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ON TH RE PmLiGHTJ MOTION OF missmLs EAVING SLIGHT
CONPIGURATIONAL ASD4EYTRIES

John D. Nicolaides
Bureau of Ordnance

Department of the Navy

ABSTRACT

The theories for the free flight motion of miueiles, as

generally considered by the aero-dynamicist and the ballistician.,

are combined to yield a single theory for the basically sym-

metrical missile. The force and moment system contains not only

the usual aerodynamic forces and moments but also the effecto of

slight configurational asymetries and the effects of rolling

velocity.

The theory yields the condition for the dynamic stability

of both statically stable and statically unstable missiles, and

also predicts that the presence of configurational asymmetries

together with rolling velocity may result in "resonance inhta-

bility."

Numerical integrations of the differential equations for

the pitching and yawing motion are carried out for three varia-

tions in the rolling motion. The results indicate that the

rapidity of passage through the resonance region is a significant.

factor affecting the magnitude of the pitch and yaw of the

missile.
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Two models of a simple arrow type missile having control

surface deflection are gun-launched at supersonic velocity in

the Aberdeen Spark Piotography Range and the i:ree flight

pitching and yawing motion and the transverse displacement are

measured. The tricyclic theory is fitted to the experimental

data. The results indicate that the theory accurately repre-

sents the actual motion of the two model@ and that the as-

sociated static and Aynamic aerodynamic derivatives are

accurately determined.

..:.,?'.



SYMBOIS •..:

b fin or via& op,

c fin or vine chord .' '.

SCij aerodynamic derivatives (See Fig. 2)

Cii Cij

Sd diuameter of missile body

I transverse moments of inertia

I axial moment of inertia "

2 m c2"""

2 1

a mass of missile ' A

air density ~ msiei pc '

V total vlct fmsiei pc

s reference area for aerodynamic forces and moments., generally jr c'

T total kinetic energy of the missile

XYZ orthogonal axis system fixed in missile and rotating with it

(See Fig. 2)

X, YO Z Perodynamic forces along the X, Y. and Z axes respectively

L, M, N aerodynamic moments about the X, Y, and Z axes respectively

(See Fig. 2)

u, V, v components of the total linear velocity of the missile in space

along the X, Y, and Z axes respectively

S•ii-2•'7



i:..

cn• : angle of attack of missile in XYZ system

r : angle of sideslip of missile in XYZ system

p# q, r components of the total angular velocity of the missile

in space along the X, Y. and Z axes respectively

SA control surface deflection angle (Aileron) or asymmetry •. ;

about X axis

SE control surface deflection angle (Elevator) or asymmetry

along Z axis

SR control surface deflection angle (Rudder) or asymmetry

along Y axis

effective asymmetry angle

XYZ orthogonal axis system attached to missile (X axis lies

along axis of mass symmetry of missile, and Y axis

constrained to lie in xy plane) (See Fig. 1)

X, Y, Z aerodynamic forces along the X, Y, and Z axes respectively

L, M, N aerodynamic moments about the X, Y, and Z axes respectively

(See Fig. 1)
",, ,,"

u, vp w components of the total linear velocity of the missile in

space along the X, Y, and Z axes respectively

V angle of attack of missile, XYZ system

v angle of yav of missile, XYZ system"



"p, q, r components of the total angular veloity of the missile

in space along the X, YO and Z axes respectively I

(see Fig. 1)

xyz orthogonal axis system fixed in space (See Fig. 1)

QX, (4, Qz forces along the Y. 1 and z axes respectively

0, ,0P Q1 moments about the X, Y, and z axes respectively ':"* . .. 1

x1 y, z linear velocities along the x, yo and z axes respectively

'A 

;: ,&..

angular velocities along the Xl Y, and £ axes respectively

i ± t total angular velocity of the missile normal

to the axis of mass symmetry

* : i" complex angle of attack and yaw

complex angular velocity normal to the missile

'. . Q~ir ..

rate of change of complex angle of attack and yaw

""" rate of change of complex angular velocity normal to

a u• "ir the missile

I.

.. . ,.-
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INRODUCTION

Develonpments of theories for the free flight motion of missiles

have, in general, proceeded along two separate paths. The acre-

dynxaacist 1 02 has been primarily concerned with aircraft which,

although lacking roational lsymetry and essentially non-rolling,

are acted upon by a linear aerodynamic system which includes forcrs

and moments due to control surface deflection and lags in the flow.

The baLlistician, 3-11 on the other hand. has 'been primarily con-

corned with rapidly rolling symmetrical missiles and has included

in his treatment of the motion the important gyroscopic and Magnum

effects.

In recent years, with the advent of the guided missile, the

rocket, supersonic aircraft, and moderm finned ordnance weapons,

the interests of both groupo have merged. Although limited

gextens ion@ 21 of the theories of both groups have been undertaken,

the essential differences remain.

It is one of the purposes of this paper to unify these ap-

proaches for the class of missiles which are basically symmetrical

aid are only slightly aunymetrical due to control surface de•l'ec-

tion, ving and/or tail incidence, bent body, damaged or malaligned

fin, etc.

ii . 4 .



The necessity for considering this union arises from the

failure of the existing tbeoryl 1 3 to represent the free flight

motion of winged and/or finned missiles and its failure to account

for various phenomena which have been generally experienced on

statically stable missiles. Some of these phenomena are

(1) that non-rolling statically stable missiles generally

have large dispersion and that rolling the missile re-

duces the dispersion.

(2) that even for generally vell performing missiles a few

go berserk1 5 yielding extremely poor dispersion and

sometimes twublingp and

(3) that peculiarities In the free flight motion seem to,..

occur when the rolling velocity and the pitching velocity

approach coincidence.

The general procedure to be followed here will be to develop

the differential equations of motion for a missile having basic

trigonal or greater configurational symmetry16 and slight con-

figurational asymmetry. The aerodynamic system will Include the

forces and moments generally considered by both the aerodynamiciat

and the ballistician. The important gyroscopic terms resulting

from rolling velocity are also included. For simplicity and

clarity the differential equations will be solved for the case of "

constant axial velocity and constant rolling velocity of the

missile. The resultant tricyclic theory for the free flight

12

S.,.q
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pitching and yawing motion of the missile and the theory for the

displacement of the center of gravity of the missile will be

r -

applied to the experimental data obtained from the free flight

motion of gun-launched models tested in the Aberdeen Spark

17-20Photography Range. The static and dynamic aerodynamic de-

rivatives associated will be obtained. Finally, the differentialI

equations of motion will be numericall~y integrated for the case

of varying rolling velocity in order to indicate the motions

obtained.

S,t
rivaivesassoiate wil be btaied. inaly• te d"reretla

equaion of otin rll b nueriallyintgratd fr te cae '4.•

S.

of vwingrollng eloity n oder o Idicee te 4olon

o~tmined

.1.+

I.. . . . .... ,

* *.~ 2-*' *...................* *~' ~~*~** ~' ... '4-



The difficulties generally encountered in the formulation of a '

theory of free-flight motion may be separated into two groups,,

dynamical and aerodynamical. Herein the dynamical problem will be

approached by emploayIng a modified Eulerian axis system and by

using the Lagrange equation for formulatlng the basic differential

equations of motion. Mathematical simplifications are introduced
2.4

by 3imiting the angular displacement. and angular velocities

(except rolling) to small size. This is the familiar dynamical

approach to the linear :.rl motion of a "spinning top" or a

g~yroscopic pendulum" 21~*The aerodynamical problem will be

approached in the manner axd nomenclature of the aerodynamicist.

A linear force and moment Pystem is assumed and the smnymetry
L" ".. • ..

aroments of the ballistician employed. In general, then, these

two basic problems will be approached separately. Their resolu-

tions will then be combined and the fundamental differential

equations of motion will be obtained.

The differential equations of motion vil be solved for the .6.

case of constant flight velocity and constant rolling velocity,

and the resulting expressions for the pitching and yaw-Ing motion

and for the transverse displacement of a missile will be discussed

in detail. In a later section the differential equations of mot-i~o.-

will be investigated numerically for the case of constant flight

"velocity but varying rolling velocity.

"14"
" i4 ::*'.. ,
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DYWAMICAL SYSTEM

The coordinate systems illustrated in Fig. 1 will be used in

i considering the free flight motion of a missile. The xyz systemn

is orthogon~al and fixed in space. The XYZ system in orthogonal

and is pitching and yawing but not rolling with the missile.

(The R axis lies along the axis of mass symmetry of the missile and

the Y axis is constrained to lie in the xy pae.The angular

velocity of the missile is given by the components p, L and T" in

the X Y Z system*

The coordinates of the dynamical system are taken as

(1) xy ,the components of the linear velocity of the

center of gravity of the missile, and

(2) % ,'' the components of the angular velocity of

the missile about its center of gravity. (It should

be noted that these components are in a moving non-

orthogonal modified Eulerian axis system.)



"* IIII I

I . . - • r L

, .:• o

- 4 "
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The total kinetic energy of the missile in free flight is thus

given by

T1 ~ 2  1i 2 14 2  m 2 1' i

Ix t

It is assumed that the missile has symmetrical mass distribution.,

and from Fig. 1, it is seen that

.- 2 sin (3) "

r2 cooma (5)

Thus the total kinetic energy of the missile may be written as

1 .. 2 2 9 -2.+,..

Nov considering the lAgrange equation2 3 for this dynamical system

vhere qr z coordinates of the dynamical system

(€, •, X y, z)--.

-Q Generalized Force (i.e., force or moment tending to

change the particular coordinate).
17 •. \..
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Performing the indicated operations, Massming that 0,0 ¶1 4 ,

are ma1l quantities and that their products may be neglected, yields

d (IX "Ix sin 0) ()-

M S a (10)

m x a QX 44":

where complex variables have been introduced in defining (11)

S: 0 * i•) , total angular velocity of the missile normal to
the axis of mass syetry (12)

a , y .* , transverse displacement of the missile (13) %

Eqs. (8)- (11) are then the basic differential equations of motion of the

missile. They may be completed once the Generalized Forces tending to change

the coordinates of the dynamical system are known. Theme Generalized Forces

are derived in the following section from the aerodynamic forces and

moments which act on a missile in free flight.

S**. *.** -



hth
AcVTNAIO 7=3 AND UMM uOw

The coordinlate qstsm Used In omnidseiig the ae101DumIO forces and

meonts vhioh aet on a missile In 9ree flight will be the staard IX.A.C*A.

systen which Is orthogonal and fixed to the missile (i.el, rolling with the

missile, principle axis). ThMi system Is designated by ZrZ and the components

of the linear and angular veloclty are given by u. Y. v and pg qp r respective-

l7 (See rig. -2).

Aerodynamic -orce
The t alase d'oeo fore which sets on cma missile in ree fn il'ht Is

semsed to depend on the linear velocity of the missile# the angular velocity

of the missile,, accelerations, the density of the sir, the velocity of sound,

the site and shape of the missil, and,, for the artioular case mder considers-

tion hers,, slight aayo•a etry of the configuration (i.e., control smrface de-

flootions wing and/or tail Incidence, bent flns, bent body, *tc.).

Asm-Lng that the motion is confined to infiniteslls and that the

dependence is linear yields

Y a TP 0 Yr r, Yo' T•C + :::.,

+ :'- POC Yp a q ,.."':

Z~Pý PP %r Zp P 9 'Zp P' (1)

w- where Ta nd Za re the Stability Derivatives.

19

F+ ."5"

I:.:: -. ,



,,,D:', p" X , L "

bL I
SAs.

w r

, Gx ... 
-,.,

u~ ~ FOCC , Gy V2 t.,,.,

"ANGLNEA R VEL, a q v"M N~ Ia m •v s c=_ v;,..'''

.* P V, S,

FIG. 2E D"C'"S

20

FIG - 'I 2-

. * ,,a

I. !.U'i ,p V.',

* ANG LAR V L,: qMOMEN, MD-4e-aI

r uC eV Sb '•'° - '•

* . * " , -,,. -, . , * •. . 1 ,4 , * .- 4 4 **,- * ... - ' "*' J ' ' tI I I I I*** 4 I I..........I



Multiplying Sq. (15) by i and adding to Sq. (14), and replacing the

stability derivatives by the standard nowenclature for the aerodynamic

derivatives yields !••

rCY i Z -bj CrbI r

,Ic,, (•).*iCoZqJ (,). *fCZ (i) - I yi •l (-•)..-..i C• (3L 1 06"

*jC'.. p1

(pb) i 
,Z

Here we impose the fundamental auss.uption that the contribution of "''""

the configurational auynetries is "slight" and thus that not only may it •-

be added linearly but that the basic missile (i.e., the configuration of the''•'.

*missile when *R • 0• ) has trigonal or greater rotation symmetry and 1":i

* mirror s+mmetry. i 2., 16 C

21+

i C i" .i

(a • ) ,i Ow.
Cypi~~ %) Ci-01I2

+~, [ C ,"i ,.
L ,"R 21 E 

A1"

::-'-'-':7:.:-:{:::::•:H.erei': ve impose. th fudaena a s e m,-' ,.tion 'that'"' '""""""'""t"h'e'"'c """"ntr'ibution"" "of """".'..,:



As a result of this assumption it foL3ows that

AERODYNAMIC AIRW.LLZ8TIC &ALLISTIC7 plOpDU

:YzCNKN

-- - -. •

° .

C i : K8  (4d 3) (7

4d3

*•" - I••,..,~

-c. Cz(k (•.)c 8d. r •-•-I,..

a.C Cz() 2  ()C KSX bc2,.9
pPr C qC q (7

q -9.' -.

.C~ 8d

The introduction of the nev Ealliutia nomenclatture beloi• this 2Ane i•

necessary since forces and mo~.tnts depending on "Lags" i~n the flo•i (i.e., ".,

accelerstion effects) are not included in the Ballistic Theory. •"".'"

pii q bc 2S

-°. 8d 4...



Because of these equalities of the aerodynamic derivatives for the ' ,..•
clams of configarations having basic syistryl7 an Aeroballistic nomenclature24 ,

is convenient and is introduced as indicated above.,

:q ir 6| . (19)

2 22

u t ti . (17 I (B (1nt + (1) ti

IC O~p• 2-.. ..

here..
C1*• -'' and C Nis real. ' ,i.

2 (V) : • J '" • ) cia

•.. Since ell the terms, except the last, are independent of the roll ...

asymmetry which in fixed in the missile and thus rolling wit!, the missile, -'

•,.•,total normal force may be expressed in terms of the original dynamical
: ~XYZ system which was not rolling with the missile as "'

V2 I&

ac a, e t) et N

Y t.. :C- ... (2i2)
(~ R 2V CN 2

'Npq q~v

... 

04



C ~ V2 B Cfl. *i C, (I1
2o~ (22)

- 2 s

The Qen.raized Force, %, .which t. tending to move the missile in the

yz plane is the sumation of all the forces acting in this plane. This

includes not only the aerodynamic forces but also the gravitational force,

thrust malalignment forces, and Wn, others that might be acting. However,

in order to emphasize the effects of configurational asymnetries and to

keep the treatment as elementary as possible, the Generalized Force will

be assumed to include only the aerodynamic forces. (It should be noted,

10
however, that the addition of the gravitational foroe, the thrust mal- S,

alignment forces and mass malalipnment forcese 5 present no fundamental ,.,"S.

diffioulties.)

Since Y . i Z lies in the Y Z plane which has been assumed to make a

small angle with the yz plane (i.e., 1 assumed small), then Y . i Z may

be taken an equal to Q Y i Z

Aerodynamic Moment

The specification of the aerodynamic moment acting normal to the 4
missile in free flight proceeds in the same manner as the epecification,

of the normal aerodynamic force. Accordingly M and N are assumed to be

lierfucin of o( ,q, r, , A q, r and a

24

A.. . ..-e . .



Moke14 q4 d 4~Mq q

0( q

* 14 e eP I Mr pr + Il p( . r4 , zr~ S (23)

N q-( i Nrr (3 *Nj

N o Q p( *N.p t (24)p Npq fN p fNpi N
p A p p



Multiplying Sq. (24) by I and adding to Sq. (23), and replacing the

stability derivatives by the aerodynamic derivatives yields

V29 f ) c 'iCyn bj C np. ff ) Cný C

t Cm2  c Cn p + n b i C ~ (i1*° ' 4WL 2 "j

= o. i pqn (•)] (j) * fair pr ( ]i

(kb)~~~ 
C~ 

4b 
1)

{Cm. c t a. C b7b ( )2 C[ j b I c) - 0 7 bi

* C b i Cm ci I

1Ioiever, from symmetry cons iderations it follows that *

-6

- -, *-*,

A - - 4 -. 4 - ,,
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fiti

c c c K 44

in r ~ q P

r. C .I

__ _ _ _ _ __ _ _ _V

c n1*

311,

cm* 
lt,

(.4 tLX

Pi .*4

c
t
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Thus the aerodynamic moment becomes

M I N Ao c4 BD .E D 1  (27)

3Mq, met] "' )

c • c ~ -~. ± C~~ ) (•) ,.-,.
Di~ V2BCM - 1 0 (2bA~O

q Kpq 2Yj~V F

3'. (,28) ¢Ll

D0 I.-

,.., -.~

and

(' CM, I~ Cin bdR ci~ J (29)

This aerodynamic moment writteu in terms of the non-rolling system

Ins given by

-. -~ -I pd'r
Mt i I A f, B , . o ,C. D ,. ) c.)

Since the moment normal to the mnixelle'u s..,i, • in Asus•med to con-

tain only the aerodynamic moment u.nd eince V. t i N is oqa3. to Q• we have

Q AM ~ (31.)

Ire

,i'. . ....... . ..... ....... ... . . , - . -.-.. . . ...---.-.. ..... ..- .-. .. .. ....- -"-.'.
L'_-~~~~~~. .. ... ''- -.. '". ,, -, , ,; ,.: . ',,, ,,,-. ,' -, -- .'.. . .... . . ."• - . .



DI7DEWDIAL ]NUATIONS OF MOTION

General Differential Equations of Motion

With the specifications of the aerodynamic forces and momenta acting on

the missile in free flight in terms of the Generalized Forces, the differ-

ential equations of motion may be completed as

f,. .pdt

i IX*AC B +Ca D E eg (32)

d ( " sin 0) (33)It

d..V.

S•t 4• % (35)

and under the basic assumption of small angles and slowly changing angles

it is seen from Sqs. (4), (5), (12), and (18) that : 2. (36)

Differential ZEuationa of Motion For Constant Axial Velocity

When Qx is zero, it follows from Eq. (35) and the assumption of

small angles that the axial velocity of the missile is a constant. The

sum of the three small angles, namely, (a) the angle between the missile's

axis and the total velocity, (b) the angle between the total velocity and

the fixed axis, and (c) the angle between the fixed x axis and the missile's

axis, is zero.

Differentiating this sum yields

a ( - -V (37)

Neglecting products of the aerodrnamic derivatives in comparison with

the derivatives themselves, Eqs. (32), (34) and (27) may be com.bino to.

29

"1%%



yield the differential equation for the pitching and yawing motion.

• k-2 c• (1  . * )i (1)[ , k'.

2 22 x C - 1 2 k-2:

y7.M A)

.5"•

y2 (bCC_ x AI (38) '

zqs. (33) and (38) will then be considered in the following sectior.

First, the solution will be given for the Oase of oonstant rolling

velocity (i.e.,p Qý 0) and, then, in a later seotion the case of

varying rolling velocity will be numerically investigated. . L4

S'...'

'. .- S ' **S *

•.•".?-." i"-•*...-....' '5."-.-'.,"."-"-"."".5 "...*"... . . .5... .. . ..... . . ... •' -. ... "'"'



SOLUT1ION OF FITCHMN AND YAWING MOTION FOR CONSTANT ROLLING VLOCITY

When Q0is zero, it follows from Eq. (33) and the aeoumption of small

angles that the rolling velocity of the missile is a constant. For this case

the general solution of the differential equation for the pitching and

yawing motion, Eq. (38), is given by

where ~a

(4~1)(42)

Y-3 (Ko2"( 43 o - (2 -3

2CI A -2
£ ± (2c.) (yb) -Ste#)% k ~

K3 :3

,~~122

2- _ 2* 2-24 ~-

Y!4  2V'

311



A physical representation of this solution is given by noting that the motion
is "tricylic"; that is to say, the free flight pitching and yawing motion of

missiles' having slight configurational asymmetry may be represented by the

motion'traced out by three rotating vectors. (See Fig. 3). Rewriting Eq.

-( 1.i ) 1 ) t ( 2  1i02) t iPt (6e < s~o. * .K 3 e

K3* 0

where A1 and A2 are the real parts and i and 2 are the 1ImainarMy parts *~

Of 0l2aIt is noted that the real parts, ,X ad, 2J cause the K, and

1( vectors to damp or expand and that the imaginary parts, and 2

cause the vectors to rotate. Since ip is a pure imaginary, the 13 arm

doeo not change in size but rotates at a constant angular velocity equal

to the steady rolling velocity of the missile.

Before considering the effects of configurational asymetries it is

helpful to review the free flight pitching and yawing motions obtained

for the case of no configurational asymmetries. .,

32
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4.LL
,, piL3yt Motion

(40), reducem to the epicylic form.

.~
. 2- 4o, (47) ,. ",.

K~u _ ____ ____(1a8)

1 2.

,o ,0

.4 'I•

IC2 (I9

2 1

10 ~ i 20) (414)

This solution, like the original, Eq. (40), applies to both statically

stable and statically unstable missiles (i.e., to missiles whose center

of pressure of the normal force due to anale of attack and yaw is aft of

center of gravity of the missile ( -CM ) and to missiles whose center of

pressure in forward of the center of gravity 0 Ct ) .

', *, ,



?Non-JRoflina Missiles. For the case of no rolling velocity (p x o)

the constants are given by

I 1. Statically Stable Missiles C- C4

1 2 C k CM Cm.(50)

2C K

11. Statically Unstable Missiles cl*Cý

I CM~ 8 8k Cm ~ (52)

S 11*2 (53)

IFor the stntioally stable missile the vectors %,and Y-2. rotate in

* opposite directions with equal velocity, and thus the pitching and yawing

motion is given by lines, ellipses, or circles (see Fig. 4).

i NA
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The general condition for dyamic stability (i.e. the requirement that

the motion repeat itself or damp out) in that ý 102 ý 0. For the case of the

statically stable non-rolling missile this dynamic stability condition

reduces to

1- f -k (54)

A ~A4
sin"e C and are negative and is positive.,.'

N &q

For the statically unstable missile the X, and X2 vectors do not

rotate and therefore the motion is a line. The motion is, hovever,

. . ,* 4..'generally dynamically unstable since k'2  - 2A. ̀4 CM)

and thus one of the arms vill damp and the other expand.

Rol jg Moile@. The motion and the effects of the aerodynamic \

derivatives on the stability of the rolling missile are more readily

discussed it the radical in Eqs. (44) is approximated by a binomial expan-

10 *
Gion and if

Aordily, the real and imaginary part ) of 102 are given by

.57



A :)

1,.2

2k' / 2 2  - "I• 2

I, l2 
OR, (56)

subectr rotater to the ondoiteireton that ntennr~ige~Sbt,.

r 2 .1 2 .2/~22 /
IL.B (2c x -~(~ 8r kJ. >(8

uhat the oifferenr e in their rotational vetocities depends on the rolling

velocrty of the missile. For small rolin velocity of the mi(silet the two .* ,

pitching and yawing motion is given by slowly rotating ellipses. As the :"

rolling velocity increases the motion becomes flover-like and finally for

large rolling velocity we have motion. characteristic of the fast spinning

gyroscopIc pendulum. (See Fig. 5)
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For the statically unstable missile it Is seen from Aq. (57) that the

vectors rotate in the same direction (which is also the same direction as the

rolling) and thus give the familiar motions characteristic of a "top"., 1

(See Fig. 6).

The effects of the various aerodynamic derivatives on the dynamic

stability of a missile are more readily seen by vriting Sq. (56) in the form*

V k-2C (3±.) 4 k- 2 CM. (1 ±.' L(bA11~2 re (1 4  ' CM q I'x

(59)

7) 2c)2 1x
where t 1 S ( --)2 _ 12: (..b.lty

-hr t S 'I sablt factor of the bal-

8 -

listician)7 .

Ranges of values for the stability factor for the various types of

missiles are given in Table I.

Statically Stable Missiles S < 0 3. 1

Statically Unstable Missiles S > 0 .> 1 __'_

Non-Rolling Missiles 6 0 0' 0

*Neutrally Stable Rolling Missiles 8 '" 1-"

Eq. (59) due to the condition imposed by Eq. (58).

Eq. ~ITrnDimilar form is given by ,

-, VJ j
4,1 -. '.



For stat-calJ..y stable rolling missiles it Is sen from Sq. (59) that

Sand tend to make the motion dynamically stable, vhw erea and
q

C (the Mdagnus moment oeffifient is generally taken ,a positive for

the statically stable missile) have the opposite effect. tends to

undamp the fast rotating vector (nutation) and damp the slower rotating
vector (precesilon). Since the size of the • term slovly Increases

ivth rolling velocity, there might be limiting rolling velocity beyond vhich .. .,

15 S

* the missile cannot be dynamically stable.

For the statically unstable missile the effects of the aerodynamic

derivatives on the dynamic stability are not as simple. From Sqa. (59) it

is seen that C N tends to undamp the nutation and damp the preeslion,

whres nd0ahre tesig of is taken as nmgatlye,

howvere, positive values are not uncomon) tend to damp the autaton and

undamp the precession.

Dynamic Stability Criterion

The criterion for dynamic stability Is that

Ao (62)

142
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or that

"" " cLA 2 .A' 1 7"
Cm A' m b I

-o M- N * i 8 I"2 o (63)

&tracting the real part of the radical, this criterion may be replaced L.,,

by two conditions:

(i) when I-

-C k-2 (C C 7 0 (64)SN• kq ,cM.).o (.4)

N~

then )I2 2 1 2

2(V (•2) ) j .k 2 ( ) b IjN4(;C"..,'

(Le) (2r) - Cm -

then

"2 b " 2.'-

() (1• I 2 2 4,(65)((2) whe
.. k.. 0 (66 )

2 2. 2

b.) k.5 0 (67



• -

and

(Db(b I2~X.2  CC4 I (~T ?' C. CIK z

For the case vhen

- -k" 2  0 cM (69)

no dynamic stability is possible.

It shoulA be noted thAt although for this case of constant flight

velocity and constant rolling velocity these conditions must be satisfied.,

for the case of varying rolling velocity and flight velocity dynamic in- •"

stability may be and is tolerated in some designs for short durations.

Tricyclic Motion

The presence of slight configurational asyuuetries has been shown to

produce tricyclic motion which differs from the epicyclic motion only in

the addition of a third term and a modification in the initial size of the

nutational and precessional vectors. Therefore, the remarks of the previous

paragraph on the dynamic stability and the contribution of the aerodynamic -

coefficients to tht motion still apply. It remains, however, to consider

the effect of this additional third vector.

For the dynamical•y stable missile after the nutational and precessional2

arms have damped the third vector is seen to represent the steady state

pitching and yawing of the missile.

i~44
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1.

Non-Rolling .... ises. For the statically and dynamically stable non-

rolling missile, the size of the third vector is given by

CH

XST (70)

which is the familiar expression for thc steady state "trim" of an air-

craft due to elevator deflection. 1 ' 2  This non-rolling trim angle and the

angle of effective control surface deflection lie in the same plane (i.e.,

K3 and 5,. are parallel). The transient pitching and yawing motion is there-

fore given by ellipsas, lines, or circles whose centers are displaced from

the origin by this angle of trim. (See Fig. 7) The case of the statically

unstable non-rolling missile is handled by the theory but is hardly worth

discussion since the motion is generally dynamically unstable. (See Eq. *

Rolling Missiles. The addition of rolling velocity produces profound

changes in the nature and size of the pitching and yawing motion. The size

of the third vector as effected by the rolling velocity is best seen by

conwidering the ratio of the rolling trim to the non-rolling trim. %

-~ p.. ..---I
K3 V''t [i(c Nk' M

('-l P)M 2- M M M :.":I
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This ratio is called the "magnification factor" and typical values as a )r.,

function of rolling velocity are given in Fig. 8 which were calculated for

the statically and dyinamically stable missile used in the experimental tests

to be reported in a later section. From Eq. (71) and from Fig. 8 it Is

apparent that a resonance phenomenon appears possible if the rolling velocity

approaches the rotational velocity of either the nutation vector or the.

precession vector. However, for statically stable missiles it has been shown

"' that the precessional vector and the nutational vector rotate in different

directions and thus only an equality of the angular velocity of the nutation

vector and the rolling velocity may be considered. Since for the statically
"~'*. '-I *

unstable missile both the nutational vector and the precessional vector rotate ,

in the same direction as the roll, resonance with both should be considered.

Resonance Criterion. Substituting A, p or 2 p i E"

solving for CM yields

C. "4VM I X (2,,.._.- 1 (T,

For the statically stable missile (i.e., C o )a necensary condition

for resonance is given by

Ix

which is generally satisfied for all types of missiles. However, for the

statically unstable missile (i.e., CM 0), the necessary condition for

resonance is given by ""

x'> 37)

vhl.ch is virtually impossible to satisfy In a practical design. As a

~47 .
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result of theme conditions it is seen that, in general, resonance can only

occur for the came of the statically stable missile and, then, only when

the angular velocity of the nutational vector equals the rolling velocity

of the missile.---.

The size of the rolling trim at resonance depends on the rate of damping

(A102  If the damping is zero, the size of the rolling trim i infinite.

However, since most missiles are dynamically stable the size of the rolling

trim is finite. For missiles with good dynamic stability magnification

factors of 10 are not unusual. For missiles of marginal dynamic stability,

values from 50 to 100 are quite possible.

The effect of this resonance phenomenon is to produce large angles of

pitch and yaw with the result that the basic assumptions of the theory may

no longer be valid and instability may result from causes not considered.

For this reason stability considerations must include "resonance instability" 25

as well as static and dynamic stability.

Orientation of Trim and Asymmetry. The addition of rolling velocity not

only affects the size of the rolling trim but also the angular orientation

between the plane ce--,""tng the effective control surface deflection and the

plane containing the trim (I.e., the angle between K3 and • ). This angle

is given by

-tantan (75)
Real Real )

and typical values are given in Fig. 9 for the particular missile previously

mentioned.
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SOLUTION YC TM TAMV]E DISPILAC4M FMe COMWTAP ROLLNG ViCI

The motioft of the center of gravity of the misile my nov be considered.

The displacement of the missile in the x direction har already been assumed .

to be one of constant velocity. Thus, the problem reduces to solving the %

differential equation of motion for the transverse displacement of the missile

which is given by Eq. (34). The function,a (t) is known from Eq. (40), and

the function, (t), may be obtained from Eq. (36) and Eq. (37) as

Ct), (37) 76

where ct (t) is obtained by differentiating Eq. (40). Substituting these

functions into Eq. (34) and solving gives the solution for the transverse

displacement of the missileo

a, (c i b- ido l )' , [af (a - ,b-id ), t

rn-b/v -Pib.2

LL

mo sletion pls o ina ter anodinat constet. }'rthe cntane tere thpe orl• upc,,•k

ther k4anelee uctions of theinta coorindiytm. I'r the onse wher flgt.eoi i

the muzzle of the gun or launcher and the x axis lies alon• the centeir lit ic

5.

' ." 47:
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of the gun or launcher, the constant of the linear term) ko, is called the

"jump angle" and the term itself represents the line about vhich the

ov'i11atory motion (I.es swerving motion) takes place.

For the case of the non-rolling missile the solution for the transverse

displacement reduces to

N'° '. .

,: ." .*

A~ A A &

t." .*..,

," :. o .°

S....,

"I : . ,,. . - . . .. ."-•,•..,,.,, ' ', .- •, ... , • ,'.'.• ''' ,.• ., ", , o... . ," , .,," "•"• , -
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a.(a*lb -idol)ol KO t at. (a -lb -id 0 2 )& 2  02

r"~~ ~~ + . /ko':'
I~ r-lIb/v m - I b/V I

.•L3(Lo/x ) 7 t2  , t , (78)
m$ 

• i,

Pitching and Yawing Motion for Varying Rolling Velocity W.

In the previou saections the solution of the differential equations of

motion for a missile having alight configurational a&ymmetry and flying at

constant axial velocity and constant rolling velocity was given. The purpose

of this section is to investigate* the free flight motion for the case of

yaring rolling velocity and constant axial veloit~yo

*The author Is indebted to Dr, M. Lotkin for the numerical integrations hand

computed by the Numerical Analysuis Section, DBL. A promising now technique ""

is discussed in Ref. 29....

.. . . . . . . . . .
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In the design and construction of moat fin-stabilized mimsiles, particu-

larly ordnance weapons (i.e., bombs, mortars, bazookas, rocke!ts, finned

artillery shells, etc.), configurational asymetries are present due to

various causes, some of which are manufacturing inaccuracies, damage in -

handling, damage in launching and intentional design' Theme asymietries,

besides producing angle of Incidence (S R Ps, ) have an equal probability

of producing differential angle of incidence A ). This differential angle

of Incidence causes a varying ro'Ling velocity which for most designs starts

*at zero and approaches a steady state value which is determined by an *quality

of the roll moment due to differential angle of incidence and the roll moment

due to rolling velocity. 0"

L SSA *L.p P(79)

* ~The differential equation of pitching and yawing motion, Eqz. (38) has

been integrated numerically for the following rolling motions.

(1) zero rolling velocity to steady state rolling velocity equal

to the nutation rate

(2) zero rolling velocity to steady state rolling velocity equal

to 1.@5 nutation rate

(3) zero rolling velocity to steady #tate rolling velocity equal

to 5 nutation rate .• *,

The resulting pitching and yawiing motions are plotted in Figs. 100 11,

and 12 for the missile used in the experimental tests. It is seen fron the

figures that the speed of passage through the resonance region has a profound

influence on the magnitude of the pitching and yawing motion.

4Canting the fins, for example, is a standard practice in many ordnance dee.ignh.
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CbO1MM= ON TU3O¥

In su•mwa'yj the Nulutionh for the free flight motions of a missile

having slight configurationul spymnetries and flying at constant volooity,

axial and rolalng, indicates that:

(1) The pitching and yawing motion ti Trieyc3.i.

(2) The transverse displacement is Tricycloc, plus a linear term

and a conetant. (For the case of mere rolling velocity the

third arm to replaced by a quadratic term.)

(3) The presesuion and nutlation vectorm rotate and charge sizs as

in the Epicyclic case. L
(4) The rotation and change in sizm of the now third veetor,

trim, arising from the asymmetry depends primarily on the

rolling velocity of the missile.

(•) The steady state sotution for the pitching and yawing motion Ii

given b'y he third vector which it rotating at the rolling

velocity of the missile. As a result, the steady state roll

orientation of the missile do the instantaneoui plane of pitch

and yaw is a constant.

(6) For statically~ stable mismiles the free flight motion, resonate

when the rolling velocity of the missile and the nutation rate

approach coincidence.

(7) The sime of the motions at resonance are limited only by the.

degree of dynamic stability of the missile.

The above characteristics of the solutiono for the free flight motion'

appear to forn a bamin for a satisfactory explanation for the three phenomena 4
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mentioned in the I!TRODUT:ON. The effect of the rolling velocity on the

dispersion of the missile is apparent from consideration of Eq. (77) and

Eq. (78). When the rolling velocity of the missile is zeros large dispersion

p., may result from the quadratic term; however, when roll is introduced, the

quadratic term disappears and the dispersion wy be reduced, provided, of

"course, that the resonanace region is avoided, It is this resonance condition k,

that appears to provide an explanation for the second and third phenomena 0

mentioned, since the large angles of attack and yaw and the resultant trans-

verse displacement, predicted by the theory when the roll rate and nutation K.

rate are coincident, tend to bear out the observed phenomena. a..,.

Although the Tricyclic theory appears to contain the seeds for a satis-

factory explanation of the observed physical phenomena, no general acceptance

may be expected until the ability of the theory to represent accurate experi-

mental data of free flight motion has been thorughly investigated.

Accordingly, a program has been initiated in the Spark Photograph•yV"200 3 -

Ranges to obtain the required accurate free flight data. The general program

consists of an investigation of motions over a large range of rolling velocl-

ties and includes a detailed investigation of the resonance region. However,

only the results for the small rolling velocity case are now available and

are given in the following section.

EXPERIMENAL PROCO.).

The purposes of the present prelimina•y experimental program are (1)

to investigate the ability of the tricylic theory to represent the actual

free flight motion of missiles having slight configurational asymmetry, and

57
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(2) to determine the static and dynamic aerodynamic force and moment derive-

tives which are associated with the motion. In order to obtain the required

free flight data two models were tested in the Aberdeen Sp.ark Photography

" e.Rang 17-2 (see Fig. 13)

The models employed in the tests had a simple arrow configuration with

a cone-cy-lnder body of fineness ratio of 10 and with crueiformed single wedge

rectangular fins of aspect ratio 3 and 8% thicknesse One set of fins had an

angle of incidence of .30 and the other set of fins had no incidence.

(See Pig. 1).) The models were launched fro, a special railed gun which

enables launching of winged and/or finned missiles. (See Fig. 15) 1.4

RESULTS

Motion

The experimental data for the pitching and yawing motion and also for

the transverse displacement of the models as obtained from the shadowgraphe

(Fig. 16) taken in the Range are given by the points in Figs. 17, 18, 19.,

and 20. In these same figures are plotted the theoretical curves of the

* ~tricyclic motion (Eqs. (40) and (77) which were "fitted" to the experimental

data by the reduction teoianique.** 30,32 The "fit" of the theorr to the

experimental data* is given by the Probable Error in Table II

* The Method of Differential Corrections is used to "fit" Eqs. (40) and (77) to

the experimental data. The author Is indebted to Mr. C. H. Murphy, Mathe--4

maticiano B.R.L., for programming the reduction technique for automatic computa-

tion by the Bell Relay Computer, and also for suggesting the inolusion of the

Sterms in Eqs. (21) and (27).

•* See Appendix C.

58
+,.. - •,-



¶7

C, . *

4*?

I
¾

i

-

1a4

C..

* *

I.

K

I..

V..-,.!

L�r4

59



iOk

L&J 0 0 i

ai~

OD -

xx 00-

o *

6cI

k7 O1



k �

I �1Vq

p.. 4.... .*

4 A
- .4,

I- �

'4'

I.

'4

'4

'4

I K-.. .�

.4.

I p

4 444
11£
-

Ia�

�444

S

B.

�44�'�

.4 4......

44

* 4.,.,

S
p..

F.
I 4

I 6i.

* .. . . . .

4** * � **. .4



S

ri

*

i A..

.5

'1
I
'0

"4

-3

* I
'A,

-N

* 62 4

� 3-�-----� t.t. w¶�j,.y
4

. �.



RD, 2950

.02 PRE. 2.5 MIN.

-. 01 +,€ ~RADIANS D ,:'.

.0.0

*4I
ii 

•'~~. ,. . 1:

(RD. 2950)'

, :-74

PI l•"

(RD. 2 60) p.'.', 1

.4. FG. IT- EXPRIMENAL AN ToEOETICA .RE

;.'. .. . .. ' ... .. . - -... +.,-. 'FLIGHT"....-,PITCHING...-, AND..+..... -.. -YAWING. .MO IO.. .-. .-... • . . . . . •; , .



RD. 2951
.02 P.E. P.0 MIN.

5,.

N

-01

64

'I.

I' 1 ji~

FIG.IS -EXPRIMETAL,.. A4 %.

FREE PLIGHT PITCHING AND YAWING
MOTION. ( RD. 2951) , .;

64 , . '

Fi .--T •



I0.0

xNN9.5 .

9.0

8.5
RD. 2950
P-•. E020 IN,

INCHES

8.0

7.51

*T.0

so 8.5 9.0 9.5 .0

INCHES

PFIG. 19- EXPERIMENTAL AND THEORETICAL FREE
FLIGHT TRANSVERSE DISPLACEMENT.
IRD. 2950)

*I. c*':,

. . . . . . . . . . .. . . . . . . . . . . . . . . . . ..

6':"*"i."i

'"'1ý



15.0

14.0

13.0

-N RD. 2951

INCHES
PE, * .024 IN.

12.0

11.0

10.0

7.0 . 9.0 10.0

FIG. 20O-EXPERIMENTAL, AND THEORETICAL
FREE FLIGHT TRANSVERSE DIS -
PLACEMENT. (RD, 2951

66



,z,

ROUNID 2950 2951X

PITCH AND YAW P.E. 2.5 MIN. 2.0 MIN.,

TRA2VMSE DISP. P.E. .020 IN. .021o4 f.l

TABLE 1I

Thus, since the Probable Errors of the residuals is of the same order of .,,

magnitude as the estimated error in measurement in the Range (Fig. 13) the

"tricyclic theory of pitching and yawing motion and transverse displacement

may be considered to accurately represent the actual free flight pitching

and -yawing motions of these models.

Aerodynamic Derivatives •.

The values for the aerodynamic derivatives as obtained from the constants

of the motion are given in Table III together with their probable error as

obtained from the least squares fit of the theory to the experimental data. .,i

k.2
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OUND2950 295.

- 22.6 -22.0Cmot

POE. 0.22%02$

C CM -3o4+ -298
q

Ps E. 3.4+ 3.2$%

19.8 19.9St.

P.E. 1.9$ 1.6%

TABLE III

It is noted that the values for the moment derivatives due to angle of

attack and yaw, C, , as obtained from the motions of each of the identical

missiles differ by 2.6$, that the values for the sum , the moment derivative

due to pitching and yawing velocity and the moment derivative due to rate of

change of the angle of attack and yaw, CM CM . • for the missiles differ

by 2.0%, and that the values for the moment derivative due to control surface

deflection (asymmetry), C , differ by 0.5%. Although the sample it small,

the results suggest a good reproducibility of the static and dynamic aero-

dynamic derivatives as obtained from the Spark Photography Range technique.
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APFEIMX A

Derivation of Basic Differential 'Equations of MIotion

The derivation of the basic differential equations of motion by enploylA5

the total kinetic energy of the missile (2q 6) and the La ge e tion

ýEq. 7) on each of the coordinates of the dynamical system (0, 0,., O, p and

z) is given below:

(1) For The Lagrange equation for in given by"

d ~.8T - 8T Q9A

dt 86 00

Substituting the expr.ssion for the tot4a kinetic energy of the

missile (Sq. 6) and performing the indicated operations yields.

I. ý wOsa4 in 0 coso -I ooe 0 in] 81 Q0

Now a sinmodg that 0, 9t , 0, and 0 are wiall and that their (A)

squares and products may be neglected ýields,

(2) or 9: ~ or i givn OA)

(2) For i The Lagrarge equiationfo isgvnb

d (a_ ) a T V- (-A)

dt a

Substituting Eq. 6 and differentiating yields

"d 1. -in6 +I1 si en 2 + o1 2e 02 [] Q. (5A)

or

62

005V Co 0 - I sinG C, + I xWn OW+ &2 sine Cos$;I

+1 0os 2  005 0 sin 0 6 Q (6k)

75)
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assuming that,0, •, O, $, and are sumanU quantities yields ' '4

(3) For The Lagrasge equation for 0is given by

'+,4

Substituting 3q. 6 and differentiating yields

x Ix - I -, (9A)

() For x : The Lagrange equation for x is given by
d BT, BT'

a rx- 44 (-DA)

Substituting Rq. 6 and differentiating yields

or J ..-.J (

(5) For The Lagrange Equat" rn for y is given by

d /a ) T a T (13A)
SI

Substituting Eq. 6 and differentiating yields

[ ' .'J []3 +"%"'I m -• - lol)- Q,--UU

or 4
m 7 m%. (15A)

74~
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(6)" For z : The Lagrange equation for 2 is given by

d ta 8 T(16L)

Substituting 1q. 6 and differentiating yields

or 
(18A)

Now multiplying Sq. (7A) by i and adding to Sq. (3A)yields

• . ,, 1 " (" + ) . L 29 (19A)

Introducing complex variables by defining 
\

(20A)

*.5. (21A)in o "Eq. (19,.A.,

and su~bstit~utinlg int 9. d'A

•"• '(22A) *'p

Also multiplying Eq. (I1A) by i and adding to Eq. (15A) yields

m(' + _ Q (23A)

defining

B= y+i.Z (25A)

. .M + i, (26A)
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APPMD'I D

RO Aerodynamic and Ballistic Nomenclature

The aerodynamic foreco and moments in both the Agrodynamio nomein-
clatur~e" and the Ballistio nomenclature, and also in the Aero-Ballistic

nomenclature (for missiles possessing trigonal or greater rotationntl

symi•netry and mirror symmetry) are given in Table I.

The relation between the Ballistic J's and the Aero-AaS).lUsto r', 7
are given in Table 11,

From the definitions and relations of Tables, I and Il, some

of the hasic equations 0o' the report ry be converted to Balni~tic form,.

The constants of the Aerodynamio force, Sq. (21)0 and the aero-

dynamic moment, Eq. (27), in Ballistic nomenclature are given by:'

FOCE OONSTAANTS

b XFp d i rsp d3

a p

d1 
*x 

l 5 K SPd

em K~N p u d3  i/¶LP

=."I.' ,

,Hopgood, R. C., "A Proposed Revision of American Standard Letter

Symbols for Aeronautical Sciences", Aeronautical Engineering Th~v. .,.

Iarlkary, 1953.4
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TABUE I

yW.~I~~ C 
z

iY mc PC CCa
pp

r -y(b Sq~~ ~~
pq zq q

q1t

Ypq~ ~~~ Pq-G0 p*b

ycY q p r(4

Y~ W Uy 6Ri Zi 3 3 c ; ~ olOZ

i4c

Y~~~ps 'I o

(lb)2br) S Z4 c 78



AJMIODYNAMIC FOROSS

AERO -BALLISTIC BALLISTICS

NS OCN~ ,S N-K~pu 2 d 2 '

P \YUON()s mKudY

±S 8N 1 F KS p u d

q '

Nt6 O0N a LN uKN p u d 2

pj10 PhE Kpwd

i. ON 4).i
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I. .-.nI

TANZL1 

I

kMDYamCI MOUNT

jp -c ps0N~pCl a S

pr q a p r Np r~ (b j 8 b

pr C ) (,5) -q S p

n.,

MeuCm. rb) (b

C (b S5 P 4 P

M 6 3 .C 838ON8uC 8R S b
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TABIS I

ADRODYKAMIC M4OMENTS

AHDO-BALLISTIC BALLISTIC

p 4 a V m-T 1c
MP cy) s T- ad~

q C H -KHP Ud~

dpi, ZTl J% qT5 d JK

JX. So M-iKU4p ud~

. ( b)LT -KLTp 4

m.i 8LB. w Upd .Y

MPPZ* bO~C a()(0y ~ IAXT *-iKLX d

M8  1 ami 84~ B K1 m ±ic p u Cd

88
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TA3LU 11

ON O 

N a o/d

O'N 
F /

c 
- 2 d / o K

c LT W42 b :ii

Up 
-JIT /,06

T 2d/

Jjij pr
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MOMENT OONSTANTS

# d3

C~ 2 L pd ()~

A -- KT p ) idKpu d

0 - KLT p W d• " •KL MT d /4 (.2,B):'

2 3E~ *K pu d

Substituting these expressions to Eqn. (32)o and (34)p and aombining
yieds the differential equation for the p71tching and yawing motion

k1k2 - + Q-- ,vL,-2.(J.JT+J7  +A/

-dP 4M v A/B JU.±i vA/B JN i 1TJ

II

2 2v 'I'rn

SA/.) ,J

74 M EL7
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The isiea solution in Salinb1wio forma in given by ~

41, wn SSOP (4B)

1~ ~23

K+ 2

0 2 1o 3 2-* 2(B

-. - -

.2.

-' 
v-t..

!- , 2 V/d N k 2 (j * + ¶ j*4; + ~ ' i ,k-2( jr J,j A 4,

(8a - X ) I.,.+'A

844

*. . . . .. . . . . . . . . .~ S ~ -* .
~ *. . .

. . . . . . . . . . . . .~ 
h t *tI

k* . , . * 
j T3 -4 .



APPNDaIX 0

Reduction Technique

It is the purpose of the reduction technique to "fit" tlhe Tric7yc'u
Theory to the experimental daL4 obtained from the Aerodynamioc Range and

"" to determine the various constants associated with the motion. The
pre'sent procedure is to first consider the pitching and yawlIg motion
and then, using the values of the constants obtained from the pitching L "
and yawing motion, reduce the transverse displaoemeat. Once these con- ,
atan's have been obtained the representation of the experimental data by
the theory (i.e., "fit") may be determined and the aerodynamic deriva- .,•',,'
tives may be calculated.*'. ',

ThWLIn Motion K~
For the purpose of Range reduction the equation of yawing motion .

(Sq. 40) is modified in two ways.

(1) the independent variable is changed from time to distance
along the trajectory of the missile, %.

(2) the pitch and yaw are measured from the instantaneous velocity "'
''vector of 6he center of gravit7 to the missile and are taken I,..

as positive in +he first quadrant looking at the approaching
missilj*, and in written as

~~,0 eb.~')~ ,*b 2._102(ak b~
2 2 (42 * 2

* e2 1(&3 + b3 z)

where the now constants are related to those in Eq, (46) by

- log1 1 K3I b1  b (20)(5')("0"0

2 ol IK1b2 y302 b2 *r (30)(60)(80)

a l1og1 0  3 b3 (40)(90)
3 II 3 4,%

* In the standard system the yaw is measured from the miusile to the
instantaneous velocity vector of the center of gravity and is taken
as positive in the third quadrant looking at the rear of the missile
(See Fig. 3).
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Substituting the Range data for• P a and z at each statioa into Eq. (iC)
yields a set of 50 equations which are non-j4near in the constants to be
determined thur the Method of Least Squares-" cannot be applied.

Differential Corre, rtions3 1

Eq. (IC) is therefore expanded in a Taylor's Series in which the
higher order terms are heglacted as

2-302 K '%[ me i (al+ b, z).

.• M o ( e a [2.32,A 2.3o2A,.

a 0 6÷a 2

a 0 h0(1 0  0'~ 0).~ 0 20 [2~.302 AaK + 2.302Ab -

2 a '.a2 + i Ab

,3 +( 330 i a3 , 1.,b..45 o

b - 3] i

where M u measixed value of angle attack and yaw in Range

c value computed from Sq. (IC) using initial values of .-
C*nStantS

Since these equations are linear in the differential correctiona the Method
of Least Squares may be applied for their determinat 4 on, provided that
estiMates 01 initial values of the constants maV be made. Onca values of-
the differential corrections are detennined, they may be added to the
original initial values of the constants and this process of Differential
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it is noted that initial estimates of these constants may be readily
determined for

(1) b , the rolling velocity of the missile as a function of 2 * % .

may b: 9msmtwed directly from the observed motion in the

(2) ay9 the angular position of K at z may be obtained from a

knowledge of t he roll orientation of the missile at a (see
above (1) and a knowledge of the orientation of K. with

respect to the asymmetry* vtioh is fixed in the missile (0q.47)

(,) .2.302 ] Ke a r
, the site of X at z may be estimated from Sq. (&3)

provided that the asymmetry is known frem the physioal measurements ft.-'"

of the inissile and thA estimated values of the aerod e,"vi"
coeofioients are available* In ma• oases, Inspection of the •..,....
experimental pitching and yawing motion yields a good indication of
the size of K3 .0

Thus initial valae,-, for tý, a3 and b may be obtained. Subtracting the

third term from the experiienta data aRd applying the standard technique' '
yields estimates of the remaining initial values of the constants.

Transverse Displacement

The reduction of the transverse displacement of thre missile follows
directly from the reftction of the pitching and yawing, motion, Writing Uq. .
(77) as ft'.'

Se + k2  e .k, e *(3ej4/V) +..k '13C)

and substituting the Zane data for 5 and Z wri the pitch and yaw contents
.revious~y detaivr ied yields a set of 2,5 equations which are linen."
in the unknowns, I 1,ki kI k k and k-&ano thus the 1iethod of Least ;quares
may be applied f,,., their diteri1inatiois, "t"'f

"The angular orientation of the asymmetry with respect to the missile may ...

be determined by measirement prior to firing.,,..-

88Sft ft ft ft t f,-.... . . . . . . . . .

ftf t*.. * t-. . t. t t t t f f f . . •.



Corrections successively repeated until the sum of the squares of the
residuals is a minimun. The values of the final constants so obtained
may be considered as the beat the data can yield employing the theory
of motion. If the probable Error from the residuals,

SE u-6710 (I1C)

is of the same order of magnitude as the estimated error in measurement
of the experimental data, then the theory may be considered to represent
accurately the data.

Initial Values

The determinatior. of the original initial values of the constants
is critical for employing the Method of Differential Correctionsa for
if their determination is poor then the process may not be convergent.*

The technique used in obtaining these initial values is to remove
the effect of the third term from the experimental data; then the
resultant data will be epicyclic and thg soandaai technique for deter-
mining the initial values may be used.U s

The effect of the third arm on the experimental data may be sub-

tracted once the constants of this term are estimated.

Considering this term

42*3O2(ax 1(3 ia+ b.30s)
• e .302,6# aa i 4-1 A (12tC)

2.3CJ2(a
wheree a size.of am K

a3  angular position of arm atz

b -rolling velocity of the missile as a function ,"
of z

SOf course if the theory is not correct, the Process may also be di..
vergent.
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