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1

Introduction and motivations

Soft behaviour of the S-matrix for massless theories, where one considers an expansion in

small momenta for one or more external legs, exhibits universal behaviour that reflects the

underlying symmetry principle. Indeed the Ward identity from gauge invariance directly

leads to Weinberg’s soft theorem [1], while spontaneous broken symmetry (SBS) is reflected



in Adler’s zero [2]. In other words, soft theorems are the on-shell avatar of the symmetry
constraints that protect the light degrees of freedom from quantum corrections.

Universality of the sub-leading expansion can arise from two origins. (I) First, the
symmetry principle that leads to the leading soft theorem will have sub-leading extensions
when combined with the specific structure of the lowest multiplicity vertex. More precisely,
focusing on the factorization diagrams with one fundamental vertex on one-side will give
the leading soft-limit behaviour. For sub-leading, although other diagrams also contributes,
the underlying symmetry principle can relate them to that of the factorization diagram.
Indeed this precisely was how the sub-leading photon and graviton soft theorems were
derived initially [3-7], and recently extended to SBS [8]. For these theories, one can show
that soft theorems are sufficient to determine the full tree-level S-matrix via recursion
relations [9, 10].1 More generally, soft theorems play important roles in constraining the
low-energy effective actions [14] (also see [15]), especially when combine with constraints
from supersymmetry [16]. The fact that soft-contributions factorizes is also crucial in the
exponentiation of soft emissions [17] in gauge theories, and has also been extended to
subleading corrections (see [18] for a comprehensive review).

(IT) Second, if the Goldstone mode is associated with more than one broken generators
(“enhanced” broken symmetry), which occurs when the currents are derivatively related,
then the linear relation amongst the currents implies universal sub-leading soft behaviours.
More precisely, consider the case where there is a set of broken generators {G;}, where the
algebra admits the following commutation relation:

[P,G1] ~ Ga. (1.1)

Here P is the translation generator. The Goldstone mode associated with broken generator
(9 is then derivatively related to that of G, and hence they should be identified. Since the
translation generator P is involved in the algebra, such scenarios occur for spontaneously
broken space-time symmetries. In the language of currents, one would schematically have
Ji ~ xJo, which in momentum space becomes

Ji~ —Ja, (1.2)

where J’s are the Fourier transformed currents. Thus as one applies Ward identities to
derive soft theorems, using J; instead of J to excite the soft Goldstone mode would lead
to soft theorems that are sub-leading in the soft-momenta expansion. In other words, the
presence of sub-leading soft theorems reflect the enhanced broken symmetry associated
with the single Goldstone boson. Examples of such symmetry breaking pattern include
conformal symmetry and translation symmetry, where one identifies {G1, G2} as {K, D}
and {L, P} respectively [19],2 with L the angular momentum and {K, D} being the special
conformal transformation and dilation generators. Indeed sub-leading single-soft theorems
for the dilaton were derived using the above approach in [20]. In short, type (I) soft
theorems depends on both the symmetry and detailed structure of the interaction vertex,

n fact in some cases, the S-matrix is fixed simply by simultaneously impose soft theorems and locality
constraints [11-13].

2Here the hat indicates these are translation and rotation symmetries involving extra-dimensional direc-
tions that are spontaneously broken.



whether it is tree-level or loop-level generated counter terms. Type (II) is determined by
symmetry alone.

Type (I) soft theorems are not expected to survive quantum corrections simply due to
the fact that IR or UV divergences can modify the structure of the fundamental vertex.
Indeed sub-leading graviton and photon soft theorems are modified at loop-level due to
IR divergences [7, 21], or UV divergences that introduce higher dimensional three-point
operators [22]. The modifications due to higher-dimensional operators were systematically
analysed in [23], where the relevant operators as well as the resulting modified soft theorems
were identified.

Since type (II) sub-leading soft theorems can be derived using symmetry principle
based current algebra, if the symmetry is not anomalous, it should hold to all orders and
irrespective of the details of the UV completion. The aim of this paper is two folds:

e Deriving sub-leading soft theorems from current algebra for spacetime symmetry
breaking. More precisely we derive the single- and double-soft theorems associated
with spontaneous conformal as well as Poincaré symmetry breaking. As one of the
consequences, we clarify which of sub-leading soft-theorems that were derived in [24],
for Dirac-Born-Infeld (DBI) are of type II.

e Via explicit computation of UV divergences for various effective field theories, we ver-
ify that type II soft theorems survive quantum corrections. Note that this closes a tiny
loop-hole in the discussion of counter terms in supergravity, where their compatibility
with duality symmetries are analysed via soft theorems [25-27]. In principle one has
to show that the regulated theory leaves the duality intact, which is not trivial since
the duality involves the electric magnetic duality of the photon fields, which is defined
strictly in four-dimensions. Through maximal susy, the duality symmetry is directly
related to the scalar sector where the duality implies explicit double-soft theorems.

We begin by re-deriving the double soft theorems associated with translational symme-
try up to order 7, where 7 parameterises the soft momenta p; by p; — 7p;, and conjecture
that the O(72) also has symmetry based origin. Similarly, double soft theorems for sponta-
neously broken conformal symmetry are derived up to the same order. This result indicates
that O(73) soft theorem found in [24] for the DBI action cannot be respected by its UV
divergences. As a check, we compute the one-loop UV divergences up to six points for DBI,
conformal DBI? as well as that for the Akulov-Volkov (A-V) theory [28, 29], namely the ef-
fective action for spontaneously supersymmetry breaking. For the former, we have verified
that indeed the O(71) and O(72) soft theorems are respected, while the O(73) soft-theorem
is indeed broken. We have further identified the culprit of this violation to be the presence
of a new eight-derivative counter term in four-dimensions. In six-dimensions such counter
term does not arise, and the O(73) soft-theorem is restored. This confirms the claim that
O(73) soft-theorems are due to the structure of the tree-level four-point vertex. Similarly
we verified that the leading single- and double-soft theorems are also respected by the UV
divergences of A-V theory. We note that this is the first time the double-soft theorems
associated with non-linear symmetries are tested against non-trivial UV divergences.

3Here by conformal DBI we mean the DBI action in a AdS background.



The fact that type (II) soft-theorems survive quantum corrections imply that it should
apply to any UV completion. As a test, we consider the super and bosonic open string theo-
ries which are the UV completions of the effective field theory of D-branes in flat space. We
consider the scalar modes that come from dimensionally reduced amplitudes. Since this sys-
tem corresponds to the Goldstone modes of D-branes, we should expect that the single and
double-soft theorems due to the (broken) translation symmetry are respected. We verify
this against the four and six-point abelianized open string amplitudes,* and show that once
again the double-soft theorems are respected up to O(7?), while the O(73) is broken. Thus
the S-matrix of string theory knows about the presence of D-branes. Note that since the pre-
vious analysis shows that eight-derivative four-point operators modify the O(73) soft theo-
rem, by power counting one would argue that the presence of six-derivative counter terms
would modify O(72) soft theorems. Indeed such operator does appear in the bosonic string
effective action. The fact that O(72) soft theorem is respected substantiate our claim that it
is symmetry protected. Finally, soft-theorems are related to the degeneracy of the vacuum
manifold, it would hold even if the vacuum is unstable, as is the case for the bosonic string.

This paper is organised as follows: in the next section 2, we review the derivation of
soft theorems from Ward identities of currents. We will argue that for degenerate currents,
in that one is related to the derivative of the other, soft theorems for the Goldstone bosons
can be derived up to order O(7) for the single soft limit, and O(7?) for the double soft
limit. In section 3, we compute the one-loop UV divergences up to six points in the theories
of DBI, conformal DBI as well as A-V theory, where we demonstrate that the symmetry
derived soft theorems are respected, while those derived in [24] that are not, are broken by
loop-level corrections. In section 4, we study massless amplitudes in open string theory, and
consider the dimensionally reduced amplitude where the modes are Goldstone bosons. We
show that the previously derived soft theorems are again satisfied. Finally, in section 5 we
present our conclusions and outlook. Some technical issues are discussed in the appendices.

Note added. In the final stages of this draft, the work of Paolo Di Vecchia, Raffaele
Marotta, and Matin Mojaza appeared on arXiv [30]|, where the conformal double-soft
theorems were also derived with similar methods.

2 Derivation of soft theorems

Here we review the derivation of soft theorems from current algebra, where we use the
currents associated with the broken symmetries to excite the Goldstone boson. Let us
begin with the Ward Identity:®

[ acreT]| [aeteoep| Lol )i @lo (2.1)

:Z/deiei(ki—i-q)-xialz H [/dDmmeikm.xm@Qn] Z(O‘]ﬁl(xl)5AJZ1($1)JZ"($71)‘O>

4The lowest order in o/-expansion of abelianized open string amplitudes corresponds to the amplitudes
in DBI.
SWe consider the Ward identity of jp first because it makes our calculation simpler.



where we Fourier transform one of the legs with momentum ¢, while apply LSZ reduction
on the remaining ones. We will use the subscript A in j%' to indicate it is the current of
a broken generator j4'|0) # 0. The broken current excites a Goldstone boson from the
vacuum, (7(p)|j% (x)|0) ~ Fpte”® and thus in a correlator one will find

. . 1 p
<0|in ... ‘0> = /(0‘]%7@2 . /F ip-w ... ‘0> (2_2)
» P
where (7| is the Goldstone boson interpolating field whose propagator 1s . The first line
of eq. (2.1) in the limit ¢ — 0 becomes

M (mqmy - le "+ 0(q (2.3)

The second line now depends on whether 045%° produces a state in the physical spectrum.
For theories that do not produce such states, the result is 0 due to the projection of LSZ
reduction. This is the famous Adler’s zero. This is indeed the case for Non-Linear Sigma
Models, since

fa1a2b1 .

0Aa]pa2 = Jyot (2.4)

where a; label the distinct generators and jy»1 is a current of the unbroken invariant
subgroup and hence does not produce physical states in the spectrum, i.e. ] '10) = 0.

For cases that it does produce physical states, then the single-soft limit no-longer is
zero. A prime example of the latter case is spontaneous broken conformal symmetry. First
of all, although both dilatation and conformal boost symmetries are broken, there is only
one Goldstone boson. This is because

[P7K] ~D (25)

and thus the Goldstone mode from K is derivatively related to that of D [19]. Indeed this
relation can be realised on the explicit form of the corresponding currents:

Jh =Ty, b, = T (22,05 — 6,00%) (2.6)

where TH is the stress tensor. Now since the current itself also transforms linearly under
both K, and D, the r.h.s. of eq. (2.1) no longer vanishes, i.e. one has non-zero soft limits.

Furthermore, the fact that the two currents associated with the same Goldstone boson
are derivatively related implies that soft theorems can be extended to the sub-leading level.
To see this, first note that:

Oulily ) = (T o) + 0, (T )
Oulilen ) = Zea(Tl ) (2yex — )0 (T ) (27)

Now, since upon Fourier transform in momentum space 0, (T*" - --) generates a sum over
the momenta of the remaining fields, this term will not contribute. Thus we can effectively
equate:

Oplflon ) ~ 2030505 -+ (2.8)



Now consider the case where one uses ji-, in eq. (2.1) instead of j%, then due to the extra
factor of x in the r.h.s. of eq. (2.8) the Lh.s. of eq. (2.1), again in the limit ¢ — 0 yields:

0 G
a—qM(ﬂqm ) Hpi "+ O(qh). (2.9)
i=1
This would then lead to soft theorems sub-leading in the soft momenta expansion.
For the double soft limits, one instead begins with

]:[ [ / deieMaf] / dDye""yaayV / dPx elq'xaiu<0| G (@) (y)---[0).  (2.10)
The above equation can be evaluated in two ways. First, integrating by parts both the
derivatives in x and y and taking the momenta p, ¢ to be soft, one obtains the double soft
limit of (n+2)-point amplitude. On the other hand, one can also employ the Ward identity,
which generates transformations on the other fields in the correlation function. Similar to
the single-soft discussion, the resulting double-soft limit depends on the nature of the
broken symmetry. There are two sources for non-vanishing results. The first is similar to
the single-soft limit, where one considers the variation of remaining fields under the broken
symmetries. The second is the variation of the current itself under the broken symmetry,
which will be proportional to the current of either an unbroken or broken symmetry. Non-
linear sigma models as well as broken translational and supersymmetry are of the former.
Broken (super) conformal will receive contributions for both cases. Finally as with the
single soft discussion, employing ji;, instead of j, will lead to sub-leading soft theorems.

In the following, we will perform a detailed analysis for two types of space-time sym-
metry breaking, conformal as well as translation. For completeness, we will also derive the
double soft theorems for susy and conformal susy breaking in appendix A and appendix B.

2.1 Broken conformal symmetry
We begin by reviewing the results of the single soft limits of broken conformal symmetry,

which is given by,

+1 |pn+1—>0

The leading [31, 32] and sub-leading [20] soft operators S(©,S(1) are given as

- 9 D-2
S(O)Z—Z<pz"8p+2 >+D>

- 02 pin 02 D—-2 9
SW = 3 g _ Pin n < 2.12
p"i - [pz dpY opl! 2 0Op;,OpY 2 o]’ ( )

where D is the space-time dimension, and here we only consider the form of the soft
theorem on massless degrees of freedom. We will not present the derivation of this single-
soft theorem here which was done in [20], but just to remark that as discussed in the
above review, the presence of sub-leading single-soft theorem is related to the fact that the
generators of the broken symmetries being derivatively related.



2.1.1 Leading double-soft theorems from (jp,jp)

We now directly move to the double soft limit. For the leading order, we consider the
double Ward identity for two dilatation currents:

. 0
182 [ a2y e [P e Lol i o) -+ ow)l0)

37 @m0 () () - Spblai) - ¢<xn>|o>} (2.13)

i=1
where for abbreviation LSZ = [, [ [ d”z;e™* — 9?], as the LSZ reduction. In the above

we first apply the Ward identity associated with d,, and partial integrate 0,. For the second
term in eq. (2.13) one can directly apply a second Ward identity in momentum space:

i
=LSZ Y TP 0 g(wr) - Sp(a;) - Spd(wi) - d(a)|0)  (2.14)
1]
and similarly for the first term once one symmetrises (p <+ ¢). Now use that

SpO(x) = (d+z - 8,)0(x) (2.15)

where d is the scaling dimension of the operator O, we get

eq. (2.13)—LSZB(d—D+1 (p+q)- Ze PHD)25 (0] (a1)-+- Spp(a;) - d(a4)]0)

+D e TEIEN0)g(21) - (dj g 05)B() -+ (di+ i) (i) d(wn)|0)

i,J
(sz){ (d—D+1) +Z®}Z© (0|1 -+ Bn]0)+O(p,q), (2.16)

with following definitions,

bi = ki), Di=di—D—k;-5;. (2.17)
Now, the piece in the correlator that would survive the LSZ reduction is given as:
T 8P (3 ki) D
LSZ x (0]¢1 - - - $,|0) = LSZ x L My =6 (Z ki) M, , (2.18)

thus we find:6

eq.(2.13):[ (d—D+1 +22+© ]22+© V6P (KYM, + O(p,q),  (2.19)
J

SNote that the operator ®; is sandwiched in between the LSZ factor and the factor form the correlator.

Pushing ©; past the latter acquires a factor of [D;, k_Q]



where K = Y, k;. Use the fact that [>°, D;, 67 (K)| = D6P(K), we arrive at the following
double soft theorem:

1
Mytolpgo = |5(d=D+1)+> 2+9;)+D| |3 (2+9;)+D| My+O(p,q).
J J
(2.20)
Consider the case where the remaining fields are just canonical scalars, i.e. d; = (D —2) /2,

the soft theorem reduces to

D -2
Mn+2’p,q—>0: n( 5 )—D-l—ijE)] ( +1)( D+Zk 8 Mn
+0(p,q) - (2.21)

This is the leading double soft theorem due to the (broken) conformal symmetry for scalar
amplitudes.

2.1.2 Subleading double-soft theorems from (jp, jx)

Similar to the single-soft limit, by replacing the dilatation current with that of the special
conformal transformation, we can obtain further constraints for the sub-leading double-soft

limit. Let us begin with following Ward identity:
152 [ aPyery 2 [ apucior 2 (018 @)% (0) () - b(n) 0}
=LSZ/dDy6ip'y(—ipu) [6iq’y<0\5Dj?(A(y)¢(x1)~--¢(-’L‘n)\0>

+ Z 0] jier (Y)d(21) - Ipd(ai) -+~ Plan) | (2.22)

where we have used the Ward identity associated with the dilatation current. Start with
the first term on the r.h.s., and use

0pO(z) = (d+z-0)O(x), 62 0(z) = 22\ (d+ 2 - 0) — 1:28)\] O(x), (2.23)
we have

LSZ / dPye POV (—ip,) (0|6 p5%x (y)d(x1) -+ d(24)]0)

:<Hk$ / dxieiki'xf><—z’pu><d—D—<p+q>‘ap> / dye' PO VIO]ji, (1)o(21)-+ ()| 0)

= (Hk2> —ip,) (d—D—(p+9)-0p) (jjer (0+4) D (k1) -+~ D (kn)). (2.24)

"For currents, d = 1, due to J"|0) ~ p*|¢).



Since when acting on the vacuum ‘;IV()‘ (p + q) excites Goldstone mode, and will generate a

term proportional to E]; 1‘32 , in the expansion of p + ¢ it can be written as

Goap+Q)p(kr) - lkn)) = E}Zj i ;1;

Upon contraction with (p 4 ¢),, at leading order one must recover the Ward identity, one

S +65+(p+q9)'S1+---. (2.25)

immediately deduce:

G :iz<$1"'5KA(£i"'$n>7 (2.26)

where

SK)\O(p) = -2 |:(d - D —p- 8;,)8)\ -+ ;p)\az] O(p) = —2i§)\0(p> N (227)

and we denote 9y := 9,». Thus we find:

eq. (2.24)

(Hk‘?>py(d—D—(p+q)-3p) Eiifq];: ' ($1 i+ dn) + O(p,q)

= (T1#) 500403 ) 000

= —i(d—D+1)Y  (20;x+ Kin) 67 (K) My + O(p, q). (2.28)
The second term of the r.h.s. in eq. (2.22) is a straightforward Ward identity for conformal
boost, and hence we write:®

LSZ > (0¢(x1) -+ Spap(@i) - - Spp(5) - - d(xa)|0)
]

— 9 Z kK3 RinD 556" (K)M, + O(p, q)

J k_2k2
= —2i Z (200 + Rix) 2+ ;) 6P (K)M,, + O(p, q) . (2.29)
7;7‘7‘
Now for the Lh.s. of eq. (2.22), due to the derivative relation amongst the currents, from
eq. (2.8) we should get

LS7 / dDyaj / APt 018 ) ()0 0()[0) = ~2i0 007 (K) M.
(2.30)
Equating above results, and contracting (p+ q))‘ into both sides, we obtain the sub-leading
double soft theorem:

(p+4q) - 9, 6°(K) n+2—<p+q>kz<2ai,x+&,m (d=D+1 +Z (2+9;)

i

x§P(K)My + O, p-q,¢%) . (2.31)

20, 5
k2

8Similar to footnote 6 for ®, here pushing £; \ past the 1712 one acquires a factor of [R; x, k—lz] = +

(D —2d; — 2)73 = 212 , where the scaling dimension of scalar d; = % has been used.



Again use [Y,D;,67(K)] = D6P(K), we get

0
(p+aq)- %Mn+2 =(p+q’ Zl: (20i0 + Rin) (2.32)
1
X |3@=D+1)+3 (2+9;)+D| My+O0@*p-a.0%).
j

Thus express the double-soft theorem as M, 1o = (So + (p + ¢) - S1)M,,, we finally obtain
the sub-leading soft factor as,

Six =3 (0 + 81p) |5 (@= D+ 1)+ 32 +0;) +D| (2.33)

7 J

D—-2

Considering the case where all other fields are scalars, i.e. d = =5=, we arrive at

D—2 1 D—2
Sy = Z |:<2 + k; - 6Z> 81',)\ - 2]451'7)\81-2:| (n+ 1)T - D+ ij ’ 8]’ ) (2'34)
J

i
which is the sub-leading double soft theorem of dilatons when scatter with scalars.

2.2 Broken translational symmetry

Here we consider another kind of spontaneous broken space-time symmetry, broken trans-
lation and Lorentz rotation due to the presence of branes. The low energy effective actions
for the brane describes the interaction of the Goldstone bosons associated with broken
translation and Lorentz rotation. We consider the case where a D-dimensional brane is
embedded in (D+n)-dimensional flat space, with n = 1. It is straight forward to extend
it to general n. The space time index is separated as ™ = {z# 2°}, where u denote the
longitudinal directions along the brane and 0 denotes the transverse direction.

In the presence of a brane, both P and Lo, are broken. However, as the case of
(broken) conformal symmetry, there is only a single Goldstone mode. That is because Py
and Lg, are related by

[LO,Lm PI/] = nuuPO 5 (2'35)

the mode associated with broken translation symmetry is derivatively related to that of
broken Lorentz transformation. More precisely, since the current must be conserved, on
dimension grounds one can deduce

Ouill, ~ x Dl | (2.36)

similar to the case for broken conformal symmetries. Thus we would expect universal
leading and sub-leading soft theorems, as we will show in the following.

,10,



2.2.1 Single soft theorems

We begin by considering the following LSZ reduction of the current correlator,
e O . : Jin
LSZ [ P e i (@) o) - (o). (237)

Apply the Ward identity and the fact that 5p0j1’§0 ~ [jl’éo,jl‘_f,o] = 0, one finds that eq. (2.37)
vanishes. On the other hand using eq. (2.2) and eq. (2.37) yields

Pp (H kQ) 51’0 JPo(kl) 51%;1(]{3”» = Mn+1( ( ) (kl (H km) + O

(2.38)
So we conclude that,

Misr (r(@)(kr) - (k)]0 = 0+ O(p). (2.39)

This is the Adler’s zero for broken translation symmetry.

Now, instead use jfm and eq. (2.36), we have the relation,

[P i, @i )iy ) = [P S @) (o) ()
(2.40)
Once again apply the Ward identity, since dr,, j]’ﬁo ~ [jZOA, jl‘io} = jl‘%, thus it does not
excite a physical state, one finds:

ipw 0. : bin
LSZ/dD:Ue P @(]gm(x)jl‘% (21) - jpy (zn)) = 0. (2.41)

On the other hand, using the fact that jf,f.o (z) excites a Goldstone mode, we can also write
eq. (2.40) as

(H kf) ;APML’%@)JPO(M) G (k) =
=1
- 8; [Mnﬂ(ﬂ(p)w(kl) (b)) [T 6%+ O) | (2.42)

1=1

Using the fact that M, 1 vanishes in the soft limit from eq. (2.39), therefore expanding
in terms of the soft momentum we have M,, 1 = Za:l p*mg. Then the above equation
implies that the leading term m; = 0, and hence

M1 (m(p)m(k1) -7 (kn))l, 0 = 04+ O(0?), (2.43)

i.e. spontaneously broken translational symmetries implies that amplitudes involving a soft
Goldstone boson vanishes up to order O(p?) in the soft momentum.
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2.2.2 Leading double soft from (jp,,jp,)

Just as the case of the single-soft theorems we just discussed, one can apply Ward identity
with jp, twice to obtain the leading double-soft theorem. To do so, we start with following
identity,

iqy 0 iz O 00 AN i
12 [ aPyeirro [ aPa e S0l @k )i o) -+ (a)]0)

~ 157 [ d%(—z'q”){ D015, 78 ()75 (1) -~ 5 (2)]0)

+ Y PEEEVO (y) i (1) - Omy iy () -+ (fvn)|0>} =0, (244)

=1

where we have used that dp, jf_f,é = 0. On the other hand we also have:

182 [ aPy et [ P e ol (00 )i o) - (@)l0)
- (H k%) {015, (0)75, (D)7 (1) 7 (2)10)

= My 2(m(q)m(p)m( ) [T (5 + 0w, q) - (2.45)
=1

Thus combining these two results we conclude that the double-soft limit vanishes up to
leading order, i.e.

My (n(@)m(p)r(ka) -+ 7(k)) = 0+ O(p, q) (2.46)

2.2.3 Subleading double-soft theorems from (jr,,,Jjr,)

To obtain higher-order double soft theorems, we instead consider correlators involving both
JLox and jp,. In particular, we will study,

y 0 o O

D D . Jip-x : v : n

12 [ aPyetr s [ aPaemt STt )it )i (o) -3 )0
~rsz d%(—z’q»{ U015, 75, ()75 1)+ 785 ()0

£ OO ()7 1) s ) <:z:n>|o>} -4

i=1

Since 0r,y,7p, ~ [jLor»JP,] = Jjp», the last line in the above does not survive the LSZ
reduction. The contribution of the first line is given as:

n

S0 R8T TF, (ol 04— Ot )| (H k)
(2.48)

— 12 —



We will evaluate <7T(]€i)|5L/0:__]7V30 (p+q)|p(ki+q+p)) by considering the following diagram-
matic representation of this term,

v
po

J ::tm ]

p q

ki k.+p+qCZ.
i . (2.49)

Since [L%*, PY] = P, the contribution of this diagram should be given by,

(04 @)x 2(p-ki)(q.ks)
wra? ki-(te) m(pg)s)o)

where « is an undetermined coefficient so far. Summing over all k;, the r.h.s. of eq. (2.47)

(p + @) pu(2ki +p+ Q)" a2k +p + q)”

“+ 972 2k; - (p+q) Mo =

up to O(p, q) can be recast as,

(p+a)r2(pki)(ghki) , P+ (p—q) - ki)
azi: (p+9)?* ki-(p+q) My =a) (p+ a2 2k (p+q) M, +O(p,q).  (2.51)

i
On the other hand, using eq. (2.36), the double soft limit of eq. (2.47) can also be written as

n

—i [T [B7] 072 01%, (9) 55, (@) 35 (1) - - 355 (kn)10) | g0
=1

— 10 My p2(7(q) 7 (p) 7 ( ) [T (R +00%¢") . (252)
=1

p,q—0

Equating these two distinct representations, and contracting with (p + ¢), one finds:
)2
—i (p+q) - OpMyya(n(@)m(p)m(kr) -+ 7 (kn))|, oo = zaz Mn. (2.53)

The undetermined constant « can be fixed by checking the above formula eq. (2.53) with
explicit simple tree-level amplitudes in the theory. For instance for n = 4, namely the
double-soft limit which take the six-point amplitude to the four-point one, we find o = %
We can now also compare this to the result in [24], where at the leading non-vanishing order,

My io(m(@)m(p)m (k1) - 7 (kn)) ] gyo = ZS com(kn)) + O, %), (2.54)

with the soft factor Si(o) = i% Acting with (p+¢) -0, on the above one indeed finds
eq. (2.53) with o = %! Thus we conclude that the sub-leading soft theorem derived in [24]
has a current algebra origin. A similar analysis using (L°#, L%) should lead to double-soft

theorem at one further higher order [24],

My a(n(@)m()m(ke) - 7 ka) ]y gso = > (SI” + SE) My (k) -+ m(ka)),  (2.55)

i

,13,



()
N v A~ W
_ N
/ :w
W B
—_ ¥}
o w

Figure 1. The Feynman diagrams contribute to four and six-point amplitudes in DBI at one-loop
order. One should also sum over all other independent permutations.

where the higher-order soft factor Si(l) is given by

1 (ki-p)*+ (ki-q)? ki-(p—q)
S N (R ) A A TN R R (250
with the angular momentum J!* for scalars defined by,
g g 9 9 (2.57)

’ POk, ' Okiy
3 UV-divergence

3.1 UV-divergence of DBI

As we mentioned it is now well-known that the soft theorems we derived in previous sections
are satisfied for the tree-level S-matrix in various effective field theories. Here we will study
the fate of the soft theorems against the UV divergences. As examples we will consider the
UV divergences of one-loop amplitudes in DBI, conformal DBl in D = 4 and D = 6, as well
as the A-V theory for Goldstinos in D = 4. We will verify by explicit loop computations
that all the soft theorems that are derivable from current algebra as we have shown in
previous sections should be respected even in the presence of UV divergences.
We begin with the DBI action of a single scalar, which takes the following form,

['DBI = 972 <\/_det(nuu - g2au¢8u¢) - 1> ) (31)

where g is the dimensionful coupling constant. Expand the square root to the order relevant
for the four- and six-point amplitudes, we have,

Lom =~ (96)" - 9; ((a¢)2>2 _ 3 ((a¢)2>3 o (3.2)

2 ETREP

From the action, it is then straightforward to compute the amplitudes from Feynman
diagrams. In particular, the interacting vertices at four and six points are given by,

Vi(k, ko, k3, ka) = g% (k1 - ko ks - kg + Ky -kako - kg + k1 - kako - k3)
Vo(k1, ko, ks, ka, ks, ke) = 39" (k1 - ko ks - kaks ke +...) (3.3)
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where the ellipsis in the six-point vertex Vg denotes all other 14 independent contractions
for the six-point momenta. We then glue the above vertices to form one-loop diagrams, the
Feynman diagrams that contribute to four and six-point one-loop amplitudes in DBI are
shown in figure 1. In the following subsections we will study four and six-point one-loop
amplitudes respectively, including both the D =4 and D = 6 case.

3.1.1 Four pointsat D =4 and D =6

At four points, the one-loop integrand is obtained by gluing two four-point vertices Vi,
which is given by the bubble diagram at the top of figure 1. Explicitly, the integrand takes
the following form,

1 Na
AP0+ Ty 1 ko)

where the factor i is the symmetry factor of the diagram, and the numerator N; is defined

I = (3.4)

as
N4 - ‘/4<k17k27€7£/)v4(k37k4)_67 _E/) ) (35)

with ¢/ = — (€ + ky + ko). Tt is straightforward to perform the one-loop integration of the
bubble integral. To be concrete we use dimensional regularization, and we are interested in
the UV divergent part. The integrated result clearly depends on the space-time dimensions.
Here we consider D = 4 and D = 6 as interesting examples. At D = 4, we find the UV
divergent part is given by?

(D=1) _ T7°

Ajpy’ = (st +tt+uh). (3.6)

In the language of UV counter terms, it shows that the UV counter term of 4D DBI action
takes the form of —@—2(88(;54), where the matrix element of (9%¢?) is given by (s* +t*+u?).
Similarly, at D = 6, the UV divergent part of the one-loop four-point amplitude is given

(D=6) _ 22371'

5 5 5

So again the UV counter term may be written as 25223? (0'9¢*) now for D = 6.

3.1.2 Six pointsat D =4 and D =6

We then consider the six-point amplitudes. There are three types of Feynman diagrams at
six points as shown in figure 1. To express the results in a compact form, it is convenient to
expand all the answers in terms of polynomial basis. At six points, it is easy to see that the
UV divergence goes as s° in D = 4. At this order and D = 4, there are five independent
local polynomials, and one term with a factorization pole,

b§5) = 515+ Ps, 555) = 123 + P » bg )= 3123345 +Ps , bz(x ) = %8s + P
5Ty + 533 + s13) (515 + si6 + 536)

5123

bg5) = s795%, + P, F1(5) 4 + P (38)

9Here and in the following, we will simply ignore the coupling g dependence since it is not crucial for
our discussion.
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where Pg means that we sum over full permutations on the six-point external legs. For con-
venience, we will denote this length-six list of basis as Bé5) = {bf’), ng), bgf), bff), bgf), F 1(5)}.

Let us now discuss each contribution to the six-point amplitude in figure 1. Begin with
the first bubble diagram in figure 1, the integrand is given by

1 N

(1)
I == .
6 202004 Ky + k)2 (3:9)

and the numerator is the product of a four-point vertex and a six-point vertex as shown in

the figure,

N = Viley, ko, 0,0V (s, ka, ks, kg, —C, —0') (3.10)
where ¢/ = —(¢ + k1 + ko). Performing the integration, we find the ten-derivative UV
divergence. Expressed in terms of the basis BéS) defined previously, the contribution of

this particular diagram is given by C§D24) -B((f)) , where we find that the coefficient C£D24)

is given by,

- 1817% 272 8n? 2 1172
) Soamt D e O S S (3.11)
3600 © 6757 45 180" 40
The integrand of the second bubble diagram in figure 1 with a factorization pole takes the

following form,

(2)
1
=< N — (3.12)
2/ (f + ki + kg) S456
and the numerator now is the product of three four-point vertices,
N = Vi, ks, €, €) Vi (s, P, 0, ) Vi (ka, ks, ks, —P), (3.13)

with ¢/ = —(0+ k1 + ko), and P = ky+ ks + k. The UV divergence of this diagram is given
by CéDZZL) : BéS), with the coefficient,

2 2 2 9 2 2
EcéD:Z;) _{ T7m* 137% 13n° 7 59714 T } (3.14)

27007 162007 270 7 360° 360 ' 360

Finally, the triangle diagram with three four-point vertices in figure 1 has the integrand of

the form
@ _ 1 NG (3.15)
6 3! 62(6-}-]{51%—]{52)2(6—]{53—]{34)2 ’ ’
and the numerator is given by
Né3) = Vi(ky, ko, €, 01)Vy(ks, ka, =0, l2)Va(ks, ke, —l1, —L2), (3.16)

where ¢4 = —(¢ + k1 + k2) and ¢y = ¢ — k3 — k4. Perform the integration, we find the UV
divergence of this diagram is given by C§D:4) . Bé5), with

- 1 2 1 2 2 2 41 2
603()D_4) :{ _ 3197 91w Tn? w m } (3.17)

10800° 162007 54 '45° 180 °
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Put all the contributions from three diagrams together, we have the full one-loop UV
divergent part at six points of DBI action at D = 4,

AL =P BY) 1+ ofP=Y . B + fP=Y . B (3.18)

This finishes the computation of the UV divergence of the six-point amplitude in 4D DBI
action, and we will discuss its soft limits shortly.

We now consider the six-point DBI amplitude at D = 6 as another example. The
Feynman diagrams and the loop integrands are of course independent of the space-time
dimensions. The power counting of the six-point UV divergence is now of order s% for
D = 6. Again we will express the results in terms of polynomial basis, which has 13
independent local polynomials at this order. Here is the list of the independent basis
elements as well as one term with a factorization pole:

6 6 6
bg = 5?2 + Ps , b; = 5?23 + Ps bz(a )= 31123%3 +Ps s (3.19)
6 6 6
bf; = 512834 + Pe , bé = 512513 + Ps bé )= 512534 + Po
b(76) = 5725123 + P , béﬁ) = 5745723 + Ps , bs()6) = 5145725 + P
b0 = sysdas + Ps, b = sthysthy +Ps, b = shysdusts + P,
5 1B 1 &5 V(a2 4 o2 2
b = 2,052 ,5%5 + P, F® = (572 + 33 + 513) (835 + 556 + S61) 4P

5123

These independent basis form a list, which we will denote as BéG). The first bubble diagram
with four and six-point vertices in terms of the coefficient of these 14 basis is given by

(D=6) 18173 2 17rd 3373 w3 79n 2373
€ = — —_ — — e ——
! 11200° 4200° 840" 560" 707 3360° 3360’

173 19973 73 1173 3373
- u ) i ) u y T ) i 707 . (320)
22407 3360 " 1680° 3360 2240
While for the second bubble diagram, the coefficient is now
o(P=6) _ 28097%  @® 53 431x% ¥ 121x% 437 % 89n°
2 ~ 11302400’ 12600’ 7560 10080 210’ 15120° 18900 630" 5040’
3 3 3 3
. ’ 177 7_1771' ’ 7_2237r (3.21)
7560 15120° 3360 37800

Finally the coefficient for the triangle diagram with three four-point vertices is

(D=6) 182373 573 187x% 36017® 1973 79973 7973 8373
€ = - - - -
? 362880 13608 22680° 60480 * 1890° 90720 45360° 12096’

7277% 337x% 7797 8n° (3.22)
302407 453607 90720 105" ’
The final result is the sum of these three contributions,
AR _ (D=0 pl6) _ ((D=6)  5®) | (D=0) . p(6) (3.23)
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With these explicit one-loop results, we have checked that both Agfﬁl) and A%Q,:G) indeed

satisfy the single and double-soft theorems, namely,

(D) 2
AG,UV ko—stke o), (3.24)

and the double-soft theorem,

(D) _ 0 2q(1 (D)
AG,UV ks—Tks, ke—Tke (TS( ) +T S( )) A4,UV7 (3'25)

where S© and SM) are the leading and subleading double-soft factors defined in eq. (2.55).

The six-point UV divergence Aé%v in fact further satisfies the order O(7%) double-soft
theorem of [24], namely it has the same soft behaviour as the tree-level DBI amplitudes.
This result can be easily understood once one realises that the original order O(73) double-
soft theorem is a consequence of the four-point structure being of the form s + ¢ +u2. In

the double soft limit, the relevant diagram is of the following form:

Since the original four-point vertex is of four derivatives, the leading contribution from
the four-vertex in the soft limit, k&4 — 7k; and ko — Tko for 7 — 0, would be of the
form TW which indicates the double soft-limit begins at O(7). Now the UV-
divergence introduces a new vertex s* 4+ t* + u*, which in the soft limit takes the form

(siy + st + 53;) < Ap _38((ks - kDY + (ko - ki)Y

xAp +O(T), (3.26)
$12i k1—T1k1,ko—Tka (kl + kQ) ’ k'L

and thus one expects the order O(73) double-soft theorem of [24] to be modified. However,
at D = 6 the four-point UV divergence goes as s® + t° + 45, as shown in eq. (3.7), which
would only contribute to the order O(74) and thus leave the double-soft theorem untouched.
We have further checked the UV divergence at D = 8 also satisfies the double-soft theorem
to the order O(73), since just by power counting its four-point divergence goes as even
higher order, namely s5.

It is instructive to understand the above result from recursion. As discussed in [9],
the single-soft theorem at order O(7) ensures that the (2n)-point amplitudes of order s™
with m < 2n are soft on-shell constructible. This is indeed the case for tree-level DBI
amplitudes, where at 2n-points it behaves as s". The n-point one-loop UV divergence
for DBI at D-dimensions goes as s("tP)/2 which means that if single soft theorems are
respected, then for D = 4 all the higher-point UV divergent terms are completely fixed
by the four-point. On the other hand since the single-soft theorems are symmetry based,
this implies that if the D =4 UV divergent violates any tree-level soft theorems, the later
cannot hold solely on symmetry grounds.

For D = 6, the one-loop UV divergence are determined by the four and six-point
ones which we have computed explicitly in this paper. A similar conclusion regarding
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how soft theorems are able to constrain the results of UV counter terms can also apply to
other theories such as the conformal DBI and the Akulov-Volkov theory as well as the o/
corrections from string theories, which we will discuss in the next sections.

3.2 Conformal DBI

To test the soft theorems of conformal symmetry, we will study the one-loop UV divergence
of conformal DBI.'Y The conformal DBI action (with single scalar) takes the form,

ScpBl = /dDw P <\/—det(77w, — ¢148M¢8,,¢) - 1)
= /de P <—%i46¢ -0 — &is(aqﬁ S00)? + .. ) ; (3.27)

here we only expand to the order which is relevant to the computation in this section. We

will consider the theory in D = 4 as well as D = 6, as the case of flat space DBI. Therefore,
for D = 4 we have
1

ScpBr = /d43€ <—;3¢‘8¢_ 8

The action should be understood with ¢ = v 4+ ¢, where v is the vev which breaks the
conformal symmetry spontaneously. The action then can be expanded in the large-v limit,

(06 - 09)* + .. > : (3.28)

to the order which is relevant to our computation, it is given by,

s = o (o () + 5 () o 25 ()9)
+.... (3.29)

Similarly in the case of D = 6, we have,

som= oo (-foor 2 () w2 () - 23(%9)'5)
+.... ' ' : s

To obtain the action of 6D conformal DBI in the above equation eq. (3.30), we have made
a field-redefinition to remove a three-point vertex since it vanishes when on-shell. In the
following we compute the UV divergences of one-loop four, five and six-point amplitudes
built from these vertices. First we note that the four-point amplitude is identical to that
of the flat-space DBI, so the results are given in eq. (3.6) and eq. (3.7) for the theory
at D = 4 and D = 6, respectively. Therefore we will only consider five and six-point
amplitudes shown in figure 2.

3.2.1 Conformal DBI at D =4

The computation is very similar to that of flat space DBI, so we will be brief here, and
only present the final results. At D = 4, the UV divergence of the amplitudes presented

"The leading and subleading single-soft theorems due to (broken) conformal symmetry have also been
tested in detail in [14] for the lower-energy effective action of N/ = 4 super Yang-Mills (SYM) on the
Coulomb branch, both perturbatively at one-loop order and non-perturbatively via the one-instanton effec-
tive action [33].
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2 —(; ) ( (— 5
1 6 1
Figure 2. The Feynman diagrams contributing to five and six-point amplitudes in conformal DBI
at one loop of order s* at D =4 and s® at D = 6, where the four-point vertex is identical to that

of DBI, and five- and six-point vertices are ¢(d¢ - 9¢)? and ¢?(9¢ - d¢p)2. One should also sum over
all other independent permutations.

A L A~ W

in figure 2 goes as s*. As usual to express the results in a compact form we will use

independent polynomial basis. The basis relevant for the five and six-point UV divergence
of D = 4 conformal DBI we will use is given by,

bgﬂ = (sta + P5)°, bf{‘% =s12+Ps
bgﬂ =512+ Ps bé,; = (512 4+ P6)?,
bg,?, = 512523 + Ps , bg}i = sio3 + Ps (3.31)

and we denote the six-point ones as a list Bé4) = {b(ﬁ%l),bég,bég,béﬂ}. Performing the

one-loop integral, we then obtain the final results of five- and six-point UV divergences of
conformal DBI,

4372 b(4) - 472 (4)

4)
A5,UV = _64806 5,1 27¢ 5,27 (332)
4 4 4 4 4
Ay = cgl - B + ¢y BV,
with the coefficients of six-point case given as
1372 w2 4972 16372
cWw _ ) _ AR AT O 3.33
6.l 270 7384° 90 ’ 1620 (3:33)

(4) o2n? 2572 8w? 272
O\ = T T
6,2 27 76912° 9 ' 81

We have verified that the results satisfy all the single and double soft theorems of (broken)
conformal symmetry.

3.2.2 Conformal DBI at D = 6

Let us now move on the case of conformal DBI at D = 6. The UV divergence for the
amplitudes in figure 2 should go as s°, and the polynomial basis for five-point amplitude
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Figure 3. The Feynman diagrams contributing to four- and six-point fermionic amplitudes in K-S
action at one loop. One should also sum over all other independent permutations.

we will use are given as:

5

oS 5

i = 519854 + Ps bé% = s7a553 + Ps , (3.34)
whereas the polynomial basis for six-point kinematics is the same as that in eq. (3.8):
B(5) = {b6 %, g, bé %, bé i, (5)} Note now there is no factorization term. In terms of the
above polynomial basis, the final results of UV divergences of five and six-point amplitudes
take the following form,

B 8973 (5) 44773

5UV 7 980 1 T 280¢
5 5 5 5

Ay = B+l B,

b5y, (3.35)

with the coefficients C’éi) and C’é:z) for the six-point case given by

280 ' 84 7 12600 280 ' 80 4200
5) { 8973 967° 897 89rd  And 897r3}
606,2 — - .

26773 897r3 178172 30973 1373 o3
606(?1):{_ T 7r T T T } (3.36)

70 7 35 7 10507 70 5 ' 525

We have again explicitly verified that the soft theorems that can be derived from current
algebra are respected by the above one-loop UV divergence.

3.3 A-V and K-S action

In the previous sections we studied the UV divergence of scalar theories, here we consider
the A-V model of Glodstino’s of spontaneously breaking of supersymmetry. The A-V action
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takes the form,
Sav = — [ d'edet (14 ig?6o" 8,0 3.37
AV 55 zdet (1 +igYpa" 0,9 | . (3.37)
One may expand the determinant to obtain all the higher-dimensional operators. It is
known that the expansion terminates at the order of (i¢)3, namely higher orders with
eight fermions are actually absent [34]. The soft theorems of tree-level scattering ampli-
tudes in Akulov-Volkov theory were established in [35, 36], and reproduced via current
algebra in appendix A, where it was shown that the amplitudes for the A-V model have
the Alder’s zero as pions, furthermore the amplitudes also satisfy the double-soft theo-
rems which reflect the underlying supersymmetry algebra.!! Explicitly, the Adler’s zero of
amplitudes in A-V theory is,

A1, 02, e, )|y oy~ O(T). (3.38)

Here we also use the standard spinor helicity formalism for massless momenta,

PrOst = NCXY (i) = eapAIN] i) = €q s RN (3.39)

(3

and the soft limit of particle v,, can be realized by setting A, — 7A,,.'> While the double-
soft theorem is given by

An (1,92, Uit Yns2) |5 s

n+1,An+2—=TAn42

- Z SF,iAn(wh 1/;27 L &n)

i=1

+0(1), (3.40)
with the soft factor given by

Sps = ki - (kpt1 — kny2)
* 2k - (kng1 + Kngo)

(n+1|k;|n+2] , (3.41)

here we defined (i|k;|l] := (ij)[j{]. The derivation of the above soft theorem using the
current algebra of breaking supersymmetry can be found in appendix A. In the following
we test the single and double soft theorems by computing one-loop UV divergence in the
A-V theory.

For the computation of six-point amplitudes at one loop is actually more convenient
to use the equivalent Komargodski-Seiberg (K-S) action [39], which is related to the A-V
action by a non-linear change of variables [40]. Furthermore it was shown that [40] the
K-S action instead does not contain the six-point vertex, but the eight-fermion interaction
is now present which however does not contribute to the six-point amplitudes at one loop
anyway. So due to the absence of the six-fermion term, it is clear that K-S action simplifies
the computation of one-loop six-point amplitude. Explicitly, the K-S action is given by,

2
SKs = /d4x (Z’a}ﬂZO"uw + %&23# (¢a“¢) +.. ) s (3.42)

"Recent study on the soft theorems of amplitudes in A-V theory can be found in [37, 38].
2Here we made a choice such that the soft limits do not rescale the wave functions of fermions, although
it is not necessary.
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where we have omitted the eight-fermion term since as we mentioned that it is irrelevant
to the computation we are interested in. The scattering amplitudes in the theory can be
obtained by gluing these four- and eight-point vertices. For the computation in paper, we
will only need the four-point vertex, which is given by,

Vi (11,92, 93, Pa) = g1 - orhs - Pa(kr + k2)?, (3.43)

when on-shell it reduces to (12)[34]s12 that is the four-point amplitude in A-V theory.
Let us now consider the one-loop fermionic amplitudes in the K-S action. Begin with
the four-point case, there are two kinds of Feynman diagrams which can contribute, as
shown in figure 3. To be concrete we consider the amplitude Ay (v1,1)2,3,14), and the
one-loop bubble integrands of two diagrams for the four-point amplitude take the form,

m_1 M o1 M
i = 402004k + k3)’ L= 402(0+ Ky + ko) (344)
with numerators are given by
Nl - VF(wla 77@3, TZJIa %I’)VF(,@Dlv w_fﬁ&Z, 1[}4) 5
No = Ve (1, Y2, 1, o ) Ve (Y, Y1, 3, a) - (3.45)
Here 17 and ¢ are off-shell internal lines. Explicitly,
N1 = 2(13)[24]s25¢ - (0 + k1 + k3),
Ny = (Ue|4](3012)(£ + k2)(£ — ks3)?, (3.46)

where ¢35 = —(¢ + ki + k2) in the expression of Ny. Perform the integral, we find the UV
divergent part of the first diagram is given by,

m _m
Ayiy = 5 (13)[24]si5, (3.47)
where we have summed over the relevant permutations. While for the second diagram we
have,
(2) m? 3 3 3 3
LUV = ﬁ(l 3)[24] (12875 — 11(s75 + 33 + s73)) - (3.48)

Thus the full UV divergence of four-point fermionic amplitude in A-V and K-S theory is
given by the sum of the above two contributions.

Let us mnow move on to the computation of six-point amplitude
Ag(1, 02, 103,%4,15,16). The Feynman diagrams that contribute to this amplitude
are shown in figure 3, which are obtained by gluing three four-point vertices Vy. There
are six types of Feynman diagrams according to the different assignments of the helcities
of fermions. Here we only write explicit integrands for a couple of Feynman diagrams as
examples. For instance, the integrand for the bubble diagram takes the form,

1
7O _ Ny

1
= — , 3.49
B 2 Ez(ﬁ + k1 + k3)8456 ( )
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where the numerator
N = 252546(13)[46]0; - (€1 + ky + k3)(5]4 + 6]2] . (3.50)

While the integrand for the triangle diagram is given by,

(1)
(1) 1 NT
A - 51
T 3! 52(5—#]{}1—%]{?3)2((—]{?2—]64)2 ’ (3:51)
where the numerator
NEY = 515524(13)[24](5050142]6] (¢ — Ko)?, (352)

where ¢;’s are defined as {1 = £, fo = — ko — k4 and {3 = ¢ + k1 + k3. The one-loop inte-
gration is again straightforward to preform, however unlike the scalar amplitudes of DBI
or the four-point fermionic amplitude, the result of the UV divergent part of the six-point
fermionic amplitude is rather lengthy. So we will not present the explicit result here but an
auxiliary mathematica notebook containing the full expression is attached to the arXiv sub-
mission. Most importantly we have verified that the one-loop UV divergence of the six-point
amplitude in the theory we obtained satisfies the expected vanishing single limit, and a
double soft theorem that is consistent with the four-point result in eq. (3.47) and eq. (3.48).

4 Super and bosonic string amplitudes

The massless sector of open string theory, when dimensionally reduced to p+1-dimensions,
corresponds to the low energy degrees of freedom of a stack of D-p branes. For example,
the six scalars of four-dimensional N' = 4 super-Yang mills are the Goldstone modes for
the broken translation symmetry in the transverse directions of D-3 branes. Thus the
open bosonic and superstring amplitudes encode the information of two distinct D-brane
effective actions, which should satisfy all soft theorems derivable from broken translational
symmetry. In this section we will consider only the pure scalar part of the effective action.

Isolating the interactions of the centre of mass degrees of freedom for the branes cor-
respond to separating U(N) — U(1) x SU(N), and keeping only the U(1) part. This is
done in practice by summing over all orderings of the open-string amplitude. In the end,
one obtains an on-shell effective action with the schematic form:

. 1 D _24ma2m in
£=—5¢00+ D eama? ¥ (4.1)

m,3<n

Here, we will translate 9*™¢" into momentum space where they become combinations of
permutation invariant polynomials of s; ;. The coefficients ¢, ;,, are generally given in terms
of multiple zeta values (MZVs), defined as:

[e.9]

1
Cnyng ey = > T (4.2)
0<ki<kp<--<k, L "2 "
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MZVs can be conjecturally categorised according to their transcendental weight n; + no +
... + np, and for maximally supersymmetric string theories, it is known that the tran-
scendental weight for each coefficient matches the order of o/, which is coined as uniform
transcendentality property. For non-maximal theories, while the leading transcendental
pieces match with the maximal case [41], subleading pieces may also be present.

Note that the lowest mass-dimension piece of the n-point amplitude (whose local part
takes the form si%,j) must be identical with DBI. This is because permutation invariance
forbids two derivative four-point vertex, while single soft-theorems are sufficient to com-
peletly determine the lowest dimension amplitudes from the four-derivative quartic vertex,
i.e that of DBI [9, 11]. In fact, this piece is leading transcendental, and hence it should
be universal. In this section we will consider higher order corrections in o’ for the four-
and six-point open string amplitudes. They can be derived by simply taking the gluon
amplitudes in string theory, identifying €;-k; = 0, ;- ¢; = 1 (namely dimension reduction),
and summing over all permutations.

As we will show, the scalar modes that are associated with the center of mass of the D-
branes will exhibit soft behaviours associated with the spontaneous translation symmetry
breaking.

4.1 Type I superstring

The massless amplitudes of type-I superstring can be naturally represented as [42]:

AS(lvplv"'apnf%n_ 1,71;0/) = Z Fpa(a/) (43)

0'6871,73
XAYM(l, 20, ey (n — 2)0,77, — 1, n) s

where A% and Ay indicate color-ordered Yang-Mills amplitudes of the superstring and
super Yang-Mills field theory, respectively. Moreover, p, o labels all (n — 3)! distinct per-
mutations with legs (2,3,--- ,n—2). The function F,?(a’) are disk integrals with insertion
points (21, zp—1, 2) fixed to (0,1, 00) respectively, and

n n—2 k—1 s
/A 2 2 . mk
Fo(o)) = / oo o [[ealiod JTS 220 (@
i<l k2 m—1 “km
ngplgzng...gzp(n72)§l

with z;; = z;—z;. When viewed as an (n—3)!x(n—3)! matrix, the row- and column indices p
and o of F,7 label different integration domains and integrands, respectively, where o acts
on the subscripts within the curly bracket in eq. (4.4). Note that the field-theory limit is
recovered as F,7 (') = 6,7 + O(a/?). The full o’ expansion is conveniently organised as [43]

1
F(d) = 1+C2P2+<3M3+<22P4+CSMS+<2C3P2M3+CSP6+§<§M3M3+C7M7+- oy (45)

where the entries of the (n — 3)! x (n — 3)! matrices P,, M,, are degree w polynomials in
o's;j with rational coefficients. The precise forms of these matrices can be found in [44].
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To obtain the scalar amplitudes, we simply take Ayy in eq. (4.3) and set € - kj = 0,
€; - € = 1. Summing over all permutations of the external momenta, and taking the o/
expansion one finds

EType—I _ —%gf)D(ﬁ—}—a/?TrQ[64¢4]S—{—0/47'(‘4[88¢4]5—|—O/37T3[86¢6]s—|—al5ﬂ'5[810¢6]5—|—. o (4.6)

where we note at four point [0°¢?], is absent due to supersymmetry. The explicit polyno-
mials represented in [0"¢™]s are given as,

1 1
(019 = 5(32 +12+u?), [0%Y, = ﬂ(84 +tt 4+ ut). (4.7)
At six points, [09¢°]; is the term corresponding to that of DBI, while [08¢%]s has a vanishing
coeflicient in super string theory. At the order of ten derivatives we have,

1 1 1 1
10461, — I ) S X G p®) _ = 3
07¢'] 3%1 1 8641 2 51840 % 192 ¢
. 4.
115275 10806 (4.8)

where the polynomial basis are given by,

b§5) = 57235534 + Ps bgs) = 575553 + Ps
bgf) = 5723 + Ps 54(15) = 5345723 + Po
béS) = 5315723 + Ps bg)) = 575+ Ps (4.9)

Written the effective action in this explicit basis, it is straightforward to verify that the
scattering amplitudes (up to six points at order s°) satisfy the leading and sub-leading
single-soft translation soft theorems, as well as double soft theorems up to order 72. The
proposed O(73) soft theorem in [24] is found not to hold as expected since it cannot be
derived from current algebra. As the case of the UV divergence at D = 4, this is due to
the presence of the four-point amplitude of order s*.

4.2 Bosonic string

The derivation of bosonic string result is more involved, and we consider the standard
representation of the bosonic string integrand. Taking €; - k; = 0, ¢€; - €; = 1 for the bosonic
string one obtains the integrand of the form:

n
1
N — 2 2 i
Ip(a): / d Z2...d Zn—2 H|Zil|sl W+Pn 5 (410)
i<l F12734° " Fn—1n
0<z2y, gzng...gzp(n_2>§1

The above “multi trace” integrals can be systematically reduced to “single traced” ones
via integration by parts (IBP) identities. The relevant identities are listed in appendix C.
Thus the resulting “scalar” piece of the amplitude is given in the form:

Z cp(8i,5)Z(1p2pspapspe) , (4.11)
PESs
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where one sums over all 5! permutations of (2,3,4,5,6) labeled by p, and

.| Sat
Z(123456) = /(Hd2 ) [Ticy = (4.12)

212223%234245%56 261

The single trace disk integrand satisfy KK- and BCJ-relations, and thus one can further
reduce the representation to that involving only six distinct single trace integrand which
can now be cast in terms of the F,7 (o) of superstring. More precisely, we have [45]

F720304 1 1 1 1 1
Z(602030451) = — + + + +
516 So304503045 So45503045 So9035045 So4035156 So9035156

F0204U3 1 1 F0—30'20'4 1 1
+ )+ +
51650304 \ So3045  S156 51650003 \ So45 5156

030402 040203 FU40302( 1 N 1 >

(4.13)

516503045156  S16S02035156 5165156 Soo03 So403

where 090304 corresponds to the different permutations of (234), and the functions F7293%4
are defined with canonical ordering 0 < 2o < z3 < 24 < 1.

Plugging in the explicit o/ expansion denoted in eq. (4.5), we find the following effective
action for bosonic open string:

£Bosonic — —%(ﬁm(ﬁ-f- 7T2 /2[a4¢4] + 772a’3[86¢4]b + 7T4a/4[88¢4]b + 7T3a/3[86¢6]b
+3a (03¢0, + /5[0 ¢5), + . .. (4.14)

we note the appearance of non-maximal transcendental terms. Here the four-point vertices
take following explicit expressions,

0161, = SR+ R ), [0 = (04 £+ ),

2
%64, = —(s* +t1 +u?). (4.15)

24(

Now the eight-derive term is given by

8 .6 _7() 1w 1 .@ 3.9
070 = 5gsh T b qgsts T gpba (4.16)

with following polynomial basis,

b§4) = s}y + Ps, 5(4) = 519553 + Pé
bgl) = 5193 + Pé , b514) = 57o35%4 + P - (4.17)

The ten-derivative term takes the following form,

1 13 1 1
10 (61 _ 910 46 4 1+ (5) () (5) (5) () (5)

where the polynomial basis bz@ are defined in eq. (4.9), and the term [019¢%]; is identical to
that in the superstring. We note ten-derivative term 9'°¢% in bosonic string contains lower-
transcendental terms. Again we have verified the scattering amplitudes from this effective
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action satisfy the single and double-soft theorem up to O(72). Interestingly, comparing to
DBI, the o/-expansion of the bosonic string not only generates a four-point vertex with
eight derivatives (it is the same as the superstring, and that would violate the double-soft
theorems of order O(73)), but also a six-derivative one. A simple power counting shows
that a six-derivative four-point vertex could potentially change the double-soft theorems
of tree-level DBI even at the order O(72). However as we argued in the previous section 2,
the double-soft theorem at this order is derivable from symmetry principle and should
be protected from UV divergence as well as o’ corrections, and our explicit computation
shows that is indeed the case. Thus the double-soft theorems up to O(7?) is solely due
to enhanced broken symmetries and protected from any possible modification due to new

higher dimension operators.

5 Conclusion and outlook

In this paper, we study sub-leading soft theorems that arise from the enhanced broken
symmetries. This occurs for space-time symmetries, where some generators of the broken
symmetries are derivatively related. This then implies that the multiple broken symmetries
lead to the same Goldstone mode, and in the soft momenta expansion, the presence of
universal behaviour at sub-leading order and beyond. We have applied the analysis to
spontaneously broken conformal and translational symmetry, deriving double-soft theorems
at leading and sub-leading level. This allows us to identify the O(7) and O(7?) double-soft
theorems given in [24](for DBI), can be attributed to symmetry arguments alone, while
the order-O(73) soft-theorem requires particular quartic interactions.

Naively one would expect that the use of currents (jx, jx) of conformal boost should
lead to a sub-sub-leading double soft theorem of dilatons. However, that cannot be the
case.'® One can also see this by studying the amplitude of six dilatons at the order of s3.
This amplitude is completely fixed by the dilaton single soft theorem, and the result can
be expressed in terms of lower-point amplitudes, namely four-point order-s? and five-point
order-s3 amplitudes. If a sub-sub-leading double soft theorem exists, it would mean that
in the double-soft limit, at this order the six-point amplitude should be proportional to
the four-point order-s?> amplitude, but from explicit computation we found that is not the
case. Thus there cannot be such a universal double-soft theorem.

These soft theorems are expected to be exact, and we give explicit tests against UV
divergences of effective field theories whose tree-level (classical action) amplitudes have the
right soft behaviours. In particular we have computed and tested

e The one-loop UV divergences for DBI action at four- and six-points in D = 4,6, 8:
for single-soft theorems up to O(7), and double-soft theorems up to O(72)

e The one-loop UV divergences for conformal DBI action at four-, five- and six-points
in D = 4,6, for single-soft theorems up to O(7), and double-soft theorems up to
o(r?).

13 A universal factorized sub-sub-leading double soft theorem of dilatons may not exist has also suggested
in [30].
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e The one-loop UV divergence for A-V model at four- and six-points in D = 4 for
double-soft theorems at O(79),

where all soft-theorems are satisfied. This lends support to the statement that soft-
theorems derived from current algebras, which are equivalent to non-linear symmetries,
are exact even for the regulated theory. We also consider the S-matrix of open string effec-
tive field theory, for which the translation symmetry breaking induced double-soft theorems
are also shown to hold up to O(72). More over, operators that are power counting capa-
ble of modifying the O(72) soft-theorem are present for the bosonic string, thus the fact
that it is still preserved reflects the non-triviality of such symmetry based soft-theorems.
It is quite remarkable how weakly coupled string amplitudes know about the presence of
D-branes in such non-trivial fashion.

Note that the soft-theorems for the D-brane effective field theory changes depending
on the isometries of the back ground, as demonstrated for flat space and AdS. It would be
interesting to consider other non-trivial backgrounds, to derive the associated soft-theorems
and in turn constrain its effective action. These can be useful in consider the effective action
for more complicated Coloumb branches. It has been shown that soft theorems in itself for
NLSM and DBI are sufficient to enforce unitarity [11-13], and it would be nice to show that
this continues to be true for conformal DBI or any other new backgrounds. It was under-
stood recently that the soft theorems of NLSM and DBI are inherent from Weinberg’s soft
theorems of YM and gravity due to unifying relations among these theories at tree level [46],
it would be of interest to study the implications of our results on the unifying relations.
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A Broken supersymmetry

Using current algebra, we may also get double soft theorems for Goldstino of broken su-
persymmetry. Consider the correlator of 2n + 2 currents, by the Ward identity,

n

oy O e O
iqy ipr 2 m ()% criCn jTnt1 e jTon
182 [ aye s [ dner STt (@i, 005, ()3, (@)iG ()5 (22,)

+1

i 9 i 2 el e -On e
:LSZ/dye qyaiy,, le » <]Pa5(y)]Qlﬂq (z1)--3g" (xn)JQﬁzl (xn+1)"'jQ:zn (z2n))

MNote that once a fermionic generator, say @, pass through a fermionic current, there would be an extra
—1.
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+Zezpa:n+z _ n+z ]Qﬁ( )jg)lWl (zl)]&m (Sﬂn)jg:“l (:En-s-l)"‘j;"f’i (“’"H)J&Zn (x2n))

n41 Vi

- (p+a)
=LSZ(—iq, / dye™"T 0 (gp  )iq., (@1)ig, (@n)ig) " (@ni1)5g2 (2n))
+ Z ei(WnJriJrq%)(_)nHJrj*l

ij=1

(g, (xl)mj;i-/a
J

(25)3, (@n)ig." (@nsa)=dPll) (@ngs) 3G (wan) (A1)

On the other hand, by exchanging the first two currents and the order of integration in the
Lh.s., we get

2 0 ipx 0 . 3% -01 2Oy On+1 cOon
LSZ/ dye qyayV/ dee' o, (@14, Wig), (¥1)--4g. (#a)ig)" (@n+1)-igr (@2))
7; a 8 v . .01 Op n+1 SO 2n
=187 [ deer o [y oty i, (@5, ()G, (000G (@nn)i5) (o20)

—LS2(ip,) [ dec PO (@), (o), @n)ig (@) i (@)

_ Z et (PTrtitaz;) (_)n+i+j* 1

ij=1

XU )7 )0 @n)iG T (e G5 () (o) (A2)

Summing eq. (A.1) and eq. (A.2) and dividing them by 2, we have
i (9 i 8 . 37 01 Xea On+41 -0 2
LSZ [ dye o [ doet Sl (@), 005, ()35, (@i, ain)i5, (020)
—LSZi(p_q)“ dre i(p+q)z .0 Op+1 .. ;02 A3
= 9 €re (P ( )JQWI( 1) Jq,, (xn)JQ%H (Tn41) 1G,,. (z20)). (A.3)

Then we proceed by performing the LSZ reduction on the both sides, which gives

M(v(p)o(q)v(kr) -+ v(kn)0(Kny1) - 0(k2n))l g0 (A.4)
o~ ki (p—q) - - _
= ; m@@)!kilv(q»M(v(’ﬁ) w0(kn)0(kng1) - 0(kan)) + O, p - 4,4%),
where we have used that (U(ki)\j]‘iaﬁ, (p)|[o(ki +p)) =k, aﬁki‘ + O(p).

B Broken supercomformal symmetry

For double soft theorem of Goldstino of broken superconformal symmetry, we can instead
consider:

0 . - o On oo
LSZ/dye By /d:ze <J5a( )Jgg(y)]sil (xl)"']sw(xn)Jgﬁ:jl (ajn-i-l)"']gj2 (72n))

-
_ 1qy ipy /v o L i0n On41 .. s02n
=LSZ / dyes o [6 Uk, ;W)ds,, (@1) g (@n)igi " (@n41)+dg)" (2n)
n
IPTy4i (_ \N+L) U -0 L..i0n Op41 L aOn+i N...i02n
JFZ;Q (=) (]55 (y)]sﬂlﬂ (1) Js,, (xn)Jg%H (Tn+1) ]Kaﬂ.{nﬂ_ (Tn+i) Jgfmn (z2n))
1=
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=LSZ(—ig,) / dye" POV (9)ig (o V)a g, @n)ig ! (@) 3g (wen))
n
+ Z ez’(pxn+i+qz]~)(_)n+i+jfl
ij—1
x(jg, (x1) "'j}?‘w(%)“‘jgﬁn (@n)ig"! @) Ji5 | (@nei) GG (22n)) (B.1)

XVn+i S 2n

Exchange the first two currents and the order of integration in the L.h.s., and then average
them like the previous discussion, we have

0 N
ay _—_ wr__~_ (K v o1 . qOn T+l ... j92n
LSZ / dye oy / dre'™ = {75, (2)is, W)is,, (@1) sz(wn)JS%H(rvnH) g2 (x20))

2n
:LSZ Z(p;q),u /dxez(p-i-q)x(jél(

o1 e jOn o1 .. jTn
@I @0 @n)iE @) (o)) (B2)

n

Finally apply the LSZ reduction on the both sides, we obtain

M(v(p)ﬁ(q)v(kl) o 'v(kn)'f)(kn-i-l) T T)(an))‘p,q—m (B3)
2n
=3 D I8 (8o 505) + O -0, )

where we have used that (v(k;)|j% ﬁ(p)|z7(k:i +p)) = Kaﬁk:f + O(p), and K; stands for the

conformal boost operator acting on the i-th particle.

C 1IBP relations for string amplitudes

Here we list the relevant IBP relations to reduce the six-point disk integral Z(12|34|56),

where
Hdzzz> 7N (C.1)

Z(12|34/56) =
e 212234256
0<z2<23<25<1

and KN = []7_, |z4|*", to linear combinations of “single trace” integrals Z(123456).'> For
example, consider Z(23]1456) where

KN KN 1
23|1465) Az | ——— / d?z | ——0,,—.
(23 /(H z) Z§3214Z46265Z51 (H 214246265751 223

(C.2)

Integrating by parts while keeping in mind that zg has been set to oo, one finds:

KN 1 KN S S s s
_/ a@=/<”+2ﬂ-ﬂ+%>. (C.3)
214251 223 223214251 221 223 224 225

In the above we have surpressed terms involving zg, which can be restored simply by

ensuring one has the correct SL(2) weights at each point, i.e.

KN 1 KN S93 S24 525
— / _0 = + +
223246265 224736265 225246263

. ).

zo
214246265251 223 214751223

5From now on we will suppress the notation for integration regions, knowing that we always have
0< 2z <2z3< 2 <L
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This leads to the identity

Z(23|1465) = (s12(Z(145632) + Z(154632)) — s94Z(142365) — s232(146325)) /(1 — s23) .
(C.5)

Similarly one has:

Z(123‘456) = (834Z(621345) - 835Z(621354) + 8152(154623) - 8142(145623)) /(1 - 8123) .

(C.6)
Finally, repeated use of IBP relations lead to
Z(23[14]56) = s257(14|2365) + L o2 : <524(A — Z(214]536)) — s342(56]1432)
14 —
+345Z(321456)) t1o 4] (C.7)
1 — 503
where
A= —— (5162(614235) — 51 Z(356412) + 5352 (563(142)) (C.8)
56 —

Applying the result in eq. (C.5) and eq. (C.6), one recovers a result that is expressed in
terms of single trace integrands.
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