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Abstract. We study the existence of positive solutions of the equation u" +

a{t)f{u) = 0 with linear boundary conditions. We show the existence of at

least one positive solution if / is either superlinear or sublinear by a simple

application of a Fixed Point Theorem in cones.

1. Introduction

In this paper we shall consider the second-order boundary value problem

(BVP)

(1.1) u" + a(t)f(u) = 0,        0<t<l;

au(0)-Bu'(0) = 0,

1 ' } yu(l) + 8u'(l) = 0.

The following conditions will be assumed throughout:

(A.1)   /eC([0,oc),[0,oo)),
(A.2)   a e C([0, 1], [0, oo)) and a(t) £ 0 on any subinterval of [0,1].

(A.3)   a, B, y, S > 0 and p := yB + ay + ad > 0.

The BVP (1.1), (1.2) arises in many different areas of applied mathematics
and physics; see [1-3, 6, 12, 13] for some references along this line. Additional

existence results may be found in [4, 7, 8, 10, 11]. Our purpose here is to

give an existence result for positive solutions to the BVP (1.1), (1.2), assuming

that / is either superlinear or sublinear. We do not require any monotonicity

assumptions on /. To be precise, we introduce the notation

/o := lim ——,        /oo := hm ——.
K—0     U u-*oo     U

Thus, fo = 0 and fx = oo correspond to the superlinear case, and fo = oo

and fix, = 0 correspond to the sublinear case. By a positive solution of (1.1),
(1.2) we understand a solution u(t) which is positive on 0 < t < 1 and satisfies
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the differential equation (1.1) for 0 < t < 1 and the boundary conditions (1.2).

By a change of variable, the existence of a positive solution of (1.1), (1.2) may
be shown to be equivalent to the existence of a positive radial solution of the

semilinear elliptic equation Aw + g(\x\)f(u) = 0 in the annulus Rx < \x\ < R2

subject to certain boundary conditions for \x\ = Rx and |x| = R2 . (Here |x|

denotes the Euclidean norm.) We refer to [11] for some additional details.

2. Existence results

The main result of this paper is

Theorem 1. Assume (A.1)-(A.3) hold. Then the BVP (1.1), (1.2) has at least one
positive solution in the case

(i)  f0 = 0 and /oo = oo (superlinear), or

(ii)   fo = oc and foo = 0 (sublinear).

It will be seen in the proof that Theorem 1 is also valid for the more general

equation

(1.1)* u" + f(t,u) = 0

with the same boundary conditions (1.2), provided we assume a certain unifor-
mity with respect to the t variable. We state this more general result as

Corollary 1. Assume f is continuous, f(t, u) > 0 for t e [0, I], and u > 0
with f(t, u) £ 0 on any subinterval of [0, 1] for u > 0; and let condition (A.3)
hold. Then the BVP (1.1)*, (1.2) has at least one positive solution in the case

(i)*   limu_0+ max,€[0,i] %^ = o and limu^oomin,e[0,i] &+^- = co, or

(ii)*   limu_0+ min,6[0, i] =%^ = oo and lim„_oo max,e[0,X] =%^ = 0.

The proof of Theorem 1 will be based on an application of the following Fixed

Point Theorem due to Krasnoselskii [9]. The proof of Corollary 1 follows from

the proof of Theorem 1 with obvious slight modifications which we shall omit.

Theorem 2 [4, 9]. Let E be a Banach space, and let K c E be a cone in E.

Assume Qx, Q2 are open subsets of E with 0 e Qi, Qi c Q2, and let

A: K n (Q2\Qi) -» K

be a completely continuous operator such that either

(i)   \\Au\\ < ||u||, u e K n dfti, and \\Au\\ > \\u\\, u e K Ddil2; or
(ii)   \\Au\\ > \\u\\, u e Kn0Q,, and \\Au\\ < \\u\\, ueKndCl2.

Then A has a fixed point in Kn(Q2\Clx).

We will apply the first and second parts of the above Fixed Point Theorem
to the superlinear and sublinear cases, respectively.

Proof of Theorem 1. Superlinear case. Suppose then that fo = 0 and fo0 = 00.

We wish to show the existence of a positive solution of (1.1), (1.2). Now (1.1),
(1.2) has a solution u = u(t) if and only if u solves the operator equation

u(t) = [ k(t, s)a(s)f(u(s)) ds := Au(t),       u e C[0, 1].
Jo
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Here k(t, s) denotes the Green's function for the BVP

(2.1) u" = 0;

au(0)-Bu'(0) = 0,

1 ' ' yu(l) + 6u'(l) = 0

and is explicitly given by

( ity + S - yt)(B + as),       0<s<t<l,
k(t, s) = {  ,

[ ±(B + at)(y + d - ys),       0<t<s<l.

We let K be the cone in C[0, 1] given by

(2.3) K = \ueC[0,l]:u(t)>0,     min   u(f) > JW||m||)

where ||w|| = sup[01] |w(r)| and

(2-4 M = min { -f.-- ,   —-— ).
\4(y + 6)'   4(a + B)j

We define

(2.5) <p(t):=(y + d-yt),     y/(t):=B + at,        0<t<l,

so that

,,      ,     \ lp<p(t)¥(s),       0<5<f < 1,
2.6 k(t,s) = {  ,

\lp<p(s)¥(t),       0<t<s<l.

Observe that k(t, s) < ±<p(s)y/(s) = k(s,s), 0 < t, s < 1, so that, if u e K,

then

(2.7) Au(t)= f k(t,s)a(s)f(u(s))ds< f k(s, s)a(s)f(u(s))ds
Jo Jo

and hence

(2.8) \\Au\\< I k(s,s)a(s)f(u(s))ds.
Jo

Furthermore, for \<t<\

f*!> s<t       f   7 + 4d s<t
k(t,s)      |   <p(s)'        S~1'       I  4(y + S)>        S~l>

k(s,s)      )   v(f)_ ~ )    g + 4B
U(s)' "   '        U(a + /?)'        l-S>

so
^il>M        l-<t<±
k(s,s)~     '        4"   -4

Hence, if u e K,

min    Au(t) =     min     /   k(t, s)a(s)f(u(s))ds
l/4</<3/4 l/4<r<3/4 J0

> M j k(s, s)a(s)f(u(s)) ds > M\\Au\\.
Jo
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Therefore, AK c K. Moreover, it is easy to see that A: K -* K is com-

pletely continuous.

Now, since fo = 0, we may choose Hx > 0 so that f(u) < nu, for 0 < u <

Hx, where n > 0 satisfies

(2.9) n f k(s,s)a(s)ds< 1.
Jo

Thus, if ueK and ||u|| = //,, then from (2.7) and (2.9)

(2.10) Au(t)< f k(s,s)a(s)f(u(s))<\\u\\,        0<t<l.
Jo

Now if we let

(2.11) Qi:={u€E:\\u\\<Hi}

then (2.10) shows that

(2.12) \\Au\\ < ||u||,      ueKndCli.

Further, since /oo = co , there exists H2> 0 such that f(u)> pu, u> H2,

where p > 0 is chosen so that

,3/4

(2.13) Mp /     kU,s)a(s)ds>l.
Jl/4

Let H2 := max{2//,, H2/M} and Ci2:={ueE: \\u\\ < //>} . Then u e K and
||m|| = H2 implies

min    u(t) > M\\u\\ > H2
l/4<K3/4 ii   ii -

and so

Au(\)=  /   k(\,s)a(s)f(u(s))ds>        k(±,s)a(s)f(u(s))ds
JO Jl/4

,3/4 ,3/4

> p /      A:(i, s)a(.s)w(s) a"5 > pM\\u\\ /     A:(i , s)a(s) ds > \\u\\.
J\/4 ~ Jl/4

Hence, ||^u|| > ||u|| for u e K D 9Q2 •
Therefore, by the first part of the Fixed Point Theorem, it follows that A

has a fixed point in K n Q2\^i such that Hx < \\u\\ < H2. Further, since
k(t,s) > 0, it follows that u(t) > 0 for 0 < t < 1. This completes the
superlinear part of the theorem.

Sublinear case. Suppose next that fo = oo and /» = 0. We first choose

Hx > 0 such that f(u) > fju for 0 < u < Hx, where

,3/4

(2.14) rjM        ka,s)a(s)ds>l
Jl/4

(M is as in the first part of the proof). Then for u e K and ||«|| = Hx we have

Au(\)=  j k(\,s)a(s)f(u(s))ds
Jo

,3/4 ,3/4

>/     k(\,s)a(s)f(u(s))ds>fl        k(\,s)a(s)u(s)ds
J\/4 Jl/4

,3/4

>fjM\\u\\        k(±,s)a(s)ds>\\u\\   [by (2.14)].
Jl/4
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Thus, we may let Qi :={ueE: \\u\\ < Hx} so that

\\Au\\ > \\u\\   foTueKndCix.

Now, since /» = 0, there exists H2 > 0 so that f(u) < ku for u > H2

where X > 0 satisfies

(2.15) X f k(s,s)a(s)ds< 1.
Jo

We consider two cases:

Case (i). Suppose / is bounded, say f(u) < N for all u e (0, oo). In this case

choose H2 := max{2//i, N /0' k(s, s)a(s) ds} so that for u e K with ||w|| = H2

we have

Au(t)= I k(t,s)a(s)f(u(s))ds<N j   k(s, s)a(s) ds < H2
Jo Jo

and therefore \\Au\\ < \\u\\.

Case (ii). If / is unbounded, then let H2 > ma\{2Hx, H2} and such that

f(u)<f(H2)   forO<u<H2.

(We are able to do this since / is unbounded.)
Then for u e K and jjw|| = H2 we have

Au(t)=  I k(t,s)a(s)f(u(s))ds< [ k(s,s)a(s)f(u(s))ds
Jo Jo

<  l k(s,s)a(s)f(H2)ds<XH2 f k(s, s)a(s)ds < H2 = \\u\\.
Jo Jo

Therefore, in either case we may put

fl2:={MeF:||w||<//2},

and for u e K n dQ2 we have ||^u|| < ||u||. By the second part of the Fixed
Point Theorem it follows that BVP (1.1), (1.2) has a positive solution, and this

completes the proof of the theorem.
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