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On the Extensions of Ĝ(λ) by Ĝa over a Z(p)-Algebra
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Abstract. We will give an explicit description of extensions of the group scheme (resp. the formal group
scheme) which gives a deformation of the additive group scheme to the multiplicative group scheme (resp. the additive
formal group scheme to the multiplicative formal group scheme) by the additive group scheme (resp. the additive
formal group scheme) over an algebra for which all prime numbers except a given prime p is invertible.

Introduction.

Let A be a commutative ring, and let G, H be algebraic groups or formal groups over
A. It is an important problem to determine HomA−gr(G,H) and Ext1A(G,H), especially in
elementary cases. This was done completely when A is a field (cf. [DG]). Moreover, the
calculation was achieved in some cases by Weisfeiler [5] and Sekiguchi-Suwa [2] when A is
a discrete valuation ring.

Generally, let A be a ring and λ ∈ A. Let Ga,A (resp. Ĝa,A) denote the additive
group scheme (resp. the additive formal group scheme) over A and Gm,A (resp. Ĝm,A) the
multiplicative group scheme (resp. the multiplicative formal group scheme) over A. Then
the group scheme G(λ) which gives a deformation of Ga,A to Gm,A is defined as follows:
G(λ) = Spec A[T , (1 + λT )−1]. Here, the multiplication of G(λ) is given by T �→ λT ⊗ T +
T ⊗ 1 + 1 ⊗ T . (See 1.1.) Let Ext1A(G(λ), Ga,A) denote the group formed by the class of
commutative extensions of G(λ) by Ga,A.

Weisfeiler [5] studied the group Ext1A(G(λ), Ga,A) when A is an integral domain, and
gave an explicit description of the group Ext1A(G(λ), Ga,A) when A is an integral domain
containing a field in the case that G(λ) acts on Ga,A trivially. Sekiguchi-Suwa [2] worked
on the subject when A is a discrete valuation ring, including the case that G(λ) acts on Ga,A

non-trivially.
On the other hand, structures of HomA−gr(Ĝ(λ), Ĝm,A) and Ext1A(Ĝ(λ), Ĝm,A) are de-

scribed by Sekiguchi-Suwa [3] when A is a Z(p)-algebra, here p is a fixed prime number.
It was crucial there to construct some formal power series which generalize the Artin-Hasse
exponential series.
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Our interest is to describe HomA−gr(Ĝ(λ), Ĝa,A) and Ext1A(Ĝ(λ), Ĝa,A) for any Z(p)-

algebra A. In fact, we obtain that HomA−gr(Ĝ(λ), Ĝa,A) (resp. Ext1A(Ĝ(λ), Ĝa,A)) is isomor-
phic to the kernel (resp. cokernel) of an endomorphism Ψ of AN. (The definition of Ψ is given
in 2.1.) It is crucial here to construct some formal power series which is a kind of logarithm.

Now, let H 2
0 (G(λ), Ga,A) (resp. H 2

0 (Ĝ(λ), Ĝa,A)) denote the Hochschild cohology group

consisting of symmetric 2-cocycles of G(λ) (resp. Ĝ(λ)) with coefficients in Ga,A (resp. Ĝa,A).
(See 1.2 and 1.3.) Then our result is stated precisely as follows:

THEOREM (See 2.5.). Let A be a Z(p)-algebra and λ ∈ A.
(1) The correspondence

(ar)r≥0 �→ f (T ) =
∞∑

r=0

ar

[ pr+1−1∑
i=pr

pr

i
(−λ)i−pr

T i

]

induces isomorphisms

η0 : Ker[Ψ : AN → AN] ∼−→ HomA−gr(Ĝ(λ), Ĝa,A) ,

η0 : Ker[Ψ : A(N) → A(N)] ∼−→ HomA−gr(G(λ), Ga,A) .

(2) Assume that G(λ) (resp. Ĝ(λ)) acts on Ga,A (resp. Ĝa,A) trivially. Then the corre-
spondence

(ar )r≥0 �→
∞∑

r=0

arL̃p,r (λ,X, Y )

induces isomorphisms

η1 : Coker[Ψ : AN → AN] ∼−→ H 2
0 (Ĝ(λ), Ĝa,A) ,

η1 : Coker[Ψ : A(N) → A(N)] ∼−→ H 2
0 (G(λ), Ga,A) .

We will give two proofs of the main theorem.
The first proof is somewhat elementary and self-contained, and we develop an argument

in the first three sections. In Section 1 we give some basic definitions and recall on Hochschild
2nd cohomology group. In Section 2 we state the main theorem, and in Section 3 we prove
the main result.

The last section is devoted to the second proof. We recall necessary facts on Witt vectors,
the Artin-Hasse exponentials and the main result of Sekiguchi-Suwa [3] at the beginning of
the section. We need the result of [3] on HomA−gr(Ĝ(λ), Ĝm,A) and H 2

0 (Ĝ(λ), Ĝm,A) here.

However, it is worthwhile to clarify a relation between results on Ĝm,A and those on Ĝa,A,
which was suggested in Suwa [4].

ACKNOWLEDGMENT. The problem was produced in a serial work of T. Sekiguchi and
N. Suwa. Availing myself of this opportunity, I would like to express my gratitude to them
for their support and encouragement which enabled me to progress my study and to finish this
paper.
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NOTATIONS. Throughout this paper, p denotes a fixed prime number, Z(p) the local-
ization of Z at the prime ideal (p) and A a Z(p)-algebra and we put P = {pe; e ≥ 0}.

Ga,A: the additive group scheme over A

Gm,A: the multiplicative group scheme over A

Ĝa,A: the additive formal group scheme over A

Ĝm,A: the multiplicative formal group scheme over A

H 2
0 (G,H) denote the Hochschild cohology group consisting of symmetric 2-cocycles of

G with coefficients in H . In this paper, we investigate H 2
0 (G(λ), Ga,A) (resp. H 2

0 (Ĝ(λ), Ĝa,A))

assuming G(λ) (resp. Ĝ(λ)) acts on Ga,A (resp. Ĝa,A) trivially.

1. Some preparations.

First, we give the definition of the group scheme G(λ).

1.1. Let A be a ring and λ ∈ A. We define a group scheme G(λ) over A by G(λ) =
Spec A[T , (1 + λT )−1] with

(1) the multiplication: T �→ λT ⊗ T + T ⊗ 1 + 1 ⊗ T ,
(2) the unit: T �→ 0,
(3) the inverse: T �→ −T (1 + λT )−1.
Moreover, we define an A-homomorphism α(λ) : G(λ) → Gm,A by

A

[
T ,

1

T

]
�→ A

[
T ,

1

1 + λT

]
; T �→ 1 + λT .

If λ is invertible in A, α(λ) is an A-isomorphism. On the other hand, if λ = 0, G(λ) is nothing
but the additive group scheme Ga,A.

Next we recall the definition of Hochschild cohomology. For details, see [DG].

1.2. Let A be a ring and g(X, Y ) a formal power series in A[[X,Y ]] (resp. a fraction
in A[X,Y, (1 + λX)−1, (1 + λY )−1]). Recall that g(X, Y ) is called a symmetric 2-cocycle
of Ĝ(λ) (resp. G(λ)) with coefficients in Ĝa,A (resp. Ga,A) if g(X, Y ) satisfies the following
functional equations:

(1) g(Y,Z) − g(λXY + X + Y,Z) + g(X, λYZ + Y + Z) − g(X, Y ) = 0,
(2) g(X, Y ) = g(Y,X).
We denote by Z2(Ĝ(λ), Ĝa,A) (resp. Z2(G(λ), Ga,A)) the additive subgroup of A[[X,Y ]]

(resp. A[X,Y, (1 + λX)−1, (1 + λY )−1]) formed by the symmetric 2-cocycles of Ĝ(λ) (resp.
G(λ)) with coefficients in Ga,A (resp. Ga,A).

Let f (T ) be a formal power series in A[[T ]] (resp. a fraction in A[T , (1 + λT )−1]).
Then f (X) + f (Y ) − f (λXY + X + Y ) ∈ Z2(Ĝ(λ), Ĝa,A) (resp. Z2(G(λ), Ga,A)). We
denote by ∂ the correspondence f (T ) �→ f (X) + f (Y ) − f (λXY + X + Y ). We denote by
B2(Ĝ(λ), Ĝa,A) (resp. B2(G(λ), Ga,A)) the subgroup of Z2(Ĝ(λ), Ĝa,A) (resp. Z2(G(λ), Ga,A))
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of the symmetric 2-cocycles of the form f (X) + f (Y ) − f (λXY + X + Y ). Put

H 2
0 (Ĝ(λ), Ĝa,A) = Z2(Ĝ(λ), Ĝa,A)/B2(Ĝ(λ), Ĝa,A) ,

H 2
0 (G(λ), Ga,A) = Z2(G(λ), Ga,A)/B2(G(λ), Ga,A) .

Since any Ga-torsor over an affine scheme is trivial, we have the following:

LEMMA 1.3. Let G be an affine A-group, acting on Ga,A. Then the canonical map

H 2
0 (G, Ga,A) → Ext1A(G, Ga,A)

is bijective.

On the other hand, HomA−gr(Ĝ(λ), Ĝa,A) (resp. HomA−gr(G(λ), Ga,A)) is isomorphic to

the kernel of ∂ : A[[T ]] → Z2(Ĝ(λ), Ĝa,A) (resp. ∂ : A[T , (1 + λT )−1] → Z2(G(λ), Ga,A)).

Now we define some polynomials and homomorphisms.

1.4. We define polynomials Cl(X, Y ) in Z[X,Y ] by

Cl(X, Y ) =
⎧⎨
⎩

Xl + Y l − (X + Y )l (l /∈ P) ,

1

p
{Xl + Y l − (X + Y )l} (l ∈ P) .

1.5. We define polynomials Lp,r (Λ; T ) in Z(p)[Λ][T ] by

Lp,r (Λ; T ) = pr

pr+1−1∑
k=1

(−Λ)k−1

k
T k

for all r ≥ 0.

1.6. We define polynomials L̃p,r (Λ; X,Y ) in Z(p)[Λ,Λ−1][X,Y ] by

L̃p,r(Λ; X,Y ) = − 1

(−Λ)p
r+1−1

{Lp,r(Λ; X) + Lp,r (Λ; Y ) − Lp,r(Λ; ΛXY + X + Y )}
for all r ≥ 0.

LEMMA 1.7. Let r ≥ 0. Then we have followings:
(1) L̃p,r (Λ; X,Y ) ∈ Z(p)[Λ][X,Y ],
(2) L̃p,r (Λ; X,Y ) ≡ Cpr+1(X, Y ) mod deg(pr+1 + 1).

PROOF. Put

fr (Λ; T ) =
∞∑

k=pr+1

(−Λ)k−1

k
T k = (−Λ)p

r+1−1
∞∑

k=pr+1

(−Λ)k−pr+1

k
T k ∈ Q[[T ]] .

Then we have

Lp,r (Λ; T ) = pr

{
1

Λ
log(1 + ΛT ) − fr(Λ; T )

}
,

where
1

Λ
log(1 + ΛT ) =

∞∑
k=1

(−Λ)k−1

k
T k ∈ Q[[T ]] .
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Noting

log(1 + Λ(ΛXY + X + Y )) = log((1 + ΛX)(1 + ΛY)) = log(1 + ΛX) + log(1 + ΛY)

and
fr(Λ, T ) ≡ 0 mod (Λpr+1−1) ,

we have

Lp,r (Λ; X) + Lp,r(Λ; Y ) − Lp,r (Λ; ΛXY + X + Y )

= −pr {fr(Λ; X) + fr(Λ; Y ) − fr (Λ; ΛXY + X + Y )}
≡ 0 mod (Λpr+1−1) .

Moreover, noting

fr(Λ; T ) ≡ (−Λ)p
r+1−1

pr+1
T pr+1

mod deg(pr+1 + 1) ,

we readily see (2).

By 1.7, we readily see the following:

COROLLARY 1.8. Let A be a Z(p)-algebra and λ ∈ A. Then L̃p,r (λ; X,Y ) ∈ Z2(G(λ),

Ga,A).

1.9. Let A be a Z(p)-algebra and λ ∈ A. Let a = (a0, a1, a2, · · · ) ∈ A(N) (resp.
A(N)). By 1.8, we can define homomorphisms η0 : AN → A[[T ]] (resp. η0 : A(N) →
A[T , (1 + λT )−1]) and η1 : AN → Z2(Ĝ(λ), Ĝa,A) (resp. η1 : AN → Z2(G(λ), Ga,A)) by

η0 : a �→
∞∑

r=0

ar

[ pr+1−1∑
k=pr

pr

k
(−λ)k−pr

T k

]
,

η1 : a �→
∞∑

r=0

ar L̃p,r(λ; X,Y ) .

2. Statement of the theorem.

2.1. Let A be a Z(p)-algebra and λ ∈ A. Let a = (a0, a1, a2, · · · ) ∈ AN (resp. A(N)).
We define an endomorphism of AN (resp. A(N)) denoted Ψ (resp. Ψ ) by

Ψ : a �→ (−(−λ)p
i+1−pi

ai + pai+1)i≥0 .

LEMMA 2.2. Let A be a Z(p)-algebra and λ ∈ A. Then the diagram

AN η0

−−−−→ A[[T ]]
Ψ

⏐⏐
 ⏐⏐
∂

AN η1

−−−−→ Z2(Ĝ(λ), Ĝa,A)

is commutative.
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PROOF. Note that

−(−Λ)p−1
{

− 1

(−Λ)p−1

p−1∑
k=1

(−Λ)k−1

k
T k

}
=

p−1∑
k=1

(−Λ)k−1

k
T k

and

− (−Λ)p
r+1−pr

{
− 1

(−Λ)p
r+1−1

} pr+1−1∑
k=1

pr

k
(−Λ)k−1T k

+ p

{
− 1

(−Λ)p
r−1

} pr−1∑
k=1

pr−1

k
(−Λ)k−1T k

=
pr+1−1∑
k=pr

pr

k
(−Λ)k−pr

T k

for all r ≥ 1. Then we have

−(−Λ)p−1L̃p,0(Λ,X, Y ) =
p−1∑
k=1

(−Λ)k−1

k
{Xk + Y k + (X + Y + ΛXY)k}

and

− (−Λ)p
r+1−pr

L̃p,r (Λ; X,Y ) + pL̃p,r−1(Λ,X, Y )

=
pr+1−1∑
k=pr

pr

k
(−Λ)k−pr {Xk + Y k + (X + Y + ΛXY)k}

for all r ≥ 1.
Now, let λ ∈ A and a = (a0, a1, a2, · · · ) ∈ AN. Then

(∂ ◦ η0)(a) = −(−λ)p−1a0L̃p,0(λ,X, Y )

+
∞∑

r=1

ar {−(−λ)p
r+1−pr

L̃p,r (λ,X, Y ) + pL̃p,r−1(λ,X, Y )}

=
∞∑

r=0

{−(−λ)p
r+1−pr

ar + par+1}L̃p,r(λ,X, Y )

= (η1 ◦ Ψ )(a) .

COROLLARY 2.2.1. Let A be a Z(p)-algebra and λ ∈ A. Then the diagram

A(N) η0

−−−−→ A

[
T ,

1

1 + λT

]

Ψ

⏐⏐
 ⏐⏐
∂

A(N) η1

−−−−→ Z2(G(λ), Ga,A)

is commutative.
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LEMMA 2.3. Let A be a Z(p)-algebra and λ ∈ A. Let f (T ) = ∑∞
i=1 ciT

i be a formal
power series in A[[T ]] satisfying

(a) cj = ps

j
(−λ)j−ps

cps for all s, j with s ≥ 0, ps < j < ps+1,

(b) −(−λ)p
s+1−ps

cps + pcps+1 = 0 for all s ≥ 0.
Then f (X) + f (Y ) − f (λXY + X + Y ) = 0.

PROOF. Let s ≥ 0, ps+1 < j < ps+2 and 1 ≤ k ≤ j − 1.
The case of k ≤ j − ps+1:

k∑
i=m(j,k)

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−icj−k+i

=
k∑

i=0

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−i ps+1

j − i + k
(−λ)j−k+i−ps+1

cps+1

=

⎡
⎢⎢⎣

k∑
i=0

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

) ( −ps+1

j − k + i − ps+1

)
(

j − k + i

ps+1

)
⎤
⎥⎥⎦λj−ps+1

cps+1 .

On the other hand, using Lemma 2.3.1 as m = j − k, n = k, l = ps+1, t = 0, we have

k∑
i=0

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

) ( −ps+1

j − k + i − ps+1

)
(

j − k + i

ps+1

) = 0 .

Hence
k∑

i=m(j,k)

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−i cj−k+i = 0 .

The case of k > j − ps+1:

k∑
i=m(j,k)

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−i cj−k+i

=
ps+1−j+k−1∑

i=0

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−i cj−k+i

+
k∑

i=ps+1−j+k

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−i cj−k+i

=
k∑

i=ps+1−j+k−1

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−i ps

j − i + k
(−λ)j−k+i−ps

cps
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+
k∑

i=ps+1−j+k

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−i ps+1

j − i + k
(−λ)j−k+i−ps+1

cps+1

=

⎡
⎢⎢⎣

k∑
i=ps+1−j+k−1

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

) ( −ps

j − k + i − ps

)
(

j − k + i

ps

)
⎤
⎥⎥⎦λj−ps

cps

+

⎡
⎢⎢⎣

k∑
i=ps+1−j+k

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

) ( −ps+1

j − k + i − ps+1

)
(

j − k + i

ps+1

)
⎤
⎥⎥⎦ λj−ps+1

cps+1

= λj−ps+1

⎡
⎢⎢⎣−

k∑
i=ps+1−j+k

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

) ( −ps

j − k + i − ps

)
(

j − k + i

ps

) λps+1−ps

cps

+
k∑

i=ps+1−j+k

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

) ( −ps+1

j − k + i − ps+1

)
(

j − k + i

ps+1

) cps+1

⎤
⎥⎥⎦

= λj−ps+1

⎡
⎣−

k∑
i=ps+1−j+k

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
(−1)j−k+i−ps −ps

j − k + i
λps+1−ps

cps

+
k∑

i=ps+1−j+k

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
(−1)j−k+i−ps+1 −ps+1

j − k + i
cps+1

⎤
⎦

=
⎡
⎣λj−ps+1

k∑
i=ps+1−j+k

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
(−1)j−k+i−ps+1 −ps+1

j − k + i

⎤
⎦

× {−(−λ)p
s+1−ps + pcps+1}

= 0 .

Hence we obtain

f (X) + f (Y ) − f (λXY + X + Y )

= −
∑
j≥2

j−1∑
k=1

k∑
i=m(j,k)

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−icj−k+iX

kY j−k

= 0 .
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LEMMA 2.3.1 ([2, Cor. 2.2.3]). Let n,m, l ∈ N with m ≥ n and m ≥ l. Then

n∑
i=0

(
m + i

m − n + 2i

) (
m − n + 2i

i

) (
t − l

m + i − l

)
(

m + i

l

) =

(
t − l

m − l

) (
t

n

)
(

m

l

) ,

in Q[t].
PROOF. For reader’s convenience, we give a short proof. Let n ∈ N. The next identity

is well known:
n∑

i=0

(
t − u

i

) (
u

n − i

)
=

(
t

n

)

in Q[t, u]. If n,m ∈ N with m ≥ n, we obtain
n∑

i=0

(
m + i

m − n + 2i

) (
m − n + 2i

i

) (
t

m + i

)
=

(
t

m

)(
t

n

)

by the fact above and(
m + i

m − n + 2i

) (
m − n + 2i

i

) (
t

m + i

)
=

(
u

n − i

) (
t

m

) (
t − m

i

)
.

Moreover, let l ∈ N with m ≥ l. Noting(
t − l

m + i − l

)
(

m + i

l

) =

(
t

m + i

)
(

t

l

) ,

we finally obtain

n∑
i=0

(
m + i

m − n + 2i

) (
m − n + 2i

i

) (
t − l

m + i − l

)
(

m + i

l

) =

(
t

m

) (
t

n

)
(

t

l

) =

(
t − l

m − l

)(
t

n

)
(

m

l

) .

LEMMA 2.4. Let A be a Z(p)-algebra and λ ∈ A. Let a = (a0, a1, a2, · · · ) ∈ AN

(resp. A(N)). Then homomorphisms η0 : AN → A[[T ]] (resp. η0 : A(N) → A[T , (1+λT )−1])
and η1 : AN → Z2(Ĝ(λ), Ĝa,A) (resp. η1 : A(N) → Z2(G(λ), Ga,A)) induces homomorphisms

η0 : Ker[Ψ : AN → AN] → HomA−gr(Ĝ(λ), Ĝa,A)

(resp. η0 : Ker[Ψ : A(N) → A(N)] → HomA−gr(G(λ), Ga,A))

and

η1 : Coker[Ψ : AN → AN] → H 2
0 (Ĝ(λ), Ĝa,A)

(resp. η1 : Coker[Ψ : A(N) → A(N)] → H 2
0 (G(λ), Ga,A)) .
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PROOF. Let a = (a0, a1, a2, · · · ) ∈ Ker[Ψ : AN → AN] (resp. Ker[Ψ : A(N) →
A(N)]) and put

f (T ) =
∞∑

r=0

ar

[ pr+1−1∑
i=pr

pr

i
(−λ)i−pr

T i

]
∈ A[[T ]]

(
resp. A[T ] ⊂ A

[
T ,

1

1 + λT

])
.

Now, let cj be a coefficient of T j of f (T ). Then we easily see that
(0) cps = as for all s ≥ 0,

(1) cj = ps

j
(−λ)j−ps

cps for all s, j with s ≥ 0, ps < j < ps+1,

(2) −(−λ)p
s+1−ps

cps + pcps+1 = 0 for all s ≥ 0.
Hence we obtain f (X) + f (Y ) − f (λXY + X + Y ) = 0, by 2.3.

On the other hand, well-definedness of η1 is induced immediately from 2.2 (resp. 2.2.1).

Now we can state our main theorems.

THEOREM 2.5. Let A be a Z(p)-algebra and λ ∈ A. Then
(1) the homomorphisms

η0 : Ker[Ψ : AN → AN] → HomA−gr(Ĝ(λ), Ĝa,A) ,

η1 : Coker[Ψ : AN → AN] → H 2
0 (Ĝ(λ), Ĝa,A)

are bijective,
(2) the homomorphisms

η0 : Ker[Ψ : A(N) → A(N)] → HomA−gr(G(λ), Ga,A) ,

η1 : Coker[Ψ : A(N) → A(N)] → H 2
0 (G(λ), Ga,A)

are bijective.

3. Proof of the theorem.

Our aim of this section is to give the proof of our main theorems.

LEMMA 3.1. Let A be a Z(p)-algebra, λ ∈ A and f (T ) ∈ A[[T ]]. If f (T ) satisfies
f (X)+f (Y )−f (λXY +X+Y ) = 0, there exists a = (a0, a1, a2, · · · ) ∈ Ker[Ψ : AN → AN]
such that

f (T ) =
∞∑

r=0

ar

[ pr+1−1∑
i=pr

pr

i
(−λ)i−pr

T i

]
.

PROOF. Put f (T ) = ∑∞
i=1 ciT

i . Consider the Taylor expansion

0 = f (X) + f (Y ) − f (λXY + X + Y )

= −
∑
j≥2

j−1∑
k=1

k∑
i=m(j,k)

(
j − k + i

j − 2k + 2i

)(
j − 2k + 2i

i

)
λk−i cj−k+iX

kY j−k .
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Here m(j, k) = max{0, 2k − j }. Looking at the coefficient of XYj−1, we see that

(j − 1)λcj−1 + jcj = 0

for all j ≥ 2. Hence

cj = ps

j
(−λ)j−ps

cps

for all s, j with s ≥ 0, (j, p) = 1.
Here, we claim following statements:
(1) cj = ps

j
(−λ)j−ps

cps for all s, j with s ≥ 0, ps < j < ps+1,

(2) −(−λ)p
s+1−ps

cps + pcps+1 = 0 for all s ≥ 0.

Admit claims above. Putting ar = cpr for all r ≥ 0, we have a ∈ Ker[Ψ : AN → AN]
and

f (T ) =
∞∑

r=0

ar

[ pr+1−1∑
i=pr

pr

i
(−λ)i−pr

T i

]
= η0(a) .

Proof of (1). Let s ≥ 0, ps < j < ps+1 and put r = ordpj . We prove the assertion by
induction on j . Assume that

cl = ps

l
(−λ)l−ps

cps

for all l with ps < l < j .
Consider the above Tayler expansion again. Looking at the coefficient of Xpr

Y j−pr
, we

see that
pr−1∑
i=0

(
j − pr + i

j − 2pr + 2i

) (
j − 2pr + 2i

i

)
λpr−icj−pr+i +

(
j

pr

)
cj = 0 .

Noting that
((

j

pr

)
, p

)
= 1,

cj = − 1(
j

pr

) pr−1∑
i=0

(
j − pr + i

j − 2pr + 2i

) (
j − 2pr + 2i

i

)
λpr−icj−pr+i .

By the hypothesis of induction,

cj = − 1(
j

pr

) pr−1∑
i=0

(
j − pr + i

j − 2pr + 2i

) (
j − 2pr + 2i

i

)
λpr−i ps

j − pr + i
(−λ)j−pr+i−ps

cps .

Noting that ( −ps

l − ps

)
(

l

ps

) = (−1)l−ps ps

l
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if ps ≤ l < ps+1, we can easily see that

cj = − 1(
j

pr

)
⎡
⎢⎢⎣

pr−1∑
i=0

(
j − pr + i

j − 2pr + 2i

) (
j − 2pr + 2i

i

) ( −ps

j − pr + i − ps

)
(

j − pr + i

ps

)
⎤
⎥⎥⎦λj−ps

cps .

Now, applying 2.3.1 to m = j − pr , n = pr , l = pr , t = 0, we have

pr−1∑
i=0

(
j − pr + i

j − 2pr + 2i

) (
j − 2pr + 2i

i

) ( −ps

j − pr + i − ps

)
(

j − pr + i

ps

) =
(

j

pr

) ( −ps

j − ps

)
(

j

ps

) ,

and therefore

cj =

( −ps

j − ps

)
(

j

ps

) λj−ps

cps = ps

j
(−λ)j−ps

cps .

Proof of (2). Let s ≥ 0. We already have⎧⎨
⎩

jλcj + (j + 1)cj+1 = 0 for all j ≥ 1 ,

cj = ps

j
(−λ)j−ps

cps for all j with ps < j < ps+1 .

Use these formula as j = ps+1 − 1, we obtain

−(−λ)p
s+1−ps

cps + pcps+1 = 0 .

This completes the proof of 3.1.

3.2. We conclude the bijectivity of η0 : Ker[Ψ : AN → AN] → HomA−gr(Ĝ(λ), Ĝa,A)

immediately by 3.1. Moreover, we can verify the bijectivity of η0 : Ker[Ψ : A(N) → A(N)]
→ HomA−gr(G(λ), Ga,A) combining 3.3 and 3.1.

LEMMA 3.3. Let A be a Z(p)-algebra and λ, ai ∈ A for all i ≥ 0. Assume that

−(−λ)p
r+1−pr

ar + par+1 = 0 for all r ≥ 0. If

∞∑
r=0

ar

[ pr+1−1∑
i=pr

pr

i
(−λ)i−pr

T i

]
∈ A

[
T ,

1

1 + λT

]
,

then ar = 0 for almost all r.

PROOF. Put

∞∑
r=0

ar

[ pr+1−1∑
i=pr

pr

i
(−λ)i−pr

T i

]
= f (T )

(1 + λT )n
,
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where f (T ) ∈ A[T ], n ≥ 0. Now, we assume deg f < pr . Looking at the coefficient of T pr

of the formula

(1 + λT )n
∞∑

r=0

ar

[ pr+1−1∑
i=pr

pr

i
(−λ)i−pr

T i

]
= f (T ) ,

we see that

ar +
r∑

i=1

ci(−λ)p
r−pr−i

ar−i = 0 ,

where ci ∈ Z(p) for all i with 1 ≤ i ≤ r . Here, by the assumption, we have

(−λ)p
r−pr−i

ar−i = piar

for all i with 1 ≤ i ≤ r . Since 1 + ∑r
i=1 pici is invertible in Z(p), we have ar = 0 for all r

with deg f < pr .

LEMMA 3.4. Let A be a Z(p)-algebra and λ ∈ A. If g(X, Y ) ∈ Z2(Ĝ(λ), Ĝa,A),
there exists b = (b0, b1, b2, · · · ) ∈ AN such that

∑∞
r=0 brL̃p,r (λ; X,Y ) is cohomologous to

g(X, Y ).

PROOF. Let g(X, Y ) ∈ A[[X,Y ]] and gi (X, Y ) be the homogeneous part of degree r

of g(X, Y ). Then there exists l ≥ 2 such that

g(X, Y ) =
∞∑
r=l

gr (X, Y ) .

As g(X, Y ) satisfies 2-cocycle condition

g(Y,Z) − g(λXY + X + Y,Z) + g(X, λYZ + Y + Z) − g(X, Y ) = 0 ,

we see that

gl (Y, Z) − gl (X + Y,Z) + gl (X, Y + Z) − gl (X, Y ) = 0 .

Hence there exists al ∈ A such that

gl (X, Y ) = alCl(X, Y ) ,

by Lazard’s comparison lemma ([1, Lem 3]): Let A be a ring and let l ≥ 2 and g(X, Y ) ∈
A[X,Y ] be a homogeneous polynomial of degree l satisfying{

g(Y,Z) − g(X + Y,Z) + g(X, Y + Z) − g(X, Y ) = 0

g(X, Y ) − g(Y,X) = 0 .

Then there exists a ∈ A such that g(X, Y ) = aCl(X, Y ).
Now, we put

tr (X, Y ) = Xr + Y r − (λXY + X + Y )r ∈ B2(G(λ), Ga,A)

for all r ≥ 1. Noting that

tl(X, Y ) ≡ Xl + Y l − (X + Y )l mod deg(l + 1) ,
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if l is not a p-power,

g(X, Y ) − altl(X, Y ) ≡ 0 mod deg(l + 1) .

As g(X, Y ) is cohomologous to g(X, Y ) − altl(X, Y ), we may replace g(X, Y ) by g(X, Y ) −
altl(X, Y ) and

g(X, Y ) =
∞∑

r=l+1

gr (X, Y ) .

Repeating the same argument, we may assume l is a p-power and

g(X, Y ) =
∞∑
r=l

gr (X, Y ) .

Namely there exists e ≥ 1 such that

g(X, Y ) ≡ apeCpe(X, Y ) mod deg(pe + 1) .

Next, put h(X, Y ) = g(X, Y ) − apeL̃p,e(λ; X,Y ). Recall that

L̃p,e(λ; X,Y ) ≡ Cpe(X, Y ) mod deg(pe + 1) ,

h(X, Y ) ≡ 0 mod deg(pe + 1) .

Hence we can write

h(X, Y ) =
∞∑

r=pe+1

hr(X, Y ) ,

here hr(X, Y ) is the homogeneous part of degree r of h(X, Y ). Repeating the above argument,
we may assume

h(X, Y ) =
∞∑

r=pe+1

hr(X, Y ) .

Namely

h(X, Y ) ≡ ape+1Cpe+1(X, Y ) mod deg(pe+1 + 1) .

Repeating the above processes, we finally get

g(X, Y ) −
∑
r≥l
r /∈P

ar tr (X, Y ) −
∞∑

r=e

brL̃p,r (λ; X,Y ) = 0

in A[[X,Y ]], here above g(X, Y ) is the original g(X, Y ) and we replaced apr by br . Hence,∑∞
r=0 brL̃p,r (λ; X,Y ) is cohomologous to g(X, Y ) as elements in Z2(Ĝ(λ), Ĝa,A).

COROLLARY 3.5. Let A be a Z(p)-algebra and λ ∈ A. If g(X, Y ) ∈ Z2(G(λ), Ga,A),
there exists b = (b0, b1, b2, · · · ) ∈ A(N) such that

∑∞
r=0 brL̃p,r (λ; X,Y ) is cohomologous to

g(X, Y ).
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PROOF. Let g(X, Y ) be a polynomial in A[X,Y ] of degree m. Take N ≥ 1 such that
pN−1 ≤ m ≤ pN . As g(X, Y ) is a polynomial,

g(X, Y ) =
N∑

r=e

brL̃p,r (λ; X,Y ) +
pN−1∑
r=l
r /∈P

ar tr (X, Y ) +
2pN−2∑

r=pN+1

[ar tr (X, Y ) mod deg(2pN − 1)]

in A[X,Y ]. Now, we put

U(X, Y ) =
2pN−2∑

r=pN+1

ar [tr (X, Y ) − [tr (X, Y ) mod deg(2pN − 1)]] .

Noting that g(X, Y ), L̃p,r (λ; X,Y ), tr (X, Y ) ∈ Z2(G(λ), Ga,A), we have U(X, Y ) ∈ Z2(G(λ),

Ga,A). Hence

0 = U(Y,Z) − U(λXY + X + Y,Z) + U(X, λYZ + Y + Z) − U(X, Y )

≡
2pN−2∑

j=pN+1

[
− ajλ

2pN−1−j

(
j

2j − 2pN + 1

)
Y 2pN−1−j

2j−2pN+1∑
i=1

(
2j − 2pN + 1

i

)

× {X2pN−1−jZi(X + Y )2j−2pN+1−i − Z2pN−1−jXi(Y + Z)2j−2pN+1−i}
]

mod deg(2pN) .

Looking at the coefficient of Y 2pN−1−jX2pN −1−jZ2j−2pN+1, we see that

ajλ
2pN−1−j

(
j

2j − 2pN + 1

)
= 0

for all j with pN + 1 ≤ j ≤ 2pN − 2. Noting that

ti(X, Y ) − [ti (X, Y ) mod deg(2pN − 1)] ∈ (λ2pN −1−i)

for all i with pN + 1 ≤ i ≤ 2pN − 2, we obtain U(X, Y ) = 0. Hence

2pN−2∑
i=pN +1

[aiti (X, Y ) mod deg(2pN − 1)] =
2pN−2∑
i=pN +1

aiti (X, Y ) ∈ B2(G(λ), Ga,A) .

Thus, we conclude that
∑∞

r=0 brL̃p,r (Λ,X, Y ) is cohomologous to g(X, Y ) as elements in
Z2(G(λ), Ga,A).

This completes the proof of 3.5.

LEMMA 3.6. Let A be a Z(p)-algebra, λ ∈ A and b = (b0, b1, b2, · · · ) ∈ AN.
Put g(X, Y ) = ∑∞

r=1 brL̃p,r (λ; X,Y ) ∈ A[[X,Y ]]. Assume that there exists f (T ) =∑∞
i=1 ciT

i ∈ A[[T ]] such that

g(X, Y ) = f (X) + f (Y ) − f (λXY + X + Y ) . (1)

Then there exists a = (a0, a1, a2, · · · ) ∈ AN such that

br = −(−λ)p
r−pr−1

ar−1 + par
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for all r ≥ 1.

PROOF. Recall that the Taylor expansion of f (X) + f (Y ) − f (λXY + X + Y ). As
g(X, Y ) ≡ 0 mod deg p,

j−1∑
k=1

k∑
i=m(j,k)

(
j − k + i

j − 2k + 2i

) (
j − 2k + 2i

i

)
λk−i cj−k+i = 0

for all j with 2 ≤ j ≤ p − 1. Hence we obtain

cj = 1

j
(−λ)j−1c1

for all j with 2 ≤ j ≤ p − 1. (cf. Proof of 3.1.)
The degree p part of the left-hand side of (1) is

−b1

p

p−1∑
i=1

(
p

i

)
XiYp−i .

The coefficient of XYp−1 of the right-hand side of (1) is

−{(p − 1)λcp−1 + pcp} .

Hence

b1 = (p − 1)λcp−1 + pcp = −(−λ)p−1c1 + pcp .

Generally, let e ≥ 1. The degree pe part of the left-hand side of (1) is

−be

p

pe−1∑
i=1

(
pe

i

)
XiYpe−i .

The coefficient of Xpe−1
Ype

of the right-hand side of (1) is

−
pe−1∑
i=0

(
pe − pe−1 + i

pe − 2pe−1 + 2i

) (
pe − 2pe−1 + 2i

i

)
λpe−1−i cpe−pe−1+i .

Hence

be

p

(
pe

pe−1

)
=

pe−1∑
i=0

(
pe − pe−1 + i

pe − 2pe−1 + 2i

) (
pe − 2pe−1 + 2i

i

)
λpe−1−icpe−pe−1+i .

Noting that

1

p

(
pe

pe−1

)
≡ 1 mod p ,
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be = 1

1
p

(
pe

pe−1

) pe−1∑
i=0

(
pe − pe−1 + i

pe − 2pe−1 + 2i

)(
pe − 2pe−1 + 2i

i

)
λpe−1−i cpe−pe−1+i

= 1

1
p

(
pe

pe−1

)[ pe−1−1∑
i=0

(
pe − pe−1 + i

pe − 2pe−1 + 2i

)(
pe − 2pe−1 + 2i

i

)

× pe−1

pe − pe−1 + i
(−λ)p

e−2pe−1+i cpe−1 +
(

pe

pe−1

)
cpe

]
.

Noting that ( −pe−1

l − pe−1

)
(

l

pe−1

) = (−1)l−pe−1 pe−1

l
,

if pe−1 ≤ l < pe, we can easily see that

be = 1

1
p

(
pe

pe−1

)

×

⎡
⎢⎢⎣

pe−1−1∑
i=0

(
pe − pe−1 + i

j − 2pe−1 + 2i

) (
pe − 2pe−1 + 2i

i

) ( −pe−1

pe − 2pe−1 + i

)
(

pe − pe−1 + i

pe−1

)
⎤
⎥⎥⎦λpe−pe−1

cpe−1

+ pcpe .

Now, applying 2.3 to m = pe − pe−1, n = l = pe−1, t = 0, we have

pe−1−1∑
i=0

(
pe − pe−1 + i

pe − 2pe−1 + 2i

) (
pe − 2pe−1 + 2i

i

) ( −pe−1

pe − 2pe−1 + i

)
(

pe − pe−1 + i

pe−1

) = −
( −pe−1

pe − pe−1

)
,

and therefore

be = −

( −pe−1

pe − pe−1

)

1
p

(
pe

pe−1

) λpe−pe−1
cpe−1 + pcpe .

Noting that ( −pe−1

pe − pe−1

)

1
p

(
pe

pe−1

) = (−1)p
e−pe−1

,
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we obtain

be = −(−λ)p
e−pe−1

cpe−1 + pcpe .

Taking cpi as ai for all i ≥ 0, this completes the proof of 3.6.

3.7. Let A be a Z(p)-algebra and λ ∈ A. Now we prove the bijectivity of η1 : Coker[Ψ :
AN → AN] → H 2

0 (Ĝ(λ), Ĝa,A).

For [g(X, Y )] ∈ H 2
0 (Ĝ(λ), Ĝa,A), there exist b = (b0, b1, b2, · · · ) ∈ AN such that∑∞

r=0 brL̃p,r (λ; X,Y ) is cohomologous to g(X, Y ) by 3.4. This shows that

η1 : Coker[Ψ : AN → AN] → H 2
0 (Ĝ(λ), Ĝa,A) ; b �→

∞∑
r=0

brL̃p,r(λ; X,Y )

is surjective.
On the other hand, if

∑∞
r=0 brL̃p,r (λ; X,Y ) ∈ B2(Ĝ(λ), Ĝa,A), b = (b0, b1, b2, · · · ) ∈

Im[Ψ : AN → AN] by 3.6. Thus, we also see the injectively of η1.

EXAMPLE 3.8. We regain following well-known facts by 2.5.
(1) Assume that λ = 1. Then Ψ : A(N) → A(N) is bijective. Hence we have

HomA−gr(Gm,A, Ga,A) = 0 , H 2
0 (Gm,A, Ga,A) = 0 .

(2) Assume that λ = 0. If A is of characteristic 0, we see that Ψ : A(N) → A(N) is
surjective. Hence H 2

0 (Ga,A, Ga,A) = 0, and we obtain

HomA−gr(Ga,A, Ga,A) � {aT ; a ∈ A} � A .

On the other hand, if A is of characteristic p, we see that Ψ : A(N) → A(N) is a zero
homomorphism. Hence we have

HomA−gr(Ga,A, Ga,A) �
{ ∞∑

r=0

arT
pr ; (a0, a1, · · · ) ∈ A(N)

}
� A(N) ,

H 2
0 (Ga,A, Ga,A) �

{ ∞∑
r=0

ar

[
Xpr+1 + Ypr+1 − (X + Y )p

r+1

p

]
; (a0, a1, · · · ) ∈ A(N)

}
� A(N) .

4. Relation with HomA−gr(Ĝ(λ), Ĝm,A) and Ext1A(Ĝ(λ), Ĝm,A).

We start with reviewing necessary facts on Witt vectors. For details, see [DG, Chap. V]
or [HZ, Chap. III].

4.1. For each r ≥ 0, we denote by Φr(T) = Φr(T0, T1, · · · , Tr ) the so-called Witt
polynomial

Φr(T) = T
pr

0 + pT
pr−1

1 + · · · + prTr
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in Z[T] = Z[T0, T1, · · · ]. We define polynomials

Sr(X, Y) = Sr(X0, · · · ,Xr , Y0, · · · , Yr ) ,

Pr(X, Y) = Pr (X0, · · · ,Xr , Y0, · · · , Yr )

in Z[X, Y] = Z[X0,X1, · · · , Y0, Y1, · · · ] inductively by

Φr(S0(X, Y), S1(X, Y), · · · , Sr (X, Y)) = Φr(X) + Φr(Y) ,

Φr(P0(X, Y), P1(X, Y), · · · , Pr(X, Y)) = Φr(X)Φr(Y) .

Then as is well known, the ring structure of the scheme of Witt vectors

WZ = Spec Z[T0, T1, T2, · · · ]
is given by the addition

T0 �→ S0(X, Y), T1 �→ S1(X, Y), T2 �→ S2(X, Y), · · ·
and the multiplication

T0 �→ P0(X, Y), T1 �→ P1(X, Y), T2 �→ P2(X, Y), · · · .

4.2. Define now polynomials

Fr (T) = Fr(T0, · · · , Tr , Tr+1) ∈ Q[T0, · · · , Tr , Tr+1]
inductively by

Φr(F0(T, · · · , Fr (T)) = Φr+1(T0, · · · , Tr , Tr+1)

for r ≥ 0. Then

Fr(T) = Fr (T0, · · · , Tr , Tr+1) ∈ Z[T0, · · · , Tr , Tr+1]
for r ≥ 0. We denote by F : WZ → WZ the morphism defined by

T0 �→ F0(T), T1 �→ F1(T), T2 �→ F2(T), · · · .

Then it is verified without difficulty that F is a homomorphism of ring schemes. If A is an
Fp-algebra, F : WA → WA is nothing but the usual Frobenius endomorphism.

Next we recall a formal power series which is a generalization of the Aritn-Hasse expo-
nential series. For details, see Sekiguchi-Suwa [3, Sec 2].

4.3. We define a formal power series Ep(U,Λ; T ) in Q[U,Λ][[T ]] by

Ep(U,Λ; T ) = (1 + ΛT )
U
Λ

∞∏
k=1

(1 + Λpk

T pk

)
1

pk

{(
U
Λ

)pk

−
(

U
Λ

)pk−1}
.

Recall now the definition of the Artin-Hasse exponential series

Ep(T ) = exp

( ∑
r≥0

T pr

pr

)
∈ Z(p)[[T ]] .

Then we can verify that Ep(U,Λ; T ) ∈ Z(p)[U,Λ][[T ]] and that Ep(1, 0; T ) = Ep(T ) and
Ep(Λ,Λ; T ) = 1 + ΛT ([3, 2.5, 2.6]).
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Let U = (U0, U1, U2, · · · ). We define a formal power series Ep(U,Λ; T ) in Z(p)[U0, U1,

U2, · · · ,Λ][[T ]] by

Ep(U,Λ; T ) =
∞∏

k=0

Ep(Uk,Λ
pk ; T pk

) .

Then the equality

Ep(U,Λ; T ) = (1 + ΛT )
Φ0(U)

Λ

∞∏
k=1

(1 + Λpk

T pk

)

1

pkΛpk {Φk(U)−Λpk−1(p−1)Φk−1(U)}

is verified.
We define a formal power series Fp(U,Λ; X,Y ) in Q[U0, U1, U2, · · · ,Λ][[X,Y ]] by

Fp(U,Λ; X,Y ) =
∞∏

k=1

[
(1 + Λpk

Xpk
)(1 + Λpk

Ypk
)

1 + Λpk
(X + Y + ΛXY)p

k

]Φk−1(U)/pkΛpk

.

It is known that Fp(U,Λ; X,Y ) ∈ Z(p)[U0, U1, U2, · · · ,Λ][[X,Y ]].
4.4. Let A be a Z(p)-algebra and λ ∈ A. There are defined homomorphisms ξ0 :

W(A) → A[[T ]]× and ξ1 : W(A) → Z2(Ĝ(λ), Ĝm,A) by a �→ Ep(a, λ; T ) and a �→
Fp(a, λ; X,Y ), respectively ([3, Sec 2]). On the other hand, we define a cocycle map ∂ :
A[[T ]]× → Z2(Ĝ(λ), Ĝm,A) by f (T ) �→ f (X)f (Y )f (λXY + X + Y )−1. Then the diagram

W(A)
ξ0

−−−−→ A[[T ]]×

F − [λp−1]
⏐⏐
 ⏐⏐
∂

W(A)
ξ1

−−−−→ Z2(Ĝ(λ), Ĝm,A)

commutes, where [λp−1] = (λp−1, 0, 0, · · · ) ∈ W(A). Moreover, ξ0 and ξ1 induce homo-
morphisms

ξ0 : Ker[F − [λp−1] : W(A) → W(A)] → HomA−gr(Ĝ(λ), Ĝm,A) ; a �→ Ep(a, λ; T ) ,

ξ1 : Coker[F − [λp−1] : W(A) → W(A)] → H 2
0 (Ĝ(λ), Ĝm,A) ; a �→ Fp(a, λ; X,Y ) ,

and the following theorem is proved in [3, Sec 3]: Let A be a Z(p)-algebra and λ ∈ A. Then
homomorphisms

ξ0 : Ker[F − [λp−1] : W(A) → W(A)] → HomA−gr(Ĝ(λ), Ĝm,A) ,

ξ1 : Coker[F − [λp−1] : W(A) → W(A)] → H 2
0 (Ĝ(λ), Ĝm,A)

are bijective.
Now we give another proof of 2.5, basing our arguments on the above result. We begin

with establishing some formalisms on Witt vectors and defining formal power series.

LEMMA 4.5. Put X = (X0,X1,X2, · · · ), Y = (Y0, Y1, Y2, · · · ) and T = (T0, T1,

T2, · · · ). Then we have followings:
(1) Sr (X, Y) ≡ Xr + Yr mod (X0, · · · ,Xr−1, Y0, · · · , Yr−1)

2 for all r ≥ 1,



THE EXTENSIONS OF Ĝ(λ) BY Ĝa 127

(2) Pr(X, Y) ≡ Φr(X)Yr mod (Y0, · · · , Yr−1)
2 for all r ≥ 1,

(3) Fr−1(T) ≡ pTr mod (T0, · · · , Tr−1)
2 for all r ≥ 1.

PROOF. We prove the assertion by the induction on r . We can easily see that

S1(X, Y) = X1 + Y1 + X
p

0 + Y
p

0 − (X0 + Y0)
p

p
,

P1(X, Y) = Φ1(X)Y1 + X1Y
p
0 ,

F0(T) = T
p

0 + pT1 ≡ pT1 mod (T0)
2 ,

respectively. Assume that

Sk(X, Y) ≡ Xk + Yk mod (X0, · · · ,Xk−1, Y0, · · · , Yk−1)
2 ,

Pk(X, Y) ≡ Φk(X)Yk mod (Y0, · · · , Yk−1)
2 ,

Fk−1(T) ≡ pTk mod (T0, · · · , Tk−1)
2

for k = 1, · · · , r − 1, respectively. Then we have

Sk(X, Y)p
r−k ≡ 0 mod (X0, · · · ,Xr−1, Y0, · · · , Yr−1)

2 ,

Pk(X, Y)p
r−k ≡ 0 mod (Y0, · · · , Yr−1)

2 ,

Fk−1(T)p
r−k ≡ 0 mod (T0, · · · , Tr−1)

2

for k = 1, · · · , r − 1, respectively. Hence we obtain

Φr(S0(X, Y), S1(X, Y), · · · , Sr (X, Y))

= S0(X, Y)p
r + pS1(X, Y)p

r−1 + · · · + pr−1Sr−1(X, Y)p + prSr(X, Y)

≡ prSr (X, Y) mod (X0, · · · ,Xr−1, Y0, · · · , Yr−1)
2 ,

Φr(P0(X, Y), P1(X, Y), · · · , Pr (X, Y))

= P0(X, Y)p
r + pP1(X, Y)p

r−1 + · · · + pr−1Pr−1(X, Y)p + prPr(X, Y)

≡ prPr(X, Y) mod (Y0, · · · , Yr−1)
2 ,

Φr−1(F0(T), F1(T), · · · , Fr−1(T))

= F0(T)p
r−1 + pF1(T)p

r−2 + · · · + pr−2Fr−2(T)p + pr−1Fr−1(T)

≡ pr−1Fr−1(T) mod (T0, · · · , Tr−1)
2 ,

respectively. On the other hand, we have

Φr(X) + Φr(Y) ≡ pr(Xr + Yr) mod (X0, · · · ,Xr−1, Y0, · · · , Yr−1)
2 ,

Φr (X)Φr(Y) ≡ Φr(X) · prYr mod (Y0, · · · , Yr−1)
2 ,

Φr(T) ≡ prTr mod (T0, · · · , Tr−1)
2 ,

respectively. Hence we hold the claim.
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Let A be a commutative ring with the unit element, and A[ε] be a ring of dual numbers,
that is ε2 = 0. Recall now that the augmentation homomorphism W(A[ε]) → W(A) is
defined by (a0 + b0ε, a1 + b1ε, a2 + b2ε, · · · ) �→ (a0, a1, a2, · · · ). Then

Ker[W(A[ε]) → W(A)] = {(b0ε, b1ε, b2ε, · · · ); bi ∈ A for all i ≥ 0} .

PROPOSITION 4.6. Ker[W(A[ε]) → W(A)] is a square null ideal of W(A[ε]) and is
isomorphic to AN as additive group.

PROOF. Let b = (b0ε, b1ε, b2ε, · · · ), c = (c0ε, c1ε, c2ε, · · · ) ∈ Ker[W(A[ε]) →
W(A)]. Then we see by 4.5 that Pr(b, c) = 0 and Sr(b, c) = (br + cr )ε, for all r ≥ 0. Hence
Ker[W(A[ε]) → W(A)] is square null ideal of A[ε] and

Ker[W(A[ε]) → W(A)] → AN ; (a0ε, a1ε, a2ε, · · · ) �→ (a0, a1, a2, · · · )
is an isomorphism as additive group.

COROLLARY 4.7. F : W(A[ε]) → W(A[ε]) induces an A-endomorphism (a0, a1,

a2, · · · ) �→ (pa1, pa2, pa3, · · · ) on AN.

PROOF. Let a = (a0ε, a1ε, a2ε, · · · ) ∈ Ker[W(A[ε]) → W(A)]. Then we see by
4.5 that Fr(a) = par+1ε for all r ≥ 0. Hence F : W(A[ε]) → W(A[ε]) induces an A-
endomorphism F : a �→ (pa1ε, pa2ε, pa3ε, · · · ) on Ker[W(A[ε]) → W(A)].

COROLLARY 4.8. Let c = (c0, c1, c2, · · · ) ∈ W(A). Then the homothety on W(A[ε])
by c induces an A-endomorphism (a0, a1, a2, · · · ) �→ (Φ0(c)a0,Φ1(c)a1,Φ2(c)a2, · · · ) on
AN.

PROOF. Let c = (c0, c1, c2, · · · ) ∈ W(A) and a = (a0ε, a1ε, a2ε, · · · ) ∈ Ker[W(A[ε])
→ W(A)]. Then we see by 4.5 that Pr(c, a) = Φr(c)arε for all r ≥ 0. Hence the homothety
on W(A[ε]) by c induces an A-endomorphism a �→ (Φ0(c)a0ε,Φ1(c)a1ε,Φ2(c)a2ε, · · · ) on
Ker[W(A[ε]) → W(A)].

Combining 4.7 and 4.8, we have the following:

COROLLARY 4.9. Let c = (c0, c1, c2, · · · ) ∈ W(A). Then F − c : W(A[ε]) →
W(A[ε]) induces an A-endomorphism (a0, a1, a2, · · · ) �→ (pa1 − Φ0(c)a0, pa2 − Φ1(c)a1,

pa3 − Φ2(c)a2, · · · ) on AN.

4.10. Let A be a Z(p)-algebra and A[ε] be a ring of dual numbers. We define a group
homomorphism A[[T ]] → (A[ε][[T ]])× by f (T ) �→ 1 + εf (T ). Since

(A[ε][[T ]])× = {f (T ) + εg(T ); f (T ) ∈ A[[T ]]×, g(T ) ∈ A[[T ]]} ,

we can also define a group homomorphism (A[ε][[T ]])× → A[[T ]]× by f (T ) + εg(T ) �→
f (T ). Then we can easily see that

0 → A[[T ]] → (A[ε][[T ]])× → A[[T ]]× → 0

is an exact sequence of groups.
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We define a group homomorphism Z2(Ĝ(λ), Ĝa,A) → Z2(Ĝ(λ), Ĝm,A[ε]) by f (X, Y ) �→
1 + εf (X, Y ). This is well defined, since we can easily obtain equalities

{1 + εf (Y,Z)}{1 + εf (X, λYZ + Y + Z)}{1 + εf (X, Y )}−1{1 + εf (λXY + X + Y,Z)}−1

= 1 + ε{f (Y,Z) + f (X, λYZ + Y + Z) − f (X, Y ) − f (λXY + X + Y,Z)}
and

{1 + εf (X, Y )}{1 + εg(X, Y )} = 1 + ε{f (X, Y ) + g(X, Y )}
for f (X, Y ), g(X, Y ) ∈ A[[X,Y ]]. We can also define a homomorphism of multiplicative
groups Z2(Ĝ(λ), Ĝm,A[ε]) → Z2(Ĝ(λ), Ĝm,A) by f (X, Y ) + εg(X, Y ) �→ f (X, Y ), where
f (X, Y ) ∈ A[[X,Y ]]× and g(X, Y ) ∈ A[[X,Y ]]. Then we can easily see that

0 → Z2(Ĝ(λ), Ĝa,A) → Z2(Ĝ(λ), Ĝm,A[ε]) → Z2(Ĝ(λ), Ĝm,A) → 0

is an exact sequence of groups.

4.11. We define formal power series Lp(Λ; T ) by

Lp(Λ; T ) = 1

Λ

{
log(1 + ΛT ) − 1

p
log(1 + ΛpT p)

}
in Q[Λ][[T ]].

LEMMA 4.12. We have

Lp(Λ; T ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∑
(k,p)=1

(−Λ)k−1

k
T k (p > 2) ,

∑
(k,2)=1

Λk−1

k
T k −

∑
(k,2)=1

Λ2k−1

k
T 2k (p = 2) .

PROOF. Let p > 2. Note that

1

Λ
log(1 + ΛT ) =

∞∑
k=1

(−Λ)k−1

k
T k ,

1

pΛ
log(1 + ΛpT p) = 1

p

∞∑
k=1

(−Λ)kp−1

k
T kp =

∑
(k,p) =1

(−Λ)k−1

k
T k .

Hence we immediately obtain

Lp(Λ; T ) =
∑

(k,p)=1

(−Λ)k−1

k
T k .

Let p = 2. Note that

1

Λ
log(1 + ΛT ) =

∑
(k,2)=1

Λk−1

k
T k +

∑
(k,2) =1

(−Λ)k−1

k
T k

=
∑

(k,2)=1

Λk−1

k
T k −

∑
(k,2)=1

Λ2k−1

2k
T 2k −

∑
(k,2) =1

Λ2k−1

2k
T 2k ,
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1

2Λ
log(1 + Λ2T 2) =

∞∑
k=1

(−1)k−1Λ2k−1

2k
T 2k =

∑
(k,2)=1

Λ2k−1

2k
T 2k −

∑
(k,2) =1

Λ2k−1

2k
T 2k .

Hence we immediately obtain

L2(Λ; T ) =
∑

(k,2)=1

Λk−1

k
T k −

∑
(k,2)=1

Λ2k−1

k
T 2k .

By 4.12, we readily see the following:

COROLLARY 4.13. Lp(Λ; T ) ∈ Z(p)[Λ][[T ]].
LEMMA 4.14. Let U = (U0, U1, U2, · · · ). Then we have followings:
(1) log Ep(U,Λ; T ) = ∑∞

r=0
Φr (U)

pr Lp(Λpr ; T pr
),

(2) log Ep(U,Λ; T ) ≡ ∑∞
r=0 UrLp(Λpr ; T pr

) mod (U0, U1, U2, · · · )2,
(3) Ep(U,Λ; T ) ≡ 1 + ∑∞

r=0 UrLp(Λpr ; T pr
) mod (U0, U1, U2, · · · )2.

PROOF. By the definition of Ep(U,Λ; T ), we have

log Ep(U,Λ; T )

= log

[
(1 + ΛT )

Φ0(U)

Λ

∞∏
r=1

(1 + Λpr

T pr

)
1

pr Λpr {Φr (U)−Λpr−1(p−1)Φr−1(U)}]

= Φ0(U)

Λ
log(1 + ΛT ) +

∞∑
r=1

Φr(U) − Λpr−1(p−1)Φr−1(U)

prΛpr log(1 + Λpr

T pr

)

=
∞∑

r=0

Φr(U)

prΛpr

{
log(1 + Λpr

T pr

) − 1

p
log(1 + Λpr+1

T pr+1
)

}

=
∞∑

r=0

Φr(U)

pr
Lp(Λpr ; T pr

) .

Moreover, noting that

Φr(U) ≡ prUr mod (U0, U1, U2, · · · )2 and exp(T ) =
∞∑

n=0

T n

n! ,

we immediately have (2) and (3).

4.15. Let p be a prime number. We define formal power series Lp,r (Λ; X,Y ) by

Lp,r (Λ; X,Y ) = 1

pΛpr+1 log
(1 + Λpr+1

Xpr+1
)(1 + Λpr+1

Ypr+1
)

1 + Λpr+1
(X + Y + ΛXY)p

r+1

in Q[Λ][[X,Y ]].
LEMMA 4.16. Lp,r(Λ; X,Y ) ∈ Z(p)[Λ][[X,Y ]].
PROOF. Noting that

(1 + Λpr+1
Xpr+1

)(1 + Λpr+1
Ypr+1

)

1 + Λpr+1
(X + Y + ΛXY)p

r+1 ≡ 1 mod p ,
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we easily see the fact.

LEMMA 4.17. Let U = (U0, U1, U2, · · · ). Then we have followings:
(1) log Fp(U,Λ; X,Y ) = ∑∞

r=0
Φr (U)

pr Lp,r(Λ; X,Y ),

(2) log Fp(U,Λ; X,Y ) ≡ ∑∞
r=0 UrLp,r (Λ; X,Y ) mod (U0, U1, U2, · · · )2,

(3) Fp(U,Λ; X,Y ) ≡ 1 + ∑∞
r=0 UrLp,r (Λ; X,Y ) mod (U0, U1, U2, · · · )2.

PROOF. By the definition of Fp(U,Λ; X,Y ), we have

log Fp(U,Λ; X,Y ) = log
∞∏

r=1

[
(1 + Λpr

Xpr
)(1 + Λpr

Ypr
)

1 + Λpr
(X + Y + ΛXY)p

r

]Φr−1(U)/prΛpr

=
∞∑

r=1

Φr−1(U)

prΛpr log
(1 + Λpr

Xpr
)(1 + Λpr

Ypr
)

1 + Λpr
(X + Y + ΛXY)p

r

=
∞∑

r=0

Φr(U)

pr+1Λpr+1 log
(1 + Λpr+1

Xpr+1
)(1 + Λpr+1

Ypr+1
)

1 + Λpr+1
(X + Y + ΛXY)p

r+1

=
∞∑

r=0

Φr(U)

pr
Lp,r (Λ; X,Y ) .

Moreover, noting that

Φr(U) ≡ prUr mod (U0, U1, U2, · · · )2 and exp(T ) =
∞∑

n=0

T n

n! ,

we immediately have (2) and (3).

4.18. Let A be a Z(p)-algebra, A[ε] a ring of dual numbers and λ ∈ A. We define
homomorphisms ξ0 : AN → A[[T ]] and ξ0 : W(A[ε]) → (A[ε][[T ]])× by

ξ0 : AN → A[[T ]] ; a �→
∞∑

r=0

arLp(λpr ; T pr

) ,

ξ0 : W(A[ε]) → (A[ε][[T ]])× ; a �→ Ep(a, λ; T ) ,

respectively.

LEMMA 4.19. Let A be a Z(p)-algebra and λ ∈ A. Then we have a commutative
diagram with exact rows

0 −−−−→ AN −−−−→ W(A[ε]) −−−−→ W(A) −−−−→ 0⏐⏐
ξ0

⏐⏐
ξ0

⏐⏐
ξ0

0 −−−−→ A[[T ]] −−−−→ (A[ε][[T ]])× −−−−→ A[[T ]]× −−−−→ 0 .

PROOF. Let a = (a0, a1, a2, · · · ) ∈ AN. By 4.14,
∞∏

r=0

Ep(arε, λ
pr ; T pr

) = 1 +
∞∑

r=0

(arε)Lp(λpr ; T pr

) = 1 + ε

∞∑
r=0

arLp(λpr ; T pr

) .
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4.20. Let A be a Z(p)-algebra, A[ε] a ring of dual numbers and λ ∈ A. We define
homomorphisms ξ1 : AN → Z2(Ĝ(λ), Ĝa,A) and ξ1 : W(A[ε]) → Z2(Ĝ(λ), Ĝm,A[ε]) by

ξ1 : AN → Z2(Ĝ(λ), Ĝa,A) ; a �→
∞∑

r=0

arLp,r (λ; X,Y ) ,

ξ1 : W(A[ε]) → Z2(Ĝ(λ), Ĝm,A[ε]) ; a �→ Fp(a, λ; X,Y ) ,

respectively.

LEMMA 4.21. Let A be a Z(p)-algebra and λ ∈ A. Then we have a commutative
diagram with exact rows

0 −−−−→ AN −−−−→ W(A[ε]) −−−−→ W(A) −−−−→ 0⏐⏐
ξ1

⏐⏐
ξ1

⏐⏐
ξ1

0 −−−−→ Z2(Ĝ(λ), Ĝa,A) −−−−→ Z2(Ĝ(λ), Ĝm,A[ε]) −−−−→ Z2(Ĝ(λ), Ĝm,A) −−−−→ 0 .

PROOF. Let a = (a0, a1, a2, · · · ) ∈ AN and put b = (a0ε, a1ε, a2ε, · · · ). By 4.17,

Fp(b,Λ; X,Y ) = 1 +
∞∑

r=0

(arε)Lp,r(Λ; X,Y ) = 1 + ε

∞∑
r=0

arLp,r (Λ; X,Y ) .

The following lemma is easily verified so we ommit the proof.

LEMMA 4.22. Homomorphisms ξ0 : AN → A[[T ]] and ξ1 : AN → Z2(Ĝ(λ), Ĝa,A)

are A-homomorphisms.

4.23. Let A be a Z(p)-algebra and λ ∈ A. Let a = (a0, a1, a2, · · · ) ∈ AN. We define a
homomorphism

Φ : AN → AN ; a �→ (−λpr+1−pr

ar + par+1)r≥0 .

LEMMA 4.24. Let A be a Z(p)-algebra and λ ∈ A. Then we have a commutative
diagram with exact rows

0 −−−−→ AN −−−−→ W(A[ε]) −−−−→ W(A) −−−−→ 0⏐⏐
Φ

⏐⏐
F − [λp−1]
⏐⏐
F − [λp−1]

0 −−−−→ AN −−−−→ W(A[ε]) −−−−→ W(A) −−−−→ 0 .

PROOF. Note that Φr([λp−1]) = λpr(p−1) for all r ≥ 0. Then F−[λp−1] : W(A[ε]) →
W(A[ε]) induces A-homomorphism

Φ : AN → AN ; a �→ (pa1 − λpr(p−1)a0, pa2 − λpr (p−1)a1, pa3 − λpr (p−1)a2, · · · )
by 4.9.
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LEMMA 4.25. Let A be a Z(p)-algebra and λ ∈ A. Then we have a commutative
diagram with exact rows

0 −−−−→ A[[T ]] −−−−→ (A[ε][[T ]])× −−−−→ A[[T ]]× −−−−→ 0⏐⏐
∂

⏐⏐
∂

⏐⏐
∂

0 −−−−→ Z2(Ĝ(λ), Ĝa,A) −−−−→ Z2(Ĝ(λ), Ĝm,A[ε]) −−−−→ Z2(Ĝ(λ), Ĝm,A) −−−−→ 0 .

PROOF. Let f (T ) ∈ A[[T ]]. Noting {1+εf (T )}−1 = 1−εf (T ), we obtain an equality

{1 + εf (X)}{1 + εf (Y )}{1 + εf (X + Y + λXY)}−1

= 1 + ε{f (X) + f (Y ) − f (X + Y + λXY)} .

By 4.4, 4.19, 4.21, 4.24, and 4.25, we readily see the following:

LEMMA 4.26. Let A be a Z(p)-algebra, λ ∈ A and ε2 = 0. Then we have a following
commutative diagram with exact rows:

� � � �0 AN W(A[ε]) W(A) 0

� � � �0 AN W(A[ε]) W(A) 0

0 0Z2(Ĝ(λ), Ĝa,A) Z2(Ĝ(λ), Ĝm,A[ε]) Z2(Ĝ(λ), Ĝm,A)

� � � �0 A[[T ]] (A[ε][[T ]])× A[[T ]]× 0

� � �

Φ F − [λp−1] F − [λp−1]

� � � �
� � �

∂ ∂ ∂

�
���

�
���

�
���

ξ1 ξ1 ξ1

�
���

�
���

�
���

ξ0 ξ0 ξ0

COROLLARY 4.27. Homomorphisms ξ0 : Ker Φ → HomA−gr(Ĝ(λ), Ĝa,A) and ξ1 :
Coker Φ → H 2

0 (Ĝ(λ), Ĝa,A) are bijective.

PROOF. Put B = A[ε]. Then the correspondences a �→ 1+aε and a+bε �→ a induce
following split exact sequence of formal group schemes:

0 → Ĝa,A →
[ ∏

B/A

Gm,B

]∧
→ Ĝm,A → 0 .

Here,
∏

B/A denotes the Weil restriction functor. Noting that

HomA−gr

(
Ĝ(λ),

[ ∏
B/A

Gm,B

]∧)
� HomB−gr(Ĝ(λ), Ĝm,B) ,

H 2
0

(
Ĝ(λ),

[ ∏
B/A

Gm,B

]∧)
� H 2

0 (Ĝ(λ), Ĝm,B) ,

we obtain long exact sequences

0 → HomA−gr(Ĝ(λ), Ĝa,A) → HomB−gr(Ĝ(λ), Ĝm,B) → HomA−gr(Ĝ(λ), Ĝm,A) → 0 ,

0 → H 2
0 (Ĝ(λ), Ĝa,A) → H 2

0 (Ĝ(λ), Ĝm,B) → H 2
0 (Ĝ(λ), Ĝm,A) → 0 .
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Hence, we obtain following commutative diagram with exact sequences by 4.26. Moreover,
combining the result of the argument of 4.4, we immediately have the bijectivity of ξ0 :
Ker Φ → HomA−gr(Ĝ(λ), Ĝa,A) and ξ1 : Coker Φ → H 2

0 (Ĝ(λ), Ĝa,A).

� � � �0 AN W(A[ε]) W(A) 0

� � � �0 AN W(A[ε]) W(A) 0

� � � �0 Ker Φ Ker[F − [λp−1] : Ker[F − [λp−1] : 0
W(A[ε])→W(A[ε])] W(A)→W(A)]

� � � �0 Coker Φ Coker[F − [λp−1] : Coker[F − [λp−1] : 0
W(A[ε])→W(A[ε])] W(A)→W(A)]

0 0Z2(Ĝ(λ), Ĝa,A) Z2(Ĝ(λ), Ĝm,A[ε]) Z2(Ĝ(λ), Ĝm,A)

� � � �0 A[[T ]] (A[ε][[T ]])× A[[T ]]× 0

� � �

Φ F − [λp−1] F − [λp−1]

� � � �
� � �

∂ ∂ ∂

�
���

�
���

�
���

ξ1 ξ1 ξ1

�
���

�
���

�
���

ξ1 ξ1 ξ1
∼ ∼

�
���

�
���

�
���

ξ0 ξ0 ξ0

∼ ∼
�

���
�

���
�

���
ξ0 ξ0 ξ0

0 0H2
0 (Ĝ(λ), Ĝa,A) H2

0 (Ĝ(λ), Ĝm,A[ε]) H2
0 (Ĝ(λ), Ĝm,A)� � � �

0 0HomA−gr(Ĝ(λ), Ĝa,A) HomA[ε]−gr(Ĝ(λ), Ĝm,A[ε]) HomA−gr(Ĝ(λ), Ĝm,A)� � � �

� � �

� � �

� � �

� � �

� � �

� � �

0 0 0

0 0 0

� � �

� � �
0 0 0

0 0 0

4.28. Let A be a Z(p)-algebra and λ ∈ A. Let a = (a0, a1, a2, · · · ) ∈ AN. We define a
homomorphism

Ψ : AN → AN ; a �→ (−(−λ)p
r+1−pr

ar + par+1)r≥0 .

If p > 2, Ψ = Φ. Let p = 2. We define an automorphism ι of AN by (a0, a1, a2, · · · ) �→
(−a0, a1, a2, · · · ). Then Ψ = Φ ◦ ι.
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LEMMA 4.29. Let A be a Z(p)-algebra. Let λ, a0, a1, a2, · · · ∈ A. Assume that

λpr+1−pr
ar = par+1 for all r ≥ 0. Then

∞∑
r=0

arLp(λpr ; T pr

) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∞∑
r=0

ar

[pr+1−1∑
k=pr

pr

k
(−λ)k−pr

T k

]
(p > 2) ,

a0T −
∞∑

r=1

ar

[2r+1−1∑
k=2r

2r

k
(−λ)k−2r

T k

]
(p = 2) .

PROOF. Let p > 2, (k, p) = 1 and ps ≤ k < ps+1. Then the coefficient of T prk of
the right-hand side is

(−λ)p
rk−ps+r

pr+s

prk
ar+s .

Here, since par+s−j = λpr+s−j−1(p−1)ar+s−j−1 for all j with 0 ≤ j < s,

psar+s = λpr+s−1(p−1)λpr+s−2(p−1) · · · λpr (p−1)ar = λpr+s−pr

ar = (−λ)p
r+s−pr

ar .

Hence

(−λ)p
rk−pr+s

pr+s

prk
ar+s = (−λ)p

rk−pr+s
(−λ)p

r+s−pr
pr

prk
ar = (−λ)p

rk−pr

k
ar

= (−λpr
)k−1

k
ar .

On the other hand,
∞∑

r=0

arLp(λpr ; T pr

) =
∞∑

r=0

ar

[ ∑
(k,p)=1

(−λpr
)k−1

k
T prk

]

by 4.12.
Let p = 2, (k, 2) = 1 and 2s ≤ k < 2s+1. When s ≥ 1, the coefficient of T k of the

right-hand side is

− (−λ)k−2s
2s

k
as .

Here, since 2as−j = λ2s−j−1
as−j−1 for all j with 0 ≤ j < s,

2sas = λ2s−1
λ2s−2 · · ·λ2λa0 = λ2s−1a0 .

Hence

− (−λ)k−2s
2s

k
as = − (−λ)k−2s

λ2s−1

k
a0 = λk−2r

λ2s−1

k
a0 = λk−1

k
a0 .

Let p = 2, (k, 2) = 1 and 2s ≤ k < 2s+1. When s ≥ 0 and r ≥ 1, the coefficient of T 2r k of
the right-hand side is

− (−λ)2r k−2r+s
2r+s

2rk
ar+s .
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Here, since 2as−j = λ2s−j−1
as−j−1 for all j with 0 ≤ j < s,

2r+sar+s = λ2r+s−1
λ2r+s−2 · · · λ2r

ar = λpr+s−pr

ar = λ2r+s−2r

ar .

Hence

− (−λ)2r k−2r+s
2r+s

2rk
as = − (−λ)2r k−2r+s

λ2r+s−2r
2r

2rk
ar = −λ2r k−2r+s

λ2r+s−2r

k
ar

= −λ2r (k−1)

k
ar .

On the other hand,
∞∑

r=0

arLp(λpr ; T pr

) =
∞∑

r=0

ar

[ ∑
(k,2)=1

λ2r (k−1)

k
T 2r k −

∑
(k,2)=1

λ2r (2k−1)

k
T 2r+1k

]

by 4.12. The coefficient of T 2r k of the right-hand side is

λ2r (k−1)

k
ar − λ2r−1(2k−1)

k
ar−1 .

Since 2ar = λ2r−1
ar−1,

λ2r (k−1)

k
ar − λ2r−1(2k−1)

k
ar−1 = λ2r (k−1)

k
ar − λ2r (k−1)

k
(2ar) = −λ2r (k−1)

k
ar .

Now we attain our goal.

COROLLARY 4.30. Let A be a Z(p)-algebra and λ ∈ A. Then the homomorphism

η0 : Ker Ψ → HomA−gr(Ĝ(λ), Ĝa,A) ; a �→
∞∑

r=0

ar

[ pr+1−1∑
k=pr

pr

k
(−λ)k−pr

T k

]

is bijective.

4.31. Put

L̃p,r (Λ; X,Y ) = pr

(−Λ)p
r+1−1

pr+1−1∑
k=1

(−Λ)k−1

k
{Xk + Y k − (X + Y + ΛXY)k}

for all r ≥ 0.

COROLLARY 4.32. Let A be a Z(p)-algebra and λ ∈ A. Then

[Lp,r(λ; X,Y )] =
{

[L̃p,r(λ; X,Y )] (p > 2) ,

−[L̃p,r(λ; X,Y )] (p = 2)

in H 2
0 (Ĝ(λ), Ĝa,A).

COROLLARY 4.33. Let A be a Z(p)-algebra and λ ∈ A. Then the homomorphism

η1 : Coker Ψ → H 2
0 (Ĝ(λ), Ĝa,A) ; a �→

∞∑
r=0

arL̃p,r (λ; X,Y )
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is bijective.
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