary
conditions. The velocity satisfies a dynamical condition expressing the continuity
of stress across the free boundary:

2
4 . t_ =
(1.5) —pnl+p Ej (Diu; + Djun’ + (g“ - §u> div un = —pnt

on Sr = {(t,y) €]0, T[xR3 |y € 0}

Here p means the external pressure, a known function defined in
10, To[xR3; nt = ni(y) is the unit outward normal vector to 8, at the point
y € 0. The free boundary 9Q; must be subjected to another kinematic
condition, namely

(1.6) at each instant ¢ of time it consists of the very same particles.
For a discussion on the above two boundary conditions see, for instance,

Wehausen-Laitone [9]. We consider also the following boundary condition for
the temperature:

(1.7 — =h@ -0 on Sr,

where the external temperature § is a known function defined in 0, To[xR3
and h is a given positive constant. Finally we consider the following initial
conditions:

(1.8) u(0,y) = uo(y) in Qq,
(1.9) p(0,9) = po(y) in Q,
(1.10) 0(0,y) = 0o(y) in Q.

The free boundary problem for compressible Navier-Stokes equations
(without considering self-gravitation) has been studied by P. Secchi and A.
Valli [6] and by A. Tani [8]. T. Makino [4] investigated the Cauchy problem
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for the equations describing the evolution of a star regarded as an isentropic
ideal gas with self gravitation (i.e., equations (1.2), (1.1) without the viscous
terms and without considering (1.3); moreover, it is assumed that p = Kp", ~
being the adiabatic exponent). In the present paper we find a solution of the
above problem in a space of Sobolev type for short time. The proof of existence
is obtained by linearization and by a fixed point argument as in [6]; to simplify
the proof, the solution is found to exist in a Sobolev space with less regularity.
In particular, if we neglect in (1.1) the term with the gravitational potential and
do not consider (1.4) (i.e., we set & = 0), we obtain a simpler proof of the
result in [6].

As usual in free boundary problems, it is convenient to write the problem
in the Lagrangian formulation, so that the domain of the unknowns becomes
fixed in time.

Let 5(t, -): Qo — R? be the solution of

’I'](t, 2:) = u(t? ’I'](t, Z)) in ]07 T[Xﬁ()a

1.6y _
(0 n0,z) ==z in Qy,

so that (t,y) = (¢,n(t,z)) for a suitable £ € Q. Then Q; = n(¢,Qq) and, if 5
is an homeomorphism, n(t, dQy) = d[n(t,{)]. Hence condition (1.6) can be
substituted by (1.6)'. If we set v(t, x) = u(t, n(t, 2)), p(t, z) = p(t, n(t, ), 0(t,x) =
0@, @, z), ¢@,z) = ¢¢,n¢ ), b,z = bt,n,2), rit,z) = 7,0 ),
P, z) =D, n(t, 1), 0'(E, z) = 6(t, 1, z)), problem (1.1)-(1.10) becomes

p(0; + ap;Di¢ — b)) = — apDip + par;Dilas;Dsv; + aiDsv;)
(1.11)
2 .
+( — 3marDi(as;Dsvy) in Qr =10, T[Xy,

(1.12) p+ pap;Dyv; =0 in Qr,

¢o(p, 0990 = — 022 (p, )i Dgvi + xaxiDe(aDy8) + pr
(1.13) 00

2 .
+% Zj(aijk'Ui"'akka'Uj)z"' <§ - 3#) (ariDyv;)? in Qr,

(1.14) f=v in Qr,

p(t, &)

1.15 =T D — e O
(1.15) ¢, x) mg In(t, z) — n(t, &)

| det[Dn]|d€ in Qr,
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2
(1.16) —pN; + plarDiv; + ariDrv) Ny + (s‘ - gﬂ) akDrviN; = —p'N;

on Xy =10, T[x 9y,

(117) XakkaHNi = h(0’ — 9) on ZT,

(1.18) v(0) = uo in Q,
1.19) p(0) = po in Q,
(1.20) 6(0) =0y in Q,
(1.21) n(0) =1d in Qp (Id identity function in Q).

All indices run through 1, 2, 3; here and in the sequel, we adopt the
Einstein convention about summation over repeated indices. The coefficients
ari(t, z) are the entries (k,%) of the Jacobian matrix [Dn]~! (where Dy has the
term Dy, in the 7-th row, k-th column) and N(¢,z) is the normal to 3[n(t, Q)]
calculated in 75(t,z), i.e., N(t,5) = n'(n(t,z)). When problem (1.11)-(1.21) is
solved, we can find a solution to the original problem (1.1)-(1.10) if  is a
regular enough homeomorphism. We shall see in Theorems A and B the precise
results.

Set B = {z € R?||z| < R}. Let us denote with C%(Qy) the space of
continuous (and bounded) functions on Qy and with C*(Qq) (k positive integer)
the space of functions with derivatives up to order k¥ in C%(Qp). Moreover,
if m is a positive integer, H™(Qp) is the Sobolev space of functions with m
derivatives in L?(Qp); we shall denote its norm by || - ||, For the definitions of
H?*(Qp) and H*(8Qy) (s not integer) see [2]. If X is a Banach space, L*(0, T; X),
L>0, T, X), H*(0,T; X), H*(0,T; X) are the spaces of X-valued functions in
L?, L, and H™, H* respectively. C*([0, T]; X) is the space of X-valued Holder
continuous functions with exponent o. We shall denote by | - |pm,r the norm
of LP(0,T; H™(Q)), 1 < p < +00, by || * ||mm/2,0, the norm in the space

H™"2(Qr) = L0, T; H™(Q0) N H™(0, T; L*(Qu)),
by || - ||s,s/2,f,r the norm in the space
H**/%Z7) = L0, T; H*(0Q0)) N H*'2(0, T; LX(0Q)).

The norm in H*(0,T;X) (s not integer) is defined in this way:

T T
2 _ 2 flw®) — w(T)“X
lwl|zrs0,7:x) = Hw”H[’](O,T;X)"'// [ — 7|F¥2e—TsD ey At dr

D0
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We shall prove the following results.

THEOREM A. Let Qq be a bounded connected open subset of R3, locally
situated on one side of its boundary 8Q; we assume dQy € C°. Suppose that

b e L*(0, To; H'(Bg)) N L*(0, To; C°(Br)),
7 € L*(0, To; H'(Br)) N L*(0, To; C°(Br))
for each R>0, pe C?, ¢, € C? ¢, >0,
B € H*0, Ty; H'(Bg)) N L(0, To; H*(Bg)),
0 € H**(0, Ty; H'(Bg)) N L™(0, To; H*(Br))
for each R > 0, ug € H*(Qy), po € H*(Qp) with min py(z) = m > 0, Oy € H*(Qp).

1S
Assume that the (necessary) compatibility conditions

2 .
u[Di(uo); + Dj(uo),-]n? + (g — §u> div ug n?

(1.22)

= [p(po, 6o) — B(O)In} on 9%y,
for 1=1,2,3,
(1.23) X%’% = h(6(0) — 6p) on 8Qy,

are satisfied.
Then there exist T' €0, To),

v e L0, T H*(Qo)) N H'(0,T'; H'(Qy)),

p € HY 0, T'; HX(Qo)) with p € L0, T'; H(Qy)) such that p > 0 in Qp,
0 € L*(0,T'; H*(Q0)) N H'(0,T'; H(Qy))

and a diffeomorphism
n € H'(0,T'; H*(Qo)) N H*(0,T'; H'(Q0))

such that (v, p,0,n) is a solution of (1.11)-(1.21).

A direct consequence of Theorem A is the following result (see [6] for a
sketch of proof).

THEOREM B. If the hypotheses of Theorem A hold, then there exists
T' €10, Ty), and for each t € [0,T'] there exist a diffeomorphism = — n(t,x), a
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domain Q, = n(t, Q), a velocity field u(t, -), a temperature 0(t, -) and a density
p(t, -) which are solution of (1.1)-(1.10). Moreover < is of class C', and we
have

n € H'\O,T'; H*(Q)) N H*(0,T"; H'(Qp)),
D*u € LXDp), D*0 € L¥(Dy) for k=0,1,2, 3,
D¥4 € LA(Dp), D¥6 € L¥(Dp) for k=0, 1,

D*s € LA Dy), D*s € LA(Dp) for k=0, 1, 2,
ID*5|| 20y € L=(0, T") for k=0, 1,

with p> 0 in _ETI.

2. - Proof of Theorem A

We prove the existence of a solution to (1.11)-(1.21) by a fixed
point argument, following the approach of [6]. From now on each constant
¢, ¢, ¢, Ci, Cl, T;, T' will depend at most on the data of the problem

i -
Qo, To, #, ¢ X> %o, po, o, P, cv, b, P, T. Moreover we shall assume the
outward unit normal n° to dQ, extended in a regular way, i.e., n® € C*(y).
Define the operators

1 2 .
(21) Ai(z, D)w = ———{,U.Dj(D]"wi +D,-w]-) + <§‘ — —u) Di div w},
Po 3

22)  LzD®=-X A0,
PoCo
and the boundary operator
0 2 : 0
(23) B,'(:L‘, D)w = M(Diwj + D].wi)nj + (g - §[L> div wn,,

where co(z) = ¢, (po(z), Oo(z)). First we consider the linear problem

w+Aw=F in QT
2.4) Bw=G on Xr
w(O) = Uugp in Qp.

Define the operator A in H'(Qp) setting

D(A) = {w € H*(Qp)| Bw =0 on dQy}.
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To solve problem (2.4), we want to apply Theorem 3.2, chap. 4 of Lions-
Magenes [3] for H = H'(Q,). Hence, some estimates are needed for the solution
w € D(A) of the problem

(2.5) Aw+dw=f

where f € HY(Q), A € C. We introduce the bilinear form
2 . .
ay(w,u)= g— /(D,’U)j+Djw,')(Diﬂj +Djﬁ,')+ (g‘— 5“) /le w diva+A / Powu.

Here and in the sequel [ denotes integration over Qy. Then the weak
formulation of (2.5) is given by

ay(w,u) = / pofu for any u € H'(Qyp).
As in [6], we have

LEMMA 2.1. If Re A > Ao = % min (%, %g), ay is a bounded and coercive
form in HY(Qq). The coerciveness constant is independent of .

LEMMA 2.2. For any A € C with Re A > A, A+ A is an isomorphism from

D(A) (endowed with the graph norm) into H'(Qq). Moreover, for any solution
w € D(A) and for any A € C with Re A > Ao+ 1,

(2.6) llwllo < =117 llo

where ¢ does not depend on .
LEMMA 2.3. If Re A > Mg + 1, for any solution w € D(A) we have

@7 llwll < | £l

|A] + 1|
where ¢ does not depend on M.
PROOF. From Lemma 2.1 one has
llw]lf < claxtw, w)| < ellpoll2ll fllollwllo
which gives

(2.8) lwllt < ellfll1
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with ¢ independent of A. Taking the scalar product in L?(Qp), of (2.5) by pAw,
gives

2.9) ||\/p-0Aw||g+A/powiAim=/pof,‘A,"TE.

Integrating by parts yields

W 2 .
/powiAiw =5 %:/ |Djw; +D]-w,~|2 + (g — §u> / | div w|2
> m)\OE/ |D,-w]- +D]"LU,'I2
0]
(see (2.9), (2.10) and the proof of Lemma 3.1 in [6]). From Korn’s inequality
(2.10) w|? < K [E / IDiw; +Dywif? + / |w|2]
1)

for any w € H'(Q), we obtain

_ 1 1
(2.11) /powiAiw > mho {Enwng - (1 - E) ||w||(2)}.
Moreover
_ 7 __ —
/pOfiAi’w = 'Ezj/[Difj‘*'Djfi][Diwj +Djw;]

(2.12)
< cllwllill fl-

+(g—§u) /divf divw

Observing that [ pow;A;w > 0, Re A > 0, from (2.9)-(2.12) we obtain

1 1 —
maol| { 190lg~ (1- & ) wlp} < [lvmauti+2 [ wia]
< cllwlll|fll1s

from which it follows
(2.13) [Allwlle < elllflln + All[wllo]-

From (2.6), (2.8), (2.13) we obtain (2.7). |
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LEMMA 2.4. Let F € L*(0,T; H'(Qo)), G € H¥?3/*(Zr), ug € HA(Qo) and
the compatibility conditions

2 .
(2.14) p[D;(ug); + D]‘(uo),']'n? + (g‘ — gﬂ) div ug 'I’L? =G;(0) on 3

be satisfied. Then there exists a unique solution
w € L*0,T; H(Qo)) N H'(0, T; H' (Q0))
of (2.4). Moreover
(2.15) lwlaz,r + [0 < Col|Floir + ||Gll323/4.50 + GO + [Juol|2]
where the constant Cy does not depend on T.

PROOF. The trace G(0) on 8Q, belongs to H'/2(dQ) so that it is possible
to find a function ® € H3/23/4(J0, +oo[x8€Y) such that &) = G(0) and

1Dll3/23/45.00 < €|GO)]]1/2,00
where the constant ¢ does not depend on T and || - ||s9q, is the norm in
H?*(9Qy).

Now, we can extend G — @ from [0, T] x 9 to R X 3Q in such a way
that the extension P(G — ®) € H/*¥/*R x 8Qp), P(G — ®) =0 for t < 0 and

|1P(G — ®)|323/45.., < c||G — @|l3/2,3/457»
where the constant ¢ does not depend on T (extension by reflection around ¢ = T*:

see Lions-Magenes [2], Theorem 2.2, chap. 1 and Theorem 11.3, chap. 1). Hence
we have extended G to G = P(G — ®)+® and G € H323/4(]0, +oo[ x8€) with

(2.16) 1Gl13/23/4.5. < €llIGll323/4.5 + |GO)]]1/2,60)-

Now, compatibility conditions (2.14) are necessary and sufficient to find
a function W € H*3/2(]0, +o0[xQ) such that

{ BW =G on 10 + oo[ %8
W) =u  in Q

and satisfying the estimate

(2.17) W 133/2,000 < ell|Gll3/2,3/8.5. + |ti0]l2],
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where the constant ¢ does not depend on T (see [6]). Let us consider the

problem ) , .
V+AV =F —-W — AW in Qr

BV =0 on Xr
V©)=0 in Q.

Since Lemma 2.2 and Lemma 2.3 hold, we can apply Theorem 3.2, chap. 4
of [3], and find a solution

V € LX0,T; H*(Qo)) N H'(0, T; H'(Qy))
such that
(2.18) |V |23,r + |V|2,1,T < cllFl21r + W i53/2,400]5

where the constant ¢ does not depend on T. The function w =V + W is the
solution of (2.4); from (2.16)-(2.18) we have

[wlosr + [wla 1, < el|Flour +|Gll3/2,3/42 + [|GO)||1/2,00, + ||uo]2]-

Finally,
IGO)||1/2.60, < cl|GO):

gives (2.15). O
In a similar way we solve the problem

0+LO=H in Qr;

(2.19) X%% =K on Xr;
@(0) = 00 in Qo.
We obtain

LEMMA 2.5. Let H € L*(0,T; H'(Qo)), K € H*4Zr), 0y € H*(Qo) and
the compatibility condition

x% = K(0) on 0
on

be satisfied. Then there exists a unique solution
© € L*(0, T; H*(Qo)) N H'(0, T; H'(Q))
of (2.19). Moreover

(2.20) 1©237 + O < CollH 211 + |1 Kl3/2,3/4.5, + [[KO)||1 + ||60]l2]
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where the constant C}, does not depend on T.

We state a proposition which will be useful in the sequel (see [6]).

PROPOSITION 2.6. Let w € L*(0,T; H*(Qy)) with

*w
ot
Then, for each 0 < j <s, j€ER,

=w® e L*0, T; H"(Q)).

sup lw®lg+ Y [wPlagr+wligr
t€[0,T) 0<j<s

(2.21)

< C[|w|2,k,T Ot Y ||w<f><o>||7]]
0<j<s—1/2

where f= (1- ) k+ %, f;= (1-§)k+-§r, ;=B +B; —k and

F oo — w3 v
[w]; = b 4t dr
g T = [t — 7|1*2G-0D :
0 0

The constant ¢ does not depend on T.

Set now

E

222) 5 = [1B0)n°|[1 + l|p(po, Bo)n® |1 + [|EOO)|11 + || RBolls + [|uollz + [l poll2

+||6o]|2 + |[1d]|1.
Let n be the solution of
ﬁ =v in QT)

7n(0)=1d in Qy;

it is easily verified that there exist constants C; and C, such that if, for an
arbitrary T < T, v, p and 7 satisfy |'U12,3,T+ II)|2,1,T < CoE, sup ”p(t)||2 < FE,
t€[0,T]

det{Dr(t,2)] > % in Qr, v(0) = uo, then

r 12
(2.23) ( / ||P(t)alci(t)DkUi(t)”%dt) <Oy,
0

(2.24) sup ||p(H)ak@)Dvit)|)1 < Co,
te[0,T]
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where ag; = ([Dn]~"s,. The constants C; and C, do not depend, as usual, on T
Set now

Ry = {(v,P, 0) | [vl2ar + 92,11 < CoE, v(0) = uo,

sup [|p@®)|l2 < E, [pl22r < C1, sup ||p@)|1 < Gy,
te(0,T] te[0,T]

m . —= N
pO) = po, pt,2) > 2 in Qr, |0z + |0z < CHE, 60)=0o }.

First, we show that Ry # @ for each T. Proceeding as in the proof of
Lemma 2.4, we see that there exist two functions o', ¢, in

L*(0, +o0; H*(Qo)) N H'(0, +o0; H'(Q))
such that v/(0) = ug, 6'(0) = 8. Moreover
[V']2,3,400 + 9'|2,1,400 < €1l]|uoll2 + || Buoll1],

00]
1

9%
X on
The constants ¢;, ¢} are easily seen to be less than Cy and Cj, respectively.
Using the compatibility conditions (1.22), (1.23) we have

10 |2,3,400 + |6

s < ¢ [||90||2 .

FE
[v'|2,3,400 + [9]2,1,4000 < Coll|uol|2 + [[BOR°]]1 + [|p(po, b0)n°|[1] < 0057

. A E
10']2.3,400 + |6'|2,1,400 < Coll|60]]2 + [|ROO)|}1 + |[ROo]}1] < C(,)E'

Hence (v, py, 8') € Ry for any T. We can now construct a map A defined
in Ry. We shall show that it has a fixed point, namely a solution of our problem.
Take (v*,p*,0%) € Rr. Let n* be the solution of

ﬁ* =v* in QT:
n(0)=Id  in Q,

¢
that is 9*(t,z) ==z +f v*(s, x)ds. Moreover, if T < Ty,
0

In* @l < ||Id||, + CoEt/? < §+COET01/2 for t € [0, T].
Hence, for each T < Ty, (v*, p*,8%) € Ry yields

) E
sup ||In*®)fls < 5 +CoET, .
t€[0,T]



ON THE EVOLUTION EQUATIONS OF VISCOUS GASEOUS STARS 307

Furthermore, there exists a constant C; > 1 such that, for an arbitrary
T < Ty, (v*, p*,6*) € Ry implies

”DTI*“01/2([0,7'];00(50)) < G,
I| det Dn*||guzgo oy < 6C3-
Since
|det[Dn* (¢, )] — 1| = |det[Dn* (¢, z)] — det[Dn*(0, 2)]|
< || det Dyl guqo rycaannt™’>

and for any pair of orthonormal vectors 71(z), m(z) we have

| |Dn* (¢, z)ri(z) A Dy*(t, £)m(z)| — 1|

= | |Dn* (¢, 2)n1(2) A Dn* (¢, 2)m2(2)|

(2.25)
— [Dn*(©0, m)ri(z) A Dn*(0, m)ma(a)| |

<2||Dy’|| £/,

2
CV2([0,T1C( %))

we can find T} €]0, Tp) such that
1
2027 < 6C3T* < 5
hence, for T < Ty, (v*, p*, 8*) € Rr yields

(2.26) det[Dn*(t, z)] > in Qr,

N -

in —Q_Ta

N[ ==

(227) ‘Dn*(ta I)Tl (IIJ) A Dn*(t7 I)TZ(I)| Z

for any pair of orthonormal vectors 7i(z), m(x). Finally we have
t
', z) — "¢,y =z —y+ /[v*(s, ) — v*(s,y)]ds
0
and consequently

t
In*(t,2) —n" ¢, | 2> |z —y| - / lv*(s, 2) — v"(s,y)|ds.
0
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Since

¢ ¢
/ lv*(s, T} — v*(s,y)|ds < C’4/ [lv* i3]z — ylds
0 0

¢ 1/2
<a ( / ||v*<s>||§ds) & — ylt”,
0

we can find an instant T, €]0, T1] such that, for T < T3, (v*, p*,0*) € Ry implies
* 1 raY
(228) |77*(t, Z) - 7] (ta y)l 2 —l.’l} - y' Vt & [0» T]a V.T, Yy € QO’
ie., n*(t, -) is injective for any ¢ € [0, T]. Define now the operators
* 1 * * *
At z,Dyw = —; {uak]-Dk(astswi +a,;D,w;)
2 * *
+ <§' - 5#) akka(asts'wj)},
L*(t,z,D)0 = —%aszk(a;jDSG),
and the boundary operator
* * * * 2 * *
B (¢, z,D)yw = p(ay,;Drw; + ay,Diw;) Ny + (g - §u> ay; Dkw; N7,

where aj; = a};(t,z) is the entry (k,7) of the matrix [Dy*]~!, N* = N*(t,z) is
the unit outward normal to n*(t,8€) in n*t,z), c*(,z) = ¢, (p*(t, x), 0*(¢, 1)).
Since (v*, p*,6*) satisfy the initial conditions (1.18)-(1.21), we have

A’(0,z,D) = A(z,D), L*Q©,z,D)=L(z,D), B(0,z,D)=B(z,D),

a;;(0,7) =6, N*(0,z) =n’(z).
Consider the following problems

v+ Av=Av" — Ajv* —a ;Do — %a;kap* +5: =F' in Qr;
(229) * { Bw=Byv*—B!v*+p*N; —p*N; =G! on Ir;

v(0) =ug in Qq;
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6+L0=L16" — L*6" — L. Dyp*at Dyt + Iy
prc* kj J ¢

+ —-E'—;zp - %:(aszkU: +a;kav}‘)2

2.30 . '
(2.30) + ﬁ (g - %u) (ay;Dpv})* = H in Qp;
Xg_g = X%% — xa},Dy0* N} + h(@* — 6*) = K*  on Zr;
8(0) = 0 in Qq;
- = _ *a* D 'U’-" in ;
2.31) {P prapDiv; - in Qr
p(0) = po in Qo;
where
* — p*(ta 6) "
(232) d’ (t, .'E) = —K |det[Dn (t, f)]ld{, V(t, il:) e QT,

|77*(t, x) - n*(ta 6)!
Qo

p*(t, ) = p(p*(t, 2), 0*(t, 1)), b*(t,z) = b(t, n*(¢, 7)),
F*(t, ) = F*(t, n*(t, ), Dop*(t,z) = %(p*(t, ), 0* (¢, 7)),

0*(t, ) = 0(t,n*(t, z)), P*(t, ) = B(t,n"(t,2)).

First, we note that, if (v*, p*,6*) € Rz, then
n* € H'(0,T; H*(Qo)) N H*(0,T; H'(Q0))

and |9*|23,r + |i*|21r < CoE. Hence detDn* € HY(0,T; H*(Qo)) and, since
for T < T, (2.26) holds, we also have a}, € H(0,T; H*(Qp)) with a};, €
H'(0,T; L*(Qp)); by interpolation a}; € C%[0,T]; H(Qp)). The norms of all
these functions are bounded by some constants depending on the data of the
problem but, from Proposition 2.6, independent of T'. Assume T < T,; we want
now to solve (2.29). Since by (2.26), (2.28) n* is a diffeomorphism, instead of
(2.32) we can consider

* *y—1
(2.33) $°t,2) = ¢'¢, (")t 2) = — / - ?Z‘_l y|(t’—y)) dy,

t

for each t € [0,T1, z € Q = n*(t, Q). For any t € [0,T], extend p*(t, -) to R3
by 0 out of Q. The changement of variables z — z = (n*)"(t, 2) shows that
the function (¢, 2) — p*(t, (n*)"'(t, 2)) belongs to L*(0, T; LP(R?)) for any p > 1.
Each norm is bounded by a constant depending on the data but independent of
T. By potential theoretic estimates Vé* € L*(0,T; W'P(R3)) for any p > 3/2.
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Hence we obtain V¢* € L0, T; W1P(Qg)) for any p > 3/2, with each norm
bounded by a constant independent of T. In particular,

Vé* € L0, T; H (Qp) N L™(Qr).

Now we can estimate F* in L?(0,T; H!(Qg)). We have

* . 1 .
|F*lir<c p*_po [p* A" i+ |[—|| (0" A" — poAW™ 21,1
PP loopT Poily
* * 1 * * T
+ |ak;Drd’ 2,1, + | @k Dip +|bl2,1,.R
p 2,1,T

where [bl,1,,r is the norm in L?(0,T; H'(Bg)) and R is such that
. E
I llowan < ¢ (£ + CoBTY") < .

Recalling that, if f € H'(0,T; X), where X is a Banach space, we have
17@) = FOllx < |fl2xrt?
and that, if f € L*(0,T; X), we have
|flxr < | flooxr T2,
we obtain
(2.34) IF* bz < o [T/ + Blaz.8]
Next we estimate the boundary term G* in H>2%*(Zr). We have

G ||3/2,3/4.27 < |G* 232,27 + (G 137405,

F fIe® -0, , |
- G*(t
(G l3a0,5r = (// PR O’aﬂ"dtdr.) )
0 0

Since by conditions (2.26), (2.28) n*(t, -) is a diffeomorphism, for each
t € [0,T}, in each local chart 9 = (£, &) of 9 the unit vector N* can be
written as

where

Dn* (¢, z)n1(z) A Dn*(t, 2)a(z)
|Dn*(t, z)r1(z) A Dy*(t, )ra(z)’

N*(t,z) =
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L@ @)

@@

where

n(z) = |

S @) - [FE@ @ne)]| n@
n(z) =
|9 01@) - [gEW @] ne)|

From the estimates on v*, n*, we obtain

(2.35) [N*|oo3/2,2r < €,
(2.36) [N*@®) = N*(s)|l3/2,000 < clt — s|'/2 Vt,s € [0,T].
Hence we can proceed as for F* obtaining
(2.37) 1G* 2325, < T2
To estimate the seminorm [G*]3/4pz, is more complicated; we observe

that
[N*13/41/25 < T34,

that a%; bounded in L0, T; H'(Qy)) gives
[ak,() — afi(Olsa 15, < T4,

and that Dv* is bounded in H**({0, T]; L*(8Qy)). Using also (2.36) we thus
obtain

(2.38) [Bv® — B*v*l3a03, < cT'/2.

Next we observe that * bounded in L*®([0, T]; H!(£p)) yields

[p*13/405, < T 34,
moreover, by using Proposition 2.6, §* € H'(0,T; H'(Qp)) gives
(0" Y3405, < V2TV* (0" 113, < T4,

where 0 < € < 1/4. Hence we obtain
(2.39) [p*N*13/a03, < T4

For the last term in G* we have

(2.40) [B*N*13/402, < c[Pl3janrr+ ¢|Bloo2m, RT*.
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Hence from (2.38)-(2.40) we obtain
[G* 13202, < € [Tl/ et @]3/4,1,1‘,12] .
Lemma 2.4 yields that there exists the solution v of (2.29) such that

[v|231 + 92,7 < Co [C(Tl/2 + [blo1.1.R) + T2

E
+e(T* + [Bl3ja11,0) + E]'

Hence we can find T3 €]0,T,] such that for an arbitrary T < T3,
(v*, p*,0%) € Rr implies

[vl2sr +[ol2,1r < GoE.
Now we proceed with the estimates for . First we consider the estimate

of H* in L*(0, T; H'(Qp)). Observe that H3/2*¢(Qp) C L®(Qp), 0 < € < 1/2, so
that if f € H3**¢(Qy), g € HY(Qo) then fg € H'(Q). We have

P — po
P po

|poL0*|2,1,1

|H* 210 < ¢ {
0,2, T

1

s

p
1

* ok

pre

¢t — ¢

*
: |pocoL0* |21,
02Tl € €0 Joo3/2ee,T

|(pocoLs — p"c*L*)0* 21,7
0,2,T

':’—-t
+ —
21,T

]

0* TN % * *
+ ﬁDw ay;iDgvj

x
¢ T

+| 3 (@Dt} + afDyev})?
2p*c 7

2,17
2,1,T}

0" € B4/, T; HY***(Qu)) € C'/*=/*(0, T; HY**(Qu)),

1 2 . .
+ W (§ - 5/4) (ay; Dy} )2

Observe that, by interpolation,

0 <e<1/2, so that

¢ — ¢

. < c[|p" = poleon,r + 16" = Boloo3/20er] < T4,
€°C0 loo,3/24¢,T
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Concerning the quadratic terms in Dv*, we observe that by interpolation
Dv* is bounded in H/4-¢/20, T H3/**¢(Qp)) € L*/*2(0, T'; H3/?*5(Qy)), where
0 < € < 1/2; hence

ID;v;Div 21,7 < DV oo, 1.7 DV" lajt42e) 372067 T4 /* < T /4=e/2,
as usual the constants do not depend on T. In a similar way we estimate
the term containing D,p*. The other terms can be treated in a straightforward
manner. Thus we obtain
[H* 211 < c[TH4¢/2 4 [Fl2,1,1.R]:
The estimate of K* in H>/23/4(Zr) is similar to the one of G*. We obtain

| K™ ll3/2,3/42, < [TV + [9]3/4,1,1",13],

where 0 < € < 1/4. Hence, from Lemma 2.5 there exists the solution 8 of
(2.30) such that

. _ ~ E
0l2,3,7+|0]2,1,7 < Cy [C(T1/4_E/2+|7|2,1,T,R) +e(TYV*8 + (01341, 1,0) + "2—] ,

where we can take one same e, 0 < € < 1/4. Then there exists an instant
T4 €]0, T3] such that for an arbitrary T < Ty,

|0l23.1 + |0l21,7 < GOE.

Now we consider problem (2.31). Let T' < T4. From (2.23) we have

T 1/2
( / |tp*(t)azi(nDkv:(t)||%dt) <G
0

so that . 12
( / [lp* (t)ak;(t)Drv] (t)ll%w(no)dt) <.
Let T' €10, T4] Zuch that
(€1 + CXT'Y < min (% %) .

The solution of (2.31) is given by

t
p(t, x) = po(x) — / P’ (s, )ay(s, £)Dyv; (s, z)ds;
0
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hence (v*, p*,0*) € Ry implies

TI
pt, z) > po(z) — / ||l p*(5)az;(s)Dgv; (s)]| L2y ds
0

>m— CUTH? > %for each (t,1) € Q.

Moreover
T B
sup lle®ll2 < llpoll2 +/ lle*(9)at()Dsvi (s)]2ds < = +C(TY'? < E.
t€[0,7]
0

From (2.23), (2.24), we have

|pl221 < Ci, sup ||p@®)|: < Ca.
te(0,T"]

Hence we have proved that the map A : (v, p*,0*) — (v,p,0) satisfies
A(Rp) C Ryv. Let us introduce the space

X ={(,p,0|v,p,0 € C°U0, T';; H**(Q))},
where ¢ is a fixed small positive parameter, say 0 < € < 1/2.
LEMMA 2.7. By is a convex and compact subset of X.

PROOF. Ry is obviously convex and bounded in Y xY x HY(0, T"; H*(Qy)),
where
Y = LX0,T'; H¥(Qo)) N H'0,T'; H'(Q)).

The space Y is continuously embedded in
C%([0, T'1; HX(Q)) N C*/3([0, T'1; H*~*(Q)),

which is, from Ascoli-Arzela’s and Rellich’s theorems, compactly embedded in
C°([0, T"]; H?~5(Qy)). Analogously, H(0,T"; H*(Qy)) is compactly embedded in
C°([0, T']; H**(Qy)). Hence Ry is relatively compact in X. Finally, it is easily
verified that Ry is closed in X. O

LEMMA 2.8 The map A is continuous from the topology of X into the
topology of C°([0, T'T; L*(Qy)).

PROOF. Suppose that (v}, p;,0%) € Rp converge in X to (v*, p*,6*) and
let (vy, pn,6,) = AV}, 0}, 0%), (v,p,0) = A(v*, p*,0*).We observe that 5 — n*
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in C1([0, T']; H?>~5(Qy)) (with obvious notation). Assume that E is an extension
operator from Q to R3, bounded in H'~¢ and H?, ie.,

E € LH"5(Q0), H'*R?) N LH*(Qo), H*R)).
If fe  H'"5Qp), g € H*(y), we have (see [5])

Ifglli-e < |1ESf Egl|m-~@3) < c|EfllaregyllEgllaz®s < cllflli-ellgll2s

so that fg € H!=5(Qy). Since Dn: — Dn* in C([0,T']; H!™5(Qp)) and Dn} is
bounded in H'(0,T'; H*(Qp)), then o} — a; in H'(0,T"; H'~5(Qyp)). Observe
also that

|Ne = N*{| 200 < ellng — 17l

Take the difference between the equations for (v,,pn,0,) and (v,p,8),
multiply by po(v, — v), (pn — p), poco(6, — 8) respectively, and integrate over Q.
Integrating by parts and using Korn’s inequality (2.10), from the equations for
the velocity we obtain

1d 1 1
3 53 WA = 0l o [ 19 = o) = (1= ) on — o13]

< / [G;, — G* — B(v, — v")(v, —v) + / po(Fy — F*)(v, — v),
EYeN

with obvious notations. Estimating the right-hand side, after long but straight-
forward calculations, gives

1 d 2 mAO 2
5 3 IVAuCen = o)+ Tllon — ol

< ollen = o]} + Cleo)on — ol
+ O [0 = 0" age* 1h = £ Pme +16 — 0"
1 =0 Bope + U+ 03lIDlas — a*

+ 195 — 83+ 15; ~ 513+ 17 — " oconn

where ¢y is a small positive parameter. Choosing gy = %Q, we obtain by

Gronwall’s lemma

|wn — IONE < e{|vy — v* 2z c+ 105 — P20 2e
(2.41) +0 — 0 2+ — 0" en e+ A — a* |2 1e

00,2—¢

+|V(4}, — ¢*)|§,0,T' + b, — B*I%,o,:r" + Py — ﬁ"ﬁ,o,zr},
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for any t €]0,T"], where

* = — p;(t’ 5)
Pp(t,2) = —£ Q/O I3, 2) — 0, )

| | det Dn;(t, ©)|d¢,

bi(t,z) = b(t,ni(t,x), Pat,z) = B(t,n(t,z)). Fix an arbitrary parameter
€1 > 0. We observe that 7n}(t,z) — n*(t,z) for each (t,z) € Qr. Since
b € L*0,Ty;C°(Br)), b € L0, Ty; C°(Br)), by Lebesgue’s theorem we can
find n; > O such that

(2.42) [y — B30 + s — B* (05,1 < &1

for each n > n;. Consider now the term with the gravitational potential.
Recalling the boundedness of 7}, n*, we obtain

V(¢ — )01 < e[[[VeallL=@rwe@splns, — 1" lco2-¢
(2.43) +|IV(@s — 6l 2q0mixr)
+ V(@m0 — 8" N2,
where p > 3 so that WIPR3) c L®R?), ¢.(t,2) = L&, @2\t 2),
8*(t,2) = ¢*t,(n*)"\(t, 2)). Recall that V¢), Vo* € L0, T ;WP[R3)) for
any p > 3/2; here and in the right hand side of (2.43) the gradients of ¢, ¢*

are with respect to the variable z. Consider the second term in the right-hand
side of (2.43). (¢, — ¢")(t, 2) satisfies the equation

(2.44) AB,y — )¢, 2) = dnk(py — P*)(E, 2)

for each t € [0,T"], z € R3, where pi(t,z) = pi(t, (n;)‘l(t, z)) and similarly
for p*. We multiply (2.44) by ¢, — ¢*, integrate over R?, integrate by parts.
Using the estimate ||f||Lsw3) < ¢||V fllL2®3: we obtain
IV($n — 6] 2w
(2.45) < c||@y = PO®l s
< e{lpn = P¥loo2—c
Hlo* @, 7't ) = p* & @) Dlzesrs }-

Here p* is considered 0 out of Qq, so that we define

Pt ()7, 2) =0 if 2z & n}(t, Qo),
prE, (M)t 2) =0 if z & n*(t, Qo).
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Let z € n;(t,Q0) N n*(t, ), define z, = ()¢, 2), = ("), 2), ie.,
z=n;t,z,) =n*(t,z). Then

t
|Zn — 2| < / lvn(s, zn) — v*(s, 2)|ds
0

. 1/2
< elv; ~ 0" |ooze + Cis ( / llv*(S)II%ds) 2 — ot
0

1
< v, = v*|oo2-c + §|xn — x|,
from which we obtain
[ — 7] < clo} = 0 )om-e

(see the calculations which lead to (2.28)). On the other hand, the Lebesgue
measure of 0} (t, Q)An*(t, Q) (here A stands for the symmetric difference of
the two sets) goes to zero as m — +oo, uniformly for ¢ € [0,T']. Then, from
the continuity of p*, we can find n, > n; such that

(2.46) V(& — D220 771xr ) < €1

for each n > n,. Finally, since V¢* € L*(0,T'; C°(Bg)), by Lebesgue’s theorem
we can find n3 > n, such that

(2.47) V@ i) — " Con*Dhor < &1

for each n > n3. Hence, from (2.41)-(2.43), (2.45)-(2.47) we obtain the
convergence of v, to v in C%[0,T']; L*(Qp)). In an analogous way we obtain
the convergence of 8, to 6. The convergence of p, to p is obtained by a direct
computation. O

By a compactness argument, A is continuous from the topology of X into
the topology of X. We can finally apply the Schauder’s fixed point theorem,
and find a fixed point (v, p, 8) = A(v, p, 8), that is a solution of our problem. The
proof of theorem A is complete.
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