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ON THE EXISTENCE OF INVARIANT MEASURES FOR
PIECEVWISE MONOTONIC TRANSFORMATIONS(1)

BY
A. LASOTA AND JAMES A. YORKE

ABSTRACT. A class of piecewise continuous, piecewise C 1 transforma-
tions on the interval [0,1] is shown to have absolutely continuous invariant
measures.

1. Introduction. The purpose of this note is to prove the existence of abso-
lutely continuous invariant measures for a class of point-transformations of the
unit interval [0, 1] into itself. Our main result is Theorem 1 which generalizes
some previous results of A. Rényi [5], A. 0. Gel'fond [2], W. Parry [4] and A.
Lasota [3]. It gives, also, a positive answer to a conjecture of S. Ulam [7, p. 741
Theorem 1 is stated for a piecewise monotonic function with a finite number of
discontinuities but it can be easily extended to some piecewise monotonic func-
tions with infinite number of discontinuities.

Our method is different from the methods of the above mentioned authors.
Firstly we explore the fact that the Frobenius-Perron operator corresponding to
the point-transformation under consideration has the property of sometimes shrink-
ing the variation of the function. Secondly to prove the existence of invariant
measures we use the abstract ergodic theorem which enables us to make our
proofs constructive. The advantage of this method is that we do not require that
our mappings be local homeomorphisms nor that they generate an exact endomor-
phism in the sense of Rohlin [6], a property that has been the typical requirement
for previous work. $4 describes some extensions, including an extension to
higher dimensions.

2. Existence theorem. Denote by (L,, || |) the space of all integrable
functions defined on the interval [0, 1]. Lebesgue measure on [0, 1] will be
denoted by m. Let 7: [0, 1] — [0, 1] be a measurable nonsingular transformation.
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482 A. LASOTA AND J. A. YORKE

“Nonsingularity’’ means that m(r ~1(A)) = 0 whenever m(A) = 0 for a measurable
set A. Given 7 we define the Frobenius-Perron operator P,: L, — L, by the
formula

4

P.f(x) =
> fr"([o.x])

f(s)ds.

It is well known that the operator P, is linear and continuous and satisfies the
following conditions:

(a) P, is positive: f >0 = P,f > 0;

(b) P, preserves integrals

f; Pr/dm=f; fdm [e€Ly;

(c) P,n= P} (r* denotes the nth iterate of 7);

(d) P,f={ if and only if the measure dy = fdm is invariant under 7, that is
p& =1(A)) = p(A) for each measurable A.

A transformation 7: [0, 11 — R will be called piecewise C?, if there exists
a partition 0 = a,<a;<...< a, = 1 of the unit interval such that for each integer
i (i=1,..., p) the restriction 7, of 7 to the open interval (a;_,, a;) is a c?
function which can be extended to the closed interval [ai_ 1»8;]asacC 2 function.
7 need not be continuous at the points a_.

Theorem 1. Let 7: [0, 1] — [0, 1] be a piecewise C? function such that
inf|r'| > 1. Then forany f € L, the sequence

-1
1" k
- P

is convergent in norm to a function f* € L,. The limit function has the following
properties:

(D) f20=/*>0.

) [ii*dm= [ifdm.

(3) P.f*= f* and consequently the measure dp*= f*dm is invariant under 1.

(4) The function f* is of bounded variation; moreover, there exists a con-
stant ¢ independent of the choice of initial { such that the variation of the limit-
ing f* satisfies the inequality(2)

\l/ f*<elfl.
0

(2) Here and in what follows the symbol VZ[ as well as V[ 2 b]f denote the varition
of f over the closed interval [a, B).
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We point out in Theorem 3 that it is sufficient to assume just that some
iterate of 7 satisfy the derivative condition.

Proof. Write s = inf|r'| and choose a number N such that sN > 2, It is
easy to see that the function ¢ = N is piecewise C2. Denote by boseces b

q
the corresponding partition for ¢. Writing ¢, for the corresponding C? functions
we have
®) gl 2N, xelb,_pb)i=1,000,0q

Computing the Frobenius-Perron operator for ¢» we obtain
q
©6) Pyf(x) = > @ ,.(x))ai(x)xl.(x)
i=1
where ¥, =671, 0x) = |¢’(x)| and x; is the characteristic function of the
interval J; = qSl.([bi_ 1 bi]). From (5) it follows that
™ o <s™N,  xe],i=leng

By its very definition the operator Py is defined as a mapping from Ly into L,
but the formula (6) enables us to consider Py as a map from the space of func-
tions defined on [0, 1] into itself.

Let { be a given function of bounded variation over [0, 11. From (6) and
(7) it follows that

1 q
® V Pys 3 Voo rs™ T (e, )l + 176D
0 i=1

i=1 "i
In order to evaluate the first sum we write

V (fovr)o,= [, 1d(f o9 o)l
J; i

< f,i \f o 101 dm + f,ia,.ld(fo'ﬁ,-)!

<k |, i If ot Jo,dm + s~V fh |/ o9

where K = max|o}|/min(s,). Changing the variables we obtain

b. b.
i -N i
) )/(fol/ri)aisl( o fldnss f:,. 1 |4fl-
i i=-1 i=
In order to evaluate the second term in (8) we write
b,
(10 e, N +1fGJ< V f+2d,
b.
i=1
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where d, = inf{|f(x)|: x €[6,_y, b,]}. On the other hand we have an obvious
inequality

b,
an <! b, Nm

where b = mini(b i bi-l)‘ From (10), (11) it follows that
q 1

(12) Zi 7@ _ DI+ 11BNV f+26711].
i= 0

Applying (12) and (9) to (8) we obtain /3Py f < alf]| + BV where o= (K+25~1)
and B=2s"N<1.
Now, for the same function f, let us write [ &= #f. Since Pf = Py we have

1 1 1
\o/ Inp Selfyg-nll + B \o/ Ing-n Selfl+B \0/ INGe=1)

and consequently

1
(13) limsup V fy, <all - B)=1|7].
k== 0
The last inequality and the condition ||f,|| < ||f|| (which follows from (a) and (b))
prove that the set C ={fy. 1P is relatively compact in L;. Since {f ) o C
Uf;ol PXC, the whole sequence {/i}i=0 is relatively compact, too. By Mazur’s
theorem the same is true for the sequence

1 n-1 X
14) - 2 Py

k=0

The set of functions of bounded variation is dense in L;. We have proved that for
any such function f the sequence (14) is relatively compact. Therefore, we are
in a position to use the Kakutani-Yosida Theorem (see [1, VIIL5.3]) which says
that for any f € L, the sequence (14) converges strongly to a function f* which
is invariant under P,. From (a) and (b) it follows that f* satisfies (1) and (2).
Therefore it remains only to prove (4). Since the operator P, is given by a
formula analogous to (6) it is easy to derive the inequality \/(l., Pf<c, V(l)/ +

¢, |||l with some constants ¢, and c,. This and (13) imply the inequality

1
linll: sup V Pf/ﬁ cllfl
. —s00 o

(with a positive constant c) which is valid for any f with bounded variation. Con-
sequently for any such f we have also
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1 1 n=1
limsup V | - Z P:‘/) <t

k=0 \" ko
Writing Q = lim_(1/n) 325 P* and using Helly’s theorem we have V}0f <
c|if|l, for f of bounded variation. The operator Q is linear and contractive. We
may therefore apply Helly’s theorem once more to extend this inequality for the
closure of the set of functions of bounded variation, that is to all of L,. This
finishes the proof.

3. A counterexample. Now we shall show that our assumption inf |r’| > 1 is
essential. Consider the transformation
x/(1 -x) for 0<x<Y,

Ax) =

2%~ 1 for 4 <x<1
for which the assumption |y’(x)| > 1 is violated only at x = 0. We are going to
prove that for any f € L! the sequence P',;, f converges in measure to zero.
Therefore the equation P, f = has only the trivial solution and there is no abso-
lutely continuous nontrivial measure invariant under y.

The proof will be given in a few steps. First we prove that for f; =1 the
sequence g (x) = f, (x), where f, = P%[,, converges to a constant cy. Then
using the condition ||f, || =1 we derive easily that c( = 0, and consequently
f, = 0. Finally by an approximation argument we may extend this result to an
arbitrary sequence PIf with f € L,.

The Frobenius-Perron operator P., may be written in the form

P, f0x) = 21—1-57/ (I%) ' %/G + ;)

Thus for g, we have the following recursive formula:

1 x x 1 x
1 = =+ = = Xo
(15) g, 1+xgn(l+x)+l+xgn(2+2)’ gox) ==

By an induction argument it is easy to check that g; >0 for each n. Therefore

all the functions g_ are positive and increasing. According to (15) we have
8,11 =%g, (8 + Yg (D < g, (1)

This proves the existence of a limit lim g n(l) df €o. Write 25 =1 and Zp4 =
z,/(1 + z,). According to (15) we obtain

G)e—l g (2. ) ek 1 %
8412 -1+zkgn k+l +-i—+_'z-;gn, §+'2- :

Fix k and suppose that lim g (x) = C, for z, < x <1.(This is certainly true for
k=0.) Since z, <!+ %z, we obtain at the limit as 7 — o
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%k
Cy= Vs, l:.m gn(qu»l) i s Cy

Thus lim g (z,,,) = C;. Since g, are increasing, this proves that lim g (x)

= C, uniformly for all x € [z,,,, 1]. Therefore by an induction argument it fol-
lows that lim g (x) = C, in any interval [z,, 1] and consequently, since lim,z2,
=0, we have lim g (%) = C, for all 0 <x<1. Hence, limf,(x)=c,/x. We
claim that c = 0. If not there would exist € >0 such that [}cy/xdx >1 and

.. N 1 o
lim fe fWDds= [ —de>1
which is impossible since ||f || = 1 for each n. It can be easily proved by induc-
tion that each of the functions In is decreasing. Thus the convergence of fn to
zero is uniform on any interval [e, 1] with ¢ > 0.
Now let f be an arbitrary function. We may write {=/* —/~ where f*=
max(0, /) and f~ = max(0, ~ f). Given ¢> 0 consider a constant r such that

_[; = =Dtams f) (- dm <.

We have
f P2 | dm = _[ P;dm+f P2
<2 [l Prrans ! Pt~ Adm+ 1 P - Pam

<2r J: Plldm + e

Since P’;,l converges on [¢, 1] uniformly to zero we have
hmJ’ 139 fldam =0 for €>0
which proves that the sequence P% f converges in measure to zero.

4. Final remarks. Now we want to discuss some extensions of our method to
other transformations. First of all we may prove an analogue of Theorem 1 for
piecewise C2 transformations with a countable number of pieces.

Let 7: A, — [0, 1] be a countable sequence of C 2 functiong where A, is a
sequence of closed intervals such that 2 mA) =1, m([0, 1] - U A ) 0. The
function 7 defined by the condition

x) = ri(x), x € interior of A,

will be called countably piecewise C2, Note that the values of 7 on the set
[o, 1]\U,-int A, are arbitrary.
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Theorem 2. Let 7 be a countably piecewise C? function such that

(16) inf [f'(x)] > 2, sup|r(x)| < oo,
17) r{A) =10, 1] except for a finite number of intervals.

Then for each f € L, the sequence u/ 71)22;01 P;‘/ is convergent in norm to a func-
tion f* which satisfies conditions (1), (2), (3) and (4).

The proof of Theorem 2 is basically the same as the proof of Theorem 1.
Thus it can be omitted. Let us only note that the condition (17) is essential. In
fact it is easy to construct a countably piecewise linear function with the slope
7' >3 such that inf,_, _,_.7(x) - x is a positive number for each ¢ in (0, 1/2).
(The graph of 7 lies over the diagonal.) It can be proved by elementary calcula-
tion that for any such function 7 and f € L, P7{ — 0 in measure as n — oo,

A close look at the proof of Theorem 1 shows that we have used only the
fact that sup|(*N)’| > 2. Therefore, in fact, we have proved the following result.

Theorem 3. Let 7: [0, 11— [0, 1] be a piecewise C? function such that
inf|("%)'| > 1 for a positive integer no. Then for any [ € L, the sequence
(1/n) 2’;‘;}) P;‘f is convergent in norm to a function [* which satisfies conditions
(1), (2) and (3). If, in addition, inf|r’| > O then condition (4) is also satisfied.

Obsetve that in our counterexample the function y has the property that
(™' _y =0 for each n. This is because the point (0, (0)) lies on the diagonal.

Our techniques can be easily used to obtain new proofs of known results in
higher dimensions. See [8], [9], [10] for such results. In this case : M — M is
assumed C! on a compact manifold M and the variation of a C! function f is
defined as [y |grad f(m)|dm. Hence in this case we do not allow discontinuities
in 7, or more generally if f is C! on M\OM, we must make assumptions on 7
guaranteeing P(f) is C! on M\OM. The techniques in [8], [9], [10] are quite
different from the ‘‘bounded variation’’ approach of this paper.

The study of the functions 7 described arose while investigating the design
of more durable high speed oil well drilling bits. The invariant measure f(x)dx
describes the distribution of impacts on the surface of the bit. The durability and
efficiency of the tool depends strongly on f. The first author is part of a team
that has obtained patents in Poland for superior bits by slightly altering the bit
shape to one with a better impact distribution f.
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