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ON THE EXPONENTIAL MOMENTS
OF ADDITIVE PROCESSES

TSUKASA FUJIWARA*

Dedicated to the memory of Professor Hiroshi Kunita

ABSTRACT. A theorem on the exponential moments of general R-valued ad-
ditive processes will be established. A condition that implies the integrability
of the exponential of additive processes will be proposed and furthermore the
representation of their exponential moments by their characteristics will be
shown.

In the previous paper [1], the same problem as above has been investigated
in the case when the underlying additive processes have the structure of
semimartingales. In this paper, another proof for this case will be presented.
It will be more inherent and simpler than the previous one. Moreover, the
result will be generalized to the case when the underlying additive processes
do not necessarily have the structure of semimartingales.

1. Introduction

In this paper, we will establish a theorem on the exponential moments of general
R-valued additive processes.

Let (Xt)iepo,r), T € (0,00), be an R-valued additive process, that is, a real-
valued stochastic process with independent increments. We will propose a condi-
tion under which the exponential of additive process (eXt) can be integrable and
furthermore represent the expectation E[eXt] by the characteristics.

It is a simple but fundamental problem in the probability theory because the
exponential moment E[e*t] can be regarded as the Laplace transform at 1 of the
law of X;. In the case when (X;) is a Lévy process, that is, a stochastically
continuous stochastic process with stationary independent increments, a complete
answer to this problem is stated as Theorem 25.17 in [8]. Furthermore, in the
previous paper [1], we have discussed the case when (X;) has the structure of
semimartingale. See Theorem 1 in [1]. This result plays a fundamental rdle in
determining the minimal entropy martingale measure for (Spe*t) with positive
constant Sp. See [2] for the details. On the other hand, in [6], it is pointed out
that the result of [1] can be used to extend their main result on moderate deviations
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for additive processes without fixed jump discontinuities to the one for additive
processes with fixed jump discontinuities.

The purpose of this paper is to generalize these results above to the case when
the underlying additive processes do not necessarily have the structure of semi-
martingales. A main result, Theorem 2.1, will be stated in Section 2.

A proof of Theorem 2.1 will be given in Section 3. The first part (Section 3.1)
will deal with the case when the additive process (X;) is also a semimartingale.
The content is regarded as another proof of Theorem 1 in [1]. The proof given
there heavily depends on a result in the theory of semimartingale, Theorem 3.2 in
[5], whereas the proof given here is more inherent and simpler than the previous
one. The second part (Section 3.2) will deal with the extention to the case when
(Xt:) is not a semimartingale.

2. Exponential Moments of Additive Processes

Let (X¢)ieo, 1), T > 0, be an R-valued additive process defined on a probability
space (2, &, P) equipped with a filtration (&), that is an increasing and right-
continuous family of sub-o-fields of .#. To be precise, (X;) is an R-valued adapted
cadlag process with Xy = 0 that has independent increments: for all s < ¢, the
increment X; — X is independent of .%;. In [4], such a process as (X) is called a
PII (a process with independent increments) ([4] Definition I11.4.1 (p.101)).

Let (Cy, n(dtdx), By) be the characteristics, in the sense of Theorem I1.5.2 in [4]
(pp-114-115), of (X}) associated with the truncation function h(z) := x4 <1}(z)
on R. This means that the law of (X;) is characterized by the following formula,
which is an extension of the Lévy-Khinchin formula: For any £ € R and s < ¢,

E[eiE(thXs)] = exp[ - %gz(ct —Cs) +i&(B; — Bs)
ix 1 .
—I—/(s’t] /R\{o} (e 1 z§h($c))IJ (u)n(dudw)}
~ H {e—igABu [1 +/

u€(s,t] R\{0}

(eifw — 1) n({u}, d;v)] }7 (2.1)

where ¢ = /=1 and J := {t > 0; n({t},R\{0}) > 0} denotes the set of all fixed
times of discontinuity of (X;). Also, A¢ denotes the complement of the set A. As
fundamental properties of characteristics, the following facts are known:

o (Cy,n(dtdx), By) are deterministic, since (X;) has independent increments.
[ ]

/ / (|z|* A 1)1 e (u) n(dudz) < oo, (2.2)
(0,71 JR\{0}

where a A 8 := min{«, 8} for o, 8 € R, and n({u}, R\{0}) <1 ([4] IL.5.5-

(i), (iii),(v) (p-114)).
e (B;) is a cadlag function ([4] I11.5.3 (p.114)). Note that (B;) is not neces-
sarily a function with finite variation on [0, T].

AB, = By — By — / h(z) n({u}, dz), (2.3)
R\{0}
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where B,,_ := limyq, B, ([4] I1.5.5-(v) (p.114)).
The following property also comes from the formula (2.1):
e The law of the random variable AX,, is

n({u},dz) + (1 — n({u},R))do(dx), (2.4)
where dg(dx) denotes the Dirac measure at the origin 0 ([4] Theorem I1.5.2

- a) (p.115)).
The purpose of this paper is to establish the following theorem:

Theorem 2.1. Let (Xt)epo,r), T > 0, be an R-valued additive process defined on a
probability space (2, F, P) equipped with a filtration (F), and let (Cy, n(dtdz), By)
be the characteristics of (Xi) associated with the truncation function h(x) =
rlp<1y (7). Suppose that

/ / e’ n(dudx) < oco. (2.5)
0,T] J{z>1}
Then, for allt € [0,T],

Xt_exlt . e“ —1—h(x c(u) n(dudx
Efe*] = exp|3Ct + B +/<0t]/m\{0}( 1 — h(2)) Ly« (u) n(dudz)

< 11 ]e_AB“ 1+ /R \{O}(e“’—l)n({u},dx)] (2.6)

ue(0,t

The meaning of this theorem is clear: under the integrability condition (2.5) the
exponential moment of E[et] is represented by the characteristics (Cy, n(dtdz), By)
as (2.6). It is regarded as a representation of the Laplace transform at 1 of the law
of X;. In the case when (X}) is a Lévy process, that is, a stochastically continuous
stochastic process with stationary independent increments, a corresponding result
is stated as a part of Theorem 25.17 in [8]. Furthermore, in the previous paper
[1], we have discussed the case when (X;) has the structure of semimartingale.
See Theorem 1 in [1]. This result plays a fundamental rdle in determining the
minimal entropy martingale measure for (SpeXt) with positive constant Sy. See
[2] for the details. On the other hand, in [6], it is pointed out that the result of
[1] can be used to extend their main result on moderate deviations for additive
processes without fixed jump discontinuities to the one for additive processes with
fixed jump discontinuities. See Concluding remarks (i) in [6] (p.651).

We will prove Theorem 2.1 in Section 3. In the first part (Section 3.1), we will
discuss the case when the additive process (X;) is also a semimartingale. The
content is regarded as another proof of Theorem 1 in [1]. The proof given there
heavily depends on a result in the theory of semimartingale, Theorem 3.2 in [5],
whereas the proof given here might be more inherent and simpler than the previous
one. In the second part (Section 3.2), we will investigate the case when (X;) is
not a semimartingale to complete our proof of Theorem 2.1.

3. Proof of Theorem 2.1

3.1. The case of PII-semimartingales. In this subsection, we will give a proof
of Theorem 2.1 in the case when the additive process (X;) has the structure of
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semimartingale. In [4], such a process is simply called a PII-semimartingale ([4]

(p-106)).
We first introduce the canonical representation of (X;) associated with the
truncation function h:

X=X+ B+ / / N (dudz) / / N(dudz). (3.1)
(0,¢] JR\{0} 0,t] JR\{0}

Here, (X¥) is a continuous (local) martingale with X§ = 0 and (X¢), = C;.
N (dudx) denotes the counting measure of the jumps of (X;):

N((0,¢],A) :==t{u € (0,t]; AX, =X, — X,— € A}
for A € B(R\{0}), where X,,_ := limyq, X, and B(R\{0}) is the Borel o-field on
R\{0}. We denote by N(dudz) := N(dudz) — n(dudz) the compensated measure
of N(dudz). Also, we set h(z) := x —h(z) = xl{z>1)(z). See [4] Theorem II1.2.34
(p.84) for the canonical representation of semimartingales. Since (X;) is assumed

to be a semimartingale in this subsection, the integrability (2.2) of n(dudz) is
strengthened as follows:

/ / (|z* A 1) n(dudz) < oo, (3.2)
(0,7 JR\{0}
([4] 11.2.13 (p.77)).
Moreover, we decompose (X;) more finely as follows:
Xi = X{+ B+ X+ x4, (3.3)
where
Xthe .= / / h(z)I e (u) N(dudz) + / / h(z)I e (u) N(dudz)
(0,2] JR\{0} (0,2 JR\{0}
(3.4)

dyd . x u N uaxr j X u uax). .
A /(O,t] /JR\{O} o) N )+/M /R\{O} MOt ) Mdude). (3:5)

The first stage of our proof is to show the following property:
Proposition 3.1. The processes (X¢), (X°) and (X?) are independent.

In order to prove Proposition 3.1, we prepare the following lemma:
Lemma 3.2. Let &1,&5,&3 € R\{0} be arbitrarily fized and set

Zy = 6 X0 + EX+ &(XE + By). (3.6)

Then the characteristics (CZ,n? (dudz), B?) of (Z;) associated with h are given
as follows:

Cf = &Cy; (3.7)
nZ((0,4], A) = / / Ta(6sel e (u) + &Ly (w) n(dudz);  (3.8)
0.1 Jr\(0)

Bf = &B, h(&x) — Eah(x)) I ge (u
& +/(O)t]/R\{o}(< (E2) — £xh(x)) T e (u)
+ (h(€sz) — E3h(x)) 1 (u)) n(dudz). (3.9)
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Proof. Note that

/0 p /R\{O} )1 ye(u) N(dudz)

/Ot /R\{O} (622) Lye (u) N (dudz)
/o 4 /R\{O} §ah(x) = h(&x)) Lye (u) N(dudz)
/0 ] /]R\{()} 2h 5237)) e(u) n(dudx)

and that
& /(o7t] /]R\{O} hl@)Lye(u) N(dudz)
:/ / h(& )1 je(u) N(dudz)
R\{0}
+/Ot /]R\{o} 2h 52‘73))IJ (u) N(dudz).
Hence,

52/ / h(x)1 e (u) N (dudz) + & / x) I ye(u) N(dudz)

(0,¢] YR\{0} (0,t] JR\{0}

:/ / h(&aw)1 e (u) N (dudz) —|—/ / h(&x) I ye(u) N (dudz)
(0,t] JR\{0} (0,t] JR\{0}

/(0 1] /]R\{o} &h(x) — h(€2)) Lre (u) n(dudz),

Lo L (€4 = Al (o) N ()
(0,4 R\ {0}
“ / (E2h(x) — h(E2)) Ly (1) N (dud)
0,4 JR\{0}
:/ / (éaw — Eax) I je (u) N (dudx)
(0,t] JR\{0}
=0.
By the same way, we have
h(z)I d dx) x)Iy(u) N(dud
€3 /(o,t] /]R\{O} ()1 (u) N(dudz) + &3 o /R\{O} ( udz)
:/ / h(&3x) 1 (u) N(dudz) +/ / h(&32) 15 (u) N (dudz)
(0,t] JR\{0} (0,¢] JR\{0}
/ / (&sh(x) — h(&sz)) 15 (u) n(dudz).
(0,4] Jr\ {0}

because
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Therefore, we obtain

EX1° + e X1

- / / (h(§2x)hc (u) + h(&gm)IJ(u)) N(dud:z:)
0.4 Jr\ {0}
+ /(o,t] /R\{O} (h(&22)Iye(u) + h(&32) 15 (u)) N(dudz)
_ / / ((&2h(z) — h(&22))Iye(u) + (&3h(x) — h(&)) 15 (uw)) n(dudz)
(0,6] JrR\{0}
- / / h(&axlye(u) + 3215 (u)) N(dudm)
(0.0 J=\ (0}
+ /(O)t] /R\{O} h(&axl je(u) + £3xIJ(u)) N (dudz)

[ ] (h(€a) = b)) + (h(€as) = b)) (W) nlduda).
(0,¢] JR\{0}
(3.10)
Here, since X,, — B, = X¢ + X&¢ + X4,
AZ, = EAXDC 4+ & (AXSY + AB,)

_ §2A<X_B)ua ueJe
T | &(AX = B)y+AB,), uelJ

_ f?AXua u € J°
| &GAX,, uweld

Hence, if we denote by NZ(dudz) the counting measure of the jumps of (Z;), we
have

NZ((0,t],A) = / / Ta(&oxlye(u) + &3y (u)) N(dudz),
(0,¢] JR\{0}

which implies that

h = i Z
/(M /R o h(&al e (u) + 3wy (u)) N(dudz) = /«m /]R \{O}h(z)N (dudz)

and that the compensator n? (dudz) is given by (3.8). Also, we denote by NZ (dudz)
the compensated measure: N (dudz) := N?(dudz)—n?(dudz). Then, we see that

/ / W&l e (u) + &30y (u)) N(dudz) = / / h(z) N? (dudz).
0,8 JR\{0} (0,4 JR\{0}

Thus, we see from (3.8) and (3.10) that
% =ax;+{&B,

w1 L (60 — R )+ (s — ) ) ()
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+ / / h(z) N2 (dudz) + / / h(2) N% (dudz), (3.11)

(0,] JR\{0} (0,] JR\{0}
which gives the canonical representation of (Z;) associated with h. Therefore, it
is easy to see that CZ and BZ are given by (3.7) and (3.9), respectively. O

Note that JZ = J under the assumption &3 # 0, since
7= {u> 0;n? ({u},R\{0}) > 0}
— >0 [ ooy (€aals(w) i {u}, d) > 0}
R\{0}

= {u>0;1;(u)n({u}, R\{0}) > 0}
=J

Proof of Proposition 3.1. In order to prove Proposition 3.1, it is sufficient to show
that for all {, € R (k=1,2,3)
B8 (X XDHe (X1 = XP) 46X =X

= Bl (XT=XD)] x pei€2(XI =XI0] ¢ pleis(X =X (3.12)

Without loss of generality, we may assume that & # 0 for any &k = 1,2, 3.
Combining the formula (2.1) for (Z;) of (3.6) and Lemma 3.2, we have

Ele{6 (XF=XD+e(X =X D) +6(X =X +6a(Bi=Ba)})
_ E[ei(thZs)]

1 .
= exp| = 5(CF = C7) +i(Bf - BY)

+ / / (' =1 —ih(2))I 2y nZ(dudz)}
(5,11 JR\{0)
X eZABu 1 +/ (" — 1) n?({u},dz)]
R\{0}

w€(s,t]

— =& (Cy — Cy) +i&3(By — By)
+i/ ((h(&2z) — Eah(x))Ise(u) 4+ (h(&3x) — E3h(x)) 11 (u)) n(dudz)
(s,t] JR\{0}
Zfzx —4 T c udx
L 7 1 i) o) )

x ] e €A Bt o) (€)= Soh(a)) ) )

u€E(s,t]

x [1+ /R o (€57 = (. )]
:exp[ SE2(Cy — C,) + i€s(By — B.)

/ / (e = 1= i€ h(x)) L (u) n{duda)|
(s,t] JR\{0}
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x I e edm 1+ / (% — 1) n({u}, dx)]. (3.13)
u€(s,t] R\{0}

On the other hand, it follows from the formula (2.1) that
Ele i&(xt—xs)—is(Bt—Bs)]

=exp| — =¢£2 C —1—1i&h I e n(dud
=e p[ f t— /S t]/\{O} 43 (ac)) (J) n(dudz)
X I | €ABu] 4 “r _1)n ,dx)|. 3.14
u€(s,t] ’ [ /]R\{O} (e ) ({u} ):I ( )

(1) Take n =0 and ¢ = & in (3.14). Then, since X%¢ = X% = 0, we have
, e ye 1
Elei (X7 =X = exp[ - 5€(C - cs)}. (3.15)

(2) Take C =0, J = ) and € = & in (3.14). Then, since X¢ = X494 =0, we
have

/ (2% — 1 —i& h(z)) I (u) n(dudz)|.
(s,t] VR\{0}

(3.16)
(3) Take C =0 and J¢ =) and & = £3 in (3.14). Then, since X¢ = X% =0,
we have
E[ ez (X -xd d) H e—lfdABu X [1 —|—/ (eifsx — 1) n({u},dm)} . (317)
we(s,t] R\{0}

Therefore, combining these relations (3.15)~(3.17) with (3.13), we have
E[ei{§1<X§—X;‘)+5z(X{“—X;?’“>+fs(X:‘*d—Xjfd>+gs(Bt—Bs>}]
= Fleé (X=X x E[eiﬁz(Xtd’C*X?’C)] > E[eiﬁz(Xtd‘d*Xf’d)] x ei€s(Bi=Bs)

which immediately implies the equation (3.12). Thus, we have proved Proposition
3.1. U

We are now on the second stage of our proof of semimartingale case. Owing
to Proposition 3.1, the proof will be completed if we establish the exponential
moments of X7, X;“’ and Xf’d, respectively; they will be shown as Propositions
3.3, 3.4 and 3.12, respectively.

Proposition 3.3. For allt € (0,7,
E[eXi] = 3¢, (3.18)

Proof. (3.15) implies that the law of X¢ is the normal distribution with mean 0
and variance C;. Hence, it is easy to see that (3.18) holds. O

Proposition 3.4. For allt € (0,7,

Xdc—eX e——x cluw)nlauaxr)|. .
E| p /Ot]/R\{O} 1 — h(z)) L (u) n(dudz) (3.19)
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We will prove this proposition by deviding into several pieces: Lemmas 3.5 ~
3.10. The outline of the proof is similar to that of the proof of Theorem 25.17 in
[8]. However, note that the stationarity of increments is assumed in the theorem
but it is not assumed here.

Lemma 3.5. Let
ybed / / o1 e (u) N(dudz)
(0,¢] J{|x[>1}
Xtd’c’o — Xtd,c _ Xtd’c’l.

(1) (X5 and (XYY are independent.
(2) Forall € € R,

E[eiﬁXZi’c’l] = exp [/ / (™" — 1) Iye(u) n(dudz)|.
(0,¢] /{l|>1}

Proof. (1) It is immediate from Proposition 4’ in [3] (p.65).
(2) Tt is nothing but a special case of the formula (2.1). O
Lemma 3.6. Fizt € (0,T] and let p} be the law of X', Then,
— 1
pp=e Y )™ (3.20)
k=0 "

where
A= n((0, g N J% {]x] > 1});
ng (dz) := Ijppsy () (0,4 N J¢, dx);
xk denotes the k-fold convolution.

Proof. By Lemma 3.5-(2), we see that

(€)= Bl
— exp /( y /{ o (* — 1) Ly (u) n(dudz)
= exp /R (e — 1) ng(dx)]
= exp :>\ /R (e — 1) ﬁ%(dm)}
— e go %T( /R it ﬁ}(dx))k

e ST It
P k! ¢

= i Aj«?[(ﬁl)*’“](é)
k! ¢
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—F[e Y L@
k=0

where 7} (dr) := n}(dx)/\. Therefore, from the uniqueness of the Fourier trans-
form, we obtain the conclusion (3.20). O

Lemma 3.7. For allt € ( X s integrable and
EleX ] = exp / / (€% — 1) Iye(u) (dudm)]. (3.21)
0,t] J{|x|>1}
Proof. By Lemma 3.6, we see that

Bl = / " il (dz)
R

k=0
=1
- T *k

=e E E/Re (ng)*(dx)

k=0

=1
A eT1t otk 1
=e E E/R/]R n (d:vl) ny (dxy)

I
®
>
| =
N
T
e}
8
3
o+ =
—
&
g
~—
N——
=

=e texp {/R e’ ntl(dx)}

= exp {/0 ] /{I|>1} (e® = 1) Lye(u) n(dudm)].

Hence, by the assumption (2.5), we obtain the conclusion:

Bt = /Ot /{| - (€" — 1) Iye(u) (dudm)} < . O
x|>

Lemma 3.8. Firt € (0,T] and let 1 be the law of XtCLc,O' Then, for < B,
F0)(€) = EleisX")

= exp {/(M /{xlgl} (™" — 1 —i€x) I e (u) n(dudw)}. (3.22)

Proof. Tt is a special case of the formula (2.1). O

Lemma 3.9. For each t € (0,T], Z[u](€) can be extended as an entire function
on C.

Proof. We set
= / / (™" — 1 — i) I e (u) n(dudz).
(0,8] J{|z|<1}
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It is sufficient to show that f(£) can be extended as an entire function on C.
First, we show that f(£) can be extended as a function on C. By the mean
value theorem, for any £ € C,

1
& _1—jtr = 1 — s)(i€x)?e™™* ds.
c &= [ (1= s)igayie

Hence, we see that
|7 — 1 — iga| < [ga|2elMmel el

Therefore,

/ / |e?® — 1 — i&x| I ye (u) n(dudz)
0.0 J{je|<1)
< JgfPeltel / / [[* Ie () n(dudz) < oo
(©0.8] J{z|<1}

Next, we show that the function f(£) is differentiable at any £ € C. Since

d (., Ly
—_ 1590_1_' — iy ixs
B¢ (e zfm) ix fo/o e'*"%ds,

we have
0/
it 1 _ < €] - | |2l tmél|2|
’85(6 1 z§m)‘_|£| |x]|“e .

Hence, for any R > 0,

0 .
iEx -
sup |==(e*" = 1 — iz )|l e (u) n(dudz)
/<o,t1 /{|ms1} |£|<R‘a£( >‘

< (sup |§\e‘1m€|> x/ / 2|2 I je (u) n(dudz) < 0o
[€I<R (0] J{|=|<1}

Thus, we conclude that the function f(&) is differentiable at any £ € C, and hence

holomorphic on C. U
Lemma 3.10. For allt € ( X s integrable and
Ele xbe 0 = exp / / (e =1 —x) Ise(u)n (dudx)] (3.23)
0,t] J{|z|<1}

To prove this lemma, we will apply the following fact, which is stated as Lemma
25.7 in [8] (p.161).

Lemma 3.11. Let p be a probability measure on R and suppose that the Fourier
transform F[u](§) can be extended as an entire function on C. Then u has finite
e®l®l_moment, that is, I el®l y(de) < oo for any o > 0.

Proof of Lemma 3.10. As we have seen in Lemma 3.9, Z[u?](£) can be extended

as an entire function on C. Hence it follows from Lemma 3.11 (take p := pu?)

that u has finite e*!*l-moment for any o > 0. Therefore, X s integrable.

Furthermore, take £ := —i in (3.22). Then we obtain (3.23). O
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Pmof of Proposition 3.4. We have already seen in Lemma 3.5 that X~ 4e0 and
X, del are independent. Moreover, we have shown in Lemmas 3.7 and 3.10 the

integrability of X" and X" and explicit representation of their expectations

(3.23) and (3.21). By these considerations, we conclude that X = X0

X s integrable and that

E[Xdc] E[XdLO]XE[Xdcl]

o /Ot /{|x<1} M. _x)IJC( ) (duda:)}
e /(o,t] /{Iac>1}(e:lc - I)IJC(U) n(dde)}
= exp {/(O,t] /]R\{o} (e" =1 —h(z))Le(u) n(dudx)}.

Proposition 3.12. For all t € (0,77,

E[eXf,d] _ H {e—ABu [1 + /R\{O}(ef — 1) n({u}, dl‘)]} (3.24)

we(0,t)NJ
= exp[ Z { log (1 + / (e® —1) n({u},dm))
ue(0,t)NJ R\{0}

_ /R\{O} ha)n({u.dx)}].

Proof. Since the set J is discrete and deterministic, we can set (0, T)NJ := {ug; k €
N}. By (2.4) and (2.5), we see that e2Xx is integrable and that

EleA¥u] = /R o n({ux}, dz) + (1 — n({ux}, R)) /R " 8 (da)
=1 —|—/ (€® = 1) n({ux}, dz). (3.25)
R\{0}

In the sequel, in order to simplify notation, we will use the one:

Wy, = /R\{O}(e”” — 1) n({u}, dx).

Also, set
oAXu,
ElefXu]
Then {Xj;k € N} is a sequence of independent random variables with mean 0.
Let {Jn; N € N} be an increasing sequence of finite subsets of (0,7] N J that
exhausts the set (0, 7] N J, that is, Jy C Jy41 and UyJy = (0,7] N J. Then,

lim E[ sup \/ / @)1, (u) N(dudz)
N—=oo  “teo,1) J(0,8] JR\{0}

X =
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_/ / h(z) Ly (u) N(dudz)|?] = 0 (3.26)
(0.4 JR\ {0}

and

lim sup |/ / h(z)I;, (u) N(dudz)
N—=oote(o,1) J(0,t] JR\{0}

—/ / h(z)I;(u) N(dudz)] =0 a.s. (3.27)
(0.4 JR\{0}

In fact,
[ sup / / 2)I;, (u) N(dudz)
te 0,71 J(0,5] JR\{0}
—/"/ h(a) T (u) N (dudz) 2
0,4 JR\{0}
Blow [ [ @@ V)
te(0,T7] 0,t] JR\{0}
sum/'u/ @) (0) N (dudo)
0,77 JR\{0}
=4 / / )P Ty (1) n(dude)
(0,7 R\{O}

[ h@yn(u)do)
we(0, T]m(J\JN) R\{0}

<4/ L/ )P I ) (w) n(dud),
0,T7] R\{O}

where in passage from the third line to the fourth, we have used Doob’s inequality.
Since |h|> € L'((0,T] x R,n(dudz)) and limy o0 I(\sy)(u) = 0 for each u, it
follows from the dominated convergence theorem that

lim/ / 1 ~ dudz) =0
N o R\{O} )P I\ gy (1) )

which implies (3.26).
On the other hand, it is clear that (3.27) holds, since

sup |/ / h(x)1 s, (u) N(dudz) / / z) 1y (u) N(dudz)|
te(0,1] J(0,1 JR\{0} (0,8 JR\{0}

(0,71 R\{O} N—=oo

By (3.26), there exists a subsequence { N’} of N such that

Jim / / )1, (u) N(dudz)
N’—>o<>te(0T] (0,4 Jr\{0} N

- / / h(z)I;(u) N(dudz)] =0 as.
(0.4) Jr\{0}
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In the sequel, we denote the subsequence { N’} by {N} again. Now, note that

/ / )Ly () N (dudz) + / / ()L (u) N(duds)
0,t] JR\{0} (0,t] JR\{0}

kiure(0,t]NJn

Hence,

exp[/(o 4 /R\{O} h(x)1 (U)N(dudﬂc) + /(0 , /]R\{O} h(z)I1, (u) N(dudz)
= exp[ Z {AX,, — E[h(AXuk)]}}

k;uke(o,t]ﬂJN
E[eAXuk]
- H (14 X},) x H BB
kiur €(0,¢.]NJ N kiure(0,t]NJ N
Here, note that

oBh(AXy, )] efne\{o) h(z) n({ux},dz)

By these relations and (3.25), we see that

I a+xp

kiure(0,t)NJ N

— exp /Ot] /R - )11, (u) N(dudz) + /M /R " k(x)IJN(u)N(dudx)]

Elh(AXu,)]

kiur €(0,t]NJIN

~exp /Ot] /R o M@ ) N (dudz) + /(O’t] /R \{0}h(z)1JN(u)N(dudz)]

ek e©unay Jry oy M@) n({un} dz) (3.28)
X . |
Hk;uk €(0,£]NJI N (1+Wy,)

Here, recall that when N tends to infinity, the first term of the right-hand side of
(3.28) converges almost surely to

exp / / h(x) Ly (u) N(dudz) + / / h(z)I;(u) N(dudz)| = X"
0,t] JR\{0} (0,t] JR\{0}

Also, as for the second term of the right-hand side of (3.28), we can show that

eZk;uk €(0,t]INJ N f&\{()} h(z) n({ux},dz)

Hk;uke(o,t]ﬂJN(l + Wuk)
—ew[~ S floatta )= [ h@ (.}

kiur€e(0,t]NJIn

N —exp[ 3 {1og(1+wu)—/R\{0} h(x)n({u},dx)H (3.29)

N—o0
u€e(0,t)NJ
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and that L > 0.
To this end, it is sufficient to show that

log(1+W,,) — h(z)n({u}, dz 00, 3.30
o, /R\{O} () n({u},do)| < (3.30)

because it implies that (3.29) holds and that

Z {log(l + W) 7/

h(z) n({u},d:c)} cR

w€(0,t]NJ R\ {0}
and hence L > 0.
Note that
flog(L+W,) = [ h(a)n({u},do)
R\{0}
< |log(1+ Wy) — Wu| + | (e” =1 = h(z)) n({u},dz)|.
R\{0}

Furthermore,

|log(1+ Wy) — W < [log(1+ W) — Wullw, |<1/2}
+ [og(1 + W) = WulIyw, 5123
Also, note that
[log(1 + W) = WulI{jw,|<1/2) (1)

<c{ [ RPatuhdn+ [ e n({u)de) +atfud flel > 1)},
{l=[<1} {z>1}
where C' is a constant that does not depend on u ((22) in [1]). Moreover,

2 {/{m«} e ) /{} e n({u}, dz) + n({u}, {2 > 1})}

ue(0,t)NJ

g/ / |x|2n(dudx)+/ / o n(dudz) + n((0,4], {|| > 1})
0. Jtia<1) 04>y

< 00.

Therefore, we see that

> og(L+ W) — Wl Iw, 1<1/2) (1) < oo
u€(0,t)NJ

On the other hand, if we set
1
K, :=-C,+ B, —|—/ / (em —1- h(x)) n(dudx),
2 0.4] JR\{0}

then it is a cadlag function and AK,, = fR\{O} (® — 1)n({u},dx) = W,. Hence,
{u € (0,T]; |[W,| > 1/2} is a finite set, which implies that

> og(l+ W) = Wl Iw, 1/23 (1) < oo
u€e(0,t)NJ
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Thus, we see that

Z |log(1 + Wy) — Wy | < oo.
u€e(0,t)NJ

Similarly, we see that

| / ) € 1 R ()

ue(0,t]NJ

< z]*n u},dx 2 e” n({u},dz

ue(%;]nj{/{|$§1}| | ({ } )+ ~/{z>1} ({ } )
+2n({u}, {z < 71})}

< 00.

Thus, we have shown that (3.30) holds.
As a summary, we have shown that

H 1+ Xy) = XKL as.
kiur€(0,tNJIn e

and that the limit is positive.
Therefore, applying the implication: D) => E) in Theorem 1 of 7], we see that

[I +x0)——eX¥ <L izl
kiur €(0,t]NJ N e

Since
el I a+xo]= [I ElO+x0=1,
kiur €(0,t]NJI N kiur €(0,¢]NJ N
we obtain
E[eX =1/L
= exp [ Z {log(l + W) — / h(z) n({u},dm)}]
we(0,t)NJ R\{0}
— H e~ f]R\{o} h(@) n({u},dx) (1 4 Wu)
w€(0,t])NJ
= H e 8B (1 +/ (e — 1) n({u},dx)).
w€(0,t])NJ R\ {0}
Thus, we have completed the proof of Proposition 3.12. O

3.2. The case of general additive processes. Throughout this subsection,
(Xt)teo,r) denotes the additive process stated in Theorem 2.1. Let us recall that
we have denoted by (Cy,n(dtdz), B;) the characteristics of (X;) associated with
the truncation function h(x) := 2l;z<13(x). In order to complete our proof of
Theorem 2.1, we would like to quote some facts from [4].
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Proposition 3.13. There exist a PII-semimartingale (Y;) and a deterministic
cadlag function (Ay) with Ag = 0 such that

Xt:Y;-f—At.

This result is stated as a part of Theorem II.5.1 in [4] (p.114).

As in the previous sections, we denote by (C} ,nY (dtdz), B} ) the characteristics
of () associated with the truncation function h. The following result describes
the relation between the characteristics of (X;) and those of (Y;), which is shown
in the proof of Lemma I1.5.14 (p.117) of [4]:

Proposition 3.14.

C, =Y, (3.31)
n((0,1), H) = / / Ty + AAL) nY (dudy)
(0,t] JR\{0}

+ >0 (=0 ({u}, R\{0}))Iu(AA,), H e BR\{0}); (3.32)

u€(0,t]
Bo=Act B+ [ [ty Adu) - A4y~ )} (dudy)
(0,t] JR\{0}
+ 37 {h(AAL) — AAY(L —nY ({u}, R\{0})). (3.33)
u€(0,t]

In the sequel, in order to simplify notation, we will use the one:
Ju(y) = h(y + AA,) — AA, — h(y).
The following result is also stated in the proof of Lemma I1.5.14 (p.118) of [4]:
Proposition 3.15.
Ie(u) n(dudz) = I jv)(u) n* (dudz), (3.34)
where JY = {t > 0;nY ({t},R\{0}) > 0}.

We are now in a position to restart our proof of Theorem 2.1. First of all, note
that nY (dudy) satisfies the integrability condition corresponding to (2.5):

/ / eV nY (dudy) < cc.
0,7 /{y>1}

Proof. Since (Au)uepo,r) is a cadlag function, the jumps are uniformly bounded;
hence we set M := sup,¢jo 77 [AAy|. Then, it follows from (3.32) that

/ / e” n(dudz) = / / eV TAAT G ) (y + AAL) nY (dudy)
0,T] J{z>1} (0,T] JR\{0}

+ ) (=n"({u}, R\{0})ed " L1 o) (AAL)

uw€e(0,t]

> / / et AAu I,00)(y + AAL) ny(dudy)
(0,77 JR\{0}

Lemma 3.16.
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> efM/ / Y I(Ar41,00) (y) 1Y (dudy).
(0,7] JR\{0}
Hence, we have

/ / I (Ar41,00) () 1Y (dudy) < eM/ / e” n(dudz) < .
(0,77 JR\{0} 0,7 J{z>1}
On the other hand,

[ e (dudy) <MY (0.7, 4y > 1)) < oc
0,7] JR\{0}

Thus, we see that

/ / e¥nY (dudy)

(0,77 /{y>1}

<MY ((0,7), {y > 1}) + eM/ / e’ n(dudx) < oo. O
0,7) J{z>1}

Owing to this lemma, we can apply Theorem 2.1 to the PIl-semimartingale
(Y; = Xy — A;) and hence (2.6) holds with the characteristics (CY ,nY (dtdx), B)):

Ele"] = exp PCtY + BY +/ / (e¥ =1 —h(y)) I vy (u) nY(dudx)}
2 (0.4 Jr\{0}

X H e’ABZ{lJr/

u€(0,1] R\{0}

(e — 1) nY ({u}, dy)] (3.35)

Now, in the following, we will show that the right-hand side of (2.6) is actually
equal to E[eXt].
By the relation (3.34),

/ / (6% — 1 — h(@)) Ly« (u) n(dudz)

0,1 Jr\{0}

_ / / (e — 1 — h(y))Tyve (w) n¥ (dudy). (3.36)
01 /()

Next, by the relation (3.32), we see that

1 T — 1D n({u},dx
+/R\{O}<e yn({u}, d)
—14 / (24 — 1) ¥ ({u}, dy) + (€4 — 1)(1 - n¥ ({u}, R\{0})
R\{0}
=] +/ (e¥ — 1)nY ({u},dy)}. (3.37)
R\{0}

Hence, it follows from that (3.37) and (3.33) that
B T o2 [1 +/ (e — 1)n({u},dx)]

u€(0,1] R\ {0}

T ettt 1y /R\{O}(ey ~ n” ({u}.dy)|

u€(0,t]
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— exp [At+BtY n / /R o Y (dudy)
+ Y (A - A4 = nY ({uh, R\{0}))]
u€(0,t]

< T e[ @+ a8+ [ Gul)n® (ubdy)
we(0,4] R\{0}

+{h(AA) = ALY = nY ({u}, R\{0}) + AA, ]

x [1 " /]R\{O}(ey ~ D, dy)}
el [ e b8 [1+/ (& = 1)n" ({u}, dy)]

ue(0,1] R\{0}
. Y
x exp / [ @ - > [ Y (uhdy)]. (339
0,t] R\{O} ue(0,¢ Y B\0}
Moreover, we will show that
/ [ = S [ et (uhdy). (339)
(0,1] ]R\{O} ue(0,¢ 7 B0}

To this end, we first show that for every € > 0

/ / W) 4,15e) () 0¥ (dudy)
(0,¢] ]R\{O}

v u . .
= /R\{O} wWIga,>ey (W) n' ({u}, dy) (3.40)

u€(0,t]

Since (A,) is a cadlag function, J*° := {u € (0,#];|AA,| > €} is a finite set,
and hence we set JtA’E ={0<u <ug < - < Up < Upt1 =t} Then, for
u € (up, uky1), Ju(y)I;4.:(u) = 0. Hence, we see that

t

/ ]/R\{O}Ju(y)f ae(u)nY (dudy)
/(“k RV /]R\{O} Lyae(u )nY (dudy)
/ (u, uw/R\{O} Y. (w)n” (dudy)

+ / / ju(y)IJtA,s (U) nY(dudy)}
{uk41} JR\{0}

/ s @) e () Y ({1}, dy)
R\{0}

tllﬂg i M3

>
Il

0

OMS
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-/ o POl (),

w€(0,t] '
Also, note that

/ / uly)| nY (dudy) < oo
(0,t] JR\{0}

Z /R |Ju(y Y({u}7dy) <

ue (0,4 VRO

(I1.5.17 in [4] (p.117)). Hence, we see from the dominated convergence theorem

and that

that
lim/ / FuW)I 4. (w) nY (dudy) = / / Y (dudy)
40 J(0,1] JR\{0} i (0,1] R\{O}
and that
w3 [ @@ Q) = 3 [ ) e (ud),
. uGX(:O,t] R\{0} : uezm] R0}

Therefore, letting € | 0 in (3.40), we obtain (3.39). Thus, combining (3.39) with

(3.38), we have
|| e ABul] 4 e’ —1)n({u},dx

u€(0,t]

= ettef H A [1+ /R \{0}(ey_1)nY({u},dy)] (3.41)

u€(0,t]
Finally, by (3.31), (3.36) and (3.41), we see that

/ (e” — 1 — h(w)) I e (u) n(dudx)}
(0.0 Jr\{0}

X H e ABu {14—/

u€(0,1] R\{0}

eXp{ Ot+Bt+

(e = 1) n({u},dz)|

= eXp C’Y /0 Y /R\{O} —-1- h(y))I(JY)c(u) nY(dudy)}
R | I R RO R)

u€(0,1] R\{0}

1
= el x exp thY +BY + / / (e =1 —h(y)) I sv)(u) ny(dudy)}
0,] JR\{0}
X H At {1 +/
u€(0,t] R\{0}
Combining (3.42) with (3.35), we see that
the right hand side of (2.6) = et x E[e¥t] = E[e].

Thus, we have completed our proof of Theorem 2.1.

(e — 1) nY ({u}, dy)] (3.42)
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