ANNALES
POLONICI MATHEMATICI
XLI (1923)

On the existence of an invariant measure for the dynamical
system generated by partial differential equation
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Abstract. In this paper I have shown the existence of a measure invariant with respect to
the dynamical systems induced by a differential equation fu/ét = Au—xcu/@x. This measure is
probabilistic, ergodic and positive on open non-empty sets.

0. Introduction. In the classical papers of Hopf [4], Prodi [7] and Foiag
{3] it was shown that the phenomenon of turbulence can be explained by the
existence of an ergodic invariant measure in the state space of the motion.
There are also known certain results on the existence of measures invariant
with respect to dynamical systems generated by some partial differential
equations [2], [5]. These measures, however, are in general concentrated on
small sets and therefore they cannot adequately explain the developed
turbulence. The purpose of the present paper is to show that by use of the
Avez method [1], [6] it is possible to construct an ergodic invariant measure
for a first order partial differential equation, which is positive on open non-
empty sets.

I. Invariant measure for a dynamical system generated by a partial
differential equation. In this section we denote by X the space of functions
x: [0, 1] — R satisfying the Lipschitz condition and such that x(0) = 0. X
will be considered with the topology generated by the basic open sets
U(e; Xg; &) = {veX| IceR: |v(x)~vo(x)—c| < & for x = x,}.

DerINITION. The family of mappings T;: X — X, teR,, is called a semi-
dynamical system iff T,., = T,*T, for all t,seR, and ({t, x)—> Tx):
R, x X = X is continuous.

DerFINITION. A semi-dynamical system is surjective ifl T, is surjective for
all reR,.

Consider the differential equation

ou du
ot ox

(1)

in the domain
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(2) t=20 0<<x<1,
with boundary conditions

u(r, 0) = 0, t >
u©, x) =v(x), 0<x<1,

3)

where ve X is a given function.
Let a semi-dynamical system

4 T: X-X
be given by the formula
(3) (Tre)(x) = ulr, x),

where u is the solution of (1), (3).

THEOREM. If A > |, then there exists a measure pu on X satisfying the
following conditions:

() p is probabilistic,

(i) u is T-invariant,

(iii) #(E) > O for each open non-empty set E,

(iv) p is ergodic,

(V) u(Eq) = O, where Eq is the set of periodic points.

I1. Auxiliary lemmas.

LemMA 1. Let [p,} be a sequence of non-negative numbers, such that p,
=0 and ) p; = 1. Then the function g:-[0, 1] [0, 1] defined by the

i=1

Jormula

o(x) = py ' (x— l; p) Jor xe( Y, pi, ). pi,

© 0(0) = 0,

is ergodic.

Proof. It is obvious that the Lebesgue measure m is invariant with
respect to g. Let

i-1 i
L =( Z Pis ). PJ]’ I, = {0}.
j=1  j=1

Certainly I = [0, 1] = U Iy and IinI; = @ for i # j. From (6) we obtain
i=1
foralli=0,1,2,...

(7 mlo~ (AN 1] = pm(A).
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Let A be an invariant Borel set, that is, 4 = g~ !(A). We have
(8) m(Anl) = m(A)m(1)).

Define by induction I, ; .. = I, ne”'(l ;) By induction it is easy to
prove that

%) mAnL, ) =mAm(; ).
Therefore we obtain

(10) m(AnJ) = m(Aym(J) for each set J of the form J = I,

Since these sets generate the o-algebra of Borel sets, we have all Borel sets B

(11) m(An B) = m(4)m(B).
In particular, setting B = A" = X\ A4, we get
(12) m(Aym(4") = m(An A) = m(Q) = 0,

which finishes the proof.

LEMMA 2. Let a continuous surjective semi-dynamical system T, be given
on a a-compact metrizable space X and let p be a probabilistic Borel measure
on X, such that

(13) u(Ty ' (E)) = p(E) for E c X, E Borel,;

then the function f(t) = u(T,”'(E)) is measurable on [0, 1] for every Borel
set E.

Proof. Since the family of all E for which f is measurable is a g-algebra,
it is sufficient to prove that f(r) is measurable in the case of a closed set E.
Write F = T;”!(E). Then

L'(E) = {u: TueE) = {T,_,v: TyveE}) = T,_,(F),

because T; is surjective.
Since X is o-compact and F is closed, there exists an increasing

X
sequence of compact sets {F,}, such that F = {J F,. Thus we can assume
n=1

that F is compact.
Further, denote:

H = Tl—ro(F)a H, = Tl-lg+r(F) = T,(H),
‘ll(H) = f(ro): #(H,) = f(fo"f)-

Evidently, H and H, are compact as the images of compact sets by a

(14)

continuous function. Now, let ve (} |J H,. Then there exists v, H such
>0 0<s<t .

that T,,v, = v, s(r) < (. Since H is compact, there exists a sequence {r,}
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such that ¢, — 0, s(t,)— 0 and v, is convergent to we H. It results from the
continuity of the system that T,,,v, = Tow = w; on the other hand, 7, ,v,

= v, and so v = weH. Thus

(15) N U H cH
t>0 0<s<¢

and

(16) TgEof(ro—r) < £ (to).

Hence f is leftsidedly lower semi-continuous, and this guarantees
measurability.

LemMMA 3. For a fixed natural number nq, the set of polynomials with
rational coefficients, of degree different from ny, and with the coefficient at the
greatest power equal to 1, is dense in C[0, 1].

Prool. Let feC[0, 1] and let ¢ > 0. There exists a polynomial P with

rational coefficients with deg P = k and sup [f(x)—P(x)] < le. Since the
xef0,1]
sequence a,(x) = x"—x""! is uniformly convergent to 0, there exists n > k

such that n # ny and sup [x"—x""! < le.
xe[0,1]
We define R(x) = P(x)+x"—x""1. Evidently, R fulfils the conditions

stated in the assertion and sup |R(x)—f(x)] < &.
xe[0,1)}

I11. The proof of the theorem. It is easy to prove that the unique solution
of (1), (3) is given by the formula

(17) To(x) = u(t, x) = eMv(xe™)

and it is also easy to show that T;: X — X is a continuous semi-dynamical
system.

Now let {s,} be a sequence of polynomials with rational coefficients, of
degree different from 4 and such that the coefficients at the greatest power
are equal to 1. Moreover, the sequence may be chosen in such a way that

(18) Valadl < n; oyl < n; 0(0) = 0.
Since the topology of X is weaker than the topology of uniform convergence,

{s,) may be chosen so as to be dense in X. Now we define the functions
T: X—> X and S,: X - X by the formulae

(19) T= 7;;.2’
_ 2-10(2x), 0 € X \<- %’
(20) Sp0(x) = { 27 4p(1)+27%0,(2x—1), < x< 1.
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We have
(21) TS, = idy.

Let a sequence of natural numbers {k,! be given such that, for almost
every n, k, < n. We claim that in this case

(22) card ) S, ... 8, (X) = 1.
n=1
Write ‘
(23) @(x) = 270, (2"x—1)+s, for xe[27" 27"*!],
where
(24) 5 = Z 2"’-",3‘.(1).
n=i+1

The convergence of the series (24) results from

z‘ . p -
Y 1277, (V< | Y 2770, (+ ¥ 2™ < x,
n=1 n=1 a=p+1

where p is sufficiently large. To prove that ¢ [ulfils the Lipschitz condition it
is sufficient to check that for every n it satisfies the Lipschitz condition on

the interval [27" 27"*!] with a constant M independent on n. Thus let
x, ye[27", 27"*1]. We have

le(x) =) = 2|6y, (2"x~1) =0, (2"y—1)|

< sup g (02" |x—yl.
0sx<]

Since sup Joj (X)) < n and n/247 V" =0, then indeed there exists an M
0<x<!

independent of n such that [@(X)=@ () < M|x—)|.

The continuity of ¢ and the equality ¢(0) = O follow from the defi-
nition of ¢. Moreover, from the definition of ¢ it follows that if
feS,, ... §,(X), then

(25) f—o|[27", 1] = const.

Further, since (0,1] = U [27" 1], the equality
n=1

(26) f—ol(0, 1] = const
holds for fe () S, ... Sy, (X).
n=1

Now from the continuity of f, ¢ and from the condition f(0) = 0 it
follows that f = ¢. This completes the proof of the claim.
Suppose that we are given a sequence {p,} of rational numbers and a
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function g*: I — I satisfying the conditions of Lemma 1, and such that

(27) Y R, < x,
n=1
where
n—-1
Rn = 1— Z Di-
i=1

Denote by J the set of all irrational numbers in [0, 1] and let ¢ be the
restriction of g* to J.
Evidently,

(28) o: J—-J.
Define functions n: J - N and k,: J— N by the formulae

n—1

(29) n(x) = sup{n: Y p, < x}
k=1

and

(30) ko(x) = mg"(x), n=1,2,...

We are going to estimate the measure of the set P of all points x for
which k,(x) < n for infinitely many n, ie., of the set

-4
U {x: ky(x) > n}.
1 n=p

Y]

X
P= N [x:3nzp: k(x)>n} =
1

p= p

Then m(P) € lim i R, = 0. On the set F = J\ P of the full measure we
have k,(x) < r:}Srntjpsuﬂiciently large. For any xeF denote by ®x the only
function which belongs to (7] Sk, + -+ Skyn (X). This construction defines a
certain mapping "

(31) ¢: F- X.

Let now x,— x,. For v sufficiently large (dependent only on n) k,(x,)
= k,(x,) and

(32) (Px,— Pxp)|[27", 1] = const

which guarantees the convergence of ®x, to @x, in the topology of X, and,
by the same, the continuity of &.

Once we have settled this, we may define a Borel measure on X by the
formula

(33) A(E) = m(®™ ' (E)).
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In turn, we have

{Tox) = Qz Sty - Sy (X) = fjl Sky@x ++ Skyen (X) = (P (%)),
and .
(34) T = dp.

Hence

A(T™Y(E)

I

m(@~ (T~ (E))) = ((ch)"( ) = m((®a)™* (E))

= m(e" ' (&~ (E)) = m(®~*(E) = A(E).
Thus [ is a measure invariant with respect to T on X. As a simple corollary
from the Weierstrass approximation theorem it follows that &(F) is dense in
X. Therefore if E is an open non-empty set, then @~ !(E) has the same

properties and consequently H(E) > 0.
Let now T~ Y(E) = E. We have

" (P H(E) = (o) M (E) = (TP)"*(E) = ¢~} (T 1(E)) = &~ ! (E),

whence, by Lemma 1, m(®~"(E)) = 0 or 1, ie. A(E)a(E) = 0.
Finally, let dx be an eventually periodic point for the system 7;, i.e., one
for which there exist numbers ¢ and s > 0 such that for all ke N

T4, Bx = T, Px.
Then
(3%) Mt sp(ye ) = eMo(ye).
In other words, there exist r, g such that
eHtis )4 Oy n(2ye”' = 1) = e 277 0, (2 ye™'—1)+const
on an interval of positive length. Therefore
(36) 2 Mg, y(21ze7°~1) = 27¥ g, (2" 2~ 1) +const.

Both sides of equality (36) are polynomials which are equal on an interval.
Thus from the identity principle for polynomials they must be equal every-
where and in particular they must have the same degree p..Using the same
argument 0y and 0, (5, We conclude that these also have degree p. Since
p # /4 and the coefficients of Ok (x and Op o At the p-th power are equal to 1,
we have

(37) eS2 AP TR — QT YPY
which means (hat
A~ Pse-Ag — o= Ar
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Since p # 4, we finally obtain
(38) s = In2(r—gq).

Therefore the period s of the point 7, @x is a multiple of In2. Consequently
there exists an integer d such that

(39) Knta(X) = ky(x).

But there exist at most countably many sequences satisfying (39) and
consequently

(40) A(Eq) =

where Ej is the set of all eventually periodic points.
Let now E be any Borel set in X. Define:

1 n2
(41) = i3 { B(T Y(E)dt;
o

u is a probabilistic measure, because

In2

1
(42) p(X) = 0 g ldr = 1.

Let E be an open non-empty set. For any r > 0 the set 7,7 !(E) is also open
and non-empty. Thus (7" '(E)) > 0 and consequently u(E) > O.

This proves that u satnsﬁes (ii1).

Let E be an invariant set, i.e. such that 7,"'(E) = E for all t > 0. Then,
in particular, T,'(E) = E, and in consequencc E(E) = 0 or 1. But since
T '(E) = E we sce that also a(T,”'(E)) = A(E) which implies (iv).

Finally, let ¢€E,. Then for any r > 0 and  satisfying Ty = ¢ the
point { is eventually periodic, that is 7,"'(E,) = Eg, which in turn implies
(v).

It remains to prove (ii). Let 0 < s < In2. We have

1 In2 1 in2
u(THE) = i3 £ B(T7H(E)d = — j' E(T, ' (E))du+
l In2+s
+——2 1_[2 ﬁ(Tl‘l—an(E))du
1 2 .
=13 £ T.” ' (E))du = u(E).

Let now s = s'+kIn2; we have

#(THE) = u(T™*T7H(E)) = u(E).
Thus u is the desired measure which satisfies (i)(v).
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In conclusion, I wish to thank my professor A. Lasota for the help in
solving the problem.
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