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1 | INTRODUCTION

In this paper, we consider the one-dimensional Bresse system model consisting of three coupled hyperbolic equations as
follows:

p1@x — k(px +w +1w), — lky (W, —lp) =F; in (0,L) X (0, 0),
Py — by + k(o +w +1lw)=F, in (0,L) % (0, c0), 1.1)
1wy — ko(wy — l@), + Ik (@x + w +1w) = F3 in (0,L) X (0, c0),

along with the initial data
@ (x,0) = @0 (X), ¢:(x,0) =1 (x) in (0,L),
v (X,0) =wo (X), yi(x,0) =y1(x) in (0,L), (1.2)
w(x,0) = wgy (x), we(x,0) =w; (x) in (0,L).
where L > 0, F; : (0,L) X (0,00) — R are the external forces (controllers) and w, ¢ and y represent, respectively,
the longitudinal, vertical, and shear angle displacements. For more details, we refer to Lagnese et al.> The coefficients

P, Pas b, k, ko and ] are positive constants, the initial data ¢, ¢4, v, w1, Wo, and wy belong to a suitable Hilbert space. For
the last few years, many researchers studied the well-posedness and the stability of Bresse systems (1.1). Under different
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types of controls F;, various stability results have been yet obtained depending on the nature and the number of controls,
the regularity of initial data, and the following parameters:

b k
s;=—, s=— and s3=—2;
P1 p2 P1

(1.3)

for this purpose, we refer the reader to previous studies®*%1° in case of (local or global, linear or nonlinear) frictional
dampings and De Lima Santos et al'!, Guesmia and Kafini,'>!* and Guesmia'* in case of memories. In some papers, it
was proved that, when each equation of (1.1) is directly damped, that is, F; F,F5 # 0, the stability of (1.1) holds regardless
to s1, S, and s3. However, when at least one equation in (1.1) is free, that is, F1 F,F3 = 0 and (F1, F,, F3) # (0,0, 0), system
(1.1) is still stable depending on the relation between the coefficients s1, s, and s3 like

S1 =82 = S3. (1.4

When (Fy, F,, F5) = (0,0,0), system (1.1) is conservative, which means that the energy is conserved and equal to the
energy of initial data along the trajectory of solutions.

We need to mention here that similar conditions on the coefficients were established in the case of Cauchy problem for
the Bresse system (see Ghoul et al'®). Also recent new decay and new conditions on the coefficients were introduced and
established in the case of thermoelastic Bresse system with second sound (see Afilall et al'®). Notice that, when the three
hyperbolic equations in Bresse system are (all or some of them) directly damped; that is, (Fy, F», F3) # (0,0,0), system
(1.1) is dissipative. In this paper, we consider (1.1) and (1.2) along with a mixed boundary conditions of the form:

®0,0) = yx(0,5) = wyx(0,1) =0 in (0,00), L5)
5
ox(L,)= w (L, )= w(l,t)=0in (0,00),

and here, only the third hyperbolic equation is damped, that is,
(F19F29F3) = (03 07 _5Wt)7

where § is a positive constant . We prove the well-posedness, and we establish some decay rates for the solutions (like
exponential stability, nonexponential stability, and polynomial stability) depending on a new relationship between the
coefficients of (1.1) and the smoothness of the initial data.

Without loss of generality, we consider the domain (0, 1) instead of (0, L). The proof of the well-posedness is based on
the semigroup theory. However, the stability results are proved using the energy method combining with the frequency
domain approach. The paper is organized as follows. In Section 2, we prove the well-posedness of (1.1), (1.2), and (1.5). In
Sections 3 and 4, we show, respectively, the lack of exponential stability and the exponential stability results for (1.1), (1.2),
and (1.5). The polynomial decay result for (1.1), (1.2), and (1.5) is proved in Section 5. Numerical approximations using
finite difference techniques is introduced in Section 6. Concluding remarks and open questions are given in Section 7.

2 | WELL-POSEDNESS
In this section, we prove the existence, uniqueness and smoothness of solutions for (1.1), (1.2), and (1.5) using the semi-

group theory. In order to transform (1.1), (1.2), and (1.5) into a first-order evolution system on a suitable Hilbert space,
we introduce the vector functions

O =(p, @, w, ¥, w, )" and Dy = (9o, P1, Wo. W1, Wo, W),
where @ = ¢, ¥ = y; and W = w,. System (1.1) with initial data (1.2) can be written as

{ O, = AD in (0,00), o

@ (0) = @y,
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where A is a linear operator defined by

@

Ex+y L)+ 5wy~ )
W
AD = b . (2.2)

k
—y— — (px +w +1w)
P2 P2

w

k lk 8
Wy = lp)e — = (o +y +1w) — —w;
P P 51
Now, we introduce the following spaces:

(H10.1)={feH ©.1): f(0)=0},

H!(0.1) = {feH (0.1): f1)=0},
<
H?(0,1) = H?>(0,1)n H! (0,1),

H?(0,1) = H?(0,1)n H!(0,1)

and the energy space is given by

H = H} (0,1) x L*(0,1) X (H; (0,1) X L* (0, 1))*,
equipped with the inner product, for ®; = (¢;, @;, v;, ¥;, w;, ﬁ)j)T eEH, j=1,2,

(@1, D2)zy = k{(@1x + w1 + L w1), (@ax + w2 + I W) 201y + D{W1xs Wax) 1201
+ ko((Wix = lp1) , Wax = 192))12¢0.1) + P1{P1> P2)1201)
+ p2(¥1, ¥2)120.1) + P1AWL, W2)12(0.1)

and the corresponding norm in the energy space will be given by

2 2 2 2
Hol13, = kllox +w + TwliZs o) + b lwallZs0,) + Ko lwe = 0l

~1n2 ~ 112 ~ 112
+p1 ”(p”LZ(O,l) + p2||W||L2(0,1) +p/m ”W”L2(0,1) .

The domain of the operator .4 will be
DA)={PeH| AP eH, ¢x(1) =wx(0) =wx(0) =0}.

Based on the definition of .A and H, one can see that

®eH|pe H2(0,1); w, we H?(0,1); » € H1(0,1);
D) =

v, we I:[i((),l); ox(1) =wx (0) =wx (0) =0

Since the homogeneous Dirichlet-Neumann boundary conditions in (1.5) are included in the definition of H} (0,1),

H! (0,1), and D (A), it follows that, if ¢ € D (A) and satisfies (2.1), then (1.1), (1.2), and (1.5) holds.
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It is clear from the homogeneous Dirichlet boundary conditions in H! (0, 1) and H! (0, 1) that, if (¢, w,w) € H} (0,1) x
H!(0,1) x H} (0,1) satisfying

k ”(¢X + l// + l W)”z2(0,1) + b ”WX”%Z(Q’I) + k() ”(Wx - l(p)”iZ(O’l) = 0’

theny =0, ¢ = —csin (Ix) and w = ccos (Ix), where c is a constant such thatc = 0 or | = % + mr, for some m € N.
Furthermore, we get ¢ = w = w = 0 if
1+ % +mz, VmeN. (2.3)

Here and after we assume that (2.3) is satisfied. Thus, H is a Hilbert space and D (A) is dense in H. If the domain (0, 1)
is replaced by (0, L), then (2.3) becomes
IL # g +mr, VYmeN. (2.4)

Now, we prove that the operator A generates a C semigroup of contractions on H. For this purpose, it is sufficient to
prove that 4 is maximal monotone. A direct calculation gives

which implies that A is dissipative in 7. On the other hand, based on the theory elliptic equations, it is easy (see Pazy'”)
to show that 0 € p (A); thatis, forany F = (f1, ... , fs)T € M, there exists Z = (z1, ... ,z6)T € D(A) satisfying

AZ =F. (2.6)

Thus, the well-posedness result for (2.1) is stated in the following:

Theorem 1. Assume that (2.3) holds. For any p € N and ¢y € D(AP), system (2.1) admits a unique solution
@ en_ "7 (Ry;D(A)), 2.7

where D (A7) is endowed by the graph norm ||| p i, = T ANy,
In the coming sections, the following stated theorems will play an essential role in our proof:

Theorem 2. (*8 and’®) A C, semigroup of contractions on a Hilbert space H generated by an operator A is exponentially
stable if and only if

iRcp(A) and sup H(i,u - A)*HE(H) < . (2.8)

Theorem 3 (Liu and Rao'®). If a bounded Cy semigroup e* on a Hilbert space H generated by an operator A satisfies,

for some j € N*,
1

iIRCp(A) and sup =| @Al —A)" < o0. 2.9
p(A) sup = I gy <20 2.9)
Then, for any p € N*, there exists a positive constant ¢, such that
In £\’
42|, < collzollogur () ' In . ¥z €D (A7), Ve (2.10)

3 | LACK OF EXPONENTIAL STABILITY

In this section, we prove that the semigroup associated with the Bresse system with frictional damping is not exponentially
stable if (1.4) or
p2ko + p1b (n 2 pik
lz¢—<—+ ) +——— VmeZ, 3.1)
p2ko 2 p2 (k + ko)

does not hold. Our main result is given as follows:
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Theorem 4. Let us assume that

b
P2

L)
P2

does not hold or * k #* @ or k# k.
P1 1

Then, the semigroup associated with (1.1) and (1.2) is not exponentially stable.
Proof. We prove that the first condition in (2.8) is equivalent to (3.1) by proving that the unique

® = (¢, @, w, ¥, w, )" € D(A)

satisfying
ADP=ii® 3.2)
is ® = 0 if and only if (3.1) holds. Equation (3.2) is equivalent to

(o =idp, W=ily, W=ilw,

k Ik e~
;((px+w+lW)x+ p—f(wx—lco) =i,

] o (3.3)
2 = L (@ +y +Tw) = 127,
P2 P2
]%(wx—l(p)x— f)—k((px+y/+lw)—piﬂ)=ilﬂ).
Using (2.5), we find
=8 [WI7.q,1, = Re (AD, @), = Re (id @, ®);, = Re iA | ®|17, = 0.
So W = 0. From the third equation in (3.3), we get w = 0. Therefore, (3.3) is reduced into the following:
@ =ilp, Y=ily,
k(@x +y)y — Pkop = —p1 A, 34
by — k (px +w) = —p2 2%y, '
—kowx — k(ox+y) =0,
which is equivalent to @ = id@, = idy and
(Pko — p14%) @ — k(px + ), =0,
—p2 AW — by + k(px +y) =0, (3.5)
k
Px+yY = 0x
By deriving (3.5); and combining with (3.5),, we see that ¢ satisfy the following equation:
P+ ap =0, (3.6)
where a = 2% At this stage, we distinguish three cases.
0
Case 1: )
22 = %o Then,

P
@X) = c1xX + ¢,

for ¢;, ¢, € C. Using the boundary conditions

p0)=@: (1) =0, (3.7)
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we find

=0, (3.8)
which implies that, using the first two equations in (3.4) and the last one in (3.5),

®=0 (3.9)
and _
w=ywy=0 (3.10)
Consequently, we get
®=0. (3.11)

Case 2: A2 > Lho, Then,

P1

px) = cle‘/‘_"‘x + cze‘\/‘_"".
Using again the boundary conditions (3.7), we find (3.8), and similarly as before, we arrive at (3.11).
Case 3: A2 < l;ﬁ. Then,

@(x) = ¢y cos ( ax) + ¢, sin <\/Ex) .
Using the boundary conditions (3.7), we deduce that ¢; =0, and

2
;=0 or ImeZ: a=<§+mn). (3.12)

If c; = 0, then (3.8) holds, and as before, we find (3.11). If ¢, # 0, then, by (3.12),

. lzko—plﬂz T 2

Therefore, (3.5); is equivalent to

v(x) = —c, <1+%> \/ECOS(\/; ) (3.14)

and then the first two equations in (3.5) are reduced to

ko [k + b (k + ko)]
~ (k+ ko) (kopz + bp1)

2

(3.15)

We see that (3.13) and (3.15) lead to

ko + p1b ( 2 p1k
Imez: P=220TPOT g 25
p2k0 <2 ) pz(k+k())

that is (3.1) does not hold. So, if (3.1) holds, we get a contradiction, and hence, ¢, = 0 and, as before, we find (3.11). If
(3.1) does not hold, then, for 4 € R satisfying (3.15), the function

D(x) = ¢, <sin(\/5x>,usin(\/5 ),—<1+%> Vacos (Vax) ,
—i/1<1+%> \/Ecos(\/ax),o,o,o,o>T

is a solution of (3.2), for any ¢, € C, and then i4 ¢ p (A). Thus, we proved thati R C p (A) is equivalent to (3.1).

We prove now that the second condition in (2.8) is not satisfied. We have to prove that there exist sequences (4,), C
R and (Fy,), € H, with ||Fy|l; < 1, for which we have

[(AnI = A) "' Foll3¢ = o0, (3.16)
———

[0

n
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therefore, we have
An®y — AD, = F,. (3.17)

Rewriting the spectral equation in terms of its components, we have

iAn@n — (;n = fin

i/lnpl(;n — k(@nx + wn + LWy, — lko W — l@n) = p1.fon,

A = W = fan
3 N (3.18)
IAnp2Wy — bW + K (@nx + Wn + L wy) = ps fan,

[AgWy — Wy = fsp,

| 1201 Wn — KoWnx — 1)y + Ik (@ + Wi + L Wp) + 5Wn = p1 fon.

Let us take
f4n(x) = CCOS(Nx)7 and fln = f2n = f3n = fSn = f6n =0, (3-19)
where N = @ and c is a constant satisfying 0 < |c| < %, SO
2
1
IFall3; = p2 I fanll oo 1) = p2lel? /0 cos” (Nx) dx < 1.
Choosing

{ @n(X) = ag sin (NX), wy,(X) = azcos (Nx), wp(x) = a3cos (Nx),
@n(X) = idyay sin (NX), W,(x) = idgaycos (Nx), Wy(x) = id,ascos (Nx),
where a1, a3, a3 are constants depending on N (will be fixed later). Then, we get
[kN? + IPko — A%p1] ay + kNay + 1 (k + ko) Na3 = 0,
[bN2 +k-— }%pz] ay + kN(Xl + lka3 = paC, (320)
[koN? + 84 + I’k — A2p1] a3 + L (k + ko) Ny + lka, = 0.
‘We have to discuss the two cases

plb - /)zk ?é 0 and [plb - pzk =0 and k- ko 79 0],

kk,
Pa (k+k0) :

Case 1: p;b — p,k # 0. Let us choose 4,, = pﬂN2 + Then, (3.20) becomes

[(k— ‘;1—b>N2+lzk0 — ok | o 4 kNay + 1 (k + ko) Nas = 0,

pz(k+k0)
2
ﬁoaz + kNay + lkas = pac, (3.21)
_mb 24 21 _ _Pikk _
[(ko . )N + i, + Pk p2(3<+k°0)] as + Lk + ko) Nay + lkaty = 0.

From (3.21),, we get

k2
p2C — lka3 - —

k+ko
= 3.22
a1 kN ( )
By substituting (3.22) into (3.21); and into (3.21);, we obtain, respectively,
le(k + k
s = p2le(k + ko) (3.23)

M _ 2 i 2 p1kky
k [( K k0>N i3, + Pl + ~otes
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and

pb 2 2 pr1kky
. [(po — lka3) <k - ;) + lk(k + ko)llg,] N-* + (po - lka3) [l ko - p2(k+k0)
2 =

|- (224 ko ) N2 + 2k — 2t
k+k0[ <Pz o JNT+ B = 2ok

We see that (3.23) and the fact that lim,,_,, 4, = co imply that

lim a3 = 0,

n—oo

therefore,
li _ ek +ko)(p1b — p2k)
im a, =

— b ¢O
SCT

since p;b — p,k # 0. Then,

lim |a;|N = oo.
n—-oo

Finally, using the norm of v, in L%(0, 1), we obtain

1
194l > bl = blasPN? [ sin? ()
0

1
> |a2|2N2/ (1 — cos (2Nx)) dx = glazlzNz - 0.
0

Case 2: p;b — pok = 0 and k — ko # 0. Let us choose 4, = , /pﬁNZ + \/;‘_pN. Then, (3.20) becomes

<_\/IZ—I;‘N+ lzk0> ay + kNay + 1(k + ko) Naz = 0,

NS

A

(—\/’%Nﬁ' k> ay + kNay + lkasy = p2C,

[(ko - k)N2 + 04, — %Nﬁ' le] a3 + l(k+ k())N(Xl + lkay = 0.

L

lzk() 1P2
From (3.29), we get, for N > —— VAl

pik
kN(l’2+l(k+k0)N(13
ay = ok N Pk .
Vo~ Eo

Pko/p17;
By substituting (3.30) into (3.29);, we find, for N > "p—kplpz,
1

lk [(k + ko) N? + \/’%N - lzko] az

192

a3 =

__mk_ 2 _ 2 4 L ol 5 2.
< WNHko) [(ko k)N? +i6 Ay _p1p2N+lk] Pk + ko)*N

o . . N
By substituting (3.30) and (3.31) into (3.29),, we obtain, for N > "p—kp”)z,
1
a
a = —,
a

where

2
a1 = —pe| 2E N2y ) |y = N 44, — 2K N+ 2K
P1pP2 P1p2

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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+,02C12(k + k0)2 —LkN + lzko N?
P1P2

and

2
2 2
a, = Pk l(k F k) N2 4+ 2K N l2k0] + Pk + ko) <12kk0 - MN) N2

P1pP2 \VP1P2

2 2
+ (lzkko - MN) (ﬂN _ 12k0> l(k0 N +isa, — LK N lzk] .

\VP1P2 P1P2 pP1pP2

We see that (3.32) implies that

cp1py(k—ko) ; 2
, I# (k + 3ko) + p1 (k — k 0,
lim Jag| = 4 |F[22PGer3k0) o (k=ko)] opkt Sa)+ (=) # (3.33)
T oo, if P2l (k+ 3ko) + p1(k — ko) = 0.
Because k — ko # 0, then (3.27) holds. Consequently, (3.28) remains valid. O

4 | EXPONENTIAL STABILITY

In this section, we use Theorem 2 to prove that the semigroup associated to system (1.1) to (1.5) is exponentially stable
provided that (1.4), (2.3), and (3.1) hold.

Theorem 5. We assume that (1.4), (2.3), and (3.1) hold. Then, the semigroup associated with (1.1) and (1.2) is
exponentially stable.

Proof. 'We have proved that the first condition in (2.8) is equivalent to (3.1). Now, by contradiction, we will prove the
second condition in (2.8). So we assume that the second condition in (2.8) is false, then there exist sequences (®,),
C D(A)and (4,), C Rsatisfying

®ullzy =1, Vn >0, (4.1)
lim |A,] = (4.2)
n—oo
and
nlim G A T —A) Dylly =0, (4.3)

which implies that

(12000 — @n — 0 in HL(0,1),

12010 — k(@ + W + Iy — kg Wax — lpy) — 0 in L2(0,1),

iAW —wn — 0 in H!(0,1),

3 5 (4.4)
M'npﬂl/n - anxx + k((an +yy + an) -0 in L? (09 1) s

iAWy —wy, — 0 in H(0,1),

i2np1Wn — koWpx — lgn), + Ik (@ + Wi + W) + 6w, — 0 in L2(0,1).

We will check the second condition in (2.8) by finding a contradiction with (4.1). Our proof is divided into several
steps.
Step 1. Taking the inner product of (i 4, I — .A) ®, with @, in H and using (2.5), we get

~ 112
RIG An I = A) @y, )y, = 6|wn

12(0,1)
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Using (4.1) and (4.3), we deduce that R
w, - 0 in L?(0,1). (4.5)

Step 2. Using (4.4);, (4.4)3, (4.4)5,(4.1), (4.2), and (4.5), we deduce that

@, = 0 in L?(0,1),
v, = 0 in L?(0,1), (4.6)
AW, = 0 in L2(0,1).

Step 3. Taking the inner product of (5.4)s with w, in L? (0, 1), integrating by parts and using the boundary conditions,
we get

ko ”an”iz(o 1 + .01<iwn/lnwn> + < [lk (@nx + Wn + lwy) + kolgpnx + 5Wn] ,Wn> - 0.
’ L2(0.1) L0,

Using (4.1), (4.2), and (4.6);, we deduce that
Wee — 0 in L?(0,1), 4.7

and by (4.4)s, we deduce that

WA_"X —~0 in L*(0,1). (4.8)

n

Step 4. Taking the inner product of (@, + ywn + lw,) with iﬂnﬁ)n in L?(0,1), integrating by parts and using the
boundary conditions, we get

<(€0nx + w4+ wy), ann> = _<i/1n(an, Wn> - <i/1nll/n’ Wn> - l<i/1nwn,wn>
12(0,1) 12(0,1) 12(0,1) 12(0,1)

= <<iﬂn(pn — @n aan> + <(pn»wnx> - <(ufnllln _Wn),wn>
12(0,1) 12(0,1) 12(0,1)
~ ~ ~ ~ ~ 2
- W —l<<i/1w —w),w> —l“w
<W" ">L2(0,1) nn " "/ 1200 "llz20,1)
=_<<iln§0nx_(pnx)awn> +<(pmwnx> _<<i/1nl//n_l//n>awn>
12(0.1) 12(0.1) 12(0,1)

-~ o~ ~ ~ ~ 12
_<V/n9wn> _l<<ilnwn_wn>awn> _l||Wn
12(0,1) L2(0,1)

Then, by using (4.1), (4.4)1, (4.4)3, (4.4)s, and (4.5), we deduce that

12(0,1)

~

(((pm + i+ W), mnwn> - <<pn,wnx> > 0. (4.9)
L2(0,1) L2(0,1)

Taking the inner product of (;n with ﬁ)nx in L2 (0, 1), we get

<(pnawnx> = <(pn’ (an_(pn>> + H(pn
L2(0,1) L2(0,1)

= _<(pn’ (i/lnwnx - an)> + <(Pn’ (illn(Pn - (Pn)>
L12(0,1) L2(0,1)

~ 2
+<(pn, i/ln (an - (pn)>

2

L2(0,1)

Pn

+ | ,
L2(0,1) L2(0,1)

then, by (4.1), (4.4)1, and (4.4)s, we have

)«n<(pmi(wnx - @n)> - <(Pna an> + “(Pn
12(0,1) L2(0,1)

On the other hand, taking the inner product of (4.4), with (wy, — lg,) in L? (0, 1), integrating by parts and using the
boundary conditions, we get

2
(4.10)

N
L2(0,1)

<i/1npl(p~n’ (Whx — Z(Pn)> + k<((pnx +yn+ an) , Wiy — l(Pn)x>LZ(O,1)

L%(0,1)
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_lkO ”(an - l(pn)”iZ(O‘l) - O,
then,
Anp1 <i§0n’ (Wpx — l(l)n)>
. 12(0.1)
_k_<((.0nx + w4+ lwy), [Anmwn = koWnx = lgn)y + Ik (@px + wn + Iwy) + 5wn] >L2(0 N
0 )
kl)l . ~ lk2 2
+k_0§((0nx + Wn + an) ’ M"W">Lz(o,1) + k_o ”(qonx + Wn + an)”LZ(O,l)
o ~ 2
+k_0<((Per + wp + lwy) ’W">L2(o,1> = ko |(Wnx = L)l 7291y = O-
Using (4.1), (4.2), (4.4)s, (4.5), (4.6), and (4.7), we get
~o kpy ca 7
—Anp1{ @ns i Wix — lipn) + ——((@nx + yn + lwy) iAWy (4.11)
2o, ko L2(0,1)
Ik?
+k_0 ”((an + ll/n + an)”iz(Oyl) - 09
then, by (4.9), (4.10), and (4.11), we obtain
£ 1) oo o o) B e + )2, + e (4.12)
Ko P1\ @Pn> Wnx oy | ke @Pnx T Yn 20,1 T P1 (|Pn 201) .
Here, we use the fact that k = kq (condition 1.4), we deduce that
Ik? 2 ~ 12
T l(@nx + Wi + W)ll7201, + P2 | Pn| 2 0m)
and then using (4.6), we have
@nx — 0 in L?(0,1) (4.13)
and
@, — 0 in L?(0,1), (4.14)
and by (4.1), (4.2), (4.4)1, (4.13), and (4.14), we have
An@n — 0 in L?(0,1) (4.15)
and R
DPnx . 2
-0 in L*(0,1). (4.16)

n

Step 5. Taking the inner product of (4.4), with (@ + w, + lwy,) in L? (0, 1), integrating by parts and using the boundary

conditions, we get
<i/1nP2V/n7 (an> + <i/1nP2V/n, Wn> + l<i/1n/’2‘//na Wn>
12(0,1)

+o (Wi, (@ux + wn + an)x)LZ(o,l) +k|l(@nx +yn + lW")”iZ(O,l) -0,

12(0,1) L2(0,1)

then,
2

Yn

_/lnp2<ll/ns i(an> - 92<Wn’ <i/1nllfn - Wn)) — P2 |
12(0,1) L2(0,1)
_lp2<ll/n, <i/1an - Wn>> - lp2<ll/n, Wn>

L2(0,1) L2(0,1)

_9<wx, [i,lnpl(;n = k(@nx + Wn + ), — Iko (Wyx — l(pn)] >

k
b . ~ lkob
+E<an» l/Inpl(pn>L2(0 n - T()(an (Wpx — lgon))LZ(o,l) + k|l @n +wn + an||i2(0,1) -0,

using (4.1), (4.4),, (4.4)3, (4.4)s, (4.5) , (4.6), (4.7), and (4.13), we get

L?(0,1)

L?(0,1)

2 bpl ~
+ 20, < i > -0
oy T kAW )0

_/1}'“02<Wn7 i(an> Yn

— P2 ’
L2(0,1)

(4.17)
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Now, we use that

in<l."nx’i(0n> = _<<i}-nllfnx_ll/nx)’(ﬂn> - <an, (Pn> s
L2(0,1) L2(0,1) L2(0,1)

and by integrating by parts and using the boundary conditions, we have

/1n<ll/nx7 i(Pn> = _<iﬂnl//nx — Ynx, (Pn> + <l//ns (an>
12(0,1) L12(0,1) L2(0,1)

= _<<i/1nl//nx - an> s (Pn> - <Wn’ (iﬂn(an - (an>> + <Wn’ il{n(an> s
L2(0,1) L2(0,1) 12(0,1)

therefore, from (4.1), (4.4);, and (4.4);, we see that

An(‘l’nxa i(Pn> - ﬂn<l//n7 i(an> -0,
12(0,1) L2(0,1)

so, inserting (4.18) into (4.17), we obtain

2

22 (bpy — p2) (Wi 00) = 2|

L2(0,1)

-0
L2(0,1)

At this stage, we use the fact that bp, — kp, = 0, then we have from (4.22)
wn — 0 in L?(0,1),

and by (4.4);, we deduce that
Anwn — 0 in L2(0,1).

so, inserting (4.18) into (4.17), we obtain

2

An ~
n (bp1 — kp») <wnx, lcpn> = P2 ||wn

L2(0,1)

N
12(0,1)
Here, again, using bp, — kp, = 0, then we have

wn =0 in L?(0,1),

and by (4.4);, we deduce that
Anwn = 0 in L?(0,1).

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

Step 6. Taking the inner product of (4.4), with y,, in L? (0, 1), integrating by parts and using the boundary conditions,

we get
_P2<Wn’ i/ann>L2(0 b +b ”an”?;((),l) + k{(@nx + i + lwy), Wn>L2(O,1) -0,

and by using (4.6), (4.23), and (4.24), we obtain
W — 0 in L2(0,1).
A combination of (4.5) ,(4.6), (4.7) , (4.13), (4.14), (4.23), and (4.24) leads to
1Pullz — O,

which is a contradiction with (4.1). Hence, the proof of Theorem 5 is completed.

(4.25)
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5 | POLYNOMIAL STABILITY

In this section, we prove the polynomial decay of the solutions of (1.1) to (1.5) using Theorem 3. Our main result is stated
as follow:

Theorem 6. We assume that (2.3) and (3.1) hold. Then, for each p € N*, there exists a constant ¢, > 0 such that

P
Vg € D (AP), Vi >0, [|ea|| < cp||q>0||D(Ap)(mTt>* Int. (5.1)

Proof. Insection 4, we have proved that the first condition in (2.9) is satisfied if (3.1) holds. Now, we need to show that

sup
[4] 21

%”(MI - A)—l”H < . (5.2)

We establish (5.2) by contradiction. So, if (5.2) is false, then there exist sequences (®,), C D(A) and (4,), C R
satisfying (4.1) , (4.2) and
lim A3 [|(idn I — A) @plly =0, (5.3)
n—oo

which implies that
28 (m,,(p,, - (}n> ~0 in H!(0,1),
3 [140100 = K+ Y+ B0 = Tk (W = I | = 0 in 120, 1),
28 (man,, - J/,,) -0 in HL(0,1),
(5.4)

3 (14020 = Bt + e @+ wia + )| = 0 in 120, 1),

28 (M,,wn - van) -0 in H.(0,1),

28 [i/lnplﬁun — koWrx — Lgn)y + Ik (@rx + W + lwn) + 5| = 0 in L2(0,1).

L

We will prove that || ®,|[; — 0 as a contradiction with (4.1). This will be established through several steps.
Step 1. Taking the inner product of A3 (i 4, I — A) @, with ®, in H, we get
2

4~
n

R dn = A) @@y =6 [ kw

120,1)°
so we have

Atw, - 0 in L%(0,1). (5.5)
Step 2. Using (4.1), (4.2), (5.4)1, (5.4)3, (5.4)s, and (5.5), we obtain

Pn, Wn, /llen -0 in L? 0,1),
(5.6)

(An@n), and (Ayyy), are uniformly boundedin L2?(0,1).

Step 3. Taking the inner product of (5.4)¢ with % in L? (0, 1), integrating by parts and using the boundary conditions,
we get

P1 <iﬂnwn» )’}S’lwn>Lz(o 1 + koj'fl ”an”iz(o’l) + l(k + ko) <(0nx» Aiw")Lz(O,l)

HIR((Yrn + W), Wadpoo) + 5<wn, Agwn> =0,
12(0,1)
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then, using (4.1), (4.2), (5.5) and (5.6) , we obtain
Al Wi > 0 in L2(0.1). (5.7)

So, from (5.4)s, we find
| An]2Wne = 0 in L2(0,1). (5.8)
Step 4. Applying triangle inequality, we have

11T, ~
H Do < —‘ - [lﬂnm@n — k(@nx + wn + W), — kg (Wpy — l(ﬂn)]
),n 12(0,1) k A.n L2(0,1)
1|, ~ k Ik
+= -— +1 - — -1 ,
X p1@py, . (Whx + W) . Wix — lgy) o
and using (4.1), (4.2) and (5.4),, we deduce that
< (P/1m > is uniformly bounded in L?(0,1). (5.9)
n n

Taking the inner product of (5.4)s with (’1—’;‘ in L2 (0, 1), integrating by parts and using the boundary conditions, we

obtain

L. @
p1<l/1nwnv(an> +k0</1nwnx’ nxx> + l(k+ kO) ”(an”IZ‘Z(O 1)
L2(0,1) An L2(0,1) ’
+lk<(Wn +iwy,), (an>L2(0,1) + 5<Wn, Pnx Lo -0,

then, from (4.1), (4.2), (5.6), (5.7) ,(5.8), and (5.9), we have

®nc — 0 in L?(0,1). (5.10)

[

Step 5. Taking the inner product of (5.10)s with e in L2 (0, 1), integrating by parts and using the boundary conditions,

we get
—P1 <Wn, An (iﬂn(pnx - §0Nnx>> + ,01</1anx, (.0Nn>

12(0,1) L2(0,1)

+kO<AiWnX7 ¢m> + l(k+k0) /1n ||¢nx||iz(0 1)
An [ 200 ’

+lk<ﬂn (Wn + lwy), (Onx>L2(o,1) + 6( AWy, (an>L2(0 b -0,

hence, using (4.1) , (4.2), (5.4)1, (5.6), (5.7), (5.9), and (5.10), we obtain
ii‘l ”‘an”iz(o,l) - 0 (511)
Taking the inner product of (5.4), with % in L? (0, 1), integrating by parts and using the boundary conditions, we get

~ ~ ~ 12
_p1/1n<(Pn’ (illn(Pn - (Pn>> — p1n ||@n
L2(0,1)

L?(0,1)

+hAn((Pnx + wn + lwy), (an>L2(0,1) — ko An{(Wnx — lopn) » (Pn>L2(0,1) -0,

which implies
~ ~ ~ 2
_p1<(an An (i/ln(Pn - (Pn)> Pn

+k/1n ”(pnx”iZ(O,l) + k((/lnll/n + lﬁnwn) ) (an>L2(0,1)

- pllln |

L2(0,1) L%(0,1)

—lko{(AnWnx — LAn@y) . (Pn>L2(0,1) -0,
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so, using (4.1), (4.2), (5.4)1, (5.6) , (5.7), and (5.11), we deduce that
~ 112
An ||®@n o -0, (5.12)
and from (5.4),, we obtain that
Anll@nll* = 0. (5.13)
Step 6. Multiplying (5.4), by ——, we get
Iflnl 3
> a3 @ — k2 e et k) 2 4 PR -2 S 0 in L12(0.1),
ol VAERRNVHE |nl a2
then, using (4.1), (4.2) and (5.12), we deduce that
P, 0 in L2(0,1). (5.14)
[Anl2
On the other hand, by integrating by parts and using the boundary conditions, we see that
An{Whxx, iﬂ«n(pnx>L2(0,1) = ﬂ%iwnx, (Pmoc>L2(o,1)
= <,1,, (unwnx — W) ,(pm> + An@nx, (pm>
12(0,1) 12(0,1)
= </13 <i/1nwm_1;)nx>’(p_m> </1 [An |2an’ (anxl > s
An L2(0,1) |), |2 12(0,1)
then, using (4.2), (5.4)s, (5.8) , and (5.14), we obtain
An{Wixxs LAn®nx)1201) = O- (5.15)
Furthermore, integrating by parts and using the boundary conditions,
ln((@’nx*“l’n + lwp)y, §N0n> = _}”n<((an+Wn +an)’(;nx>
12(0,1) L2(0,1)
= L0 52 [idupawn — & lon), + Ik l P
= _E An |iAnp1wy — koWhy — l@p)y + Ik (@ + win + wy) + 60 | T
"/ 2o
<(M,,p1wn + 60, ) An (iin(pnx - qonx)>
lk L2(0,1)
Ko : ~ A
<(an l(pn)x, An (lﬂn(an - (an>> <lp1WI’DC9 l(Pn>
lk L2(0,1) lk 12(0,1)
, k A koA .
+E</I$19nxa lgonx>L2(0’1) 0%n (WH)OC9 ll{n¢’nx>L2(0 l) k & —1 ”(pnx”iz(o,l) s
then, using (5.4)1, (5.4)s, (5.7) , (5.8), (5.13), and (5.15), we find
/1<( i + ) N) Ko gl = 0 (5.16)
n (an ll/n n’x» (Pn LZ(O,I) k n‘an LZ(O,I) . .

Taking the inner product of (5.4), with % in L? (0, 1), we get

in(pn

P1i|

2. 1) /ln<((pnx +yn + an)x, (Pn>L2(0’1) - lk0<(inwnx —An@n), (Pn>L2(071) -0,
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then, using (5.16), we obtain

An@y

+ 1K 2@y, = Ko At = Lin ) 6, ) =0,

2
L2(0,1) L2(0,1)

pii |
and from (4.1), (4.2), (5.4)1, (5.12), and (5.13), we deduce that

In@, — 0in L*(0,1) (5.17)

and
An@ne — 0in L%(0,1). (5.18)
Step 7. Multiplying (5.4)4 by %9 we obtain

Wm+£(¢nx+wn+lwn)—>oinL2(0,1).

ipZ‘/N/n -b 2 2
n n

By triangle inequality, we deduce from (4.1) and (4.2) that

(W/lm > is uniformly bounded in L?(0,1). (5.19)

Taking the inner product of (5.4), with ":{;‘ in L? (0, 1), we get

. ~ 2
p1<l/1n(pn, an>L2(0’1) — k(@roces Wix) 12001y — K Wl 0.1

=l(k + ko){Wix, Wix)1200.1) + Pko{en, Wnx)r200.1) = 0s
then, integrating by parts and using the boundary conditions, we obtain

o~ v
p1<l/1n(pn, an> + k</1n(pnx, —"’“> — kWl 0.1
£2(0,1) An [ 1200 "

—l(k + ko){(Wix, ll/nx>L2(o,1) + 12k0<(ﬂm WVDC>L2(0,1) -0,
so, using (4.1), (4.2), (5.5), (5.6) , (5.7), (5.18), and (5.19), we deduce that

v — 0 in L%(0,1). (5.20)
Taking the inner product of (5.4), with ‘% in L? (0, 1), integrating by parts and using the boundary conditions, we get

2

~ . ~ ~ 2
—pz<wn, (l/lnwn - ufn) >L2(0’1) ) ”wn o T2 MWl

+<k (Pnx + W + 1wy, Wn>L2(0,1) -0,
hence, using (4.1), (4.2), (5.4)3, (5.6), and (5.20), we get

w, = 0in L2(0,1). (5.21)
A combination of (4.2) and all the above convergence leads to

| @nllz = 0,

which is a contradiction with (4.1). Consequently, the proof of our Theorem 6 is completed. O
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FIGURE1 Test 1: Exponential decay

6 | NUMERICAL RESULTS

In the numerical part of this paper, we examine our theoretical results. We solve (1.1) using the finite difference method
for discretizing the space-time domain [0, L] X [0, T.]. We implement a first-order approximation in time and a second
order in space. For a similar construction, we refer to Santos and Junior.!® We conduct three different tests as follow:

Test 1: Here, we present the exponential decay case based on the result in Theorem 4.1 using the inputs parameters as
follows: p, = p, =1, k=ky=1,b=1,and 7 = 1.

Test 2: In the second numerical test, we examine the polynomial decay case as in Theorem 6, for this case we choose the
following parameters: p;, = p, =1, k=1,b=1,7 =1, and ky = 0.5.

Test 3: In the third numerical test, we simulate the conservative case. We take out the damping source (ie, § = 0) from
the third equation of the system (1.1) and we simulate the problem using the same value as in test 1.

In our numerical approach, we perform three tests using a fixed time steps At satisfying a stability condition according
to the Courant-Friedrichs-Lewy (CFL) inequality.

For our numerical test, we uses a unform discretization of [0, 4] into 500 subintervals and we fixed the time step by the
condition At = Ax/8. The initial data are given by

@x,0) =y(x,0) =w(x,0)=0 in [0,4], (6.1)

and
@i(x,0) = cos(2rx); wi(x,0) = wi(x,0) =sin2zx) in [0,4]. (6.2)
In Figure 1, we plot the result of the first test, namely, the exponential decay case. Figure 1A shows the two dimensional

time-space evolution of ¢, Figure 1B shows the evolution of y, and Figure 1C shows the evolution of w. Figure 1D shows
the corresponding cross-section cut at x = 0.25.
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Conservative system

In Figure 2, we show similar results to test 1. We need to mention here the difference between the decay behavior of
this test in comparison with the first one.

In Figure 3, we plot the result of the conservative case, namely, after removing the damping term in the third equation.
Figure 3A shows the nondecay of the two-dimensional time-space evolution of ¢, Figure 3B shows a nonconverging
periodic-like behavior of the evolution of y, and Figure 3C shows the nondamped behavior of w. Figure 3D shows the
corresponding cross-section cut at x = 0.25. where, the nondecay physical behavior is clearly demonstrated.
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In Figure 4, we plot the energy for the three scenarios as mentioned in tests 1, 2, and 3. As it is seen in the figures, the
asymptotic behavior through the curves clearly justify our new stability conditions proved in the previous sections.

7 | CONCLUDING REMARKS AND OPEN PROBLEMS

In this paper, Bresse system with one damping was considered, we proved the well-posedness, stability results were proved
subject to a new relationship on the coefficients of the Bresse system, and some numerical approximations were presented
to validate the theoretical results obtained in this paper. The proofs were based on a combination between frequency
domain approach and multipliers techniques. We need to mention here that the optimality rates of decay in the polynomial
stability is an open problem as well as the stability results in case of Dirichlet boundary conditions instead of a mixed
boundary conditions considered in this paper is an open problem too.
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