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On the Finsler group and an almost symplectic
structure on a tangent bundle

By

Yoshihiro IcHIjyo

In the preceding paper [5], the present author has found a Lie group F(n)
which is called the Finsler group and has investigated a tangent bundle T(M)
admitting an F(n)-structure in the sense of the theory of G-structure. Fspecially
it has been shown that the base manifold M is a Finsler manifold if and only if
T(M) admits an F(n)-structure satisfying a certain condition. Therefore, an F(n)-
structure which is defined on T(M) as a reduction of the standard tangent
structure has been called an almost Finsler structure. Moreover, in the case
where a non-linear connection is assigned on T(M), the almost Finsler structure
has been studied in detail. For example, it has been shown that any G-connection
relative to the almost Finsler structure in the present case is nothing but a so-
called linear connection of Finsler type whose induced Finsler connection is
metrical.

In the present paper, first, we minutely study almost Finsler structures
without the assignment of a non-linecar connection, and find a necessary and
sufficient condition for T(M) to admit an almost Finsler structure, which is
expressed in terms of some quantities in the base manifold M.

Since the Finsler group ¥(n) is a subgroup of the symplectic group, T(M)
admits an almost symplectic structure if it admits an almost Finsler structure.
So, in this case, we can introduce a special 2-form on T(M). In §2, we are
concerned with this 2-form and deal with the case where the 2-form is closed
or has an integrating factor. The 2-form, anyway, plays an important role in
the development of the thcory of almost Finsler structures.

Lastly, §3 is devoted to consideration on almost Hamilton vectors with
respect to the almost symplectic structure derived from the almost Finsler
structure. In the case of Finsler manifolds, Hamilton vectors and Hamilton
systems are trecated and Hamilton functions are shown concretely.

Throughout the paper, we use the following indices and notation:

4, B, C, ..., P, Q, R, ... run over the range {1, 2, 3, ..., 2n};

a, b, ¢, ..., i, j, k. ... run over the range {1, 2, 3, ..., n};

a, b, ..., 1. j. ... stand for a+n, b+n, -, i+n, j4+n, --- respectively;
With respect to any canonical coordinate system in a tangent bundle,
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(x4)= (2%, x%)=(x% »%), i. €., x*= % and the notation 3; and §; stand for 8/ox
and 8/dy! respectively.

§l. The homogeneous almost Finsler structure #*.

Let M be an n-dimensional differentiable manifold, {(U, xf)} be a system of
local coordinate neighbourhoods which covers M. Then, the tangent bundle
T(M) over M is covered by the system of canonical local coordinate neighbour-
hoods {(z'(U), (x%, »¥))} where = is the natural projection T(M)— M.

As is well-known, T(M) admits the standard tangent structure &, and its
0

P 8) with respect to the canonical local

structure tensor Q is given by Q_=<

coordinate (x%, ) ([1], [2]).
In the preceding paper [ 5] the Finsler group is introduced as a linear Lie
group such that

F(n)= {(;4 3){A60(n), SESymm(n)}.

And, if T(M) admits an F(n)-structure as a reduction of &, i. e., T(M) admits

an F(n)-structure depending on #,, the structure is called an almost Finsler

structure and is denoted by #. If T(M) admits an almost Finsler structure
satisfying the homogeneity condition, the structure is called a homogeneous almost

Finsler structure and is denoted by #*. The condition for T(M) to admit the

structure F* is given by the following:

(1) T(M) admits an F(n)-structure in the sense of the theory of G-structures
({31, [6], [14]), i. c., in any two canonical local coordinate neighbour-
hoods (z~Y(U), (xi, »¥)) and (=~}(U), (xi, »i)), there exist adapted 2n-
frames {Z4} and {Z.} respectively which satisfy the condition Z,=P5Z,
((P2eF(n)) in z~Y(U) Nz (U) if =(U) Nz Y(U)3x¢.

(2) In each =(U), the adapted frame {Z.}={Z,, Z;} has the following
components

Z = rofoxi+1idfy, Za=rafay,

where det |y!/|2=0 and 7} is positively homogeneous of degree 0 for »¢ and

7. is positively homogeneous of degree 1 for yi.
In the present paper we mainly treat the homogeneous almost Finsler

structure F*.

As to j=<£ _%">, tP JP = J holds for any P€F(n). So, the Finsler group
F(n) is a subgroup of the symplectic group Sp(n). Hence, if T(M) admits a
homogeneous almost Finsler structure #*, T(M) also admits an almost symplectic
structure, i.e., T(M) admits a non-degenerate 2-form ([3], [7], [9]). By
O=wapdx*N\dx? (wpa=—way) we denote the 2-form and call it an almost Finsler
2-form associated with F*.

Now we put
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Ta 0)“_(52;’ 0y __<0 —5ij>
G ) =G g Imue=G, )
gi;=3 Pif} ai;=3 (BB~ i),

then g;; and 8/ are positively homogeneous of degree 0 for yi, and a;; and B: arc

positively homogeneous of degree 1 for yi. Since was=Jrof5B5, we have

(1.1) Q=a;dxi\dxi—2g; dxiNdyd,
: _(% —&j
i e, (wAB)—<gij 5).

In this case, we can define a singular inner product of rank n by
<Zm Zb>:6(lb7 <Z(Z> Zb>:0) <Z{7* ZE>:0

Due to the property of the Finsler group F(n), we can easily verify that this is
the globally defined onc on T(M). Morecover we have

(Bjaxi, djaxiy=gi;. <3Joxi, jdyiy=0, <3jayi, 9]ay’>=0,

namely, g;;dvi®dx/ is a singular Riemann metric of rank n valid on T(M). And
g;; is nothing but a generalized metric defined on M in the sense of Moér [10].
Next, wap is a skew-symmetric tensor field on T(M). So, after direct calcula-
tion, we can see, in each =='(U) Nz-Y(U) where UNU=x¢, the following trans-
formation rules of g;; and «;; hold:
_ oxP 9x?
Lij=Ep g T i
(1.2)

Y Y .
&= AT BT 8Pt axdax ) T &0 Gigym Y gxi

Thus we obtain

Theorem 1. If a tangent bundle T(M) admits a homogenecous almost Finsler
structure, then T(M) admils an almost symplectic structure whose associated 2-form is given
by R=a;;dxiNdxi—2g;;dxiAdy). Here, a;; is a quantity such that aj;=—a;; and is
positively homogeneous of degree 1 for yi, g;; is a generalized metric of M, and the
transformation rules of a;; and g;; are given by (1.2).

Now, let N be a non-linear connection defined on T(M) ([6]. [8]) and
Ni be the components of N with respect to the caninical local coordinate (x¢, yi).
Then N} satisfies the transformation rule
oxP &, o, 0x1 02x?P

T VN e = adan

By using this equation, we can show casily that ‘B,-jza,-j+g,-,,,N}"—gjm1<7§“ i1s a

skew-symmetric quasi tensor on M [ 6] and is positively homogeneous of degree
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1
5
Nj gives T(M) a non-linear connection and satisfies a;j=—gimN7+ gmN7. Thus

I for yi. Hence, if we put Nj=Ni— 5 gi"g,j, then we can show directly that

we obtain

Theorem 2. Let g=(g;;) and a={ay;j) be the quantities defined in Theorem 1.
On T(M), there always exists a non-linear connection N satisfying the condition

(1.3) a=—gN+tNg.

Next, let N and N be any two non-lincar connections satisfying the condition
(1. 3). Then N—Nis a (1, 1) quasi tensor field on M and is positively homo-
geneous of degree 1 for yi. Now, k:(ki,-)zg(ﬁ—N) is a (0, 2) quasi tensor field
on M and is positively homogeneous of degree 1 for yi and satisfies

th=(!N—tN)g=(a+gN)—(a+gN)=k.

That is, £ is a symmetric quasi tensor field.

Conversely, let N be a non-linear connection shown in Theorem 2 and £ be
any symmetric (0, 2) quasi tensor field and be positively homogeneous of degree
1 for yi. Then N=N+ gk satisfies

—gN+tNg=—gN +t!Ng=a.
Thus we obtain

Theorem 3. In a tangent bundle admitting a homogeneous almost Finsler structure,
let N be a non-linear connection satisfying the condition (1. 3). If N is another non-linear
connection satisfying the condition (1. 3), then N is written as N=N+g-'k where k is
a (0, 2) symmetric quasi lensor field on M and ts positively homogeneous of degree 1 for
i And the converse is also true.

Now let us consider the converse of Theorem 1. That is to say, we assume
that a manifold M admits a generalized metric g and a skew-symmetric quantity
a=(a;;) which is positively homogeneous of degree 1 for »! and satisfies the
transformation rule (1. 2). In this case, Q=a;;dxiAdx/—2g;;dxiAdy is a globally
defined non-degenerate 2-form on T(M). First, we consider a local coordinate
neighbourhood (U, x¥). With respect to the generalized metric g, it is casy to
find, in U, n lincarly independent local covariant quasi vectors o} such that

id s
gij=3aig;. That is, g=too where o=(s{). Now. we put r=(z))=0"'. Of course,
a=1

a? and ¢! are positively homogeneous of degree 0 for yi. Let N be a non-linear

connection shown in Theorem 2, i. e., N satisfies a=—gN +tNg. Then wc can
define, on z7}(U), local 2n-frame {Z.} by

Z,=ti(3foxi— N13[oy™), Zz=1.0/dyi.

The quantities ¢, z, N and {Z.} always exist on =~}(U). However, they can not
be determined uniquely. Next, let (U, i) be another local coordinate neighbour-
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hood such that UNU=s¢. Then, on (n"(U),‘(Eci, %)), we can define similarly

o, 7, N and {Z,}, which we denote by 2, 2, N and {Z 4} respectively. Now, on
-{(U)ynz-Y(U), we can consider these quantities in terms of the local canonical
coordinate system (xi, yi), which we denote by 2, s, N and {Z.} respectively.
Then, we see

Z = pi (0foxi— Npafaym), Za=pdloy.

Now, in z-4(U) N=(U), {Z4} and {ZA} have, of course, the relation

Pt P!

Pt Pb

a

Z 4=P2Z, where (Pg):( >eGL(2n R).

First, Z;=P?Z ,+P7Z5 can be rewritten as
1490 yi= P27 (3)0xi— N'3[d y") + P2l 80 yi.

Hence we have P»=0 and P¥=g"y;. Secondly, Z~,,=P{,"Z,,,+PfZ,—,, can be re-

written as
1i(8foxi— N79ja y™) = P1iel,(8/0xi— N19[a y") + P7th,0]0 y1.

Hence we have P"=¢"y, and PP=g"N7'P:—a"Ny'. Putting A=(P}), we see

tAA="(op)(op) =tugpu="ptAap="(ap) (Ap) = En,
e., A=0(n). Next, putting B=(P7), we see, by virtue of Theorem 3,
B=oNtA—oNp=0NtA—oNtA—og-tkrA
=—orithktA=—!tkr4

where k£ is a symmetric matrix. So, putting S=—trkr, we have t§=§, i. e.,
A
S4 A

That is to say, (P4)€F(n). And, for the relations

SeSymm(n). Thus we get (P§)= < ) where A€O0(n) and SeSymm(n).
Z,=tidjoxi—tINdjay™ and Z.=tid/dyi,

we have seen already that det |ri|%0 and 7} is positively homogeneous of degree

0 for yi, and N7 is positively homogeneous of degree 1 for yi. Moreover,

-1 “ 4
e Yrl=tge=g and < ‘ O) :( 7 0>=<g}; G},). So, we have

—Nz oN o ai o

"
2 (% —aia?) = E (o5, N/'oi—0oias, NT)
i

a=1
:gm]’N gtmN =aQjij.
Thus, as the converse of Theorem 1, we obtain

Theorem 4. Assume that a manifold M admits a generalized metric g;; and a
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skew-symmelric quantity a;; which is positively homogeneous of degree 1 for yi and satisfies
the transformation rule (1. 2). Then T(M) admits a homogeneous almost Finsler structure
whose associated almost Finsler 2-form is given by

a;jdxiANdxd —2g; :dxiNdyd,

§2. Finsler structures.

Let T(M) be a tangent bundle admitting a homogeneous almost Finsler

structure. Applying the exterior diflerentiation d to the almost Finsler 2-form
Q=a;;dxiANdxI—2g;;dxiNdyI, we get

dQ=0a; jdxk Adxi Adxd + (Gpa; j+20; 25) Ay AdxiAd kI
— 231 g:;dybAdxiNdyI.

So, the condition for 2 to be closed can be written as
Orgi;—0;gi=0.
Oxetij+20;8:8— Opetji— 2354 =0,

]6ka,-j+f),~a,-k+0jaki=0.

The first condition means that g;; is a Finsler metric [10]. The second condition
leads us to éka;jzaigjk—a,-g,-k. Since a;; is positively homogeneous of degree 1 for
%, we obtain

(2.1) ai;= "™ (0:8jm—0;8im).

Conversely, let g;; be a Finsler metric and a;; be the quantity given by (2.1).
From the well-known equation 'y""akg,-,,,:O, we get b,ca,-,-za,-gjk—ajg,.k. Hence, the
second condition is clearly satisfied. In this case, moreover, we see

Ora;j+ 0051+ 050k
= ™ (0k9i g jm —0k9;&im+0:0;8km — 0k & jm + 00k gim —0;0: Lkm)
=0,
That is, the third condition is also satisfied. Thus we obtain

Theorem 5. Let T(M) be a tangent bundle admitting a homogeneous almost Finsler
structure. The almost Finsler 2-form Q=a;dxi/NdxI—2g;;dxiNdy? is closed if and only
if gi; is a Finsler metric and a;; is given by a;;= y™(3;8im—0;Zim)-

In the case of Theorem 3, we have
2= y™8;gjm—0;8im)dai\dxI—2g; ;dxi Ady?
=d(2y™ g lx9).

That is, 2 is the well-known exact form [14]. In the paper [ 5], we have called
this 2 the Finsler form associated with a Finsler metric and denote it by 2%
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Since £2* is determined by a Finsler metric only, it scems to us that Theorem 5
tells us a new definition and a new treatment of a Finsler manifold.

Next, let there be given a scalar field o(x, ») on T(M), which is positively
homogeneous of degree 0 for yi. If T(M) admits a homogeneous almost Finsler
structure whose associated 2-form is given by Q=a;dxiAdx/—2g;;dxiAdys, then
T(M) also admits another 2-form 2=¢"Q, Putting Z;;=¢"? g;; and &;=¢""Va;;
we have 2=a;;dxiAdxi—27;;dxiAdy. Of course, g;; is a generalized metric. With
respect to @;; . it is easy to verify

~ = oxP o' = oxp %Y ., = %P ., 0x7
Qij=0pga a5~ 8P T o ) T &P giaem Y i
Thus T(M) admits another homogeneous almost Finsler structure whose associated
2-form is 2 itself. The condition for 2 to be closed is given by

(1) g;;is a Finsler metric (2) a;j=y™(0:8jm—0iZim).

The condition (1) implies that the generalized metric g;; is conformal 1o a
Finsler metric. From the condition (2), we have

(2.2) @ij= y"(0:&jm—0;gim) +0:08jm " — ;0 gim Y™
Conversely, let Q=a;;dxi/\dx/—2g;;dxiAdy? be a 2-form on T(M). If there exists
such a scalar field e=0(x, ») that o(x, y) is positively homogeneous of degree 0

for yi, e°g;; is a Finsler metric and the relation (2.2) holds, then
a;= y"10;(e°gjm) —0;(¢"gim)} holds good and ¢“2 becomes closed. Thus we obtain

Theorem 6. Let Q=a;;dxiNdx?—2g;;dxi/N\dy’ be the almost Finsler form associated
with a homogeneous almost Finsler structure defined on a tangent bundle T(M). Let
a=a(x, ») be a scalar field on T(M) which is positively homogeneous of degree O for yi.
In order that e°Q be closed, it is necessary and sufficient that eg;; is a Finsler metric
and the relation (2.2) holds good.

Let g be a Finsler metric, 2* be the Finsler form associated with g, and
o=a(x) be a scalar field on M. Then g=¢g is a Finsler metric. So, let 2* be
the Finsler form associated with . Then we have Q%=e 0%+ y™(3,00,, —
dj6gim). Therefore, the condition Q=g Q% is written as 0i08im—0jogim=0.
Applying the differentiation 9 and multiplying g#* to this equation, we have
2;0=0, i. e., o is constant. Conversely, if ¢ is constant, it is evident that £%=¢"0Q*,
Thus we obtain

Theorem 7. Let g and g be Finsler metrics defined on M and be conformal to each
other, namely, g=e"g. Let 2% and (% be the Finsler forms associated with g and g
respectively. Then @%=e™Q% holds true if and only if § is homothetic to g.

§3. Hamilton vector fields in T(M).

Let V be a vector field in T(M) and Q be the standard tangent structure
tensor. With respect to a local canonical coordinate, V' and Q are written as
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0 o . . .
. > Now, calculating the Lic
a0

V =vix, y)3faxi+oi(x, %))y and Q =(Q 4 =<
derivation ¥y Q , we have
2vQ i=—djvi, £vQ =0,
Zszl:—.ajv;-i-ajvi, ng'g:a',-vi.
Therefore. if ¥vQ =0 holds, V must take the form
V=uvi(x)d[oxi+ ( y"nvi(x) +ui(x))a]d yi.

And the converse is also true. Here, vi(x)d/oxi+ y™9,0i(x)3/dy¢ is called the
complete lift of a vector field »(x) =0vi(x)d/0x? to the tangent bundle T(M) and is
denoted by (v(x))¢, and ui(x)d/dyi is called the vertical lift of a vector field u(x)
=ui(x)9/dx to T(M) and is denoted hy (u(x))" ([6], [14]). Hence we obtain

Theorem 8. Let V be a vector field in a tangent bundle T(M) and Q be the
standard tangent structure tensor of T(M). #vQ =0 holds good if and only if
V=_0(x))C+ (u(x))V where (v(x))€ is the complete lift of a vector field v(x) in M and
(u(x))V is the vertical lift of a vector field u(x) in M.

Now, we suppose that the tangent bundle T(M) admits a homogeneous
almost Finsler structure #*. Let V be a vector field in T(M). In what follows,
we consider the case where the local |-parameter group of local transformations
generated by V preserves the structure #*. The condition to be demanded is
written as #yQ =0 and #v2=0. By virtue of Theorem 8, it is enough to
consider the two cases where V is the complete lift or V is the vertical lift of a
vector field in the base manifold M.

First, we consider the case where IV is the complete lift of a vector field »(x)
in M. Now, let us calculate Zycwas=0 for ((I)AB):<wij 0)1'5_'>=<a,-,' —g”). Using

wij Wij 8ij 0

the relations

aa),m th OV”

axP + ox wost@ap ox®

FLvwag=V"P

and v°=pi(x)d[oxi+ y"d,vi(x)0/d yi, after some calculation, we get
FLyewri=0,
L powiy=vh3y g5+ Y OmvhBngi5+Bi0h gaj+ Gindjvh =L vgi;.
: .i’ycmij=v’”3hai,-+ymamvhéhaij+6ivhahj+aih8jvh
9%vh

3%k
& oxigx™ = Sih g™ "

where #yg;; is the well-known formula of the Lie derivative of the generalized
metric gi; [13].

As is well-known ([ 4], [11], [12]), in a manifold admitting a symplectic
structure whose associated 2-form is 2, a vector field V satisfying #v2=0 is called
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a Hamilton vector. And similarly, in a manifold admitting an almost symplectic
structure whose associated 2-form is £, a vector field V satisfying #v£2=0 is said
to be an almost Hamilton vector. Now we obtain

Theorem 9. Let T(M) be a tangent bundle admilting a homogeneous almos!
Finsler structure F*, let Q=ea;dxi/N\dx/—2g;;dsiN\dy be the almost Finsler form asso-
clated with F*, and let v=0vi(x)3/ox? be a veclor field in the base manifold M. Then, ihe
complete lift of v is an almost Hamilton vector of F* of and only if
(1) o s a Killing vector field of the generalized metric g;j,

OV phdras it ™ phdhats 4 Divhatrs+aindwh 4 gip O g U
( ) vhdpa; i+ Yy dpohdpa; s+ divhag e +£;haxiaxm}’ gzhaxjaxm) =

hold good.

In the case where d2=0, i. ¢., g;; is a Finsler metric and a;;=3y™(9igjm—
3;gim), the left hand side of the condition (2) of Theorem 9 can be rewritten,
after some calculation due to yméhgim=0, as

2, 25,
rm__._a g.-?ln_—-l)h_‘ym a g“"

arhaxi —7_'+ymaml}hnigjh—-'yml’)mz,hajgm

vty -
- axhoxi

+ Y0R8 8 s — Y 0005 8hmt Y0 ;080; Ghm— YD 0ROR gim
a*yh a%ph
+"gin axiox™ " gin dxIox™ "
Thus we can rewrite the condition (2) as
2" Lvgim) —0i( Y" Ly gim) =0.
Therefore we obtain

Theorem 10. Let g be a Finsler metric of a manifold M, v=vi(x)d[dxi be a vector
Sield in M and F* be the symplectic structure on T(M) derived from 2%=d(2y™gn;dx?).
Then ¢ is a Hamilton vector of F* if and only if v is a Killing vector of the Finsler
metric g.

It is well-known ([ 4], 1] that, for any p-form, the relation Zy=ipd+diy
holds good where 1y is the interior product by V and d is the exterior differential
operator. If v is a Killing vector field of a Finsler metric g, then we have
Lpe2*¥=0. Of course, d2*=0 holds. So, we have div°2*=0. That is, the so-
called Hamilton system u=wnr4(v)%dx* is closed. Putting Ha=w.s(v°)®, we have

Hi;= 9" {{(0ngir—0:8mnr) 0"+ gmid 0"}, Hij= — gpo™.

The equation Y™ #,g;,=0 leads us to Hi=— 0" 8mr— ¥70;0™ gmr. Then we huave
p=—d(gm, ™). That is, ¢ is an exact form and H=gu,»"s™ is a Hamilton
function of #* ([ 4], [11], [12]). Thus we obtain

Theorem 11. Suppose that a manifold M admits a Finsler metric g and a Killing
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vector field v=vi(x)0/oxi of g. Concerning the symplectic structure F* derived from

Q*¥=d(2y" gmjdx?), H=gn,y"v™ is the Hamillon function with respect to the Hamilton
vector v in T(M).

In the case of Theorem 11, the so-called Hamilton cquation is written as

dei,_ . oH

{d! (—v)_gmaynw

dyt m . oM o mp OH
l'_dj;—( =) aml") = _g'm'gxﬁi‘+)/p(0h,gml>—amgh/’)g‘hg rw.

It is a matter of course that the Hamilton function is constant along the
integral curve of the Hamilton vector €.
Next, we consider the case where V=u". u being a vector field on M.
Calculating #,v was, we have
LuVwi=u"0ntij+ gmBit™ — gimdu",
Luvwi=u"0n g,
_Z’ul’w;;-=0.

Thus we obtain

Theorem 12. Let T(M) be a tangent bundle admitting a homogeneous almost
Finsler structure F*, let Q=a;;dxi/\dx/—2g;;dxi/\dy/ be the almost Finsler form associated
with F*, and let u=ui(x)3/oxi be a vector field in the base manifold M. Then, the
vertical lift of u is an almost Hamilton vector of F* if and only if

(1) «"dngi;=0,
(2) u"‘é,,,aij—i— Endiu™ — gimdu™ =0
hold good.

Here we consider the case where d2=0. i. e.. g is a Finsler metric and 2=0%.
By virtue of (2.1) we have

UMt i+ g O™ — gimdju™
=u"(3;8jn—0;8im) + &imOiU™ — GimOju".

Let % be the covariant differentiation with respect to the Cartan’s Finsler
connectiog I*’;,L ([87. [13]). Using the condition u"‘i)'mg,-j=0 and the well-known
relation Vig;;=0, we have
* *
u™ (05 gjm—;gim) + girl " — g 0" =0,
Hence, we can rewrite the condition (2) as %i(gj,,,u"“)——%j(gimu’")=0. Therefore
we obtain

Theorem 13. Let g be a Finsler melric of a manifold M, let u=ui(x)d[ox’ be a
vector field in M and let F* be the homogeneous almost Finsler structure on T(M) derived



On the Finsler group 163

Sfrom @%=d(2y™gnidxd). Then the vertical lift of u is a Hamilton vector of the symplectic
structure F* if and only if

. * *
(1) u™0mgi;=0,  (2) Vi(gimt™)=V ;(gimu™)

hold good where 7 means the covarian! differentiation with respect to the Cartan's Finsler
-y
connection I'}.

In the case of Theorem 13, the Hamilton system g is written as = ginu™dx’.
This 4 is, naturally, a closed 1-form, however, is not always an exact form.

CoLLEGE oF GENERAL EDUCATION,
ToxusuiMA UNIVERSITY

References

[1] ¥F. Brickell and R.S. Clark, Integrable almost tangent structures, J. Dt Geom., 9 (1974),
557-564.

[2] R.S. Clark and D.S. Goel, On the geometry of an almost tangent manifold, Tensor (N.S.),
24 (1972), 243-252.

[3] A. Fujimoto, Theory of G-structures, Publ. of the Study Group of Geom. (Japan), Vol. 1
(1972).

[4] C. Godbillon, Geométrie différenticlle ct mécanique analytique, Hermann, Paris (1969).

[5] Y. Ichijyo, On almost Finsler structures, Proc. Romanian Japanese Collog. on Finsler
Geom. (Brasov Univ.. 1984), 91-106.

[6} Y. Ichijyo, On somc G-structures defined on tangent bundles, Tensor (N.S.), 42 (1985),
179-190.

{7] S. Kobayashi, Transformation groups in ditferential geometry, Springer (1972).

[8] M. Matsumoto, Foundations of Iinsler gcometry and special Finsler spaces, Kaiseisha Press,
Otsu-Shi, Japan (1986).

[9] R. Miron and M. Hashiguchi, Almost symplectic structures, Rep. Fac. Sci. Kagoshima
Univ. (Math., Phys., Chem.), 14 (1981}, 9-19.

[10] A. Mobr, Entwicklung einer Geometrie der allgemeinen metrischen Linienclementraiime,
Acta Scie. Math. Szeged, 17 (1956), 85-120.

[1L] S. Sternberg, Lectures on differential geometry, Prentice-Hall (1964).

[12] A. Weinstein, Lectures on symplectic manifolds, Regional conference series in Math. 29
(Amer. Math. Soc., 1976).

[13] K. Yano, The theory of Lie derivatives and its applications. North-Holland {1957).

{14] K. Yano and S. Ishihara, Tangent and cotangent bundles, Marcel Dekker (1973).



