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On the extremal function of the modulus of a foliation

MALGORZATA CISKA-NIEDZIALOMSKA

Abstract. We investigate the properties of the modulus of a foliation on a
Riemannian manifold. We give necessary and sufficient conditions for the
existence of the extremal function and state some of its properties. We
obtain an integral formula which, in a sense, combines the integral over
the manifold with the integral over the leaves. We state a relation between
the extremal function and the geometry of the distribution orthogonal to
a foliation.
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1. Introduction. In 1950 Ahlfors and Beurling [1] introduced a conformal in-
variant called the extremal length of a family of curves in the plane. Its inverse,
called the modulus, plays a major role in the theory of quasiconformal maps.
The modulus was generalized to p-modulus of families of measures by Fu-
glede [8] and, in particular, to families of Lipschitz surfaces. In the same paper
Fuglede used the notion of p-modulus to show completeness of certain classes
of functions related to vector analysis. This approach allowed to define the
notion of Sobolev spaces on metric measure spaces [12]. On the other hand,
the p-modulus of families of curves is related to the notion of p-capacity of a
condenser. The latter is a fruitful tool in potential theory and partial differ-
ential equations. It is surprising that the conformal invariance of p-capacity
for certain choice of p led Ferrand to prove a result on the group of conformal
maps on Riemannian manifolds [6].

This article is based on a part of the author’s PhD Thesis [11]. The author wishes to thank
her advisor Professor Antoni Pierzchalski who suggested the problem under consideration
in this paper and for helpful discussions. The author wishes to thank Kamil Niedzialomski
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author wishes to thank anonymous referee for many useful comments, especially the ones
included in Remark 3.
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One can show that the g-capacity of a condenser (where ¢ is the coefficient
conjugate to p) equals the g-modulus of the family of curves joining plates
of the condenser and is the reciprocal to the p-modulus of the hypersurfaces
separating the plates [9,13]. Among these surfaces, there is the “smallest”
family of surfaces which realizes the modulus. It is given by the level sets of
the function realizing the ¢-capacity. Thus this family forms a foliation on the
condenser. Moreover, there is a function, called extremal, which realizes this
modulus, and the integral of the function on each leaf of the obtained foliation
is equal to one [13].

In this short article, we consider a general case of a foliation on a Riemann-
ian manifold. We study properties of the extremal function for the p-modulus
of a foliation. The majority of results in this paper is obtained under the as-
sumption of existence of the extremal function. We give necessary and sufficient
conditions for existence of this function (Theorem 3). In particular, we con-
sider foliations given by the level sets of a submersion (Corollary 6). Moreover,
we state some properties of the extremal function.

The existence of the extremal function allows one to define a function

¢($):/<Pd/1Lma r €M,
L,

for any ¢ € LP(M), where L, is the leaf of F through x. The main result is
the following integral formula (Theorem 9)

/fé’flsoduM =/fé’<ﬁduM7 (1)
M M

where fj is the extremal function for the p-modulus and ¢ € LP(M). Moreover,
we show that (1) implies that fy is extremal. Using (1), we obtain some results
concerning the geometry of a foliation. Namely, the tangent gradient of the
extremal function is related to the mean curvature of distribution orthogonal
to F.

In the last section we give some examples. We consider a foliation by circles
on a torus in R3, a foliation given by the distance function and a foliation by
spheres in a ring in R™.

Notice that all results can be generalized to the case of foliations equipped
not necessarily with Lebesgue measures but arbitrary Borel measures. More-
over, the “global” Lebesgue measure pp; could be replaced by any Borel mea-
sure. This follows from the original definition of p-modulus by Fuglede [8].
In particular, we could consider foliation on a smooth metric measure space
as it was pointed out by the anonymous referee. We focus only on the case of
Lebesgue measures, since the aim of the author’s PhD thesis [11], on which this
article is based, was to establish the relation between extrinsic and intrinsic
geometry of a foliation and p-modulus.

2. Modulus of a foliation. Let (M, g) be a Riemannian manifold, F a foliation
on M. Denote by uas and py the Lebesgue measures on M and L € F,
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respectively. Let LP(M) denote the space of all measurable and p-integrable
functions on M (with the norm | - [[,).

Lemma 1. Let A C M be a measurable set. Then up(A) =0 if and only if
uv{z e M: pr (ANLy,) >0}) =0.

In particular, if f € LP(M) is nonnegative, then the integral fL fdupy exists
for almost every leaf L € F.

Proof. LetU = {U} be a (countable) cover of M such that for each U € U there
is a submersion Fy; : U — Ny with bounded Jacobian such that F' defines a
foliation F on U. By Fubini’s theorem (compare (2)) there are constants ¢y, ¢
(depending on U) such that

Cl/ MLy(LymAﬂU)d/LNSM]\/[(AﬂU)SCQ/ MLy(LyﬁAﬂU)d,uN,
Ny N

U

where L, = F~!(y). Thus A is of up/-measure zero if and only if the set
{reM: ur, (AN L,) > 0} is of up-measure zero. O

Let £ be an arbitrary subfamily of F. In the space LP(M) consider the
family adm, (L) of all nonnegative functions f such that [ . fdur > 1 for
almost every L € L. Functions belonging to this family are called admissible.
The p-modulus of L is defined as follows

= 1 f
mod,(£) et o I £1lp

if adm, (L) # 0 and mod, (L) = co otherwise.

We say that fo € adm,(L) is extremal for the p-modulus of the family
L if mod, (L) = || follp,- We will show later (see the considerations preceding
Corollary 11) that an extremal function for the p-modulus of a foliation (i.e
L = F) is unique up to sets of measure zero.

For a family £ C F denote the union of the leaves L € £ by [J£. In
particular, | JF = M.

Proposition 2 [8]. The modulus has the following properties.

1. If L C F and | L is measurable, then mod, (L) < mod,(F).

2. If F=L1ULyU--- and |JL; is measurable for all i, then mod,(F)P <
> mody, (L;)P.

3. mod, (L) = 0 if and only if there is f € admy, (L) such that [, fdur = oo
for almost every L € L.

4. If f € LP(M), then there is a subfamily L such that mod,(£) = 0 and
f € LY(L) for almost every L € F\L.

5. If fn — [ in LP(M), then there is a subsequence (fn,) of (fn) and a
subfamily L C F such that mod,(L) = 0 and f,, — f in L'(L) for
almost every L € F\L.
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3. Existence and properties of the extremal function. Let M be a Riemannian
manifold, F a foliation on M.

Theorem 3. There is an extremal function fo for the p-modulus of F if and
only if for any subfamily L C F such that pup (U £) > 0, we have mod, (L) > 0.

Proof. (=) Suppose there is a family £ C F such that up(IJL£) > 0 and
mod,(£) = 0. By Proposition 2 there is an admissible function f for £ such
that || ; f = oo for almost every leaf L € L. Moreover, there is some n > 0
such that || foll, > || f|l, on U L. Put

= [fo onM\UCZL
fo= { 1f onUcL ‘
Then fo is admissible for F but || foll, > || foll,- Contradiction.

(«<=) It suffices to show that adm, (F) is closed in LP(M). Indeed, any closed
and convex set in a Banach space contains an element of smallest norm and,
as can be easily shown, adm, (F) is convex. Take a sequence (f,,) of admissible
functions converging to f. Then f € LP(M) and f > 0. By Proposition 2
there is a subsequence (f;;) and a subfamily £ such that mod,(£) = 0 and
J; fridpr — [, fdug for every L € F\L. Hence [, fdug > 1 for every L €
F\L. Since, by assumption, ups(|J L) = 0, we get that fL fdprp > 1 for almost
every leaf L € F. Thus f is admissible. O

Put
Foo={L€F:py (L) =00} and My =|]JFw.

Corollary 4. If pp (M) < oo and there exists some extremal function for the
p-modulus of F for some p > 1, then up (M) = 0.

Proof. Function f = 1 is admissible for F,, and satisfies the condition 3.
of Proposition 2 (for F). Hence mod,(F) = 0. Thus, by Theorem 3,
171378 (MDQ) =0. O

We will specify conditions for the existence of an extremal function in the
case of a foliation given by the level sets of a submersion.

Let ® : M — N be a submersion between Riemannian manifolds. Then
there is the decomposition

T™M =V* o H®,
where V® = ker ®, and H® = (V®)*. The differential ®, : H® — TN is

a linear isomorphism. Denoting its dual as ®] : TN — H®, we define the
Jacobian J® of ® as follows

Jo = \[det(®] 0 . : H® — HO).

We will need the following version of Fubini’s theorem [4]

/fdMMZ / / Ji@ducpfl(y) dpn, (2)
h7s

yeEN \@&~1(y)
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for any nonnegative and measurable function f.

Proposition 5. Assume a foliation F is given by a submersion ® : M — N
such that J® < C for some C. Let L C F. If mod,(£) = 0 for some p > 1,
then pua(U(£\Fc)) = 0.

Proof. Suppose i (U(L\Fs)) > 0. Then there is a subfamily £ of £ such
that pa(UL") > 0 and pr(L) < oo for any L € L. By Proposition 2(3) there
is an admisible function f such that [ . [ = oo for almost every leaf L € L.
Thus, by Holder’s inequality, we have

L/fduL : L/ (Jg)’l’( o < (/md*‘o;([(m)ﬁdm)“,

where % + % = 1. Hence

P

j—@duL = oo for almost every L € L' (3)
L

By (3) and Fubini’s theorem (2),

£l = / pape= [ | [ Pedpasy | duw =0

N \e-1(y)

Contradiction ends the proof. 0

Corollary 6. Assume a foliation F is given by a submersion ® : M — N. As-
sume J® < C for some C and pp (M) < co. Then there exists some extremal
function for the p-modulus of F (for any p > 1) if and only if p(Ms) = 0.

Proof. (=) Follows by Corollary 4.

(<) Assume p(My)=0. Take £ C F such that mod,(£) = 0. Then £ C Fu,
by Proposition 5. Hence u(|J £) < u(Ms) = 0. Therefore Theorem 3 implies
that there exists some extremal function for F. O

In the end of this section, we state some properties of an extremal function.
Proposition 7. Let fy be some extremal function for the p-modulus of a foliation
F. Then

1. fL fodur =1 for almost every leaf L € F,
2. fo is positive.
Proof. (1) Put My, ={z € M : [, fodur, < oo}. By Proposition 2(3) and

Theorem 3, pp (M\My,) = 0. Hence we may assume M = My,. Consider a
function

fo(x)
fLw fO dH’LT ’

Then f is admissible, f < fo, and || f[|, < [|fol|,- Since fo is extremal, we have
| fllp = Il follp- Therefore f = fo, so [, fodur =1 for almost every leaf L € F.

fz) = reM.
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(2) Suppose there is a set A of positive and finite measure such that fo =0
on A. Put
Ay ={zeA: 0<pr, (LyNA) <oo},
Ay ={z € A: pr (LyNA) =00},
As={ze€A: ur, (L, NA)=0}.
By Lemma 1 pp(As) = 0. Hence we may assume A = Ay UA,. Let us consider
two cases:

(i) par(Az) = 0. Then we may assume that A = A;. Denote by B the set of
all points € M\ A such that the leaf L, through x meets A on the set
of positive measure. For a fixed 0 < ¢ < 1 put

L (LLrA) %L_ij) reA
f(x) =< tfo(x) r €B )
o) weM\(AUB)
Then f > 0 and fL fdurp =1 for almost every leaf L € F. Moreover,

1
1£1I5 = (L =t)PC +t?|| fol sl + [ folan\Bllp, where C = /Wdﬂ-
A

Hence || f]l, < || foll, if and only if the function
a(t) = (1 =t)PC+ (" =Dl folsly, 0<t<1,

is negative at some t. Existence of such t follows from the fact that a(1) =
0 and o/(1) = pl/folzll5 > 0 (fo does not vanish almost everywhere on
B).

(ii) par(Az2) > 0. Denote by B the set of all points 2 € M\ A such that the
leaf L, through z meets A on the set of positive measure. For a fixed
0<t<1ande>0, put

€ T € Ay
flx)=< tfo(z) z€B )
folz) x€ M\(A2UB)

Then f >0 and [, fdurp = oo if par(A2 N L) > 0 and [, fdur =1 for
remaining leaves. Moreover,
If115 = €”par(A2) + ] fol BII5 + [l folan sl5-
Thus || fll, < || follp if and only if the function
a(t) = ePun(Az2) + (" = Dl folsll;, 0<t <1,

is negative at some t. This is clear by choosing ¢ and ¢ small enough
(again, as before, || fo|gll, > 0).

O

Remark 1. Proposition 7(1) was first established in [3] but obtained under the
assumption of continuity of the extremal function.
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4. The integral formula. Let M be a Riemannian manifold, F a foliation on
M. Assume there exists some extremal function fy for the p-modulus of F.

Lemma 8. If p € LP(M), then ¢ € L*(L) for almost every leaf L € F.

Proof. Tt follows immediately by Theorem 3 and Proposition 2(4). O

By the above Lemma, for any ¢ € L?(M) the following function

@('x):/@duLw z e M,
L.

is well-defined.

Theorem 9. There is the following integral formula
[ st = [ sgodun, (W
M M

for any function ¢ € LP(M).

Proof. Firstly, notice that in the definition of the p-modulus we may consider
admissible functions which are not necessarily non-negative. Indeed, if f €
LP(M) and f > 1, then its non-negative part f* is admissible, since f+ >
f > 1. Moreover, mod,(F) < [|f*], < | £]l,-

Let ¢ € LP(M). Assume esssup|@| < oo. Put

a=p— fop.

Then o € LP(M) and & = 0. Consider the following one parameter family of
functions

fi=fo+ta, teR.

Since fy and « are both p-integrable, it follows that f; is also p-integrable for
all t. Moreover, by Proposition 7, f} = 1. Thus f; is admissible. Fix ¢ € (0,1)
and consider a set M, = {& € M : fo(z) + ea(x) > 0}. Fix € M, and let
B(t) = |fe(x)|P = (fo(x) + ta(x))?P, t € (0,e). By the mean value theorem,
there exists 6(z) € (0,t) such that 8(¢t) — 8(0) = t3'(6(x)), hence

1 _
T Ufe@)” = [fo(2)[") = p(fo(z) + b(z)a(z))” ta(x), =€ M..
Since M, — M almost everywhere as ¢ — 0, then, by admissibility of f,
1
0< / 7 (fel? = 1fol?)dpnt ZP/(fo +0c)P adpny
M. M

for € sufficiently small. Notice that the function 6 is measurable, as f;, fo, and
 are measurable. By the inequality

(fo+0a)Pta < (fo+ )P tac LP(M),



96 M. Ci1SKA-NIEDZIALOMSKA Arch. Math.

which follows from the fact that § € (0,1) and the dominated convergence
theorem, we get

0< [ 5 adpar
M

Replacing a by —a, we get (4).

Let us now get rid of the assumption esssup|@| < co. Let ¢ € LP(M), and
put M, = {z € M : |p(x)| < n}. Define ¢,, equal to ¢ on M,, and f, outside
M,,. Then, by the first part of the proof,

/ F2 Y om dung = / J26n dpins.
M M

Hence, by Proposition 7,

fé’*lwduM:/ 18 dpn.
M,, M,

By the absolute continuity of the Lebesgue integral, we get (4). O

Remark 2. We wish to notice that Theorem 9 can be obtained with the use
of Badger’s general criterion for the existence of the extremal function for the
Fuglede p-modulus [2], and, in fact, the proofs are similar in a sense. The
“original” proof by the author of [11] is more elementary but with a little bit
stronger assumptions.

Notice that (4) forces fy to be extremal for the p-modulus of F, assuming
that an extremal function exists. Indeed, assume (4) holds, where f; is some
admissible function for the p-modulus of F. Let ¢ be admissible. By (4) and
Holder’s inequality, we have

q

/ S7 dpuar < / F2 dyiag = / S o dun < / Pt | el
M M M

Hence

1foll” < llellp-

Therefore fjy is extremal for the p-modulus of F. Summarizing we have the
following characterization.

Corollary 10. Assume there is some extremal function for the p-modulus of F.
Then the admissible function fqy is extremal if and only if the integral formula

(4) holds.

Moreover, it is well known that the extremal function is unique (up to
sets of measure zero). This follows by Clarkson’s inequality. We show how to
prove uniqueness of fy with the use of Proposition 7 and Corollary 10. Indeed,
assume fy and gg are both extremal for the p-modulus of F. Then

/fé)_lgo dpn = /fé)gb dpn = /f§ dpnr = 1127 allgoll s
M M i



Vol. 107 (2016) On the extremal function 97

where %Jr% = 1, since ||goll, = mod,(F) and [|fZ~"||, = mod,(F)e. By

Holder’s inequality go and f§ P~1 are Holder dependent. Thus iy = fOp D
cgh for some positive constant c. Since || foll, = |lgollp, we get fo = go-

As a next corollary we obtain the formula, firstly proven in [10] using a
different approach, for p-modulus and the extremal function fy of a foliation
given by the level sets of a submersion.

Corollary 11. Assume there is the extremal function fo for the p-modulus of
F. If F is given by a submersion ® : M — N, then

J‘I’ﬁ /'I P
fO = — and modp(f) = / JPr—T dﬂN . (5)
JPr-1

Proof. By Fubini’s theorem (2), for any p-integrable function ¢, we have (g is
conjugate to p, i.e (p—1)(¢—1) =1)

Jpa—1\ P71
/</\> du—/ ————1¥dum
i J(I)q_l Jba— 1

¥
:/ ——p1 dhei dpw
N a1y T
9
:/ » 1d,LLN
R JPat
On the other hand,
JOITINP Joa—t
/</-q\1> ‘Pd/lM:/ /fp‘pd/hi‘ L(y) AN
M Jo N $-1(y) J o1
2
:/ — p—1 d,U/N
x Joat

Therefore formula (4) holds with fy = iiq . Thus, by Corollary 10, fo is

extremal for the p-modulus of F. O

Remark 3. It seems that we can derive the formula for the extremal function
in a more general case. This follows from the fact that the formula (5) does
not depend on a choice of the Riemannian metric on V.

Assume that the holonomy of F is finite. The normal bundle to F can be
treated as the quotient T'M /T F. Moreover, we have a natural projection .,
TM — TM/TF. Since the holonomy is finite, there is a holonomy invariant
metric on TM/TF. Thus we may speak about J®.

If additionally the leaf space M/F is Hausdorff, then it has a structure
of an orbifold and the natural projection ® : M — M/F is a morphism of
orbifolds [14]. Up to sets of measure zero, ® is smooth, and we may consider
the differential ®, and, again, define J®.
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By the integral formula (4), we obtain some results concerning the geometry
of a foliation.

Corollary 12. Let F be a foliation on M with closed leaves. Assume that the
extremal function fo for the p-modulus of F exists and is C%-smooth. Then the
mean curvature Hz1 of the distribution F* orthogonal to F is of the form

Hy:e = (p—1)(V(Info))". (6)
In particular, fo is constant on leaves of F (hence fo = %) if and only if the

distribution F+ is minimal.

Proof. Let X be any compactly supported vector field tangent to F. Denote
by divzX the divergence of X with respect to the leaves of F. Then

diveX = divX + (Hzi, X).
Since for any smooth function f we have

div(fX) = fdivX +(Vf, X),
then putting ¢ = divzX in (4), we get

0:/( PNV + N (Hpe, X)) dp

M

:/(diV( PIX) (VLX) 4 £ N He, X)) dp
M

= /( PN Hp, X) — (p— 1)V fo, X))dp
M

- / S foHrs — (p— )V fo. X)dp.
M

Taking X = ¢(foHrr — (p — 1)V fy) ', where 1 is a function on M with
compact support, we get (6). Moreover, by (6), F* is minimal if and only if
fo is constant along leaves, hence fy = % O

Corollary 13. Let F be a Riemannian foliation on M with closed leaves. As-
sume that the extremal function fo for the p-modulus of F exists and is C*-
smooth. Then fo is constant on leaves of F.

Proof. Follows from the Corollary 12 and the fact that the distribution or-
thogonal to Riemannian foliation is totally geodesic, hence minimal. O

5. Examples. In this section we present some examples, in which we derive
formulae for the extremal functions. Moreover, we show how the geometry of
a foliation is reflected in the behaviour of the extremal function. This justifies
the use of Corollary 13.

The search for the “best” foliation on a Riemannian manifold or the best
level sets in the doubly-connected set based on p-modulus approach has been
considered by the author of [11]. The approach involves considering the vari-
ation of p-modulus functional and finding foliations being critical points of
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this functional. The results in this article are crucial in those considerations.
Here we only demonstrate simple examples of “best” foliations and extremal
functions they induce.

5.1. Foliation by circles on a torus in R3. Consider a torus T in R? given
parametrically
(o, B) — ((R+ rcosa)cos B, (R + rcosa)sin 3, rsina),

and let F be a foliation on T given by the submersion ®(«, 3) = 3. Then F
is a foliation by circles of radius r. After some computations we get that the
extremal function fy for the p-modulus of F is of the form

fo=C(R+ rcosa)zv%ll,
for some positive constant C'. Hence, by Corollary 12,
sina 1 0
~ R+rcosaroda’

which is the curvature of the orthogonal foliation F* by circles of radii R +
rcos « on the torus T.

Hy.

5.2. Foliation by a distance function. Let Ly be a closed hypersurface in R™.
Let U be any of the two connected components of R™\ L. Consider a distance
function from L,

p(x) =dist(z, Ly), x€R™.
Let F be a family of level sets of p. There is a neighborhood M of Ly in U, in
which p is smooth and F is a foliation on M, see [7]. Moreover, |Vp| = 1 on

M [5]. By Corollary 11 the extremal function for the p-modulus of F is of the
form

hence is constant on the leaves. Clearly, F is Riemannian and the orthogonal
distribution F+ is totally geodesic (compare the Corollary 13).

In particular, if M = {z € R" : r; < |z| < ro} is a ring and the foliation
F is given by the spheres of radii r € (r1,r2), then (in spherical coordinates)

fO(Ta g, ... ,an—l) = C”f'lin,

for some constant C' depending on the dimension n.

Open Access. This article is distributed under the terms of the Creative Com-
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