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On the Free Energy and Stability of Nonlinear
Fluids

J. ERNEST DUNN, Department of Engineering Science and
Mechanics, Virginia Polytechnic Institute and State University,
Blacksburg, Virginia 24060

Synopsis

For any incompressible fluid whose stress is a frame indifferent function of the ve-
locity gradient and the material time derivative of the velocity gradient, i.e., for any
Rivlin—Ericksen fluid of complexity 2, we show that thermodynamics implies that the
first normal stress difference of viscometric flows must be nonpositive for smail enough
shearings unless a certain very special degeneracy occurs. Maore precisely, we show
that the Clausius—Duhem inequality, together with the postulate that the Helmholtz
free energy has a minimum in equilibrium, suffices to ensure that, except for a very
special subclass, every Rivlin—-Ericksen fluid of complexity 2 has a negative first normal
stress difference for all small encugh shearings in any viscometric flow. Our results
significantly extend a similar analysis given by Dunn and Fosdick in 1974 for those
special Rivlin—FEricksen fluids of complexity 2 known as second grade fluids. In ad-
dition, they direct attention at a new class of complexity 2 fluids that have been little
explored by theerists or experimenters. Furthermore, we study in detail the impli-
cations of our thermodynamic postulates for a certain subclass of these complexity
2 fluids that is more general than either second grade fluids or generalized Newtonian
fluids. We find that for the fluids in this class the first normal stress difference may
change sign as the shearing changes, and we find an interesting linkage between such
sign alterations and potential local instabilities in the flow field. Finally, we examine
the global stability of the rest state for our fluids and show that if the free energy has
a strict, gobal minimum in equilibrium, then our fluids are better behaved than any
Navier—Stokes fluid, since not enly does the kinetic energy of any disturbance decay
in mean but so too does a certain positive definite function of the stretching tensor.

INTRODUCTION

In the last 30 years many fluid models have been introduced in an
effort to describe the response of liquids not adequately modeled by
the Navier—Stokes theory of incompressible fluids. While we are
interested here in a much broader class of materials, we begin by re-
calling that one of the most oft used of these non-Newtonian fluid
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models has been the incompressible fluid of second grade, for which
the stress T is given by

T =—pl + u(@A; + a1(0)Az + az(D)AZ, (1)

where the constitutively indeterminate spherical stress —p1 is due
to incompressibility, A; and A: are the first two Rivlin—Ericksen
tensors, and, as indicated, the viscosity i and the two normal stress
moduli &¢; and o2 may depend on the temperature §. The form (1)
was obtained for a special class of flows (now known as steady, vis-
cometric flows) by Criminale, Ericksen, and Filbey! as the most
general one possible for all Rivlin—Ericksen fluids of differential type
(with u, a1, and a» depending possibly also on the trace of A?). Later,
in work that is often taken as justifying the use of (1) in all flows for
a special class of materials, Coleman and INoll2 showed that for simple
fluids with a certian type of “fading memory,” (1) emerges for any flow
after the truncation of terms of order greater than 2 in a flow retar-
dation parameter—just as, they showed, the Navier—Stokes fluid*
emerges after the truncation of terms of order greater than 1.

Over the last 20 years rheologists have collected a rather large body
of experimental data frequently organized, in essence, on the as-
sumption that the liquid within their devices satisfied Eq. (1) exactly,
at least for the particular flow (almost always viscometric) they wish
to study. Under this assumption they have inferred from their data
that for the liquids they study

o <0, (2a)
a1 + oo = 0. (2b)

Dunn and Fosdick,® however, studied the thermodynamics and sta-
bility of fluids of second grade, i.e., of materials that satisfy Eq. (1)
in all flows (as does, for instance, the Navier—Stokes fluid*), and found
that for Eq. (1) to be compatible with commonly accepted thermo-
dynamic principles the negation of Eqs. (2) must maintain; that is,
one must have

al(ﬁ’) = 0, (3&)
a1(f) + ax(8) =0 (3b)

at all temperatures §. Moreover, Dunn and Fosdick showed that any
second grade fluid satisfying Eq. (3) with constant u, oy, and o had

* That is, the form (1) with a; =0 = g,
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pleasant stability properties analogous to those long familiar for
Navier—-Stokes fluids and that, further, when u, oy, and o are con-
stants, if Eq. (3a) is violated—that is, if Eq. (2a) holds—while Eq. (3b)
continues to hold, then in quite arbitrary flows inside fixed, small
enough, rigid containers (2, the mean stretching in the fluid, o § | A;]?
dv, grows without bound. More recently, Fosdick and Rajagopal?
have shown that for the above class of flows a similar physically un-
realistic response still follows if a3 < 0 regardless of whether Eq. (3b)
is satisfied or not; in particular, they show that whenever Eqs. (2)
holds none of the above flows of the model (1) will ever decay to the
rest state.

We take the above outlined mismatch between theory and exper-
iment as demonstrating that the experimenters are not in fact dealing
with a second grade fluid. The question then arises: To which
mathematical class do the particular liquids of the experimenters
belong? Or, less specifically: Which mathematical classes of ma-
terials admit of the data found by experimenters? What we show
here is that unless a certain very interesting “degeneracy” occurs,
thermodynamics seems to preclude aeny Rivlin—Ericksen fluid of
complexity 2 (see Section 2) from being compatible with the usual
data of rheologists. That is, barring a certain degeneracy, even if we
replace (1) with the much more general hypothesis that

T=-— pl + T(B, £, A']J A2)3 (4)

where g is the temperature gradient and where T is an arbitrary, frame
indifferent function, the experimental data that leads to Egs. (2) will
be incompatible with Eq. (4) if Eq. (4) satisfies the principles of
thermodynamics. To describe this degeneracy and this incompati-
bility more precisely, recall that as a consequence of its frame indif-
ference T in Eq. (4) admits at g = 0 of the representation

T(ﬁ, 0, A1, AQ) = a()]. + ,U.Al + ChAQ + CZQA% + Ong% + 0{4{A1A2

+ AgAq] + a5{ATA + AAT + oglA AL + ASA ] + a7{ATAS + AZAY,
where u = (0,0, A1, As) and a; = @;(8,0, Ay, As),i =0,1,...,7, are
isotropic functions of A; and As. It thus follows (see ref. 5 for details)
that at g = 0 the viscometric functions uV, ¢, and o¢% for (4) are given
by

b = ullk) = u + 22ay4 + 4xtag,
o = oi(k) = «2[2c1 + a2 + 4x%(az + as) + 8xtary],
g% = c3(«) = K2ap,
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where « is the shear rate or shearing and where u = (8,0, A, As) and
o; = (0,0, A4, Ap),i =1,2,...,7, are evaluated on a viscometric flow
so that A; = k(N + N7) and A; = 22N TN with N = a ® b for per-
pendicular unit vectors a and b. The combination 6% — o¥ is called
the “first normal stress difference” and is commonly denoted by N *;
since

N1 = 0% — o%= —«?[2a1 + 4k%(az + a5) + 8xtaq],

the fact that experimenters find N; > 0 for small shearings of their
liquids is easily seen to imply, if their liquid is a complexity 2 fluid,
that oy cannot be positive near (#, g, A1, Az) = (#,0,0,0). In Section
2, however, we show that (see Theorem 1)

al(By 0: 0: ') = al(ay 07 Os O) =0 (5)

for any fluid of complexity 2 which both satisfies the “reduced dissi-
pation inequality” (shown in ref. 3 to be a consequence of the Claus-
ius—Duhem inequality) and has a local minimum for its Helmholtz
free energy Y at the rest state. Thus, thermodynamics tells us that
only those complexity 2 fluids with the ‘“degeneracy” &;(#, 0, 0, -) =
0f may be looked to model at all shearings « those liquids possessing
an everywhere non-negative first normal stress difference. This not
only at once strikes down second grade fluids with their constant
material moduli, but also directs our attention toward a very broad
subclass of complexity 2 fluids that has been little looked at by ex-
perimenters or theorists.

Our results depend on a simple, explicit, and delicate linkage ne-
cessitated by thermodynamics between the response functions for
stress and free energy in any complexity 2 fluid. This linkage, like
its earlier, less general form found in ref. 3, seems to have extremely
interesting physical and mathematical implications. Because of this
and because of the historical interest in the form of (1), in Section 3
we take up in detail the thermodynamics of those complexity 2 fluids
for which

T =—pl + 00, A)A,; + c1(f, AD)As + &2(0, A))AY, (6)

* The “second normal stress difference” Ns is then just of.

t As our Eq. (16) makes clear, the Helmholtz free energy ¢ will have a strict minimum
at the rest state if Eq. (5) is strict, while if &,(8, 0, 0, -) vanishes, then the necessary
conditions for this minimum devolve onto higher-order derivatives of Y with respect
to A;. We do not examine these higher-order conditions in any generality here but
it should be noted that the fluids of Sections 3 and 4 certainly admit the simultaneous
vanishing of &;(4, 0, 0, -) and minimization of ¥ at the rest state.
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where (-, +), &;(, -), and @s(+, -} may be arbitrary isotropic functions
of # and A;. Such fluids are easily seen to admit of arbitrary shear
thinning and/or thickening of their viscosity and of normal stress
moduli that, as experiments show, vary greatly with the shear rate «.
More particularly, the class of fluids (6) is broad enough to include
“generalized Newtonian fluids” 68 (for which a«; = 0 = a9, while u is
a nonconstant function of |A;|?) which have been used not only as a
special model of non-Newtonian fluid behavior but have also been
used to model dilute suspensions.?1¢ " Indeed, the data on suspen-
sions reviewed by Jeffrey and Acrivos!® constitutes a compelling case
for a nontrivial dependence of u on Ay; additionally, while Jeffrey and
Acrivos report data only for u, they suggest that neither a1 nor oo need
be zero.

We show that for the model (6) thermodynamics requires &,(f, A,)
to depend on A; only through the magnitude of A; so that &1(6, Ay)
= a1(0, |A1|2). Thus, the measurement of «; versus the single pa-
rameter |A;|2 for any one set of flows suffices to determine the de-
formation dependence of «; in all flows. In particular, viscometric
flows alone suffice to completely determine &(f, A;). Furthermore,
we show that the global (local) minimization of the Helmholtz free
energy at the rest state is equivalent to

fo “@i(6, E)YdE = 0 (7)

for z € [0, =) [for z € [0, €), € > 0]. Itis particularly noteworthy that
Eq. (7) can be satisfied by functions a1 (6, -) that change sign on [0, =)
and/or have & (€, 0) = 0. In addition, while it is no longer true that
a1 + as must vanish, we find that thermodynamics implies for certain
subfamilies of (6) that

a8, Ay) + as(f, A;) >0

for certain classes of ever-increasing stretching paths A; = A;(7),
|Ai{T)| — = as 7 — .

In Section 4 we examine the dynamic mechanical stability of the
rest state for the fluids described by Eq. (6) by considering the tem-
poral evolution of flows inside a fixed, rigid container {} to the walls
of which the fluid adheres. Ewven though our problem is highly non-

* See ref. 10 also for a clear articulation of the point of view that “when we deal with
suspensions, it is not always necessary to acknowledge that they are mixtures of particles
and fluid; instead, it is often possible to regard them as homogeneous fluids . . . .”
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linear, we are able to show that if the Helmholtz free energy has a weak
global minimum at the rest state and if certain mild growth conditions
are satisfied by the response functions for u, «1, and asg, then the
positive definite functional of the velocity field v given by

A |2
E(c)=£{|v|2+%£ : al(e,g)dg}du

decays to zero as £ — <. (Here p is the density of the fluid, a fixed
positive number.) This, our Theorem 3, generalizes an analogous
result in ref. 3 (see Theorem 9, Corollary 2) for second grade fluids and,
like that result, suggests that those fluids of (6) for which (7) is not
an identity are better behaved physically and analytically than
Navier—Stokes fluids since for them not only does |v| decay in mean
but so too does a certain non-negative function of |A4|.

Finally, we remark that although we do not examine here the
thermal stability of the fluids (6), the general analysis in Section 4 of
ref. 3 is easily particularized to these fluids.

SECTION 2

For a (homogeneous, incompressible) fluid of complexity 2 the
Helmholtz free energy {, the (symmetric) Cauchy stress tensor T,
and the heat flux vector q are given by

Y = {6, g L, L), (8a)
T=—-pl+ T, g, L, L), (8b)
a=a, g L,L), (8¢)

where # is the (positive) temperature, g = grad 8(x, t) is the (spatial)
temperature gradient, L = grad v(x, t) is the (spatial) gradient of the
divergence-free velocity v, L. = (d/dt) L is the material time derivative
of L, and p is a constitutively indeterminate pressure reflecting the
a priori constraint of incompressibility. If we let IR+ denote the
positive real numbers, V denote a three-dimensional inner product
space, and 7T, T° and T? denote, respectively, the set of tensors,
traceless tensors, and traceless, symmetric tensors over V, then we
havethatf e R*,g e V,L e T and L € T9.* Thus, the domain
of the response functions ¢, T,and gis R+ X V X T° X T°, on which
we will initially suppose them to be continuously differentiable.

* That L and, hence, L. must be in 79 is a consequence of incompressibility since the
trace of L is just the divergence of v,
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It is a consequence (for details see ref. 3, especially Theorem 1) of
the Clausius—Duhem inequality that x.b T, and q may not be prescribed
arbitrarily but, rather, must be such that (i) 1{/ is independent of g and
L., and (ii) ¢, T and @ must jointly satisfy the reduced dissipation
inequality; that is, first

¥ =@, L), (9a)
and second

pdL8, L) - L —T(0. g L, 1) - L — 10: & ;‘ L)€ _o (9b)
forall(#,g,L,L) e IR* X V X T° X T9 where p is the constant, uni-
form density of the fluid, **-”” denotes an inner product operation,* and
ybL e TO?denotes the partial derivative of 1,& with respect to L. Equa-
tions (8) and (9) are the starting point of the current work.
We see that if we set g = L. = 0in Eq. (9b) then pt,l/L(B Q) -L < 0for
all L. € 7° and hence

1.0, 0) = 0. (10)

If we now return to Eq. (9b), set g = 0, and replace L with x L, we find
that

h(x) = pyr(8, xL) - L — T, 0,xL, L) - (xL) <0

for any real number x. But by Eq. (10) we see that 2(0) = 0 so the
function A has a local maximum at 0 and, therefore, A’(0) = 0 while
h”(0) <0,1i.e.,

p¥rL(8,0) - (Lo L) =T,0,0,L)-L, (11a)
and
Vopdrrn(,0) - (LeLe L) <TL,0,0,L)[L]-L, (11b)

where we have supposed that J/(H ,-) and T'(8, 0, -, L) are, respectively,
three times and two times continuously differentiable’ and where ®
denotes the tensor product operation.

When taken together Egs. (10) and (11a) are particularly inter-

* If tr(-) denotes the trace operator on T, then we have A - B = trAB7 for all A and
B, where BT is the transpose of B. Also, we then set |A] = (A - A)1/2 for the norm of
any tensor A.

t A more delicate analysis of Egs. (9) reveals that Eqs. {11) in fact hold if T4, 0, -,
L) is just coentinuously differentiable and if 1}/1,(6 -} is twice differentiable at 0. See
also Corollary 1 of Theorem 1 in ref. 3.
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esting: Eq. (10) asserts that a state of local rest (i.e., L. = 0) provides
a stationary point for the Helmholtz free energy (@, -), while Eq. (11a)
shows that the character of this stationary point (maximum, mini-
mum, or saddle) for the free energy is completely governed by the
response function for the stress through the form

T,0,0,L) - L, (12)

assuming that this form does not vanish identically. Moreover, Eq.
(11a) also tells us that the form (12) must be linear in L.

In addition to the thermodynamic restrictions, Egs. (10) and (11a),
which were established in ref. 3, there are also certain restrictions
placed upon the response functions ¥, T, and § by the principle of
frame indifference.5 In particular and as is well known,? the function
T(9, 0, -, -) must be of the form

T(G, 0, L, L) = T(G, 0, Al, Ag) = C\’.gl + ﬂ.Al
+ OllAg + Ct!zA% + agA% “+ O£4{A1A2 + A2A1}
+ as|ATA: + ALAT + aglA AT+ AJAL + a7lATAS + AZAY, (13)

where A; and A, are, respectively, the first two Rivlin—-Ericksen
tensors and are given by

A =L+ LT, (14a)
A2=A1 + A L+LTA, =L+L7+AL+L7TA,, (14b)

and where o; = &; (0,0, A1, A2),i =0,1,...,7,and u = (8, 0, A1, An)
are isotropic functions of the symmetric tensors A; and As.* Note
that, by Eq. (14a), A, is just twice the stretching tensor of classical
hydrodynamics. Note also that since L and L are traceless, it follows
from Eqs. (14) that trAs = trA?% and that, therefore, for each A; € T?
the domain of T(8, 0, A1, -) [and, hence, of f1(#, 0, Ay, -) and &; (8, O,
A, )]is T2+ (1/3)(trAD1. We further note that if we adopt the usual
normalization that T be traceless then, by Eq. (8b), the negative mean
stress and the “hydrostatic” pressure p will coincide and moreover,
by Eq. (13), &g will then by uniquely determined by the &;,¢ = 1, 2,
., 1.

* We remark that additional terms must be added to the right-hand side of Eq. (13)
to obtain the general, frame indifferent representation of T(#, g, L, L) when g < 0. See,
in particular, the study by Wang.!! We also note that the problem of determining the
continuity and smoothness of the functions £ and &; in terms of the continuity and
smoothness of T (and so, of T) is currently unsolved. Here we adopt the usual practice
of postulating whatever degree of smoothness we require of i and the &;. In fact, with
the exception of Eq. (11b), it suffices for our analyses that they be continuous.
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If we now couple the thermodynamic restriction in Kq. (11a) with
the consequence of Eq. (13) of frame indifference, we obtain

Theorem 1: For any fluid of complextty 2 the response functions
&y and a3 of the representation (13) must satisfy

Eil(e; Oy 0’ AQ) = &1(63 0: 0; 0); (153)
&3(8’ 0’ 0; AQ) = 0, (15b)

for all tensors Ag € T3, the domain of &;(8,0,0,-). Furthermore, the
Helmholtz free energy must satisfy

p¥LL(#, 0) - (L ® L) = %&(0, 0,0, 0)0(L + LT) - (L + LT) (16)

for any two tensors L and L in TC. A fortiori, no saddle point be-
havior is possible for y(8, -) at Ounless &(6,0, 0, 0) = 0, while fb(ﬁ, )
a local minimum (maximum) at 0 implies that &1(6, 0, 0, 0) =
0({<0)—this minimum (maximum) being strict on T? if &1(8,0, 0, 0)
> 0(<0).

If one adopts the standard thermodynamic belief that the Helm-
holtz free energy should be a minimum in equilibrium (i.e., when LL
= (), our theorem then tells us that it is impossible for &;(#, 0,0, ) =
@1(8, 0, 0, 0) to ever be negative for any realistic fluid of complexity
2. Furthermore, it is then clear from our discussion in the Intro-
duction that if the first normal stress difference N is to be positive
for all small enough shearings then the only possible behavior for «;
is &;(8, 0,0,-) = 0. By Eq. (16), (8, -) will then be extremely flat at
the stationary point L. = 0.

Proof: If we put L = 0in Egs. (13) and (14) we find that
T6,0,0,L) =apl + ay(L+L7) + ag(L + LT)2 amn

for any L. € T%and where now o; = &;(8,0,0,L+LT) fori =0, 1, and
3. It thus follows that the form (12) is given by
T@,0,0,L) -L = Y%L&5:00,0,0, L+ LTYL+LT).(L+LT)

+ Yolea(0, 0,0, L+ LTYEL +L7)2. (L+L7T) (18)
for any L and L in 7°, and, as we have seen, this expression must be

linear in L. In particular then we must have T\(8, 0, 0, xL)-L = xT'(8,
0, 0, L.)-L for any number x, i.e.,
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@:1(0,0,0, xN)xN-M + &3(8,0,0, xN)x2N2. M
= x{x1(0,0,0, N)N - M + &3(0, 0, 0, N)N2 - M}
for any number x and any two tensors M and N in 7. Equivalently,
we see that
&;1(0,0,0, xN)N-M + &3(6,0,0, xN)xP-M
=& (0,0,0, NON-M+ &3(0,0,0N)P-M (19)
for any number x = 0, for any two tensors N and M in 7¢, and where
P = P(N?) = N? — I3(trN2)1 is the projection of N2 € T, onto T?.
Now select any N e T for which N is not parallel to P(N2); that

is, by the lemma below, select any N € 77, with three distinct eigen-
values and let

M = |P(N?)|2N — [N - P(N2)|P(N2).
We see that
P(N?)-M=|PI2N-P-(N-P)P-P=0
and
N-M=|P|?|N|2—(N-P)2>0,

where the inequality is just the Cauchy—-Schwarz inequality for the
nonparallel tensors N and P. If we enter these choices for N and M
into Eq. (19) we thus find that

&1(8, 0, 0, xN) = &1(6, O, 0, N)

for any number x = 0 and for any N & T¢ with three distinct eigen-
values. But any element N € 7% may be reached as a limit of a se-
quence in T'?, each term of which has three distinct eigenvalues and
s0, by the continuity of &,(8, 0, 0, <), we have shown that

5(1(6, 0, 0, xN) = &_1(6', O, 0, N) (20)

for any number x = 0 and any tensor N € T? Upon letting x — 0
and again invoking continuity, we see that Eq. (15a) holds.

If we now return to Eq. (19) and use Eq. (20) and take M =
P(N?)(=0if N = 0) we find that

xx3(f, 0, 0, xN) = &3(8, 0, 0, N)

for all x == 0 and for all N € T? — {0} which, since &s(8, 0, 0, -) is con-
tinuous at 0, can only hold if Eq. (15b) holds.
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To finish the proof we merely note that Eq. (18) has now become
T(0, 0, 0, L)-L = (1/2)&:(8, 0, 0, 0)(L. + LT)-(L. + L.T) which, by Eq.
(11a), means Eq. (16} holds. =

Lemma: Let N be any tensor in T? and let P = P(N2) = N2 —
(1/3)(trN2)1 be the projection of N2onto T; then N and P(N?) are
parallel if and only tf at least two eigenvalues of N are equal.

Proof: The result is trivial for N = 0 so we first suppose that N ==
0 and is parallel to P(N2). In this case P(N2) = AN for some number
A and thus N2 — (1/3)(trN2)1 = AN or, in terms of the eigenvalues n;,
t=1,2,3, of N,

n? — YtrN? = An;.

We thus find that n? — n} = A(n; — n;) for any 7 and j and that,
therefore,

ng+n; =X\

for any i and j with n; =< n;. Now suppose that, say,n; = nzand n;
= no,thenn; + n3 = A =n; + nssonz = nsand two eigenvalues of
N are equal.

If, on the other hand, N € T has two equal eigenvalues, then N
must be of the form

N=nja®a+b®b}—2nce®ec,

for three orthonormal eigenvectors a, b, and ¢ and for some number
n. Thus,

NZ2=n?fa®a+be®bl+4nec®ec
and

P(N2) = N2 — Y3(trN2)1
n2a®a+be®b}+4n2e ® ¢ — 2n21
=—na®a+bebl+2n2cec
= —nN,

and P(IN2) and N are parallel as claimed. m

In Section 3 we shall see that the reduced dissipation inequality,
Eq. (9b), implies further restrictions on the forms of t,b and T for a
certain subclass of complexity 2 fluids. Before turning to these ad-
ditional restrictions we collect some simple observations that follow
from our general analysis above.
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First, we recall that in addition to the representation formula (13)
for the stress, the principle of frame indifference also implies® that
the response function ¥{#, -) is of the form

Y0, L) =@, A) v Le T, (21)

where A, is as in Eq. (14a) and where 1?/(8, -) is an isotropic tensor
function on 7'2. As a consequence of Eqgs. (13), (16), and (21), Egs.
(10) and (11) become the assertions that

¥a,0,0) =0,
PJ/AlAl(Bs 0)-(A; @A) = 1LT(,0,0,Ay) - A,
= 1b&,(8, 0,0, 0)A,; - Ay,
P¥aima(,0) - (A, @ A; @ Ay) < Ta(0,0,0, AD[A] - Ay,

for all Ay and A, in T?.

Second, if we apply the identity (1) — h(0) = fih’(£)dE to the
function A (§) = T(0, 0, £L, L)-L, we find that the stress power at g =
0, T, 0, L, L)-L, satisfies

T@,0,L,L)-L=T,0,0,L)-L + j;l TLG, 0, (L, L)[L] - Ld¢

= pLri6, 0) - (L ® L) + (8, 0, L, L)[L ® L],
where we have used Eq. (11a) and where we have defined the “vis-
cosity tensor”

(0,0, L, L)[A ® B] = j; "8, 0, EL, 1L)[A] - Bd£

for A and B in 79 We note that by Eq. (11b)
£1(0,0,0,0)[L®L] =20+ L e T°.

SECTION 3

In terms of the representation (13), we now consider fluids of
complexity 2 for which, at g = 0, &; = 0 fori{ = 3 and [, &, &1, and &y
depend only on & and A4, i.e.,

T(ﬁ, 0, L, L) = ’T(G, 0, A]_, Ag) = CE()]. + ,uAl + alAg + CtgA%, (22)

where MH = ﬁ(ay 05 AI, AE) =Aﬁ(01 Al) and a; = &i(@, 0) AI) AZ) = ai (89
Aj),i=0,1, 2 [note that tr'T = 0 = &y = —(1/3)(&; + &2)trA}f]. Fur-
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thermore, in addition to the continuity of [ and &;,i =0,1,2, wenow
only require that the Helmholtz free energy y be once continuously
differentiable. This subclass of complexity 2 fluids thus admits of
the arbitrary dependence of u, o1, and a2 on the stretching (1/2)A;,
and so clearly contains all ““generalized Newtonian fluids’ as well as
all fluids of second grade. Moreover, as was found in ref. 3 for second
grade fluids, we will shortly find that all those complexity 2 fluids
satisfying Eq. (22) have the property that &1{#, A;) determines (6,
A1) up to a function of temperature alone.

If we substitute Eq. (22) into the reduced dissipation inequality Eq.
{(9b) and use Eq. (14) we find that

p¥a.(0, Ay) - Ay — Lli(0, ADtrAT+ &1(6, ADA; - Ay
+ [&1(0, Ap) + &2(0, ADJtrAf} < 0

for all A; and A, in T and where we have used Eq. (21). Since this
inequality is linear in A; we conclude that it can hold if and only if
both

PJ/AI(O, Al) . AI = 1/2‘8?‘1(9, A1)A1 . Al (23a)
for any A; and A, in T? and
(8, ADtrA? + {a(f, Ay + (8, ADtrA$ = 0 (23b)

for any A, in TY. The implications of Eq. (23a) form the content of

Theorem 2: The response functions § and &, satisfy Eq. (23a) if
and only if forall A, € T?

a1(0, Ay) = a1(0, |A4]2), (24a)

and

- — - 1 IA1]2 _
VO, A) =06, 14D = 0,0 + = 7 @0, Dder (24b)
e Jo

A fortiori, @(6, -} has a local (global) minimum at A; = 0if and only
if
T ame, pde=0 (24c)
0
forall z € [0,6),6 > 0(6 = ). This minimum is strict if Eq. (24c¢)
is strict for z = 0.

* Cf. Eq. (5.13) of ref. 3.
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We see then that thermodynamics permits &, and ¢ to depend on
only the magnitude of A; and that, moreover, the dependence of Y on
{Ai]| is completely determined by that of &;. The result of (24c¢) is
particularly interesting since it tells us that for the fluids considered
here «; may indeed take on negative values and still have a free energy
which is a minimum in equilibrium—it is not necessary that «, itself
always be positive, only the integral of @1(8, -) need be positive. We
also note that (24¢) implies that

a1(0,0) = 0; (25)

while if (25) is strict, then (24c¢) is also strict on some interval (0, €),
e> 0,

So little is known ahout the deformation response of the free energy for nonclassical
fluids, it is perhaps of interest to note vet another simple consequence of Eq. (24b).
Let M € T — {0} be a point where 1,71(8, -} has a local minimum (maximum); thus fb(ﬂ,
M) =<(=) 1}(9, Ay) for all A; near M and, by Eq. (24b), this means that f§a(f8, £)d§ <
(=) JSiau1(8, £)dE for all z in some neighborhood of m = |M|2 = 0.

Equivalently,

h(z) = j; &, Bt — fo " a1, B)dE = (<) 0

for all z near to m, while A(m) = (; therefore h’(m) = 0and h”(m) = (<) 0, i.e.,
51(8, m) =0 and 65&1(0, m) = (ﬁ) 0. (T)

Furthermore, if ({) holds with a strict inequality then fb(ﬂ, -} will indeed have a strict
local minimum (maximum) at any tensor M € T? with |M|2 = m = 0. Thus, for each
fixed 0, the places where the graph of o(P, £) crosses the £ axis determine the nonzero
tensors for which ;&(0, -) is stationary and if 0 o1 #= O at such a crossing then the
stationary value of 1,-&(9, -) is a minimum (maximum) for an increasing (decreasing)
crossing. This suggests that the fluids examined here admit of a mechanism for the
successive interlacing of locally stable and locally unstable classes of stretchings (1/2)
A, and, if Eq. (24c¢) holds for all z € [0, =), the first such class on nonzero stretchings
will necessarily be locally unstable, i.e., will render J/(B, -} a local maximum. Interesting
possible connections with the problem of turbulence are thus brought to mind but we
do not pursue these matters here.

Proof: We begin the proof of Theorem 2 by showing that fb(ﬂ, A
can depend on A; only through |A;]. Todo this let Mjp and M; be any
two tensors in 79 with |Mp| = | M, |; we will show that (8, M) = 48,
M;). Indeed, since My and M, lie on the same sphere in T? (of radius
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| Mo} and centered at 0) and since this sphere is pathwise connected,*
there exists a continuously differentiable path M(7) in 7°¢ such that
M(0) = Mg, M(1) = My, and |M(7)| = |Mg| forall 7 € [0, 1].* For
such a path we see, by Eq. (23a), that

< 310, M(r)) = Fa,l0, M(9)] - ()

o [8, M(T)]M(T) M(7)
= 2 &6, M0l L M(@)|2
= (Q,
since |M(7)| is constant and where M(7) = (d/d7)M(7). We conclude
then that 1&[6 M(7)] is constant so, as claimed,
(8, M) = J(0, My) (26)

for any two tensors Mg and M, in 79 with |Mg| = |M;].
It follows from Eq. (26) that if we select any tensor G in T with |G|
= 1 and if we define

.A

(B, m) = (8, m1/2G) (27a)
for m € {0, «), then
(0, M) = 40, IM|G) =¢(0, |M|?) (27b)

for all M € T?. Furthermore, it is clear that the function ¥(#, +) is
continuously differentiable everywhere with the possible exception
of 0 and, indeed,

dmy (0, m) = Yom =125 (8, m1/2G) - G
for all m > 0. Thus, by Eq. (23a) we have that form > 0

* Let m}e]® e, y-no sum, be the spectral representation of M, v = 0, 1, where both
the orthonormal bases {e], e, el} are right-handed. Let Q(7) be an orthogonal tensor
function that rotates {e!, 3, e} into lel, el, edl, i.e., @(+) is smooth on [0, 1] with Q(0)
=1and Q(1)el =e},i =1,2,3. Thus,e,;(7)=Q(r)e?,i =1,2,3, will define an ortho-
normal basis. Since Mg and M; are tracless we see that £}_, m? =0, v =0, 1, and hence
each eigentriad {m7, m3}, m3} lies in the plane I1 = {(x, v, 2)|x + ¥ + z = 0} in IR3.
Furthermore, since |My| = |M,|, we also see that

(m'))2 = Z (m})?,

IIM:..J

i.e., the triads fm7, m3, m7} also lie on the same circle @ in the plane I1. Since this circle
is certainly pathwise connected, there are smooth functions m;(#) on [0, 1],{ =1, 2,
3, such that m,;(0) = m?, m; (1) = m}, and {m1(7), ma(7), ma(r) € @ ~ II. The desired
path M{7) connecting Mg to M; may now be taken to be M{1) = m;{r)e;(7) ® e; (7).
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2m 123,00, m) = $a,(0, m2G) - G = i &1(0, m2G)(m12G) - G

or, equivalently,
1

&1(0, m/2G) ¥+ m € (0, «).
4p

om¥ (6, m) =
Therefore, by the continuity of &,(8, ), we see that limm_..gbmyz (8, m)
exists [and equals (1/4p)&q(#, 0)] and so, by a standard mean value
type of argument, we know that (8, -) is differentiable from the right
at 0 [with 0,0 (0, 0) = (1/4p)&,1(6, 0)].*
If we now combine Eq. (23a) with Eq. (27b) we find that

Yooi1(8, M)M - M = pyfa, (0, M) - M = p3,./(f, [M|2)2M - M

for any two tensors M and M in T?. Clearly then &;(8, M) = 4pd,, (0,
|M{2) for every M € T and so &1(f/, M) depends on M only through
|M|. Thus, with

5:_1(9, m) = 51(6’ ml/ZG)’ m e [0’ m)’
we have shown that

L G0, IM|2) = 0,000, |[M|?) = L 5,00, M) ¥ M e T°
4p 4p

which, with Eq. (27b), establishes Eq. (24). m
By Theorem 2 all that remains of the reduced dissipation inequality
is the restriction in Eq. (23b), i.e., that for every A € T?

H(O, ADtrAZ + aq1(0, |Aq|2) + &2(0, ADitrA = 0, (28)

where we have used Eq. (24a). Now f(f, A,) and &2(f, A,) are iso-
tropic functions of A, and therefore we may use standard represen-
tation theorems? to write (8, A;) = u(0, | A4|2, trA?) and &2(8, A,) =
ais(0, | Aq|2, trAf). Thus, the inequality (28) takes the form

F_‘(H, |A1|2: t'rlg%)l‘All2
+ 1 (8, |A1]2) + (8, | A2, trADRTA} = 0 (29)

for A, e TY

* One cap show that differentiability of \E(B,:) at 0 is equivalent to the existence of
¥aia.(8, 0) and that, indeed, 3, (6, 0) = (1/2)ya,4,(f, 0) - (G @ G). This is a special
case of 2 more general result obtained in ref. 3 that a continuity assumption on the stress
(here, on o) yields a differentiability condition on a derivative of the free energy [here,

on ‘;LA]_ (8’ ')] .
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To analyze (29) we need a result of Fosdick and Rajagopal? who
showed that

|AL]? < trAd < —= |Aq]3
‘J_ \/'_
for any tensor A, in 79.* Moreover, since trA} is a continuous
function of A,, it follows* that on each sphere |A;| = const, trA$

ranges over the entire interval [—(1/4/6)|A1|3, (1/7/6)|A1|3]. Wesee
then that the domain of z(6, -, -) and aa(#, -, ) is the closed wedge in
IR2 given by

x?_o’_ix3/2sys_ﬁlﬁwx3/2}’

W = {(x,y) NG

and that now the inequality (29) may be put in the form
(0, x, y)x + {o:(0, x) + as(f, x, y)ly = 0 (30)

forall (x,yv) e W.

If we set ¥ = 0 in (30) we find straightaway that u(8, x, 0) > 0 for all
x > 0, i.e., since trA{= 3 det A, (by the Cayley—Hamilton theorem for
A; e T?), we have that

f"(ay AI) = ﬁ(gv |A1|2> 0) =0

for every A; in T'? with at least one eigenvalue equal to zero. Next,
replace y in (30) with —y to find

joe1(0, x) + e, x, —y)ly < u(d, x, —y)x (31)

for all (x,y) € W. Thus, ifas(f, x, v}y < as(f, x, —y)y on W (see
below), then the inequalities (30) and (31) together imply that

_E(B’ X, y)x = {&1(0, x) + 52(6, X, y)}y = E(Bs X, _y)x

on W and so, in particular,

—u(f, x, |¥|)
|y{/x

u, x, — |y
|y |/

forall (x,y)in Wwithx = 0> y. Thus,if (x,y) = [x(7), ¥(7)] is any

=< &1(3, x) +c_22(0,x,y) < (32)

* The estimate is sharp since equality results if A; = 1/1,/6 (3e® e — 1}, |e| = 1.
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curve in W for which

|y (D]

x(7)

_"‘wﬂ.ST_"co,*

and if ulf, x(7), £ |y{7)|] stays bounded on such curves, then
oq[8, x ()} + az[f, x(7), y(7)] — O0as 7 — =, i.e,,

1[0, Ar(1)] + as(0, Ar(1)] = @ [h, |AL(T)]2]
+ &olf, |A1(D)]2, trA}(7)] — 0

as T — « for all stretching paths A;(-): [0, ) — T?¢ for which

[trA¥ D]
trA3(7)

Lastly, we observe that in the special case when u(#, x, ¥) and
as(f, x, v) are independent of y the estimate (32) automatically holds
and we may take |y| = (1/4/6)x3/2 to find that

\/‘“(9 IAII ) 1(0 IA1|2)+a2(9 IAllz) <_\/_M(6,|A1 2),
| Ay | Ay

for all |A;| = 0 and where now u = u(#, | A{|2) is always non-negative.
In particular, we see that if the viscosity u is bounded then «y + a3
— 0 as |Ay| — .

The condition that &2(0, x, ¥)y < «az2(8, x, —y)y on W is equivalent to az(f, x, y) <
s, x, —y) on W fory = 0. To interpret this let x = |A;1|2and ¥ = trA} = 3 det A,
for Ay € T? so that ¥ = 0 if and only if exactly two eigenvalues of A; are nonpositive.
Since X2(8, A;) = @z(0, |A1]2, trA3), we see that we are requiring that (8, A;) <
¥208, — A)) for every A; € T? with exactly two nonpositive eigenvalues, i.e., each uni-
axial elongation A, is to yield a value of a3 no larger than that yielded by the uniaxial
contraction —A;.

@ gs 7 — oo 1

SECTION 4: ASYMPTOTIC MECHANICAL STABILITY

Suppose we now enclose one of the fluids of Section 3 in a rigid
container §2 which, up to time t = 0, we shake in an arbitrary fashion
and then hold fixed for allt = 0. Assuming that the Helmholtz free

* Note that since |y|/x < (1/+/8) xV2 for (x, ¥v) € W, x = 0, this limit condition
means that x(r) — o with r and that |y (+}] must grow with 7 at a rate larger than x (1)
and less than or equal to (1//6)x3/2(+).

T Note that this is satisfied by all nonconstant straight line paths A;(7) = A + 7B,
Aand Bin 77,

t This is bound on o3 + s, should be compared with the bound (4.15¢) of ref. 12 for
third grade fluids.
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energy has a weak global minimum at the rest state, we now formulate
rather mild hypotheses on the response functions for u, &, and «s
sufficient to ensure the decay to zero as ¢ — <« of the positive definite
functional of the velocity field v(-, -) given by

_ i IAl(X,f)Iz_
E(t)=£2{|v(x,t)|2+2pﬁ al(B,‘g’)dE}dv, (33)

where, by Eq. (14a), A(x, t) = grad v(x, £) + grad v(x, t)7. Thus,
even though the stress-deformaton response of our fluid is highly
nonlinear, we see that its rest state is strongly stable in that any initial
disturbance necessarily evolves over time in such a way that both

IA]_(x,t)|2_
|vix, t)|2 and J:) o8, £)dE

tend in mean to zero. Like the less involved analyses presented in
ref. 3 for second grade fluids, the results here suggest that those fluids
of Section 3 for which the free energy has a strict global minimum in
equilibrium are much better behaved physically and analytically than
Navier—Stokes fluids since not only does |v|? decay in mean but so
also does the function of grad v, f{*1* @, (0, £)df. However, unlike
Corollary 2 of Theorem 9 of ref. 3, our results do not yield the expo-
nential decay of the functional E(t) as t — <.

Before starting the analysis we eliminate the temperature & from
our considerations—it will then appear as essentially a parameter-——by
either supposing that the temperature field is uniform over 2 and
constant in time for all £ = 0, or by supposing that for all 4, L, L, and

)
T(g, £, L, L) = aol. + [J,Al + O(1A2 + azA%,

where it = (0, A;) and «; = &; (0, A1),i = 0, 1, 2, with d,&1(8, A;) =0.
In either case all of the results and restrictions of Section 3 will then
apply to the response functions of the fluid throughout its motion in
Q on [0, =) and (see below) we will have that (d/dt) §lA1*&, (0, £)d&
= a1(8, |A1|2)[A{[2 for all ¢ = 0.

Now, throughout its motion in the rigid container €2, the fluid must
satisfy the balance of linear momentum, i.e.,

div T + pb = pv, (34)

where b = b(x, ¢) is the specific body force per unit mass acting
throughout the fluid. So, if we form the scalar product of Eq. (34)
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with v, integrate over {2, use the divergence theorem and conservation
of mass, we find the familiar power theorem:

—d—flp|v|2dv+fT-Ldv=fv-Tnda+fpv-bdv.
dt Ja 2 Q 29 Q

Therefore, if for t = 0 we suppose that the fluid adheres to the sta-
tionary walls of the container 2 and that b is derivable from a po-
tential, then we have that

d 1
dt Jao?2 “d f(T-Ld =0v%vt=20.
tf p|v| v+ v 0 (35)

We see next that, by Eqgs. (22) and (14) the stress power is given by
T.L = (1/2) T . A1 - (1/2){}.L|A1|2 -+ CE1A1 . Al + (Oé]_ + ag)tIA?].
Therefore, since here a; = a1 (8, A;), we may apply Eq. (24a) of The-
orem 2 to write

1 _ -
T-L= 2 {,uIA1|2 +~;— @18, |A1|D[ALZ+ (an + az)tl'A”;'}
1 1d A2 _
= —Jqu|Ay2+ - — o108, £)dE + (a1 + az)trAl}, (36)
2 2dt Jo

since, as discussed above, 9y a6 = 0 for the process we are considering.
If we substitute Eq. (36) into Eq. (35) and use conservation of mass
and the fact that p is constant we see that

d e LI
dt‘ﬁz{m +5. al(ﬁ,g)dg}du

+ J; 1 | A1]2 + (a1 + a)trAlldv = 0 (37a)
fo,

forallt = 0, i.e.,

iE{t) = — f —1-{;.1|A1|2 + (a7 + ax)trAfldy < 0, (37b)
dt Qp
where we have used the definition Eq. (33) and the thermodynamic
inequality (23b) and where, by (24c¢) of Theorem 2, E(t) is a positive
definite functional of the velocity field if the Helmholtz free energy
as a weak global minimum at equilibrium.

By (37b) we see that the functional E(#) is nonincreasing on [0, «)
and indeed, by Eq. (23b), can only cease decreasing if the non-negative
form u|A;}2 + (a1 + az)trAf vanishes throughout . This suggests
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that if we can bound u|A;|? + (@ + az)trAf away from zero in an
appropriate fashion then we will ensure that the energy dissipation
throughout the fluid is extensive enough for E(t) - 0ast — «. In
fact, for our fluids we have

Theorem 3: Let v(-,-) be the velocity field of any flow which takes
place inside a stationary rigid container & under the action of a
conservative body force field with v(x, t)|xcan = 0 for all t = 0.
Suppose that the Helmholtz free energy has a global minimum in
equilibrium, that the response functions @, &, and &3 are such
that

0 < ¢(|A1]2) < &(8, A A2
+ {&1(0, A + &0, ADIrA ¥ A1 e TO (38)

for some continuous, convex function ¢(-): [0, ) — [0, ©) which
vanishes only at 0 and, lastly, suppose that &[0, A, )] =
o1{0,| A1(-, -)|?] is bounded above on 2 X [0, =), where A;(-, -) = grad
v(-,-) + grad v(-,-)T. Then, with E(t) as in Eq. (33), we have

E(t) =0ast — .

The condition thata |8, | Ai(-, -)}?] be bounded above on © X [0, «)
will be satisifed if either «1{8, x), x = 0, is bounded above (a material
restriction) or if A (x, £)]?, (x, t) € € X [0, =), is bounded (a flow
restriction). To analyze the restriction (38), consider the function

6(f, x) = 11}(f ) (0, x, y)x + [e1(8, x) + a6, x, v)]yi,
ve l(x
where I(x) = {y||y| = (1/+/6) x32 and u(6, -, -), a0, -, -),
and &»(8, -, -), defined on the wedge W = {_,=olx} X I(x), are as in (29)
and (30). It may be shown that &(#, -) is continuous as well as, by (30),
non-negative and it is easily seen that (38) is equivalent to the re-
quirement that

0 < ¢(x) <68, x) ¥ x [0, ») (39)

for some continuous, convex function ¢(-) which vanishes only at 0.
Setting aside the dependence of 6(f, x) on the value(s) of § taken on
in the process—and to do this is essentially to impose a uniformity
requirement—what (39) asserts is that the non-negative function 6(-)
= §(8, -) is minorizable by a continuous, non-negative, convex function
that vanishes only at 0. This is a fairly mild requirement on é(-); in-
deed, (39) necessitates that (i) 6(x) = 0 only if x = 0, and that (ii) for
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N € (0, =) there exists ay > Osuch thatayx < 6(x) forall x € [N, =)
(see lemma A.1 of the Appendix). The first of these conditions is just
a strengthening of the thermodynamic requirement (30) while the
second condition is, in essence, a growth requirement at « on 6(-), i.e.,
0{x) must go to infinity with x at least as fast as some straight line axx,
any > 0. Moreover, it may be shown that the above two conditions
also suffice for 6(-) to satisfy (39). For Theorem 3 we now have the
following:

Proof: By Egs. (37b) and (38), we see that
d

_ L Rwy=12 ;A2 + (e + az)trATldo
dt P J0

1
> 2
= J; #(|A1|2dv

qub(iflAlev), (40)
i) V Ja

where the final inequality follows from Jensen’s inequality!® for the
convex function ¢(-) and V denotes the volume of €2.
Next, note that for any positive number N

f|A1|2du=Nf |A1|2du+(1—N)f|A1|2du
2 Q 2

ON
Z—f|v|2dv+(1—N)f|A1|2du,
C Q 2

since fgo|grad v|2dv = (1/2) f o|grad v + grad vT|2 dv for any smooth
vector field v vanishing on 92 with div v = 0 throughout 2 and since,
by Poincaré’s inequality, §o|v|2dv < ¢ fglgrad v|? dv for any smooth
vector field v vanishing on 0{2, where ¢ = ¢({}) is a positive constant
depending only on the domain §!. Thus, we see that

1. ;A1|2duzﬁf{|v|2+1'Nc|A1|2}du
Q C 94

2N
2N
> — E(t), (41)
C
where for the final inequality we require, since E(¢) is as in Eq. (33),
that
1—N 1 |AL)?
Al2dv = — ai(f, £)dE d
oN © g] 1|2 dv 2pj;j; ai(8, §)d dv,
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which will surely hold if
Aql2
M w6, pap <1
0

In particular then, the estimate (41) will hold if

- N |A1l2]1 — N
pelaiz= 5 pedk.

N
pc ¥ £ € [0, sup|Aq}2 (-, +)

1 J—

o <
a8, §) = N
which, since [(1/N) — 1] / « as N \ 0, will surely be the case for
an appropriate choice of N = N1 > 0 given our hypothesis that
1[0, |A1]2(, -)] is bounded on Q X {0, «).

Now ¢(-) is convex, non-negative, and vanishes at 0; it thus follows
(see lemma A.1 of the Appendix) that ¢(-) is monotone nondecreasing
and therefore, by the estimate (41),

t
qb(%,‘j; |A1I2dv) qu[%yc—E(t)] ¥z, (42)

where we have used the fact that E(¢) € [0, «) for all times ¢, since the
Helmholtz free energy has a weak global minimum in equilibrium.
If we combine the estimates (40) and (42) we reach the differential
inequality

d aN1

—E)+—o¢|— E{)| <0t =0,

at (t) rb Ve ¢ )]
which governs the evolutlon of the functional E(t) throughout the
flow. The theorem now follows at once if we set f(-) =
(V/p)[(2N1/Ve)(9)] and apply lemma A.2 of the Appendix. =
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APPENDIX

For completeness we include here the following two useful lemmas.
The first consists of some simple and well-known observations about
convex functions; the second concerns the behavior at infinity en-
forced on any non-negative function E(t) satisfying a rather simple
and common differential inequality.

Lemma A.l: Let f(-):[0, ) — IR be convex with f(0) = 0. Then

z~1 f(z) is a monotone nondecreasing function of z on (0, =).
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If, in addition, f(-) is non-negative then f(-) 1s also monotone
non-decreasing on [0, ).
Proof: The convexity of f(-) means that flap + (1 — a)g] < af(p)
+ (1 — @)f(g) forall « £ [0, 1] and for all p and q in [0, ). If we take

g = 0 we find that f(ap) < af(p) since f(0) = 0. Thus, for0 <z; <
25 < o, we may take p = z, and o = z,/z to find that

fz1) < 2 f(z),
Z2

which gives the first half of the lemma and also gives, if f(-) is non-
negative, the second half since then (z1/z2)f(z2) < f(z2). ®

As a consequence of lemma A.l1 we see that forany € > 0, f(z)/z =<
f(e)/e for all z in (0, €], i.e., f(z) < kz,k =f(e)/e,forallz € [0,¢). This
means that continuous, non-negative, convex functions f(-) on [0, =)
which vanish only at O satisfy the hypotheses of

Lemma A.2: Let E(-):[0, ) — [0, =) be smooth and satisfy the
differential inequality

%E(t) +f[E(#)] <0¥t=0,

where f(+):[0, ©) — [0, =) is continuous, vanishes only at Q, and meets
f(z) < kzP on some interval [0, €), € > 0, with & > 0 and p = 1.
Then,

E({)—0 as t— =,

Proof: Since (d/dt)E(t) < —f[E(t)] = 0, the non-negative function
E(t) is monotone nonincreasing and possesses a limit as t — .
Furthermore, it is thus clear that if E(¢1) = 0 for any finite ¢!, then
E(-) will vanish for all later times and the lemma holds trivially. We
thus suppose that E(t) > O for all ¢t € [0, ) and therefore our differ-
ential inequality takes the form
(d/dE() _ _
fIE®)]
Equivalently,

d

and therefore, for all ¢t = 0,

FIE@)] = FIE(0)] — ¢, (A1)
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where F(:):(0, ) — IR is defined by
2 dE
F = —
@= . 7o

for zg any fixed value in (0, «).

Since f(-) is continuous and positive on (0, =), we see that F(zg) =
0,F(2) >01ifz > zg,and F(z) < 0if 2z < 2¢g; moreover, F(.) is smooth
and strictly monotone increasing on (0, ). Furthermore, it also
happens that F(z) | —o asz | 0; indeed, since f(z) < kzP on [0, ¢), we
see that

df _ (edt
= kEP T Jz f(E)

and therefore, for z € (0, €), we have the estimate

_ ("*42f _ (edE zdf
£(2) L,f(s) Joio* f(E)
<F(f)+f rEr
el—p

k—(l—-— ) (e)-k—_(l—p) ifp>1

ln -1 Ine .
2 + F(¢€) A ifp=1.

Clearly then for p = 1 we have that F(z) | —= asz | 0. It follows then

that the range of F'(-) is of the form {—«, ), where d € (0, «].
Since F'(-) is continuous and strictly increasing on (0, =), it possesses

a continuous and strictly increasing inverse F~1 (-) whose domain is,

of course, the range of F'(-), (—«,d). Thus, the functional inequality

(A1) vields

¥ z € (0, ¢),

O<E()< FYFEM©O)—¢t)] vt =, (A2)

where £ € [0, «) is the unique time ¢ when F[E(0)] — ¢t = 0, since from
this time onward F|E(¢)] and F[E(0)] — t are, by (A1), surely in the
domain of 71 (-). The lemma now follows upon letting £ — <« in (A2)
since F71(x) —-0asx ——<«. ®A

As the proof of lemma A.2 makes clear the hypothesis that f(z) <
kzP on [0, €) for some k > 0 and p = 1 may be replaced with any con-
dition on f(-) that ensures

sz _
-]:of(g)l as =2 | 0.
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