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ON THE EXPONENTIAL DIOPHANTINE EQUATION z¥ 4 y* = 27
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Abstract. For any positive integer D which is not a square, let (uj,v1) be the least
positive integer solution of the Pell equation u? — Dv? = 1, and let h(4D) denote the class
number of binary quadratic primitive forms of discriminant 4D. If D satisfies 2 { D and
v1h(4D) =0 (mod D), then D is called a singular number. In this paper, we prove that if
(z,y, z) is a positive integer solution of the equation z¥ +y* = z* with 2 | z, then maximum
max{z,y,z} < 480000 and both z, y are singular numbers. Thus, one can possibly prove
that the equation has no positive integer solutions (x,y, z).
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1. INTRODUCTION

Let Z, N be the sets of all integers and positive integers, respectively. In recent
years, the solutions of circulant exponential diophantine equations have been inves-
tigated in many papers (see [7], [8], [9], [14], [15], [16]). In 2013, using upper bounds
of linear forms in p-adic logarithms, Zhang, Luo and Yuan in [15] proved that the
equation

(1.1) 2 +yt =25 xy,z€N,

has only finitely many solutions (x,y, z), and all solutions (z,y,z) of (1.1) satisfy
z < 2.8 x 10°. In addition, they proposed the following conjecture:

Conjecture. The equation (1.1) has no solution (x,y, z).
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Obviously, the upper bound given in [15] is far too large for any practical purpose.
In 2014, Deng and Zhang in [5] proved that (1.1) has no solutions (z,y, z) with =
and y being odd primes. Very recently, Wu in [13] proved that (1.1) has no solutions
(z,y,z) with 2 1 z. His proof relied upon a deep result concerning the existence of
primitive divisors of Lucas and Lehmer numbers due to Bilu, Hanrot and Voutier,
see [1].

In this paper we shall discuss the solutions of (1.1) with 2 | z. This is the remaining
and the more difficult part of (1.1). First we give a better upper bound for the
solutions of (1.1) as follows:

Theorem 1.1. All solutions (z,y,z) of (1.1) with 2 | z satisfy max{x,y,z} <
480000.

Let D be a positive integer which is not a square. It is well known that the Pell
equation

(1.2) u? —Dv?P=1, wvel,

has positive integer solutions (u,v). Further, let (u1,v1) be the least positive integer
solution of (1.2), and let h(4D) denote the class number of binary quadratic primitive
forms of discriminant 4D. If D satisfies

(1.3) 2¢D, wv1h(4D) =0 (mod D),

then D is called a singular number. We give a relationship between the solutions
of (1.1) and singular numbers as follows:

Theorem 1.2. If (z,y,z) is a solution of (1.1) with 2 | z, then both x and y are
singular numbers.

Thus, combining the computational results of h(4D) and vy (see [3], [10], [12])
with our theorems, one can possibly verify the above mentioned conjecture.

2. PROOF OF THEOREM 1.1

Lemma 2.1. Let a1, az be coprime nonzero integers with a; = az = 1 (mod 4),
and let by, by be positive integers. Further, let A = a?l — a§2, and let vo2(A) denote

the degree of 2 in A. If min{|a1|, |az|} > 3, then we have

va(A) < 19.5540(log |a1]) (log |az])

b b 2
X (max{1210g2,0.4—|—10g(210g2) + log (log |1a | + o |2a |)}) .
2 1
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Proof. This is a special case of Theorem 2 of [4] for p = 2. Since
min{|a1|, |az|} > 3 and a1 = a2 =1 (mod 4), we have min{|a1|, |az|} > 3. Therefore,
we may choose that £ = 2, g = 1 and log A; = log|a;| for i = 1,2. Thus, by the
theorem, we get

36.1g
N ———
v2(A) E3(log2)*

X (max {5, 6F1og2,0.4 4 log(E log2) + log (1021/12 + 1022/11 ) })2

(log A1 ) (10g Ag)

< 19.5540(log |a1])(log |az|)

b b 2
X (max{1210g2,0.4+1og(210g2)—|—log<1Og |1a | + log|2a |)}) .
2 1

The lemma is proved. (|

Proof of Theorem 1.1. By [15], if (z,y, 2) is a solution of (1.1), then we have

(2.1) min{z,y,z} > 1
and
(2.2) ged(z,y) = ged(z, 2) = ged(y, 2) = 1.

We now assume that (z,y, z) is a solution of (1.1) with 2 | z. By (2.2), we have

(2.3) 21z, 2¢ty.

Without loss of generality, we may assume that < y. Then, by [5] and [15], we
have

(2.4) I<r<z<y.
Further, since 2* > a¥ by (1.1), we get
(2.5) ylogx < zlog z.

On the other hand, we see from (1.1) and (2.3) that

(2.6) 0=z"=2"+y" =z +y (mod 4).
Let

(2.7) (o n. by, by — | (0w ®) HEw =1 (mod 4),
. 1, 42,01, 02 (y’_xvxvy) fz=3 (mod 4)
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By (2.6) and (2.7), we have a; = az = 1 (mod 4). Further, let A = a}* — a¥?, and
let v2(A) denote the degree of 2 in A. By (1.1) and (2.7), we have A = z¥ 4+ y* = 27
and va(A) > z. Therefore by (2.4), using Lemma 2.1, we get

(2.8) z < 19.5540(log z) (log y)

X (max {12 log2,0.4 + log(2log 2) + log (lozx + IOZy)})Q'

If 121og 2 > 0.4+log(2log 2)+log(x/ log x+¥/ logy), then we have 2000 > 7591 >
y/logy and y < 25000. Therefore, by (2.4), the theorem holds.
If 121og 2 < 0.4 + log(21og 2) + log(x/ logxz + y/logy), then from (2.8) we get

T Y o\)\2
(2.9) 2 < 19.5540(log ) (log y) (0.7271 + log(logx + logy)) .

Notice that r/logr is increasing for any real number r with r > e. By (2.4), we have
x/logx < y/logy, and by (2.9), we get

2 2
(2.10) 2 < 19.5540(10gm)(10gy)(0.7271+1og(l 4 )) :

ogy
Further, by (2.4), (2.5) and (2.10), we have

1
y<zlogz

< 19.5540(log ) (log 2) (0-7271 +log (1 L ))2

ogx ogy

< 19.5540(10gy)2(0.7271 +log (12y ))2

ogy

whence we conclude that y < 480000. Thus, by (2.4), the theorem is proved. O

3. PROOF OF THEOREM 1.2

Lemma 3.1 ([2]). If X,Y, n are positive integers such that X > Y, ged(X,Y)=1
and n > 6, then X™ — Y™ has a prime divisor p with p > n.

Lemma 3.2 ([11], Theorem 8.1). Every solution (u,v) of (1.2) can be expressed
as
U—FU\/E:)\l(ul—f—)\Q’Ul\/ﬁ)s, /\1,)\2€{i1}, sel, s=0,

where (u1,v1) Is the least positive integer solution of (1.2).
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Lemma 3.3 ([6], Theorem 1 and 2). Let D,k be positive integers such that D
is not a square, k > 1, 2 t+ k and ged(D,k) = 1. Every solution (X,Y,Z) of the
equation

X2_-DY?=k?% XY, Zcl, ged(X,Y)=1, Z>0

can be expressed as

X+YVD = (X, +v1VD) (u+vVD), Z=2Zt, teN,
where X1, Y1, Z1 are positive integers satisfying

X2 - DY? =k?, ged(X1,Y1) =1, h(4D) =0 (mod Z,),

(u,v) is a solution of (1.2).

Proof of Theorem 1.2. We now assume that (x,y, z) is a solution of (1.1) with
2 | z. If z is a square, then from (2.1) and (2.3) we get = a?, where a is an odd
integer with a > 3. Substituting it into (1.1), by (2.2), we have

(3.1) 2?4 a¥ = ba2, 2?2 ¥ = ca2, y=be, byceN, ged(b,c) =1,

whence we get

2

(3.2) 2a¥ = b — .
However, since a? > 9, by Lemma 3.1, b@* — ¢ has a prime divisor p with p > a?
and (3.2) is false. It implies that x is not a square. Similarly, we can prove that y is

not a square.
We see from (1.1) and (2.3) that the equation

(3.3) X2 —yY?=2? XY, Z€Z, ged(X,Y)=1, Z>0
has the solution
(3.4) (XY, 2) = (7/2,y 12 y).

Recall that > 1, 2 t x, ged(z,y) = 1 and y is not a square. Applying Lemma 3.3
to (3.3) and (3.4), we have

(3.5) y=7it, teN,
(3.6) 24y g = (X0 + YY) (u+ o),
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where X1, Y7, Z; are positive integers satisfying

(37) X12_yY12:x217 ng(Xlayl)zla
(3.8) h(4y) =0 (mod Z;),

(u,v) is a solution of the Pell equation
(3.9) w?—y? =1, wu,ve’

Since z%/2 + y(”_l)/Q\/ﬂ >0 and X; +Y1,/y > 0, by Lemma 3.2, we get from (3.6)
that

(3.10) u+ vy = (w1 + Aviyy)®, Ae{xl}, se€Z, s>0,

where (u1,v1) is the least positive integer solution of (3.9). Substituting (3.10)
into (3.6), we have

(3.11) 22 4y D2 = (X 4 Y1) (un + dyg)®.

Let d = ged(s,t). If d > 1, since 21 ¢ by (2.3) and (3.5), then d has an odd prime
divisor p. Further, let

(3.12) f4+avy=(X1+ Y1\/§)t/p(u1 + )\vl\/ﬂ)s/p.

By Lemmas 3.2 and 3.3, we see from (3.5), (3.7) and (3.12) that f, g are integers
satisfying

(3.13) fP=yg® =2V, ged(f,g) =1.
Substituting (3.12) into (3.11), we have

(3.14) R4y = (f+ 9vy),

whence we get

Il | |
(3.15) yoTh =g (QZ- N 1>f”2“(y92)l~
=0

When p = 3, by (3.5), we have 3 | y and

(3.16) y=3l, leN.
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Further, by (3.15) and (3.16), we get
(317) 3(x73)/2l(x71)/2 _ g(f2 + 192)

Since ged(f,yg) = 1 by (3.13), we have ged(f,lg) = ged(f? + lg?,1) = 1. Hence,
by (3.17), we get

(3.18) f2 4192 < 3@=3/2 g-1/2 g
We find from (3.18) that [ = 1. Substituting it into (3.17), we have
(3.19) 3@E=3)/2 = g(12 4 ).

But, since f2 +¢? > 1 and 31 f2 + ¢2, (3.19) is false.
When p > 3, since p | y and ged(f,y) = 1, we have

p p—2i-1,, 2vi _ 2 1 p—1
(3.20) <2i+1)f (y9°)' =0 (mod p°), i=1,....,7——,
(p—1)/2 » . .
(3.21) pll > <2Z-+ 1> 7 )
=0
and
1 (p—1)/2 »
1 p—2i—1(,2Yi | — 1
(3.22) gcd(:u,p ; (2i+1>f (yg )> :

Hence, we see from (3.15) and (3.22) that

w2, | |
(3.23) p=), (2i+1>f”‘2“1(yg2)’>p,

=0

a contradiction. Therefore, we obtain

(3.24) ged(s,t) = 1.
Let
(3.25) X+Yy=(X1+Y1/y)
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Since 21 ¢, by (3.10) and (3.25), we have

/2, ‘ ‘ [((s—1)/2] s A ‘
(3.26) u=)_ (21) Wl v=de 3 <2i + 1) u )’

i=0 =0
(t—1)/2 " (t—1)/2 '

X = Xt—2i Y2 7 Y =Y, Xt—2i—1 Y2 i
S (p)xrwr ven 3 (o )y

where [s/2] and [(s — 1)/2] are integer parts of s/2 and (s — 1)/2, respectively.
Substituting (3.25) into (3.6), we have

272 4y @ D2 = (X Y ) (u+ ),
whence we get

(3.27) y(ﬁc—l)/Q = Xv+Yu.

By (3.26), we have

(3.28) u=uj (mody), v=Asui ‘v (mody),
X =X! (mody), Y =tXI"'V; (mod y).

Since x > 1, by (3.27) and (3.28), we get
(3.29) D=y /2 = Xy +Yu= X Osui o) + X7V (ug) (mod y).

Further, by (3.7) and (3.9), we have ged(X1,y) = ged(ug,y) = 1. We see from (3.29)
that

(3.30) AsX1v1 +tYiup =0 (mod y).
Furthermore, since ¢ | y by (3.5), we obtain from (3.24) and (3.30) that
(3.31) v1 =0 (mod t).
Therefore, the combination of (3.5), (3.8) and (3.31) yields
v1h(4y) =0 (mod y).

It implies that y is a singular number.
By the symmetry of « and y in (1.1), using the same method as above, we can
prove that x is a singular number too. Thus, the theorem is proved. ([
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