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Abstract. We consider the Boltzmann equation perturbed by Fokker—Planck
type operator. To overcome the lack of strong a priori estimates and to define a
meaningful collision operator, we introduce a notion of renormalized solution
which enables us to establish stability results for sequences of solutions and
global existence for the Cauchy problem with large data. The proof of stability
and existence combines renormalization with an analysis of a defect measure.
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Introduction

We are concerned with global existence and stability of solutions of the Fokker—
Planck—Boltzmann equation

(FPB) %fﬂLi'fo—vAgf:Q(f,f) in (0, 00) x RY x R,

where N =1, xeR"Y, éeRY, v > 0. Except for the additional diffusion or Fokker—
Planck term, —vA,f, the equation FPB is the Boltzmann equation. The structure
of the collision operator @ is described in Sect. II.

We shall prove that sequences of classical solutions of FPB which satisfy
uniform bounds only on the physical conserved quantities converge to a re-
normalized solution of FPB, a notion that we define below. A straightforward
consequence of this result is global existence of a renormalized solution of FPB
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if the initial data

fO,x,8) = fo(x,&) on RY¥xRY (1)
satisfy
0= fo, aeand  [[ fo(l+(x|>+[&* +|log fol)dxdEé < 0. )
R¥ x RV

There are several reasons for treating FPB. The present study is part of a series
of papers by the authors devoted to transport equations arising in the kinetic
theory of gases. The primary model is the Boltzmann equation and FPB is a
natural approximation both physically and mathematically. Although the Fokker—
Planck term provides some mild regularizing effects which are absent in the
Boltzman equation, several of the essential difficulties encountered in the study of
the Boltzmann equation are present in FPB. In particular, we mention the lack of a
priori estimates which are sufficiently strong to define the collision operator Q(f, f)
in a classical sense. Our renormalization procedure to resolve this difficulty is one of
the key ingredients in our forthcoming paper [ 5] on the Boltzmann equation which
contains results on sequential stability and global existence for the Cauchy problem
with large data. In the present context of the FPB equation, renormalization is
combined with an analysis of a natural defect measure in order to obtain stability
and existence. Another motivation for the study of FPB stems from the fact that
related equations are of physical interest in the problem of accounting for grazing
collisions (see C. Cercignani [3], p. 90) and in the study of aerosols (see for instance
S. K. Loyalka [13] and the references therein).

As mentioned above the main difficulty in dealing with FPB originates in the
collision term which is defined as follows. If (&)e2(RY), then

(e, 0)= f dé, f dW{cﬂ(f (€)= p(O)p(E,) } BE — &y W), 3
where &' =& — (£ — é*, wiw, &, =&+ (& — £, ww. The collision kernel B is a given
function satisfying

B =0, B(z, w) is a function of |z|,{(z, w)| only. 4)

An additional hypothesis will be imposed on B below. As is well-known, Boltzmann
type equations such as FPB represent a statistical description of a gas of molecules
or particles. The function f represents the density at position x, velocity ¢ and
time t. The collision term describes the possible collisions at position x, time ¢
and &, &, are the velocities of two molecules before interaction while &', &, are the
velocities after interaction. The precise form of the collision kernel B depends upon
the intermolecular potential. For inverse powers potentials, B takes the form

B(z,w)=0b(0)|z]7? with y=1—-2(N—1)/s—1),

where s > 1 is the exponent of the potential, 8 is the angle between £ — ¢, and w
so that cos 0= (& —¢&,,w)|&— &, 7" In general, b is smooth except at 0 = + 3,
where it has a singularity of the form |cos 6|~ * with « =s+ 1/s—1 when N =3.
As is customary in the subject, we shall impose a weak assumption of angular
cut-off (see H. Grad [7], C. Cercignani [3], C. Truesdell and R. Muncaster [15])
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namely that B satisfies
Bell

loc(RN 2 SN_I)' (5)
This clearly corresponds to a reduction of the strength of the singularity and
physically means that grazing collisions are weakly represented. We note that (5)

holds trivially in the classical case of hard-spheres where
B(z, w) =l(z, w)|.

In connection with the structure of Q¢ we note that even if all difficulties
concerning integrations at infinity are ignored, the only simple bound one can
expect on Q is

10(0, )| £ Clolis.

Therefore, in order to give a meaningful interpretation of Q one might try
to derive an estimate of the form

JELG(RY x (0, o) LY(RY)).

Such an estimate is not available in general. Indeed, it is not obvious that L? is
natural for FPB.

In order to resolve this classical difficulty of defining Q, we introduce a new
formulation of the equation which consists of renormalization by a suitable non-
linear transformation of the dependent variable f. As motivation for the transfor-
mation, let us first suppose that f is a smooth nonnegative solution of FPB and
consider the function f,(t) = (1/0)log(1 + o). Notice that the composition g;=
Bs(f) solves the following renormalized version of FPB:

1

SOV A= QUL NIV (REP)
in RY x RY x (0, w). We shall show below that, for each § >0, the normalized
interaction (1+6/)7'Q(f, f) belongs to Lj,, and V., belongs to L In the
stability and existence results for solutions of FPB mentioned above, the definition
of renormalized solution requires that for all ¢ >0, the composite function f;(f)
is a distributional solution of RFPB. The precise definition of renormalized solution
is stated in Sect. I1.

Our renormalization procedure is applicable to a general class of p.d.e. whose
nonlinearities are not well-defined on the basis of the naturally associated a priori
estimates. In this connection, we mention that renormalization is one of the tools
in our analysis of large data Cauchy problem for the Boltzmann equation [5]. A
second application of renormalization to linear divergence-free transport equations
with bad coefficients wiil be given in our forthcoming paper (6]. In the context
of quasilinear second order elliptic equations in L!, Ph. Benilan suggested to the
second author that ideas related to our motion of renormalization may turn out
to be useful in the analysis of solutions in a spirit vaguely reminiscent of Ph.
Benilan, H. Brézis and M. G. Crandall [1]. Additional applications to discrete-
velocity models are discussed in Sect. V.

With regard to previous rigorous work on FPB, we are aware only of results
in the small, specifically perturbations of the vacuum state. We refer the reader to
K. Hamdache [8, 9] and to the references cited therein.
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This paper is the first in a series devoted to a systematic study of nonlinear
transport equations. In addition to the Fokker—Planck—-Boltzmann equation and
the Boltzmann equation we shall treat the Vlasov—Maxwell system in its classical
and relativistic forms. The latter system arises in theory of collisionless plasmas
for which terms of the type Q(f, f) are absent. Basic questions here deal with
global existence with large data and sequential weak stability.

In this general area, several extended systems arise which incorporate both
electrical or electromagnetic effects and collisional effects. In this connection we
mention the Vlasov—Poisson—Boltzmann system which is associated with a medium
of charged and colliding particles. We shall also be concerned in a future publication
with the associated existence and stability problems for VPB for solutions with large
data.

A common aspect for all of these equations is the study of sequences of solutions.
The study of sequences of approximate solutions is relevant to the problem of
existence while the study of sequences of (exact) solutions is relevant to the problem of
stability. In both settings one is presented with a list of physically natural estimates
derived from the associated conservation laws. The laws for energy and entropy are
the prime examples. As usual the basic conservation laws provide information on
the amplitude of the solution but not on its derivatives. Consequently, the problem
of passage to the limit involves further investigation. In this context we are
concerned with the mechanisms of regularization and cancellation which relate to
the limiting behavior of sequences of solutions. Renormalization is one of the tools
which is useful in treating all of the systems above.

I. Basic Formal Conservation Laws and Estimates

In this section we recall a few basic facts concerning Boltzmann type equations and
present some simple applications.

First of all, the symmetries of B such as [4] easily yield that for all peZ(R"Y),
YeC*(RY) (say)

fN Yo, @) H . dédé* I dw{o(&’ — @(Q)P(E) HW(E) +¥(Ey)
—Y(E&) -y f* 1B — &y W) (6)

See [3] for details. In particular, if ¥ = a + b-& + ¢|¢|?, where a, ceR, beR", then
f YQ(e, p)d& =0.
This immediately implies that a solution f of FPB formally satisfies the
following identities:
(conservation of mass) [[ f(x, & r)dxdZ is independent of ¢, 7
RY xRV
(conservation of momentum) ” Ef(x, & t)dxdE 1s independent of £, (8)

RY x RV

(increase of kinetic energy)—t [ 1212 f(x, & 0dxdE = 2Nv) |]  f(x, & )dxd.
RN xRV RY xRV
©)
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Observe that by (7) the right-hand side is constant.
Next, we recall another well-known identity which is based upon the remark
that if we take ¢ =log ¢ with ¢ >0 in (6) then we obtain

IN logpQ(o, @)dé=—_ | d&d¢, f dw{e(&)e(Ey) — p(&)e(L,)}
R RNxR
‘log [qo(i)(ﬂ(é*)/(P(@)(P(é*)]B(é —&w=0.

Therefore, if we multiply FPB by flog f, recall that f = 0 and integrate, we formally
obtain

G A1 frogfdxdz=—v [ 1VefPf dxde I e, |

dwB(E =&, w{f(E)f(E) — [ f ()}
Tog LA S (&) F(f(E4)] (10)

It is obvious that (7) and (9) provide some a priori estimates on f. In order
to deduce a bound from (10), we need another estimate. This estimate is obtained
by multiplying FPB by Ix|? and integrating:

“ flx|?dxdé =2 H (x, &) fdxdC.

RxR RY x RN

Hence by Cauchy—Schwarz inequality

1/2 1/2
G vf|x|2dxdé§2( ff fix|2dxd£> ( ff f|512dxd5) -

RY xRN RN xRN
As a final remark, observe that if geL% (RY x R™) satisfies
[ g +Ix*+[&*dxd. <R and [[ gloggdxd:<R (12)
RV« RY RN x RN
for some R = 0, then
f glloggldxdz < Cy (13

RN xRN
for some Cy depending only on R. Here we assume g|logg|el! so that (12) makes
sense. Indeed, one has obviously

” glloggldxdé < H glog gdxdé +2 ” 1(g<1)glog< )dxdi

R¥ xRV RY x RN RV x RV

In order to bound the second integral in the right-hand side, we split this integral in
two parts. On the set where log(1/g) <|x|* +|¢|* we bound the corresponding
integral using (12) and obtain

ﬁ gllogg|dxdé < 3R +2 jj o exp— (1% 4 121%) )glog dxdé.

RN xRN RN x RY
To conclude the verification of (13), we observe that on (0, 1) the function tlog (1/t) is
bounded for example by CO\/E for some C, > 0. Therefore
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/I glloggldxds <3R+2C, || exp —3(|x|>+|&|?)dxdé < 3R+ 2C,2m)".
RN xRN RV xRV
Throughout the paper we shall use the following notation:

Q.(f, )= || didwfi f'BE—<¢,w),

RN sV 1

Q-(f, )= I d&awff,BE—Eow=fLf,

RN xsV~1

Lf = { fEA(E —E)dE,, Az)= | B(z,wdw for zeRV,
RN -1

where f'= f(&), f, = f(&), o= f(EY)

with

II. Sequential Stability and Strategy of the Proof: Normalized
Interactions, Defect Measures and Hypoellipticity

To simplify the presentation, we consider a sequence f" of smooth nonnegative
solutions of FPB. We assume for instance that f"e W2 =®(RY x RY x [0, c0)), f"—0
as (x, &) - oo uniformly in te[0, T] for all T < oo and that there exists a constant
Cy independent of n such that

NH S & 01+ 1x12 +(€]2 + [log f"dxdE < Co, (14)
(j)dt §§ axde{|V /"2 + [ & | dwB(E—Eow){ " [ — 1[4}
RNXRN RN SN*I
Tog’; Lrsc; (15)

for all T < co. In view of the facts in the preceding section, these bounds are
automatically satisfied provided the basic physical identities (7), (9—-11) in Sect. I
are justified and provided (14) holds at ¢ = 0. The justification of these and related
identities becomes necessary only when we address the question of the existence
of a solution of FPB and analyze sequences of approximate solutions. For the
moment we shall assume for simplicity that (14) and (15) hold. Because of (14) we
may assume by passing to a subsequence that /" converges weakly in L'(RY x R
x (0, T)) to some f for all T.

Definition. A nonnegative element f of C([0, co); L'(RY x RY})) is a renormalized
solution of FPB if the composite function g; = f(f) satistiecs RFPB in the sense
of distributions, where f;(t) = 1/d1log(1 + 6t).

Theorem 1. Assume that B satisfies the following mild growth condition:

<fA(z)dz>(1+ffl2)‘1—>O as |[El—>co, forall R<oo. (16)

Bg(d)

Then¥p, T < co, the sequence f" converges in L7(0, T; L'(RY x RY) to a renormalized
solution f which satisfies (14) for a.e. te(0, T) and (15). Furthermore, for any § > 0, the
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normalized interaction terms satisfy

O_(f, N +df)""eC([0, ), LNRY x B)), VR <o
Q.. N +8) "el"((0,T)x RY x Bg), VR, T <

and g;e?((0, T) x RY; H{(BR))(VR, T < o).

(17)

Remarks: 1} Many variants of this result are possible. In particular, the smoothness
assumption on f” is not necessary. In this connection we note that f* could be a
solution of an approximate equation. We shall use this fact to prove the global
existence result. Finally, the method we introduce below applies to various
Boltzmann type equations (see Sect. V).

i) The above result implies that in fact f* converges strongly to f. We shall
see in Sect. V that the particular choice of f; which enters the definition of
renormalized solution is not fundamental. Indeed, f has the following property: for
all nonnegative functions g in C2[0, o) such that

< C ¢

OI=0. 1FIS T WIS

then g = f(f) solves

O Vg Ay = BUOU, 1)+ BNV in @
Notice that B(/)Q(f, f)eLl,., and that (15) implies that B”(f)|V§f|26L1. The
choice f = 1/6log(1 4+ 6 f)is merely a convenient representative of this general class.

iii) Notice that the uniform bound (15) implies that fel*((0,T)
x RY; H'(RY).

We conclude this section by explaining briefly the strategy of the proof. First, we
observe that g = (") solves REPB and that QO _ (™, /")(1 + 6 /") ' is bounded in
L0, T; IMRY x BR))(VR, T < o). The latter fact is a consequence of the structure
of Q_ and of the bounds (14). Then, integrating RFPB we deduce that the
normalized positive interaction Q, (/" f™)(1 +6f™) ! is bounded in L}((0, T) x
RY x BR)(VR, T < ).

Next, we observe that these bounds mean that Lg% is bounded in L}((0, T) x
RY x BR)(VR, T < c0) where L, is the partial diffusive transport operator

L,= e \Y A
St Ve e
Using the fact that L, is hypoelliptic in the sense of L. Hormander [11], we deduce
that g7 is compact in L'((0, T) x RY x RY). The strong convergence of " to f then
follows by a relaxation argument.

The bounds stated in Theorem 1 are fairly straightforward. It remains to prove
that g; solves RFPB. From the above compactness argument, we deduce the
existence of a bounded nonnegative measure p on (0, T') x RY x RY for all T < o0
such that

ngéz(l + 6f)_1Q(fsf) + V5|V§g5l2 +u ne.
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The measure u is the “defect measure” due to the weak convergence of Vg3 The
proof that u vanishes and that g, is thus a solution of RFPB involves a delicate
argument. Formally, it is not difficult to understand why u should vanish. Indeed,
the g,~equation means that f should “solve” the equation

Lf=0(/, )+ +6f)u
The statement of conservation of mass, i.. Nﬁ f(x, & t)dxd¢ i1s independent of
R¥ xRV

t, leads one to suspect that for all T < oo that

(j) N”N(l +6f)du=0.

Hence p should vanish. A modification of this formal argument using a special
set of multipliers produces the desired result that g vanishes.

The argument sketched above is relevant to a general class of transport
equations. Here attention is focused on the FPB equation for concreteness. The last
section contains a discussion of extensions of the results above to equations with
more general linear parts and to discrete velocity analogues.

III. Proof of Theorem 1: Sequential Weak Stability

To simplify the presentation, we shall first treat the case where
Bel! nL®(RY; I}(S¥~1)). Then we shall discuss the modifications needed to
accommodate the general case where B satisfies (16). We now follow the strategy of
proof sketched at the end of Sect. 1L

Step 1. We first remark that Q (/" f™(1+3/") * is bounded in L*(0, T;
LYRY x RY)). Indeed, we have

L(f")

Q|

Q-(f" MU+ = "1+ L(f") <

1
=51 7% €0 DA(E — €,

The results follow since AeL'(RY) and ™ is bounded in L*(0, T; L'(RY x RY))
by (14).

Next, since g} solves RFPB, we deduce, at least formally by integrating over
RY x R} x (0, T) that

) gZ(x,éT)*gg(x,é,())dxdé=(f)dt [§ dxde[(1+df")r0(f" f")

RN xRN RY xRV
+v0|Veg3l?]. (18)
Using (14) and the above bound on Q@ ~(f”, f™)(1 + 6 /™)~ !, we deduce from (18) that
T
Jde J] dxdel(1+8f"71Q (" [N+ 0V gi" = Cr

RV xRN
for some constant C, =0 independent of n. Therefore, provided we justify (18),
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we have proven that Q*(f™, f")(1 + ") ' and |Vg}|* are bounded in L'((0, T) x
RY x RY). We mention in passing that the bound on |V.gj|* also follows
immediately from (15).

Justifying (18), ie. the integration over RN x R¥, is an easy matter. Take
peP(RY), p=1o0n B;,0<¢p <1 on R" and set ¢,(-) = ¢(e-). Multiply RFPB by
@.(x)p,(&) and integrating by parts to obtain

jdt ST dxde LA +8/") 717U ") + VoIV g3 Toded&)

RY < RY

T 0.)0d&){g5x, & T) — gix, £, 0) }dxd&

RN x R¥

Hldt JT dxdel(+ 0/ 07 () ]e 9.

+§ di H dxdg( — & V0. (X)0{8) — vo (x)A:0.()).

RY x RN
We conclude easily letting ¢ go to 0 since

&V 0. () 0O < ClEl, [ (0)A:0,8)| < Ce?

for some constant C = 0 independent of e.

It is worth remarking that the L! bound on Q*(f", /™) (1 + ™)~ ! can also be
deduced from the bound (15). Indeed, one just has to observe that for all K > 1,
"1y
s

(19)

and the second term in the right-hand side is clearly bounded in L' in view of (15).

+ n fn + n n 1 n’ n’ nn
QUM ISKQT U o [ des | dwB LI SY = '3 log

Step 2. The preceding bounds show that L ,g" is bounded in I1((0, T) x RY x RY).
Of course, because of (14), g% is bounded in C([0, T]; I}(RY x RY)). At this point,
we use the fact that L, is an hypoelliptic operator to deduce the compactness of
g%in I}(0, T) x RN x RY). We shall first prove the compactness of g% in L}((0, T) x
Bg x BR)(VR, T < o0). Combining this result with (14) easily yields the compactness
of g% in LM(0, T) x R¥ x RM).

In order to establish local compactness of g5 we consider any cut-off function
o(x, &) in Z(RY x R™), and we observe that L (¢g?%) is bounded in L}((0, T) x RY x
R™) and has compact support in [0, T] x RY x RN uniformly in ». This implies
that @g?% is compact in L1((0, T) x RN x RY). We prove this rather technical point
in the Appendix. We mention here that the only fact which is required to obtain
I} compactness is the existence of a continuous fundamental solution. The
fundamental solution is actually C* and an explicit formula is available, see for
instance Hormander [11].

The compactness of g} in L}{(0, T) x R¥ x R¥) yields, by classical results of
measure theory, the compactness of gj in the topology of convergence in measure.
We recall that ¢, converges to ¢ in measure if meas(|@, — ¢| >5)—n>0 for any

0> 0. Since f" = (1/6)[exp(dg}) — 1], f" is also compact in this topology on every
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set with finite measure. Next, we recall that /™ converges weakly in L!((0, T) x
RY x R¥) to f. Combining this information with the preceding compactness, we
conclude that f” converges in I}((0, T) x RN x R¥) to f using Shur’s theorem.
Therefore, using the L°(0, T; L*(RY x R¥)) bound on f" implied by (14) it follows
that f" converges in I7(0, T; L}{(RY x R¥)) for all 1 <p< oo and for all T < oo.
Hence, g% also converges in IP(0, T; LHRY x RY)) to g, = B,(f) for all 1 <p < oo,
T < 0.

Step 3. We shall show that Q(f", f")(1 +3f™) ! converges in L' to Q(f,f)
(14+6/)" " and that Q*(f, /)(1 + &)~ ! belongs to L*. In fact, we shall show that

Q™ (f, N +6f) teL>(0, T; L{RY x RY)),
LNHA+8N elM((0, T) x RY x RY) forall T< oo,

and that
O (f% MU+ Q7 (LN +0f)7 in IO, T, L)
forall p<oo, T < o0, (20a)
QJr(f",f")(l+5f”)"1—;>Q4’(f,f)(1+(3f)*1 in I}, forall T <co.
- (20b)

The statement (20a) is easy since
o (M + (5f")’1 = "1 +0/") L"),
f d8, AE — E (% Cyn 1),

and we assumed that AeLYRM). Clearly L(f") converges to L(f) in
IP0, T; IMRY x RM))(¥Yp < o0,¥YT < o) and (20a) holds

Statement (20b) holds if we can show that I"= Q" (f", f")(1 + /™)~ * converges
in measure to I=Q"(f, /)(1 +5f)"* on every set with finite measure. Indeed,
granting the local convergence in measure, we observe that the sequence I" is
bounded in I} and satisfies

1
0<I"< KK "
- T +10gKe

as a consequence of (19). Here " = 0 converges in L' while " = 0 remains bounded
in I'. Therefore I" is weakly compact in L!. The strong L! convergence of I" to I
follows from general measure theory.

Next, to prove the convergence in measure of I” to I we notice that (1 +J ™) ~*
converges in measure to (1+6/) * Thus it suffices to show that Q“(f™ /™
converges in measure on cvery set with finite measure to Q*(f, f). Notice that
for all @,y e}(R") we have

| Q% (@, e < 1 All=lio L

and

(1270 0) =0 (W W)ldE = [ Al =l = Ylli(l@ s + [ liLo):

R
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Thus, it follows that for almost all (x, t),
INIQ+(f”,f")—Q+(f,f)|d5§ Al | 1"~ f1d¢ Lf”+fd€,

We complete the proof that I" converges to I in measure using the fact that f”
converges to f in L'((0, T) x RY x RY). This fact implies that || /" — f|d¢ and
{ f"d¢ converge in measure on (0, T) x R} respectively to zero and { fd¢ which
is finite a.e. Thus [|Q*(f", /") — Q" (f, f)|d¢ converges locally in measure on
(0, T) x RY to zero yielding the desired result (20b).

Next, we make a preliminary passage to the limit in RFPB. Since V.gj
converges weakly in 12 to Vg5 we deduce from general properties of weak limits
that there exists a bounded nonnegative measure y on (0, T) x RY x RY such that

|V§gg‘27|vég(5|2 +u in 2'((0, T) x RV x R").

Now we may pass to the limit in RFPB in the sense of distributions and
deduce using the above convergences that g, = f,(f) solves

g, .
Yy ey g, — VAgs = Of, )+ vé|Vegs*+ 1 in 2. (21

1
ot 1+0f
Of course, [ satisfies (14) and (15).
Finally, we want to show that u = 0. The formal argument in Sect. II indicates
that u should vanish. We are unable to justify this formal argument. Instead, we
shall use a modified version of this argument which is not based upon the conserva-
tion of mass but rather on the fact that the nonlinear operator [ — vA.g; — vé|V.g,1*]
originates from a linear operator — vA, f. To this end, we first multiply the equation
for g} by exp 6(g} A R), where 0 < 6 < 9, R > 0 are fixed. Multiplying by ¢e2(0, T)
and integrating over [0, T] x RY x R¥ yields

—jdt I dxdio' ()W, rlgs) — jdtw H dxdé

RV xRN RN

—Vfdﬂp §§ dxdC{oVegs|® — 01Veg3l*1 )} Qo (95,

RV x RY

T 5f OUf", f™) Dy r(g5)

where @ z(t) =exp 0t A R, ¥y plt f Dy r(s)ds for t = 0. The integration is easily

justified as in Step 1. Next, we observe that the right-hand side of the above equation
is bounded by the quantity

T
vsup| wl{@ - 9)£ dt | dxd&[Veg3]? Do r(g5)

RY xRV
T
+e{de [f dxdl|Veg3l*1 >R}
0 RN x RN
Since @, g(gh) < (1 + /"), we can bound the first integral by
1T _
fdt §I dxdZ IV " P+ 0f")7 (1 + /") égg ” ‘dde|V¢f"|2(f") !

RY¥ x RY RY x R¥
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and the second integral by

jdt I dxdg V1 +op7) ekl fdt §f dxdg|v fr1(m

RN xRN RY xRV
In conclusion, using (15) we deduce

1
jdta jfo dxdi'(t) ¥ r(g5) — j dt@ ” dxd§ ————- 146/ QUf", [") P r(g3)

S Csup|e|{(6 —0)+ ¢k}

for some C = 0 independent of n, 8, R. Passing to the limit, we obtain

Mt“dﬁ@@%Rw I f(ﬂﬁ%ﬂw
§Csup)<p|{(5—9)+e(9“‘”R}. (22)

Next, we use Eq. (21) to prove that g vanishes. Formally, we multiply (21) by
@y rfys) and integrate with respect to (f, x, £) to obtain exactly as above

o(f, f)(pe,R(ga)

T
— (j; dt ” dxdlg' ¥y r(gs) —

RV xRY RN xRN f
2 Csuplol{(6—0) + e(""""‘} + [0 @y r(g5)d1. (23)
Since @ = 1, we deduce by taking ¢ = 0 and combining (21) and (23) that
f@du = Clsup @){(6 —0) + &%}
We conclude that y vanishes letting R — oo and then § — 9. Finally the above
nonlinear multiplication by @, r(gs) and the resulting integration by parts have

to be justified. This can be casily done by convolution regularization. Indeed, if
p, denotes a regularizing kernel p in (x, &, 1),
1

pa=82,mp<£>, peZR*™NTY), p=0, [p=1,

we check easily that g5 = p,*g, satisfies

{Héf Q(/. f)+v51V<galz}

+ pxp, +r.in(e, T) x RY x RY,

g5 ; .
—at—“i‘ ¢V, g5 —vAgs =

where ¢,€(0, T), a, >0, r, = -V g5 — (£:V.gs) % p,. Next, we observe that
Fe= j(” - é)gé(yr , S).prs(x - é —»r— S) = gé*Ke:
with K, = (1/(2V " 1)K (/e), K = — &V _p(x, &, 1). Hence,

re—;(jK)gﬁ =0 in L.

Then, taking ¢ z 0, multiplying the above equation by @, x(g5), observing that
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@y x = 1, we deduce for ¢ small enough,

- j o'dt ” dxd&¥y p(g5)dxde

R xRN
_j(Pdt ” dde{I T of o(f, f)}*pad)(),R(gg)
2 {ouxp,—eX(sup p)|r, |L1+I<pdt If 0vIVegs>+p, @ r(g5)

RV xRN
—v{Vgsl ? Dy r(g5)dxde.
Letting € go to 0, we deduce that the left-hand side of (23) is bounded from below by

T
fodu + (f) (pdtf}{ dxd&{ov|V.gs|* — Ov|V,g,|* Ly <g))-
R

We conclude that u vanishes provided that the following inequalities hold:
4 4
|V¢9512§5|V§f1/2|2 a.c., |V§ga/\R|2§ge‘aR|V§fl/2|2 ac..

Formally, these bounds are obvious if we recall that g; = B5(f). Using a simple
approximation argument, we shall justify these inequalities. (See the next section
for related arguments.) At this stage, we have shown that g, solves RFPB and that
O™, f™/(1 + 6™ converges in L} ((0, T) x RN x R)for all T < co. Integrating the
equations RFPB over (x, &, t) allows us to deduce easily that for all T < oo,

jdt [ IVegs2dxde— j di ] |Vegs| .
RN xRN RV x RY
By standard results on weak convergence, this implies that V.g5 converges to
V.gsin LX((0, T) x RY x R"). Therefore |V.g3|* converges to [V.g,|* in L'((0, T) x
RN x RM). In particular, L,g% converges in L'((0, T) x RY x R") to L,g;s. Let us
also mention that since L,gseL}(0,T)x R¥ x RY) we have g,eC([0,T7];
LYRY x RM) for all § > 0. This standard result follows for example from the argu-
ment given in the Appendix and does not require the hypoellipticity of L,. From
the fact that g;eC([0, w0); L'(RY x RY)) it is straightforward to deduce that fe
C([0, o0); LR x RM)): one just needs to observe that a.e. te[0, T],
I dxdg) f(x, &, 00— gs(x, &) S &5 [ dxdlf(x, & 1) +2
RYx RN RN xRN
” dxdl f(x, &, [)l(ng)a

RN x RY

where R >0, and g5 = sup |1 — B5(4)4 " 1| >0 as >0, . Because of (14), this implies
{0,R]
that

gs—f in L2, T;LNRY x RY)) as 6—-0,.

We have completed the proof of the stability result in the particular case when
Bel! nL*(RY; LNSV~1)). We now explain how to modify the above arguments in
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the general case when B satisfies (16). First of all, in view of (19), the only modifica-
tions required in Step 1 are due to the fact that the estimates are local in &, We
just have to explain why L(f") is bounded in L (0, T; LN(RY x Bg))forall R, T< 0.
Indeed, we have

dex §ac | f"(x & DA — E)de, = “ dxdd, f"(x, 4o DCREL),

Bg RV RY < R¥
where Cg(z) = [ d¢A(E — z). Now, (16) shows that Cg(z) is a continuous function

B
over RY which satisfies
Crl2)1+12/)" >0 as |z|- o0,

Our claim follows from (14).
To modify Step 2, we consider cut-off functions ¥ in 2(R") and we introduce
g% = w(&)gh Obviously, § satisfies

L.g5= Wl i 5f o M- "(A;W)g(s 2VV§93'V§W-

Therefore, L,§% is bounded in L' and §} is compact in L}(0, T) x RY x R") by
the same argument as before. Since ¥ is arbitrary, the sequence g5 is compact in
I}(0, T) x RN x BR)YVR, T < o). Therefore, g7 converges in L}(0, T) x R x RY)
because we already know that f” and thus g% are weakly compact in L'. We may
then argue as before.

With the same ideas, one can then modify Step 3. First, we show that L(f")
converges to L(/) in I*(0, T; L*(R¥ x Bg))(Y T, R < o). Indeed, we just observe that

fdt Nﬂ L") — L(f)]dxd& < f dt H dxdS, | f(x, &, 1) = f(X, &4 DI CrlEy),
RY x By RV« RV

and conclude easily since /™ converges in L' to f, ( jlf"” EI2 4| S 1€1?) is bounded
and Cg(z)(1+z|?>)~ ! =0 as |z|— co. Next, we show that @*(f", f")(1+5f™~!
converges in L((0, T) x RV x Bg) to Q*(f, f)(1+8f)~* for all R, T < co. To this
end, we consider for any K =1 the following collision kernels: By = Bl,_,,
Bz =Bl,_,, and we denote by Q% Q%' the associated collision operators
fori=1,2.Itis of course enough to show that, for each K, Q5 1(f*, fM(1 +6f7) !
converges in L((0, T) x RN x Bg) to Q3'(f, f)(1 +6f)”* and that by taking K
large QZ2(f", f™)(1 + ")~ can be made arbitrary small in L}((0, T) x RY x Bpg)
uniformly in n. The second fact will be proved in view of (19} and its derivation
provided we show that Qg 2(f™ /"1 + /")~ ! can be made arbitrary small in
L}(0, T) x RN x Bg) uniformly in n. But this is not difficult to achieve observing
that for all M > 1,

Jdtjdxfdég 2(fr ML+ O ES fdtfdxfdé*cx #)ie,1o e

,fn(x’ é*) t) + g _f dé j dé* j dWB(C - 6*9 W)I(B>K)hn(é*)’
Bg  Bm sv1

where
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(E) = [di [ x5 600 HED = [ di [ xS, Eun)

in I}(R™). Then, given ¢ > 0, we can choose M large enough independent of n, K
such that the first term in the right-hand side is less than ¢/2. With such an M,
we can make for K large enough the second term less than &/2 recalling that

BeLi,(RY x 8¥71). Hence meas, ,, , o~ (B>K)—0 as K-—oco. Since

£ MEQT(fM f") and by (19) the sequence QF(f", fM(1+46f") 71 is
weakly compact in L'((0, T) x RY x By), it remains only to show that Q£-1(f", f"
converges in measure to @, }(f, f) in order to complete the proof of the conver-
gence of Q"(f™ f"). But since B is bounded the proof given in Step 3 above
now applies.

We may now adapt the argument given in Step 3 and we see that (21) still
holds. The fact that u vanishes is proved exactly as in Step 3 replacing only the
integration with respect to £ over RY by a multiplication by y(&)e2(RY) for an
arbitrary cut-off function ¥ and then integrating with respect to £. Similarly, we
observe that g;eC([0, T]; LY(RY x BR))(VR, T < o0), and we deduce from this the
fact that feC([0, oo); L}{(RY x R¥)). Indeed, for almost all ¢, se(0, T),

_fj |f(xa éa t) - f(x’ é? S)!dXdé é fj. f(X, éa t) + f(xa é? S)dXdé

RY < R¥ RV x B
+ 2sup || f() — g5(1) “L‘(R”xRN) + “ [g5(1) — gs(s)|dxd
0,7 R x By

for all R < co. The first term, because of (14), may be bounded by C/R? for some
C independent of ¢, s. We already showed above that the second term goes to 0
as ¢ goes to 0.

Remark. The preceding proof also shows that if f"|,_, converges in L' then f™
converges in C([0, TT; LYRY x R¥))(VT < o).

1V. Application to Global Existence Results

Theorem 2. Assume that B satisfies (16) and let f, satisfy (2). Then, there exists
[eC([0, o), LYRY x RM)) satisfying fl,—o = fo, (14), (15), (17) and such that, for
all 6 > 0,g; = Bs(f) satisfies RFPB in the sense of distributions and g, L*((0, T) x RY;
HYB)(VR, T < o). In particular f is a renormalized solution of FPB.

Proof. Truncating f, and regularizing the truncated function by convolution, we
introduce a sequence fBe@(R¥ x RY) such that f§ >0 and

§f dxdZ| fo— T3l +1xI2 +1£1%) =0, (24
§f dxdefillog foldxdé < C (25)

for some C = 0 independent of n. Let

PO |
b=To-+ exp (= 31x ) 3¢ P
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and we notice that (24), (25) still hold with f7 replaced by f%.
Next, we approximate FPB by truncating conveniently the collision kernel as

follows:
Lf"=0,(/" " in RY¥xRY¥x(0,00), f",—o=/f5 in RYxRY (26)
Here and below, 0, is given by

~ 1 -1
Qn=<1 +£J|<Pldf> On>

Q @, (P) jl dé* j ', dW(gD (P(P*)Bn(é - 6*’ W),

RN s¥
where B,eL*LYRN x S¥™1), B,(z,w) is supported in {|z|<n} x S¥"! B, is
smooth with respect to z, uniformly in w and (16) holds uniformly if we replace 4 by
{ Blz, wyw.
1

sV

and

We claim there exists a unique nonnegative solution f* of (26) which satisfies
jj ID*f™(1 +|x|*+|E|)dxdé < C(T,m k) if te[0, T], (27)
RY xRN
and
D*f"e L°(RY x RY x (0, T)) (28)

for all T, m, k, where D* denotes any derivative up to order m. Existence and uni-
queness can be achieved by a simple contraction type fixed point argument
observing that for all @, ye LM(R¥)~ L(R") we have

1 -1
j"NlQn(cp,qo)l<1+;flcol> d¢<C, Iqu)ldé,
R R

QA%w(l+iﬂwOﬁ

=Glel e,

and

f 10,(0, @) — 0y, Y] dé
1 -1 1 1 -1
= §V<1+5§N > lQn(<0—l//,<0)|d§+;deélQn(¢,¢)|<1+nJTVIQDD>

<1+ Illﬁi)_ INI<D~¢|df+<deéIQn(w,cpﬂM)(HiINnﬁI)_
éC | e —vlde,

where C,, denote various constants independent of ¢, . These bounds also imply an
LA L*(RY x R¥) estimate uniform in ¢ on [0, T]. Next, we show that

sup ff f*(1 + |x|* + |[9dxdé < o0 forall k1.
[0,T]
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In fact, for k=0 or k=2, we just have to observe that the identities proven in
Sect. I still apply here. For k>3, we multiply the equation by [&[* + |x|* and
integrate by parts over RY x RY to obtain

H SUUx [+ 1€MdxdE < C ff YT EN+1E1F2)dxdE
R ><R RV xRV
+ 10,0 Ml Ekae.
RV xRV
Since B, has compact support in z, one can bound easily the second term by

C, [f fra+igmde.
RY x RN
Our claim follows from Grénwall’s lemma.
Next, we establish an a priori estimate on derivatives of f* in L*(0, T; L' n
L*(RY x RY)). We begin with V" and we differentiate (26) with respect to x. We
deduce from the resulting equation that

- H VefMldxds < [[ dxdE{Q (IVef"l, f") + Qu (1Vf"], /")

RN RY RN x RY

FOIU T+ 0 V) (14 2 )

1
+ jj dxd€)Q(f", f") ( + =~ jf”d§> JIv.frdé

R ><R

<C, f[ |Vof"ldxde.

RN xRN

One argues similarly for the other derivatives and for the weighted L! estimates.
Next, to prove Theorem 2, we observe that even though f" is not a solution

of FPB, Theorem 1 and its proof still apply to this sequence of solutions of an
approximate equation and yield convergence in C([0, T]; L'(RY x RM)(VT < )
to some f (up to the extraction of a subsequence) satisfying all the properties
listed in Theorem 2, provided f" satisfies (14) and (15), where B is replaced by
B,(1+(1/n)| f*d&)~ . In turn, these estimates follow at once provided (7), (9-11)
are justified. In view of the regularity and the decay of f”, there is no difficulty in
checking (7), (9), (11). However, (10) relies upon multiplying the equation by log f*
and integrating over [0, T] x RY x R™. Since f” is bounded, this integration will
be justified by the following lower bound on f”; for each T < o0, there exists C
such that

f"g%exp{— Ct—34|x— &> —41E1%), ¥(x, & eRY x RY x [0, T]. (29)

Let us denote by g” the right-hand side of (29). In view of the choice of f7, we
have f"|,—-o = ¢"|,=¢. Next, we observe that

< ‘:l‘fo"d‘f)_lQn(f",f")éCof" on RYx RYx[0,T],
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and we choose C=C,+ Nv(1+ T?). Now, in order to verify (29) we remark
that /" satisfies

L,f"+Cof"z0 in R¥xRY¥x[0,T].
Finally, we observe that
Lg"+Cog"<0 in R¥x R¥x[0,T],
since a straightforward computation yields
Lg"+ Cog"=9"{— C+ Nv(1 + 13— (1 + 3¢+ 1x]?} 0.

This concludes the proof of Theorem 2.

V. Extensions of the Results: Mixtures, Discrete Velocity Models

We begin this section with a few observations on the results and the proofs given
in the preceding section. First of all, the stability result is still valid if f* is a
sequence of solutions of FPB in the sense of Theorem 2, i.e. ;(f") solves RFPB
provided of course we still assume (14) and (15). Indeed, we never really used the
smoothness of f™ in our proof. Second, we mention that it is possible to show
that the limit f satisfies the entropy inequality and therefore yields an entropy
bound.

Next, it is worth explaining the role of the entropy bounds. Suppose [ is a
sequence of nonnegative smooth solutions of FPB satisfying only

[ frx &0+ |xP+1E[Adxdé £Cp, ae. te(0,T), forall T<oo.
Nx N
R¥xR (30)
Then, Steps1 and 2 of our proof still apply and yield the convergence in
IF(0, T; L*(RY x RM)) (Vp < o0, VT < o0) of f" to f satisfying (30). However, we are
no longer able to conclude that g;= f;(f) solves RFPB. Instead, we obtain the
following information. The sequence (1/1+4+df")Q (f" f*) converges in
L0, T) x RY x Bg) to (1/14+8/)Q(f, f)eL*(0, T; L'(RY x Bg))forall R, T < oo
while
QS 0t
1+6f" n 146f
where p, is nonnegative measure on R, x RY x RY which is bounded on each
(0, T) x R¥ x By, for all R, T < oo, From weak convergence, one also obtains

+ p, in the sense of distributions,

|V.g31* —>| V951> + i, in the sense of distributions,
n

where u, has the same properties as ;. Therefore, denoting by p=u; + u,,
we see that g, solves

1 . .
ng(,zvélVéga(2+mQ(f,f)+,u in 2'((0, ) x RY x RY).

The formal argument given in Sect. II still applies. Since it is not clear that this
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formal argument can be justified, we do not even know if it is reasonable to expect
that y vanishes if we merely assume (30).

Our next observation concerns the formulation of RFPB. In the preceding
sections we introduce a notion of solution of FPB consisting of writing down the
equations satisfied by the family of transformed functions f;, 6 > 0. The choice of
Bs=1log (1 + dt) may seem somewhat arbitrary. Indeed we could employ general
nonlinear transformations f with the following properties:

C

2 , . C
peC (R),Iﬂ(t)lém,lﬁ(t)lém on (0, ) (1)

for some C = 0. Then, one expects that S(f) solves

LB(f)y= = vB"(NIVS* + B (NS, ).

In order to make sense of the term B”(f)|V.f|*> we write it in the following
convenient form:

B NIV 12 =B"()+ fPIVeBr (NI

One can ecasily check that if = f, this quantity reduces to —8|V.8,(f)|*> by
standard Sobolev spaces manipulations. Therefore, the above equation becomes

LA(f) = =B (/)1 + )PIVB(NI + BOS f): (32)

Next, we show that if RFPB holds for one 6 > 0, say é = 1, then (32) holds for
all nonlinearities f§ satisfying (31). To prove this claim, we introduce y(s) = f(e* — 1)
and we observe that ye C*([0, c0)), 7’ and y” are bounded. In view of the regularity of

B1(f), we deduce that g = y(8,(f)) solves

1
Lyg = vy (B (NIVBL (NI =" (B NIV (NI + y/(ﬁl(f))mQ(f) /)
We conclude easily by remarking that, for all t =2 0, we have

V’(Bl(t))l%rt =Bt} y" (B, (1) — ' (B: (1) = B (O(1 + 1)*.

Finally, we conclude this section with a few examples of other equations which
can be treated by our method. First, one can replace —vA, by more general
operators: for instance, we can add first-order terms in V, or V; and fixed external
forces. We can also consider general elliptic operators in ¢ or in (x, &) such as
—ed, —vA,.

Next, our analysis is easily adapted to the case of mixtures, or molecules with
different masses, or to the case of a dense gas and we refer to C. Cercignani [3],
S. Chapman and T. G. Cowlings [4], C. Truesdell and R. Muncaster [15] for more
details on these related equations. We conclude with an application to the so-called
discrete velocities model. We look for nonnegative solutions f, 1 <i<m of

oft
Ot

+e;Vfi—gAf'=0i(f) in R¥x(0,w), VI<i<m, (33)



20 R. J. DiPerna and P. L. Lions

where ¢, > 0, ¢;eRY and Q' is the operator given by

n

0'(f) = Z AYS S =) Vigism, (34)

jkit=1
and A¥%eL®(R") (Vi,], k, |) satisfy

A =Afi=AY Vij k1l Aj=0 ae in R (35)

This system of equations is nothing but a viscous approximation to a general
discrete velocities model of gas dynamics. We refer the reader to H. Cabannes [2]
for a presentation of these models and to L. Tartar [14], R. Illner [12], K. Hamdache
[10] and the references therein for some existence results. Formally, the following
identities hold:

Z | f(x, 1)dx is independent of ¢, (36)
i N
d i i 1/2 2 l k ¢l ifj kfl
thflogfdx-%elZ“V dx+ Y AR = fif log| s Jdx
i g¥ i gN ljk gy ff
:O’
(37
d
EZ J"Nfil//dx=zi: Nci‘Vw+8iVn// (38)

for any smooth test function ¥(x).

The analogies of Theorem 1 and Theorem 2 hold for this class of discrete-
velocity systems with straightforward adaptations and in fact simplifications of the
proofs. The only technical modification is the following weighted L' bound on the
initial data:

Z fN fowdx < Cy.

Here i 2 0, Y e C*(R") satisfies the following conditions:

3C, =20, Y1<ism, ¢Vy+eAy<Ciy on RY (39)
Y-+ as |x{—ow
3C, >0, exp(— Coyp)eL(RY). (40

Assumption (39) provides the uniform integrability at infinity while (40) allows us
to obtain L' bounds on f*|log f*| by a similar argument to the one made in Sect. .
Of course, the renormalized formulation of (33) is

Q'(f) + | VBL(fI)I?

8 . i N iy __
Eﬁ&(f)"'ci'vﬁé(f)_billﬁa(f)— 140/

A o A2
szlAk{1+5f 1+5fif}+8iélvﬂd(f)! . (41)
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Appendix: Compactness in L' for Hypoelliptic Operators

Let E be a second-order, elliptic, possibly degenerate operator on R™ with smooth
coefficients. We assume that 6/0t + E has a continuous fundamental solution
plt, x, y) satisfying

sup  [p(t,x,)dx < C(T), VT < oo, (A1)
(0, T],yeR™
plt,x, ) SC(T,h) if te[h, T],x,yeR", VO<h<T< o0, (A.2)

sup | pt,x,y)dx—>0 as R—oo, YM<ow, VO<h<T<oo. (A3)

Y1 <M,te[hT}Ix|ZR

In view of the explicit fundamental solution of L, these assumptions are met in the
case considered in Sect. III (seec L. Hormander [11] for more details). Let h* be a
bounded sequence in I}((0, T) x R™) satisfying

T
sup [ | [h"|dxdt—0 as R— oo, (A.4)

n O x|zR
and let g% be a bounded sequence in L}R™) satisfying
sup | lghldx—0 as R-— oo (A.5)

" ix|zR

We denote by ¢” the solution of

0 . .

ag" +Eg"=h"in(0,T)x R", g",-.q=¢gp in R", (A.6)
ie. g" is given by

=} | W'(s, y)p(t — s, x, y)dyds + j gop(t, x, yMdy for te(0, T), xeR™
o (A7)

Proposition. The sequenece g" is compact in L}((0, T) x R™).

Proof. We first show that if 4 is a Borel set in (0, T) x R™, then

sup | 1g"(t, x)| >0 as meas(4)—0. (A.8)
n A
To prove this uniform continuity, we argue as follows. We first write

T t
[lg"l = [ | Latx)dedx| | |W')(s, y)p(t — s, x, y)dydx
A 0 gM O g™

T
+£ [ 14t x)drdx § g5y p(t, x, y)dy,
RrR™ RrR™

and thus (A.8) holds as soon as we have

sup  qu(s, y)—0, asmeas|A4!—0, (A9)

5€[0,T],yeR™

T
where g,4(s, y) = [ dt | dx1 4z, x)p(t — s, x, y). But, clearly for all 5&(0, T),
s RrR™
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(s+)AT T

quls, = j dt( j P(f—S;X,Y)dx> +1l<r—s IaRj dedx 1 ,(x, )p(t—s,x,y)
s R™ m

SCTY +CO, T) meas(A),

and (A.9) is proved.
Next, we prove that

supf [ dtdx|g"(t,x)] >0 as R— 0. (A.10)

n 0|x=R

By arguments similar to the one above, we obtain for all 6¢(0, T), M < o,

T T
[ | dtdx|g"t,x)|<C5+C sup [ plt,x,y)dx+C[ | drdy|h"|
Oxzr YIS M Ie0.T) x| 2 R Opzm
+C | lg5ldy,
ylzM

where C denotes various nonnegative constants independent of 6, M, R. Then (A.10)
follows from (A.3), (A.4) and (A.5).

Therefore, to prove the Proposition, we just have to show that there exists a
subsequence of g" which converges a.c. on (0, T) x R™ Without loss of generality,
we may assume that h” converges tightly to some bounded measure pon [0, T] x R™
and that gf converges tightly to some bounded measure A on R™ Then, we have
immediately

§ g5p(t, x, y)dy — | p(t, x, p)dAY), Ye>0, VxeR™
R" "R
Therefore, we can assume g = 0 without loss of generality.

Next, let 6 >0 and let ¢;6C*(R), 059,51, 0,=01U s<9, p,=1 i s=20.
We then set

T
gi(t, x) = (f) § dsdyh™(s, y)out — s)p(t — s, x, y).
Rm

Observe that
g5(t, x) > [[ @yt — $)plt — 5, x, y)dpls, y).

Hence, our claim will be proved if we show
T
sup [ dt | dx|g;—g"1—>0 as 6-0,. (A.11)
n 0 R™
But this is not difficult since we have

Edt jm dxigh— g"| gidz jm dx{ j § dsdy|h"(s, »)p(t ~s,x,y)}

(28" R™

T
<2C;4[ { 15 y)ldxdy < C5
O p™

for some C independent of n.
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