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ON THE EXISTENCE OF SOME TYPES OF LP-SASAKIAN
MANIFOLDS

ABsos A. SHAIKH, KANAK K. BAISHYA, AND SABINA EYASMIN

ABSTRACT. The object of the present paper is to provide the existence
of LP-Sasakian manifolds with n-recurrent, n-parallel, ¢-recurrent, ¢-
parallel Ricci tensor with several non-trivial examples. Also generalized
Ricci recurrent LP-Sasakian manifolds are studied with the existence of
various examples.

1. Introduction

In 1989 K. Matsumoto ([4]) introduced the notion of LP-Sasakian manifolds.
Then I. Mihai and R. Rosca ([6]) introduced the same notion independently
and obtained many interesting results. LP-Sasakian manifolds are also studied
by U. C. De, K. Matsumoto and A. A. Shaikh ([2]), I. Mihai, U. C. De and A.
A. Shaikh ([5]), A. A. Shaikh and S. Biswas ([8]) and others.

Recently A. A. Shaikh and K. K. Baishya ([7]) introduced the notion of LP-
Sasakian manifolds with n-recurrent, ¢-parallel and ¢-recurrent Ricci tensor
which generalizes the notion of n-parallel Ricci tensor, introduced by M. Kon
([3]) for a Sasakian manifold.

In the present paper the existence of such notions on LP-Sasakian manifolds
are ensured by several non-trivial examples both in odd and even dimensions.
Section 2 is concerned with basic identities of LP-Sasakian manifolds. Since the
notion of Ricci n-recurrent is the generalization of Ricci n-parallelity, natural
question arises does there exist LP-Sasakian manifolds with n-recurrent but not
n-parallel Ricci tensor? The answer is affirmative as shown by several examples
in section 3. In section 4, we obtain various examples of LP-Sasakian manifolds
with (i) ¢-parallel Ricci tensor, (ii) ¢-recurrent but not ¢-parallel Ricci tensor,
(iil) ¢-parallel but not n-parallel Ricci tensor. In ([1]) De et. al introduced the
notion of generalized Ricci recurrent Riemannian manifolds. The last section
deals with generalized Ricci recurrent LP-Sasakian manifolds and proved that
such a manifold is Einstein and the associated 1-forms of the manifold are
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of opposite direction. Also the existence of generalized Ricci recurrent LP-
Sasakian manifold is ensured by several non-trivial examples constructed with
global vector fields.

2. LP-Sasakian manifolds

An n-dimensional differentiable manifold M is said to be an LP-Sasakian
manifold ([7], [6]) if it admits a (1, 1) tensor field ¢, a unit timelike contravariant
vector field &, a 1-form 7 and a Lorentzian metric g which satisfy

(2.1) n(€) =-1, g(X.§=n(X), &X=X+nX),
(2.2) 9(0X,0Y) = g(X,Y) +n(X)n(Y),  Vx&=¢X,
(2.3) (Vxo)(Y) = g(X,Y)§+n(Y)X + 2n(X)n(Y)S,

where V denotes the operator of covariant differentiation with respect to the
Lorentzian metric g. It can be easily seen that in an LP-Sasakian manifold,
the following relations hold :

(2.4) ¢ =0, n(@X)=0, rank¢=n—1
Again, if we put
Q(X,Y) = g(X,Y)
for any vector field X,Y then the tensor field Q(X,Y) is a symmetric (0, 2)

tensor field ([4]). Also, since the vector field 7 is closed in an LP-Sasakian
([2],[4]) manifold, we have

(2.5) (Vxn)(Y) =Q(X,Y), QX §)=0

for any vector field X and Y.
Let M be an n-dimensional LP-Sasakian manifold with structure (¢, &, 7, g).
Then the following relations hold ([7]) :

(2.6) R(X,Y)§ =n(Y)X —n(X)Y,
(2.7) S(X,€) = (n—1n(X),
(2.8) S(¢X,¢Y) = S(X,Y) + (n = 1)n(X)n(Y)

for any vector field X,Y, Z where R is the curvature tensor of the manifold.

3. LP-Sasakian manifolds with n-recurrent Ricci tensor

Definition 3.1 ([7]). The Ricci tensor S of an LP-Sasakian manifold is said
to be n-recurrent if it satisfies the following :

(3.1) (VxS5)(¢Y,9Z) = A(X)S(¢Y, ¢2)

for all X,Y,Z where A is a non-zero 1-form such that A(X) = g(X, p), p is the
associated vector field of the 1-form A.
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In particular, if the 1-form A vanishes then the Ricci tensor of the LP-
Sasakian manifold is said to be n-parallel and this notion was first introduced
by Kon ([3]) for Sasakian manifolds. Hence the notion of n-recurrent Ricci
tensor generalizes the notion of n-parallel Ricci tensor.

In ([7]), A. A. Shaikh and K. K. Baishya also studied various properties of
LP-Sasakian manifolds with »n-recurrent Ricci tensor. We first construct an
example of LP-Sasakian manifold with global vector fields whose Ricci tensor
is p-parallel.

Example 3.1. We consider a 4-dimensional manifold M = {(z,y, z,u) € R*},
where (x,v,2,u) are the standard coordinates of R*. Let {Ej, Eq, F3, E4} be
linearly independent global frame on M given by

0 0
1= 50 2 =€ oy’ 3=¢€
Let g be the Lorentzian metric defined by
9(Ev, B3) = g(Es, E3) = g(E1, Ey) = g(E», Eq) = g(E3, E4) = g(E1, Ea) = 0,

9(E1, Er) = g(Es, E) = g(E3,E3) =1, g(Es, Ey) = —1.

Let n be the 1-form defined by n(U) = g(U, E4) for any U € x(M). Let ¢ be the
(1, 1) tensor field defined by ¢E; = —Ey, ¢pEy = —Es, ¢F3 = —E5, ¢E4 = 0.
Then using the linearity of ¢ and g we have n(E,) = —1, ¢?U = U +n(U)E,4
and g(oU, pW) = g(U, W) +n(U)n(W) for any U, W € x(M). Thus for E, =&,
(¢,€,m, g) defines a Lorentzian paracontact structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric
g and R be the curvature tensor of g. Then we have

[Er, E4]l = —E4, [Es,E4))=—E,, [E3, Esy=—FEs.

Taking E4 = ¢ and using Koszul formula for the Lorentzian metric g, we can
easily calculate

VE1E4 - _E17 VE2E2 - _E47 VE3E4 = —E?”
vElEl = 7E45 VEQE‘ZJL = 7E2, VE3E3 = *E4.

From the above it can be easily seen that (¢, &, n, g) is an LP-Sasakian structure
on M. Consequently M*(¢,&,n,9) is an LP-Sasakian manifold. Using the
above relations, we can easily calculate the non-vanishing components of the
curvature tensor as follows :

R(Ey\,E3)E; = —E3, R(Ey\,E3)Es=FE;, R(E\,E4)FE =—Ey,
R(Ey\,E4)Ey = —Ey, R(Es, E3)E3 = E,, R(Ey, E3)Ey = —Es,
R(Ey,E4)Ey = —E,, R(Es,E4)E3s=—-E,;, R(Es, E4)E4=—Es3,
R(Ey,Eq)Ey = —Es, R(Ey,E2)Ea=FE;, R(E:1,E3)E1=—E
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and the components which can be obtained from these by the symmetry prop-
erties. From the above, we can easily calculate the non-vanishing components
of the Ricci tensor S as follows :

S(ElaEl) = la S(E27E2) = 1’ S(E37E3) = 1’ S(E47E4) = -3
Since {E1, Es, E3, B4} forms a basis, any vector field X,Y € x(M) can be

written as
X=aFE1+b0Es+c1Es+diEy
and
Y =aFE1 + by Ey + coF3 4+ doEy,
where a;, b;, c;,d; € RT (the set of all positive real numbers), i = 1, 2. This
implies that
¢X = —a1E1 —b1Ey — 1 E3
and
oY = —asE1 — by FEy — co F3.
Hence
S(¢X, Y ) = (a1az + brby + c1c2) # 0.

By virtue of the above we have the following :
(VE,S)(¢X,0Y)=0 for i=1, 2, 3, 4.
This leads to the following:

Theorem 3.1. There exists an LP-Sasakian manifold (M*, g) with n-parallel
Ricci tensor.

We now construct examples of LP-Sasakian manifolds with n-recurrent but
not n-parallel Ricci tensor.

Example 3.2. We consider a 3-dimensional manifold M = {(z,y, z) € R},
where (x,y, 2) are the standard coordinates of R3. Let {E;, F2, E3} be linearly
independent global frame on M given by

Bi=el Beew? g2
ox

where a is non-zero constant.

Let g be the Lorentzian metric defined by g(E1, E3) = g(E2, E5) = g(F1, E2)
=0, g(E1, E1) = g(Es, E2) =1, g(E3, E3) = —1. Let n be the 1-form defined
by n(U) = g(U, E3) for any U € x(M). Let ¢ be the (1, 1) tensor field defined by
oFy = —F1, Fy = —E5, ¢35 = 0. Then using the linearity of ¢ and g we have
n(Es) = —1, ¢*U = U +n(U)E3 and (U, oW ) = g(U, W) + n(U)n(W) for
any U W € x(M). Thus for E5 =&, (¢,£,n, g) defines a Lorentzian paracontact
structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric
g and R be the curvature tensor of g. Then we have

[E1, By = —ae*Es,  [E1, B3] = —E1, [Es, Es]=—E.
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Taking E3 = £ and using Koszul formula for the Lorentzian metric g, we can
easily calculate

Vg FEs=—E, Vg, E1=—E;3, Vi, Ey=0,
VE2E3 = —Eg, VE3E2 = 0, VE2E1 = aezEg,
VE3E3 = 0, VE2E2 = —anEl - .Eg7 VE3E1 =0.

From the above it can be easily seen that (¢,&, 7, g) is an LP-Sasakian structure
on M. Consequently M3(4,€&,n,g) is an LP-Sasakian manifold. Using the
above relations, we can easily calculate the non-vanishing components of the
curvature tensor R as follows :

R(Fy,E3)E3 = —Fy, R(Ey,E3)E3 = —E1, R(E1,Fy)Fy = (1—a%*)E],
R(Ey,E3)Ey = —E3, R(E1,E3)E; = —E3, R(Fy, Eo)E; = —(1—d*e*)E,

and the components which can be obtained from these by the symmetry prop-
erties. From the above, we can easily calculate the non-vanishing components
of the Ricci tensor S as follows :

S(El,El) = —(aez)2, S(E27E2) = —(aez)2, S(Eg,Eg) = 2.

Since {E1, FEs, E3} forms a basis, any vector field X, Y € x(M) can be
written as

X = a1E1 + blEQ + ClEg
and
Y = aoFy + boEs + ca B3,

where a;, b;,c; € RT (the set of all positive real numbers), i = 1, 2. This implies
that
X = —a1Ey — b1 By
and
QY = —asE1 — boEs.
Hence
S(¢X,9Y) = —(araz + bibo)(ae®)>.
By virtue of the above we have the following :
(Vg 5)(¢X,0Y) =0,
(VE,S) (90X, 0Y) = —(a1by + azb;)(ae?)?,
(VE,S) (90X, 0Y) = —2(araz + bibz)(ae*)?.

Let us now consider the 1-forms

A(Ey) =0,

o (albz + agbl) aez
A(EQ) - (a1a2 + blbg)( )’
A(E3) =2
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at any point p € M. In our M3, (3.1) reduces with these 1-forms to the
following equations :

This implies that the manifold under consideration is an LP-Sasakian manifold
with n-recurrent but not n-parallel Ricci tensor. This leads to the following :

Theorem 3.2. There exists an LP-Sasakian manifold (M3, g) with n-recurrent
but not n-parallel Ricci tensor.

Example 3.3. We consider a 4-dimensional manifold M = {(z,y, z,u) € R},
where (x,v,2z,u) are the standard coordinates of R*. Let {E1, Eo, F3, E4} be
linearly independent global frame on M given by

0
g 9 E=el, B2
oy’ or’ T By YT ou

Let ¢ be the Lorentzian metric defined by
9(Ev, E3) = g(E2, E3) = g(Ev, Ea) = g(E2, Ey) = g(E3, Ea) = g(Er, E2) =0,

Ey = ye 2 =ye

9(E1, E1) = g(Es, Ey) = g(E3, E3) =1, g(E4, Ey) = —1.

Let n be the 1-form defined by n(U) = g(U, E4) for any U € x(M). Let ¢ be the
(1, 1) tensor field defined by ¢E1 = —El, ¢E2 = —Eg, ¢E3 = —ES, ¢E4 =0.
Then using the linearity of ¢ and g we have n(E,) = —1, ¢?U = U +n(U)E,
and g(oU, oW) = g(U, W) +n(U)n(W) for any U, W € x(M). Thus for By = ¢,
(¢,€,m, g) defines a Lorentzian paracontact structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric
g and R be the curvature tensor of g. Then we have

[E1, Ex) = e “Ey, [E1,E4) =FE,, [EsEy)=E,, [E3, E4=FE;.

Taking E4 = ¢ and using Koszul formula for the Lorentzian metric g, we can
easily calculate

Vg By = Ey, Ve, Es=FEs+e “Ey, Ve, B =—e "Ey,
VE3E4 = E37 vElEl = E47 VE2E4 - E27 VE3E3 = E4.

From the above it can be easily seen that (¢, &, 7, g) is an LP-Sasakian structure
on M. Consequently M*(¢,&,n,9g) is an LP-Sasakian manifold. Using the
above relations, we can easily calculate the non-vanishing components of the
curvature tensor as follows :

R(Ey\,E3)Ey = —F3, R(Ey,Eq)Ey = —Ejy,
R(E,, E4)Ey = —E,
R(E2, Ey)Ey = —Ey4,  R(Es,Eq)E3 = —Ey,  R(E3, Eq)Eq = —Ej,
R(E», Es)Ey=—Es, R(Ey, By)Ey=(1—e">")Ey, R(Ey, E>) By =—(1—e ")}
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and the components which can be obtained from these by the symmetry prop-
erties. From the above, we can easily calculate the non-vanishing components
of the Ricci tensor S as follows :

S(El,El):(l—e_2“), S(EQ,EQ):(1—€_2u), S(E3,E3):1, S(E4,E4):—3.

Since {E1, Es, E3, B4} forms a basis, any vector field X,Y € x(M) can be
written as

X =a1F1 +asFEy +aszFE3 + asFEy
and
Y = 1B + BaEs + B3E3 + BaFy,
where a4, 3; € R*(the set of all positive real numbers), i = 1, 2, 3, 4. This
implies that
¢X = —a1E1 —asby —azE3
and
OY = —p1Ey — Baba — B3 E5.
Hence
S(¢X,0Y) = (a1f1 + afa)(1 = e7*") + asfis.
By virtue of the above we have the following :
(Vi S)(9X,9Y) =0,
(VE,8)(¢X,0Y) = —(a102 + azfh)e” ",
(Vi 5)(9X,9Y) =0,
(VE,S9)(¢X, Y) = 2(a1f1 + azfz)e*".

Let us now consider the 1-forms

(12 + agfBr)e 3%
(181 + a2f2)(1 — e724) 4+ a3 33

2(a1 61 + aofBr)e
(181 + azf2)(1 —e™2%) + azfs

at any point p € M. In our M*, (3.1) reduces with these 1-forms to the
following equations :

This implies that the manifold under consideration is an LP-Sasakian manifold
with n-recurrent but not n-parallel Ricci tensor. This leads to the following :

Theorem 3.3. There exists an LP-Sasakian manifold (M*, g) with n-recurrent
but not n-parallel Ricci tensor.
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4. LP-Sasakian manifolds with ¢-recurrent Ricci tensor

Definition 4.1 ([7]). The Ricci tensor S of an LP-Sasakian manifold is said
to be ¢-recurrent if it satisfies

(4.1) (Vox9)(9Y,02) = A(¢X)S(¢Y, 0Z)
for all X,Y, Z where A is a non-zero 1-form.

In particular, if the 1-form A vanishes then the Ricci tensor of the LP-
Sasakian manifold is said to be ¢-parallel. We note that the condition of
Ricci-¢-parallelity is much more weaker than Ricci-n-parallelity.

In ([7]), A. A. Shaikh and K. K. Baishya also studied several properties of
LP-Sasakian manifolds with ¢-recurrent Ricci tensor. We first construct an
example of LP-Sasakian manifold with global vector fields whose Ricci tensor
is ¢-parallel.

Example 4.1. We consider a 4-dimensional manifold M = {(z,y, z,u) € R*},
where (x,y,z,u) are the standard coordinates of R*. Let {E1, Eo, F3, E4} be
linearly independent global frame on M given by

0] _y 0 0 0]

I B=etl Bl B=2.
ox’ 2= oy’ P ° 8 YT ou

Let g be the Lorentzian metric defined by
9(Ev, E3) = g(Es, E3) = g(E1, Ey) = g(E», Eq) = g(E3, E4) = g(E1, Ea) = 0,
g(E1, E1) = g(E2, E2) = g(Es, E3) =1,  g(E4, Ey) = —1.

Let n be the 1-form defined by n(U) = g(U, E4) for any U € x(M). Let ¢ be the
(1, 1) tensor field defined by d)El = —El, (]5E2 = —Eg, ¢E3 = —E3, ¢E4 =0.
Then using the linearity of ¢ and g we have n(E,) = —1, ¢?U = U + n(U)E,4
and g(oU, W) = g(U, W) +n(U)n(W) for any U,W € x(M). Thus for E4 = ¢,
(¢,&,7,9) defines a Lorentzian paracontact structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric
g and R be the curvature tensor of g. Then we have

[Ey, Ey] = By, [By, Byl = By, [E3,E4] = Es.
Taking E4 = £ and using Koszul formula for the Lorentzian metric g, we can
easily calculate
Vi Es=FEq, Vg, Ey = Ey, Ve, By = E3,
Vg By = Ey, Vg, By = Ea, Vg, B3 = Ey.
From the above it can be easily seen that (¢, &, 7, g) is an LP-Sasakian structure
on M. Consequently M*(¢,€&,n,g) is an LP-Sasakian manifold. Using the
above relations, we can easily calculate the non-vanishing components of the
curvature tensor as follows :
R(Ey, E3)Er = —E3,  R(Er, Es)E3 = E1,  R(E1, Ey)Ey = —Eu,
R(E1, Ey)Ey = —E1, R(E2, E3)E3 =Ez, R(Eq, E3)Ey = —Ejs,

E1 =e "
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R(Esy, Eq)Ey = —FEy,  R(E3,Ey)E3 = —E4, R(E3, E4)Ey = —FE3,
R(Es, E4)Ey = —Es,  R(Ey, Eo)Ey = By, R(Ey, E2)E; = —E»
and the components which can be obtained from these by the symmetry prop-
erties. From the components of R, we can easily calculate the non-vanishing
components of the Ricci tensor S as follows :
S(ElaEl) = 17 S(E27E2) = 17 S(E37E3) = 17 S(E47E4) = _3

Since {E1, Ea, E5, E4} forms a basis of the LP-Sasakian manifold, any vector

field X,Y € x(M) can be written as
X=aFEh+bEy+cBEs+diEy
and
Y = a2E1 + b2E2 + CQES + d2E4,
where a;, b;, c;,d; € RT (the set of all positive real numbers), i = 1, 2. This
implies that
¢X = —ar1E1 —b1Ey —c1E3
and
¢Y = —a2E1 — b2E2 — CQE3.
Hence
S(¢X, ¢Y) = (a1a2 + b1by + 6162) #0.
By virtue of the above we have the following :
(VoE,S)(¢X,9Y)=0 for i=1, 2, 3.

Hence the Ricci tensor of the manifold under consideration is ¢-parallel. Thus
we can state the following:

Theorem 4.1. There erists an LP-Sasakian manifold (M*, g) with ¢-parallel
Ricci tensor.

Example 4.2. We consider a 4-dimensional manifold M = {(z,y, z,u) € R*},
where (x,v,2,u) are the standard coordinates of R*. Let {E1, Eq, E3, E4} be
linearly independent global frame on M given by

E1:6u£, E2:6u7w7 Egzeu—
or
Let g be the Lorentzian metric defined by
9(Ev, E3) = g(Es, E3) = g(E1, Ey) = g(E», Eq) = g(E3, E4) = g(E1, Ea) = 0,

9(EBv, Er) = g(E2, Ba) = g(Es, E3) =1, g(E4, Ey) = —1.
Let n be the 1-form defined by n(U) = g(U, E4) for any U € x(M). Let ¢ be the
(1, 1) tensor field defined by ¢E1 = —El, ¢E2 = —EQ, ¢E3 = —Eg, ¢E4 =0.
Then using the linearity of ¢ and g we have n(E,) = —1, ¢?U = U +n(U)E,
and g(oU, oW) = g(U, W) +n(U)n(W) for any U, W € x(M). Thus for E4 = &,
(¢,&,7,9) defines a Lorentzian paracontact structure on M.
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Let V be the Levi-Civita connection with respect to the Lorentzian metric
g and R be the curvature tensor of g. Then we have

[E1, Bp) = —e"Ea,  [Ey,E4l = —E,, [Es Eyl=—FEs, [E3 E)]=—Fs.

Taking E4 = ¢ and using Koszul formula for the Lorentzian metric g, we can
easily calculate

Vg, Ey=—F1, Ve, FEy=—FEy—e"Ey, Vg, Bl = —e"Ey,

Vi, By = —Es, Vi Br = —Eu, Vi, By = —E, Vg, B3 = —Ey.

From the above it can be easily seen that (¢, &, 7, g) is an LP-Sasakian structure
on M. Consequently M*(4,€&,n,9) is an LP-Sasakian manifold. Using the
above relations, we can easily calculate the non-vanishing components of the
curvature tensor as follows :

R(E,, E3)Es = By, R(Ey,E3)Es = E, R(Ey,E4)E, =—FE,,
R(E1,E4)Ey = —Fy, R(Ey, E3)Ey = —E3, R(E,E3)E, = —F3,
R(Fy, E4)Ey = —F;, R(E3,E,;)E3 = —E4, R(Es3,E4)E,;=—F3,

R(Fy, E4)Ey = —Fo, R(Ey,Ey)Ey = (1—€*")Ey, R(Ey, E2)E; = —(1—€*")Ey

and the components which can be obtained from these by the symmetry prop-
erties. From the above, we can easily calculate the non-vanishing components
of the Ricci tensor S as follows :

S(E1, Br) = (1—€"), S(Es, E) = (1—€"), S(Es, Es) =1, S(Ey, Ey) = =3.
Since {E1, Ea, E5, E4} forms a basis of the LP-Sasakian manifold, any vector

field X,Y € x(M) can be written as
(4.2) X = o E1+asby+azlbs+ouEy and Y = 1B+ oo+ 3 B3+ B4 Ey,
where oy, 8; € R*(the set of all positive real numbers), i = 1, 2, 3, 4. This
implies that

¢X = —an By — apFy — az k3
and

@Y = —p1Ey — Bo By — B3E3.
Hence

S(¢X,Y) = (a1 Br + azfB2) (1 — €**) + a3 fBs.

By virtue of the above we have the following :

(Vor, 5)(¢X, ¢Y) =0,
(Vo 8)(¢X, 0Y) = (a1 2 + azfhr)e’,
(Vo S)(9X, 0Y) = 0.
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Let us now consider the 1-forms
A(Ey) =0,
(0152 + 04251)€3u

(11 + apf2)(1 — %) + a3 P33’
A(E3) =0

A(Es) =

at any point p € M. In our M*, (4.1) reduces with these 1-forms to the
following equations :

This implies that the Ricci tensor of the manifold under consideration is ¢-
recurrent but not ¢-parallel. This leads to the following :

Theorem 4.2. There exists an LP-Sasakian manifold (M*, g) with ¢-recurrent
Ricci tensor but not ¢-parallel.

However, since {E1, Eo, E3, E4} is a basis of M*, if we consider the vector
fields X,Y € x(M) in (4.2) such that s = ka; and Sz = —kB; where k €
R —{-1,0,1}, then we have

X = —a1 By — ka1 Ey — o3B3
and
dY = —B1Ey + kB1Ey — B3E;.
Consequently, we get
S(¢X,0Y) = (1 = k*)(1 = e )arfr + azfz # 0,
(Vo S)(¢X,0Y) =0, i=1,2,34
and
(Ve S) (90X, 0Y) = 0 i=1,23,
—2(1 — k?)e*ayp; for i=4,

for all X,Y € x(M) and hence the Ricci tensor S of M* is ¢-parallel but not
n-parallel. This leads to the following :

Theorem 4.3. There exists an LP-Sasakian manifold (M*,g) with ¢-parallel
Ricci tensor but not n-parallel.
5. Generalized Ricci recurrent LP-Sasakian manifolds

Definition 5.1 ([1]). An LP-Sasakian manifold is said to be generalized Ricci
recurrent if its Ricci tensor S of type (0, 2) satisfies the condition

(5.1) (Vx9)(Y,2) = A(X)S(Y, Z) + B(X)g(Y, Z),

where A and B are two non-zero 1-forms such that A(X) = ¢(X,P) and
B(X)=g¢(X,L), P and L being associated vector fields of the 1-form.
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Theorem 5.1. In a generalized Ricci recurrent LP-Sasakian manifold the as-
sociated 1-forms are linearly dependent and the vector fields of the associated
1-forms are of opposite direction.

Proof. In a generalized Ricci recurrent LP-Sasakian manifold we have the re-
lation (5.1). Setting Z = & in (5.1) we have

(5.2) (VxS)(Y;€) = [(n = DAX) + B(X)]n(Y).
Again

(Vx9)(Y,€) = VxS(Y,§) = S(VxY, &) = S(Y, Vx§),
which yields by virtue of (2.1), (2.2) and (2.5) that

(5.3) (VxS)(Y,§) = (n—1)g(X, 9Y) — S(¢X,Y).

From (5.2) and (5.3) it follows that

(54) [ - DAX) + BX)n(Y) = (n — 1)g(X, V) — S(6X, V).
Replacing Y by ¢ in (5.4) we obtain

(5.5) (n—1)A(X)+ B(X)=0.

This proves the Theorem. (I

Theorem 5.2. A generalized Ricci recurrent LP-Sasakian manifold is Ein-
stein.

Proof. In a generalized Ricci recurrent LP-Sasakian manifold we have the re-
lation (5.4). Hence setting Y = ¢Y in (5.4) and then using (2.8) we have

This proves the Theorem. O

Example 5.1. We consider a 3-dimensional manifold M = {(z,y, z) € R},
where (z,y, 2) are the standard coordinates of R3. Let {E1, Ea, E3} be linearly
independent global frame on M given by
E1:€Z%7 Ezzez(%Jragy)a E?,:%-

Let g be the Lorentzian metric defined by g(E1, E3) = g(Fa, E5) = g(E1, Es) =
0, g(E1, E1) = g(E2, E9) = 1,9(Es, E3) = —1. Let n be the 1-form defined by
n(U) = g(U, E3) for any U € x(M). Let ¢ be the (1, 1) tensor field defined by
¢oF1 = —Fy, 9Fy = —F5, ¢FE3 = 0. Then using the linearity of ¢ and g we have
n(Es) = =1, ¢*U = U + n(U)Es and g(oU, oW ) = g(U, W) + n(U)n(W) for
any U, W € x(M). Thus for E3 =&, (¢,£,n,g) defines a Lorentzian paracontact
structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric
g and R be the curvature tensor of g. Then we have

[E1, Ex] =0, [E1,E3]=—E1, [E E3]=—Es.
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Taking E3 = £ and using Koszul formula for the Lorentzian metric g, we can
easily calculate

Vg B3 =—E, Ve By = —Ej3, Ve By =0,
Ve, B3 = —Ejy, Vg, Ey = —Ejs, Ve, EL =0,
Vi, By =0, Y, Es =0, Vi, Er = 0.

From the above it can be easily seen that (¢, &, 7, g) is an LP-Sasakian structure
on M. Consequently M3(¢,&,n,g) is an LP-Sasakian manifold. Using the
above relations, we can easily calculate the non-vanishing components of the
curvature tensor as follows :

R(Es, E3)E3 = —Fs,  R(Er, E3)E3 = —E1, R(E1, E)Ey = —Fy,
R(Es, E3)Er = —FE3,  R(Er, E3)Er = —E3,  R(E1, E2)Eq = B
and the components which can be obtained from these by the symmetry prop-

erties. From the above, we can easily calculate the non-vanishing components
of the Ricci tensor S as follows :

S(Es, E3) = 2.

Since {F1, Eq, E3} forms a basis of the LP-Sasakian manifold, any vector
field X,Y € x(M) can be written as

X=aF1+b1Es+c1F5

and
Y =aoFy + baEs 4 ca 3,

where a;, b;,c; € RT (the set of all positive real numbers), i = 1, 2. Hence

S(X,Y)=—-2¢c1c; and g¢g(X,Y) =ajas+ bibs — c1cs.
By virtue of the above we have the following :
(Vg S)(X,Y) = —=2(a1c2 + agcy), (VE,S)(X,Y) = =2(bica + bacyr),

and (Vg,9)(X,Y)=0.

Consequently, the manifold under consideration is not Ricci symmetric. Let us
now consider the 1-forms

(a1c2 + ascq) —2(ajca + azer)

A(E) = —————= B(F)= ——F-——=
( 1) (Cl1a2—|—b1b2)7 ( 1) (a1a2 —l—blbg) ’

(brca + bacy) —2(bycg + bacr)

A(Ey)) = ——————~ B(Eo)) = ——~—= =27/
( 2) (a1a2 + blbg) ’ ( 2) (alag —+ blbg) ’

A(E3) =0, B(E3) =0
at any point € M. From (5.1) we have
(57 (VES)XY) = A(E)S(X,Y) + B(E)g(X,Y), i=1, 2, 3.

It can be easily shown that the manifold with these 1-forms satisfies the relation
(5.7). Hence the manifold under consideration is a generalized Ricci recurrent
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LP-Sasakian manifold which is neither Ricci-symmetric nor Ricci-recurrent.
This leads to the following :

Theorem 5.3. There exists a generalized Ricci recurrent LP-Sasakian mani-
fold (M3, g) which is neither Ricci-symmetric nor Ricci-recurrent.

Example 5.2. We consider a 4-dimensional manifold M = {(z,y, z,u) € R*},
where (x,v,2,u) are the standard coordinates of R*. Let {Ej, Eq, F3, E4} be
linearly independent global frame on M given by
0 0 0 0 0
By =u—, Ey=u(—+2-—), Es=u— = —,
dy
Let ¢ be the Lorentzian metric defined by
9(E1, E3) = g(E2, E3) = g(E1, By) = g(E2, Ey) = g(E3, Ey) = g(E1, E2) =0,

9(E1, Er) = g(Es, E) = g(E3,E3) =1, g(Es, Ey) = —1.

Let n be the 1-form defined by n(U) = g(U, E4) for any U € x(M). Let ¢ be the
(1, 1) tensor field defined by ¢pE; = —FE1, ¢pEy = —Es, ¢F35 = —FE3, ¢FE4 = 0.
Then using the linearity of ¢ and g we have n(E;) = —1, ¢?U = U +n(U)E,4
and g(oU, oW) = g(U, W) +n(U)n(W) for any U, W € x(M). Thus for E; = ¢,
(¢,€,7,9) defines a Lorentzian paracontact structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric
g and R be the curvature tensor of g. Then we have

[E2, B3] = —uFEs, [Ey,E4) = —FE., [Es Es=—FEs, |[E3, E4) =—F;.

Taking E4 = £ and using Koszul formula for the Lorentzian metric g, we can
easily calculate

Vg By =—Ey, Vg, By = —Es, Ve, E3 = —E; — uko,
Ve, By = —Es, Ve Bl = —Ey, Ve, E1 = —uky, Vg, B3 = —Fjy.

From the above it can be easily seen that (¢, &, 7, g) is an LP-Sasakian structure
on M. Consequently M*(¢,€&,n,9) is an LP-Sasakian manifold. Using the
above relations, we can easily calculate the non-vanishing components of the
curvature tensor as follows :

R(E1, E2)Ey = —Fy, R(Ey,Ey)Ey = E,, R(E,E3)E, = —Fs,
R(Fy1,E3)Es = By, R(Ey,E))E, = —Ey, R(E\,E)E;=—F,
R(Ey,E4)Eo = —E,, R(Es,E4)E3s=—E,, R(Es,E4)E4=—Es,
R(Fy, E4)Ey = —Fs, R(Ey, F3)Es = (1—u®)Ey, R(Ey, F3)Fy = —(1—u?)F3

and the components which can be obtained from these by the symmetry prop-
erties. From the above, we can easily calculate the non-vanishing components
of the Ricci tensor S as follows :

S(E1,Ey) =1, S(FEs,Ey) = (1—u?), S(FEs, E3) = (1—u?), S(E4, E4) = —3.
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Since {F1, Es, E3} forms a basis of the LP-Sasakian manifold, any vector
field X,Y € x(M) can be written as

X=a1F1+b0Ey+c1E3+diEy
and
Y = asEy + boEy + coE3 + da By,
where a;, b;, ¢;,d; € R (the set of all positive real numbers), i = 1, 2. Hence
S(X,Y) = (arag — 3dyds) + (b1bg + c1c0)(1 — u?)
and
g(X,Y) = araz + bibz + c1co — dyds.

By virtue of the above we have the following :

(Ve S)(X,Y) = —2(a1ds + azd;)

(Ve S)(X,Y) = =2(b1dz + bad)
(VE,S)(X,Y) = —(u? + 2)(c1ds + cody)
(VE,S)(X,Y) = —2u?(bibs + c1c9).

This implies that the manifold under consideration is not Ricci symmetric. Let
us now consider the 1-forms

2(a1d2 + azdl)

A(E,) =
( 1) 2a1a2+(u2+2)(b1b2—|—c102)’
6(a1d2 + agdl)
B(E{) = —
( 1) 2(11&2 —+ (u2 + 2)(b1b2 —+ 0162),
2(b1dy + bady)
A(E5) =
( 2) 2611@2—l—(’LL2-i-2)(bll)2—|—0102)7
6(b1da + bady)
B(Ey) = —
( 2) 2a1a9 + (u2 + 2)(b1b2 + 0162),
(u® +2)(c1ds + c2dy)
A(Bs) = —
( 3) 2a1a9 + (’LL2 + 2)(b1b2 =+ 0102)’
B(E ) . 3(u2 + 2)(616[2 + C2d1)
3= 2&10,2 —+ (u2 —+ 2)(b1b2 + 0162)’
2u2(b1b2 + 0102)
A(E,) =
( 4) 2a1a9 + (u2 + 2)(b1b2 =+ 6102) ’
6u?(b1by + cic
B(E4) _ ( 192 1 2)

 2a1a9 + (u? + 2)(b1bs + c102)
at any point € M. From (5.1) we have
(5.8)  (VES)(X,Y)=AE)S(X,Y)+ B(E)g(X,Y), i=1,2 3, 4.
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It can be easily shown that the manifold with the 1-forms under consid-
eration satisfies the relation (5.8). Hence the manifold under consideration
is a generalized Ricci recurrent LP-Sasakian manifold which is neither Ricci-
symmetric nor Ricci-recurrent. This leads to the following :

Theorem 5.4. There exists a generalized Ricci recurrent LP-Sasakian mani-
fold (M*, g) which is neither Ricci-symmetric nor Ricci-recurrent.

References

[1] U. C. De, N. Guha, and D. Kamilya, On generalized Ricci recurrent manifolds, Tensor,
N. S. 56 (1995), 312-317.

[2] U. C. De, K. Matsumoto, and A. A. Shaikh, On Lorentzian para-Sasakian manifolds,
Rendiconti del Seminario Mat. de Messina, al n. 3 (1999), 149-156.

[3] M. Kon, Invariant submanifolds in Sasakian manifolds, Mathematische Annalen, 219
(1976), 277-290.

[4] K. Matsumoto, On Lorentzian almost paracontact manifolds, Bull. of Yamagata Univ.
Nat. Sci. 12 (1989), 151-156.

[5] I. Mihai, U. C. De, and A. A. Shaikh, On Lorentzian para-Sasakian manifolds, Korean
J. Math. Sciences 6 (1999), 1-13.

[6] I. Mihai and R. Rosca, On Lorentzian P-Sasakian manifold, Classical Analysis, World
Scientific Publi., Singapore (1992), 155-169.

[7] A. A. Shaikh and K. K. Baishya, Some results on LP-Sasakian manifolds, Bull. Math.
Soc. Sci. Math. Rommanie Tome 49 (97) (2006), no. 2, 197-205.

[8] A. A. Shaikh and S. Biswas, On LP-Sasakian manifolds, Bull. Malaysian Math. Sci. Soc.
27 (2004), 17-26.

ABSOS A. SHAIKH

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BURDWAN, GOLAPBAG
BURDWAN-713104, WEST BENGAL, INDIA
E-mail address: aask2003@yahoo.co.in

KaANAK K. BAISHYA

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BURDWAN, GOLAPBAG
BURDWAN-713104, WEST BENCGAL, INDIA

SABINA EYASMIN

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BURDWAN, GOLAPBAG
BURDWAN-713104, WEST BENGAL, INDIA



