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1 Introduction

The expectation of the product of four real scalar random variables {xi},
i=1,...,4, which are jointly Gaussian distributed can be simply expressed
in terms of first- and second-order moments (E denotes expectation) (see

e.g. [1],[2]

Bl(x x x x ) = E(x1x2) E(x3x4) + E(x1x3) E(x

X ) +
12 3 4 4

2
+ E(x1x4) E(x2x3) -2 E(x1)E(x2)E(x3)E(x4) (1.1)

This relationship plays an important role in determining the (asymptotic)
variances and covariances of the estimates of correlation and spectral
density functions of stationary stochastic processes ([3]—[6]), as well
as of several parameter estimates (see e.g. [3], [7], [13]).

In this note formula (1.1} is generalized to matrix-valued real or com-
plex random variables which are Gaussian distributed. Using the
Kronecker product notation, the generalized formula is expressed in a
compact form {section 2).

As an application of the extended formula, we derive (in section 3) the
asymptotic covariance matrix of IV estimates of parameters in multivari-
ate linear regression models. The extended formula may find other appli-

cations in multivariate analysis and system identification.

2 The main results

In order to state our main result we first need to introduce some defin-

itions {see e.g. [8], [13]):

Let A4 = (aij) and B = (bij) be (m*n) and (p*r) matrices, regpectively.

The Kronecker product of A and B is defined by

1
a__B c h e e s
a11B 12 a1nB
a__B e e e e . .
A@®B:= 8548 22 A0S (2.1)
B B + + + +» «.a B
am1 m2 mn




Denote the vector having "1" at the s-th position and zero elsewhere by

es. The dimension of es will be c¢lear from the context. ‘

Finally, we introduce the "vec" operation on a matrix, consisting ot

stacking the columns of a matrix on top of each other. If A is a m*n

matrix with columns denoted by A,

1'A*2'°""A*n' then
A*11

Vec(A) :=

-]

*7 (2.2)

e e

*
L n-l

We can now state a genevralization of (1.1} for matrix-valued real

Gaussian random variables.

Theorem 1:

Let A,B,C,D be matrices of dimension (p*g), {q*r), (r*s} and (s*t).

Assume that the entries of these matrices are real random variables which
{jointly) have a multivariate Gaussian distribution.
rasult holds:

Then the following

alasco} = slms).nleo) + | [s{erc@al].[e{o@ze,)]
+ e{a[e{Bc}]p} - 2e{a}e{B}E{c}Ee{D} (2.3a)

An alternative expression for the second term in the r.h.s. of {2.3a)

iss

It o1t

s
T™ T T T
1 m§1 [E{Aenemp }][E{B ezemD}] (2.3b)

L

For r=1 the expression (2.3a) can be simplified to:
e{asco} = e{as}.e{cp} + e{c®a} E{p@®B} + E{a[E{BC}]D}]

- 28{a}e{8}E[c}E{D]} (2.4)



Proot:
For ease of reference we first state the following results which can be
readily verified (see e.g. [8],[13]):
let X,Z,Y be matrices of dimensions {(m*n}),(n*p) and {p*r) respectively;
then
x@¥)” = (X' @Y) (2.5)
Vec(Xz2Y) = (YTQ X) Vec Z (2.6)
Next we note that for 1 £ i € p, 1 € j < t:

T
(E{ABCD}),, = E e ABCDe, = E )] e.ABe e Che.
ij i j i 3j

k k
x q .
= T o T -
- RZ1 ( 251 e m£1 ekcemembej)}
r q s . )
= e dee The. e Ce e De .
k£1 221 mz; { 272 k'k J}

Using the formula (1.1) we thus obtain

- - T T T T
(E{ABCD})ij = k£1 EL m; [E(e[2e e Be) E{e,Cepe De ) +
T

T T T T T
+ E(e AezekCe ) E(ezBeke De ) + E(e Aeze De ) E(ezBekekCem)

T T T T
2E(e,Ae,) E(e Be ) E(e Ce ) E(emDej)}

e?{ [E( L Ae e el E( I Ce e D)]}

T
z B)]e e |
X Py L8 ®x°x n 3j
T T T_T T T
+ }}i i xi E{ (e Re)) (e, Ce )} E{ (e B &) (eyD e )}

T T
+ E i E{(e Aez)(i E[egBekekCe ])(emDej)}

_ze'ri{}f[i(ﬁ:{ }ezezE{B})] eke’lf[rir:l (E{C}eme:“E{D})]}ej

=3 A1 + A2 + A3 + A4 {2.8)



It can easily be verified that

AL = e?[E{AB}-E{CD}]ej (2.9)
B, = ef ’:i? mz [E{Aele:‘CT}][E{BTeze;iD}]ej ({2.10)
A, = ef]a:{A[E{Bc}]D}ej (2.11)
a, = —2e§[E{A} e{B} E{c} E{D}]ej (2.12)

An alternative expression for A2 can be obtained as follows.

Using the fact that for (g*s) matrices R and T:

5
()1‘ b Ry T, = Lvectr)| T vec(n) | (2.13)
£=1 m=1

we obtain

A, = i [Vec(E{(e'jI_‘A)T eic})]T [Vec(E{(eEBT}T e';‘DT})] (2.14)
Using the relation (2.6) we have;:

Vec[(eria)'re;fc] = Vec(ATeie'}fC) = (CTe@AT) vec(e, ) (2.15)
and

Vec[(eiBT)Te;'DT] = Vec(Beke‘;‘DT) = (D@ Be, ) Vec(ej?) (2.16)

Inserting (2.15) and (2.16) into (2.14) we obtain, by using (2.5%),

A =eqi{ i [E{eiC&A}].[E{D@BekH }ej (2.17)

and the proof of (2.3a,b) is concluded.

T
If r = 1 then ekc = C and Bek

{2.3a). Thus the proof is finished.

= B, and the expression (2.4) follows from




!

Theorem 1 provides a compact expression for the expectation of the prod-
uct of four real matrix-valued random variables having a Gaussian distri-
bution. &n application of this result is presented in the next section.

Ancther application is presented in the following.

In what follows, let us relax the assumption that the matrix random vari-
ables A,B,C and D are real-valued. 1In other words, A,B,C,D may consist
of elements which are complex-valued variables. The assumption of Gaus-
sianity is maintained. This mecans that the real and imaginary parts of
the entries of A,B,C,D are assumed to be jointly Gaussian distributed.

Under these conditions we claim that the formulas of theorem 1 continue

to hold for complex A,B,C,D matrices. To prove this claim it would

clearly be necessary and sufficient to show that the scalar formula (1.1}
holds for (scalar) complex Gaussian random variables as well. This is

shown in the next lemma:

Lemma 1:

Let the complex scalar-valued random variables x1,x2,x3 and x4 be jointly

Gaussian distributed (that is to say, their real and imaginary parts are

joint Gaussian random variables). Then the formula {(1.1) applies.

Proof: It should, in principle, be possible to prove the assertion of

the lemma by making use of formula (1.1) for real variables. However,
the calculations involved appear to be very tedious.

A much simpler proof can be obtained by using theorem 1.

Let the real and imaginary parts of a variable x be denoted by x and ;,

respectively. To each variable x we associate the real-valued matrix

x -x
X = N _ (2.18)
Lx X

We denote this association by the symbol "~":

X~ x {2.19})

It can easily be verified that for two complex variables x and y,

—— (a4
Xy -Xy

XY= =YX (2.20)
~r i

Xy Xy



In other words, the matrix XY (or YX) is associated with the variable

XY

Using formula 2.3 (with expression (2.3b) for the second term}, we can

write (let X.

where

E{X X XX} =T +T_ +T +T
123 4 1 2 3 4
T1 = (FX1X2)(EX X ) ~ (Ex X )(Ex3x )
£ 3
TZ = (E ; ( ;2 [x4 —X4J) *
— '1 -
x, - X, -
+ (E ;1 [—x3 x3]) {E _;2 [X4 X4]) +
'“;;1‘| ;2 ~
+ (E ;1 [X3 XB])(E ;{2 [x4 —X4]) +
r o b
-x X
| o~ - 2|~ =
MRS [- 3 3])(E [52 [x, x4 D
E 1) 2
x x
W= =~ 2| (=~
= (E ; [x3 —x3])(E ; ] [x4 -x4]) +
| t 2
s %) L
+ (E ;1 [x3 -X3J)(E ;2 [X4 X4]) +
S 2
+(E| = [x3 xB])(E: - [x4 -x4]) +
L 1 2]
';1'T ~ ';2’1 ~ =
+ (E % [x3 x3])(E " [x4 x4])
b 1- 2.
x -x X -x x
= B ~1 —1 ~3 -3 . E ~
l.x1 X, X, Xy X

{E X1X3) (E X2X4) ~ (E % x3)(E X X )

1

24

denote the matrix (2.18) associated with x . }:
1

(2.21)

(2.22)

(2.23)




L=
W
i
=
=
amb
e
o
——
>
3%}
]
98]
——
e
>
>
——
1}

(EX1X4)(EX2X3) ~ (Ex x4)(Ex x3) (2.24)

1 2

H
L]

_2(Ex1)(EX2)(EX3)(EX4) ~ —2(Ex1)(Ex2)(Ex3)(EX4) (2.25)

Since E{X X X X ~ EB(x x x x the procf is completed.
(X X R3%,) (3%, %3%, ) P P

We were unable to locate a reference containing the result of lemma 1.
Only a special case of this result, which holds under a certain restric-
tion on the Gaussian distributions of {xi} (see [9]—[11}), appears to be

known {see e.g. [12]).

3. An application

Consider the following multivariate linear regression equation

ylt) = ¢7(t) 6% + v(t) (3.1)

"y

where y{t} is the nyx1 output vector; 0*€ R denotes the unknown parame-
ter vector; $(t) is the (nexny) regressor matrix which may contain de-
layed values of y(t}, and v(t) is an ny—dimensional disturbance term.
We assume that the entries of ¢(t) and v{t) are real stationary stochas-
tic processes and that Ev(t) = 0. A fairly large class of systems {for
example, noisy welighting functicon and difference equation systems) can be
represented in the form (3.1) (see e.g. [7J, [13]).
Let the unknown parameter vector 8* be estimated by the Instrumental
variable methed (IV), (see [7])

- N N

6 = [ I zweTw]t [ ztiye) (3.2)

t=1 t=1

where Z(t) is an IV-matrix of dimension nexny, whose entries are real

stationary stochastic processes and which satisfies

E Z{T) ®T(t) is non-singular (3.3)




: y = i . ;
E Zij(t, vk(s) 0 1< 1ic¢xg ne, 1< 3,k < ny (3.4)

for all s » t (or s € t}

The asymptotic (for large N) behaviour of BN can, under the assumptions

stated, be established as follows. From (3.1) and (3.2) we obtain

. N N
/N0 -0m =[x L zeeTe] T [ ) s vie)] (3.5)
t=1 VN t=1
3ince
N
% Y z(t) T(t) » Ri= E 3(t) 67(t) (wpl) (3.6)
t=1 N-+-oo

we have that (see appendix 4 in [?])

" dist -1 ~T
VYN (eN - 8*%) 'NT&»—' N{O,R™*PR ) (3.7)
where
¢ N T T
P:= lim E( YT Z(t) vi(t) v (s) Z7(s)) (3.8)
N0 =1 s=1

(i.e. VN (BN-B*) converges in distribution to a Gaussian random variable

with zero mean and variance R'IPR_T).

an explicit expression for p {(and hence for the asymptotic covariance
matrix of the IV estimator (3.2)), can be found in [7J, [13]. our pur—
pose here is to make use of theorem 1 to provide a simple derivation of
that expression. In doing s0 we have to impose the Gaussianity assump-

Eion on the stochastic processes involved.

Using theorem 1 we get

E z(t) v(t) vi(s) 2 (s) = E[z(t) v(t)} E[vi(s)z"(s)} +
+ E{vT (s)®z(t) ] ﬂiﬂsﬁv&)}+E{ﬂt)Eh1HVHS”Z“S”

~2e{zie) JE{vit) Je{v ()} E{z7(s)} | (3.9)




Due to (3.4) and since E{v(t)} = (), expression (3.9) simplifies to:

T T
E{z(t) vit) v (s) 2" (s)} = B[2(t) E[v(t) v (s)]Z (s)} (3.10)
Defining
RV(T):= E v(t+T) VT(t) (3.11)

and inserting (3.10) into (3.8) we obtain

N

p=lim + ] (|t]) E{z(m)R (1) 2T(0)] =
N+ T=-N
= T
- Tz_m E{Z(t+1)R (1)Z (t)}
13 T
- lim - DR A1 E{Z(t+t)Rv(T)Z (t)} (3.12)
N+ T==N

Due to the stationarity condition imposed on Z(t) and v({(t), the limit of

the second term in (3.12) can easily be shown to be zero. Thus

+oo T
p= ] E[zte+r) R (1) 2 (t)] (3.13)

T==n

This is exactly the expression for P derived in [7], [13] via a different

T . .
technique. Inserting (3.13} into R"IPR™ we obtain an expression for the

asymptotic covariance matrix of the IV estimator EN.

References

[11]

[2]

[3]

Bendat, J.S5. and A.G. Piersol
Measurement and analysis of random data.
New York: Wiley, 1966. P. 64.

Bir, W. and F. Dittrich

Useful formula for moment computation of normal random variables
with nonzero means.

IEEE Trans. Autom. Contrel, Vol. AC-16(1971), pP. 263-265.

Anderson, T.W.

The statistical analysis of time series.

New York: Wiley, 1971.

Wiley series in probability and mathematical statistics.
Chapter 8.



10

[4] Bartlett, M.S.
An intreduction to stochastic processes: With special reference
to methods and applications. 3rd ed.
Cambridge University Press, 1978. Chapter 9.

[5] Brillinger, D.R,
Time series: Data analysis and theory.
New York: Holt, Rinehart and Winston, 1975.

f6l Priestley, M.B.
Spectral analysis and time series. Vol. 1: Univariate series.
Vol. 2: Multivariate series, prediction and control.
London: Academic Press, 1981.
Probhability and mathematical statistics series. Chapters 5, 6, 9.

[7] s8derstrém, T. and P. Stcica
Instrumental variable methods for system identification.
Berlin: Springer, 1983.
Lecture notes in control and infermation sciences, Vol. 57.

[8] Brewer, J.W.
Kronecker products and matrix calculus in system theory.
IEEE Trans. Circuits & Syst., Veol. CAS-25(1978), p. 772-781.

[9] Wooding, R.A.
The multivariate distribution of complex normal variables.
Biometrika, Vol. 43(1956), p. 212-215.

[10] Goodman, N.R.
Statistical analysis based on a certain multivariate complex
Gaussian distribution (an introduction).
Ann. Math. Stat., Vol. 34(1963), p. 152-177.

[12] sSrivastava, M.S. and C.G. Khatri
An introduction to maltivariate statistics.
Amsterdam: North-Holland, 1979. Section 2.9.

[12]1 Goodman, N.R. and M.R. Dubman
Theory of time-varying spectral analysis and complex Wishart
matrix processes.
In: Multivariate analysis I1. Proc. 2nd Int. Symp., Dayton,
Ohio, 17-22 June 1968, Ed. by P.R. Krishnaiah.
New York: Academic Press, 1969, P. 351-366.

(13] séderstrdm, T. and P. Stoica
System identification.
London: Prentice-Hall, ca. 1987. In press.



Eindhoven Lniversity of Technology Research Reports 1SSN C167-9708

Department of Electrical Engineering Coden: TEUEDE

{159)

(160}

{161)

(162)

{163)

{164)

(185)

(166)

{167)

(168}

(169)

(e

{171)

(172}

{173

(174}

{175)

(176)

LT

(178)

Wang Jingshan
HARMONIC AND RECTANGULAR PULSE REPRODUCTION THBROUGH CURRENT TRANSFORMERS.
EUT Report 86-E-159, 1986. ISBN 90-6144-15%-5

Wolzak, G.G. and A.M.F.J. van de Laar, E.F. Steennis
PARTIAL DISCHARGES AND THE BLECTRICAL AGING CP ¥LPE CABLE INSULATION.
EUT Report B86-E-160. 1986. ISBN 90-€144-160-9

Veenstra, P.K.
RARDOM ACCESS MEMORY TESTING: Theory and practice. The gains of fault modellirng.
EUT Report 86-g-161. 1986. ISBN 90-6144-161-7

Meer, A.C_.P. van
TMS532010 EVALUATION MODULE CONTROLLER.
EUT Report 86=-E~162. 1986. ISBN 90-6144-162-5

Stok, L. and R. van den Born, G.L.J.M. Janssen
HIGHER LEVELS OF A SILICON COMPILER.
EUT Report 86-E-163, 1986. ISBN 90-6144-163-3

Engelshoven, R.J. van and J.F.M. Theeuwen
GENERATING LAYOUTS FOR RANDOM LOGIC: Cell generation schemes.
EUT Report 86~E-~164. 1986. ISBH 90-6144-164-1

Lippens, P.E.R. and A.G.J. Slenter
GADL: A Gate Array Description Language.
EUT Report 87-E-165. 1987. ISBN 90-6144-165-X

Dielen, M. and J.F.M. Theeuwen
AN OPTIMAL CMOS STRUCTURE FOR THE DESIGN OF A CELL LIBRARY.
EUT Report B7-E~166. 1987. ISBN 90-6144-166-8

Qerlemans, C.A.M. and J.F.M. Theeuwen
ESKISS: A program for optimal state assignment,
EUT Report B7-E-167. 1987. ISBN 90-6144-167-6

Linnartz, J.P.M.G.
SPATIAL DISTRIBUTION OF TRAFFIC IN A CELLULAR MQOBILE DATA NETWORK.
EUT Report 87-E-168. 1987. ISBN 90-6144-168-4

vinck, A.J. and Pineda de Gyvez, K.A. Post

IMPLEMENTATION AND EVALUATION OF A COMBINED TEST-ERROR CORRECTION PROCEDURE FOR MEMORIES WITH DEFECTS.
EUT Report 87-E-169. 1987. ISBN 90-6144-169-2

Hou Yibin
DASM: A tool for decomposition and analysis of sequential machines.
EUT Report 87-E-170. 1987. ISBN 90-6144-170-6

Monnee, P. and M.H.A.J. Herben
MULTIPLE-BEAM GROUNDSTATION REFLECTOR ANTENNA SYSTEM: A preliminary study.
EUT Report 87-E-171. 1987. ISBN 20-6144-171-4

Bastiaans, M.J. and A.H.M. Akkermans

ERROR REDUCTION IN TWO=-DIMENSIONAL PULSE-AREA MODULATIOR, WITH APPLICATION T0O COMPUTER-GENERATED
TRANSPARENCIES.

EUT Report B7-E-172. 1987. ISEN 90-6144-172-2

Zhu Yu-Cai
GN A BCUND OF THE MODELLING ERRORS OF BLACK-BOX TRANSFER PUNCTION ESTIMATES.
EUT Report 87-E-173. 1987, ISBN 90-6144-173-0

Berkelaar, M.R.C.M. and .J.F.M. Thesuwen
TECHNOLOGY MAPPING FROM BOGLEAN EXPHRESHEIONS TO STANDARD CELLYN.
BT Report 87-E-174. 14987 15BN 906-6144-174-9

Janssen, P.H.M.
FURTHER RESULTS ON THE McMILLAN DEGREE AND THE KRONECKER INDICES OF ARMA MODELS,
EUT Report 87-E-175. 1987. ISBN 90-6144~175-7

Janssen, P.H.M. and P. Stoica, T. Soderstrém, P. Eykhoff
MODEL STRUCTURE SELECTION FOR MULTIVARIABLE SYSTEMS BY CROSS-VALIDATION METHODS.
EUT Report 87-E-176. 1987. ISBN 90-6144-176-5

Stefanov, B, and A. Veefkind, L. Zarkova
ARCS IN CESIUM SEEDED ROBLE GASES RESULTING FROM A MAGNETICALLY INDUCED ELECTRIC FIELD.
EUT Report 87-E-177. 1987, ISBN 90-6144-177

Janssen, P.H.M. and P. Stocica
CN THE EXPECTATION OF THE FRODUCT OF FOUR MATRIX-VALUED GAUSSIAN RANDOM VARIABLES.
EUT Report 87-E~178., 1987. ISBN 90-6144-178-1



	Contents
	Abstract
	1. Introduction
	2. The main results
	3. An application
	References

