PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: May 3, 2014
ACCEPTED: May 28, 201/
PUBLISHED: June 12, 2014

On the gauge dependence of the Standard Model
vacuum instability scale

Luca Di Luzio and Luminita Mihaila

Institut fiir Theoretische Teilchenphysik,
Karlsruhe Institute of Technology (KIT), D-76128 Karlsruhe, Germany

E-mail: diluzio@kit.edu, luminita.mihaila@kit.edu

ABSTRACT: After reviewing the calculation of the Standard Model one-loop effective po-
tential in a class of linear gauges, we discuss the physical observables entering the vacuum
stability analysis. While the electroweak-vacuum-stability bound on the Higgs boson mass
can be formally proven to be gauge independent, the field value at which the effective
potential turns negative (the so-called instability scale) is a gauge dependent quantity. By
varying the gauge-fixing scheme and the gauge-fixing parameters in their perturbative do-
main, we find an irreducible theoretical uncertainty of at least two orders of magnitude on
the scale at which the Standard Model vacuum becomes unstable.

KEYwORDS: Higgs Physics, Standard Model

ARXIV EPRINT: 1404.7450

OPEN AcCESs, (© The Authors.

Article fanded. by SCOAP®. doi:10.1007/JHEP06(2014)079


mailto:diluzio@kit.edu
mailto:luminita.mihaila@kit.edu
http://arxiv.org/abs/1404.7450
http://dx.doi.org/10.1007/JHEP06(2014)079

Contents

1 Introduction 1
2 The SM effective potential at one loop 2
2.1 Fermi gauge 4
2.2 Renormalization group improvement 8
3 Physical observables in the vacuum stability analysis 10
3.1 Gauge independence of the critical Higgs boson mass 12
3.2 Gauge dependence of the extrema of the effective potential 12
3.3 Gauge dependence of the SM vacuum instability scale 13
4 Numerical analysis 13
5 Discussion and conclusions 17
A Renormalization group equations 18
A.1 On the UV behaviour of £ég and &y 20
B Background R¢ gauge 20
B.1 Full result 24

1 Introduction

With the discovery of a Higgs-like boson at the LHC [1, 2], the question of the Standard
Model (SM) vacuum stability has received a renewed attention, with several high-precision
analysis on the subject [3-11] (see also [12-23] for earlier works). Absolute vacuum stability
bounds are usually obtained by requiring that the electroweak vacuum is the absolute
minimum of the effective potential, at least up to some cutoff scale, Agn, where the SM is
not valid anymore and new physics is required in order to modify the shape of the effective
potential.! It would be tempting (as it is often done) to identify the physical threshold,
Agm, with the SM vacuum instability scale, A, which is operatively defined by the field value
at which the effective potential becomes deeper than the electroweak minimum. However,
due to the gauge dependence of the effective potential, A suffers from an irreducible gauge
ambiguity which makes its identification with Agyr problematic.

The gauge dependence of the effective potential is known since long. Soon after the
seminal work of Coleman and Weinberg [24], it was realized by Jackiw [25] that the ef-
fective potential is actually gauge dependent, thus raising the question of its physical
significance. Since then, many authors have dealt with this subject [26-40] and it is now a

'Such a requirement can be relaxed if the tunnelling probability of the electroweak vacuum is small
enough to comply with the age of the universe.



well-established practice to extract the physical content of the effective potential by means
of the so-called Nielsen identities [30].

In particular, the issue of the gauge dependence of the effective potential in the analysis
of the SM vacuum stability was already pointed out at the end of the 90’s by Loinaz and
Willey [41], which challenged the possibility of setting gauge-independent lower bounds on
the Higgs boson mass from vacuum stability constraints. More recently, the problematic
identification between the cutoff scale of the SM and the instability scale A was mentioned
again in ref. [42].

The aim of this paper is to clarify some issues related to the gauge dependence of the
quantities entering the vacuum stability analysis. While the critical value of the Higgs
boson mass, marking the transition between the stable and unstable phase of the SM,
can be formally proven to be gauge independent, the SM instability scale is actually gauge
dependent. This is explicitly shown by a direct calculation of the gauge dependent one-loop
effective potential in the SM.

The SM effective potential is known in the Landau gauge at one [24] and two loops [43,
44] since long. Recently, even the three-loop QCD and top-Yukawa corrections have been
included [45]. On the other hand, calculations of the SM effective potential beyond the
Landau gauge are less explored. Barring few exceptions, like for instance in ref. [46]
where a background-field-dependent gauge fixing with a single gauge-fixing parameter
was employed, the gauge dependence of the SM effective potential is usually not taken
into consideration.

The paper is organized as follows: in section 2 we provide a pedagogical derivation
of the SM one-loop effective potential in the Fermi gauge (generalized Lorentz gauge)
and consider its renormalization group (RG) improvement. In section 3 we discuss the
physical observables entering the vacuum stability analysis. In particular, by using the
Nielsen identity [30], we formally prove that the lower bound on the Higgs boson mass
derived from the electroweak-vacuum-stability condition is gauge independent. On the
other hand, the extrema of the effective potential and, in particular, the instability scale
are in general gauge dependent. In section 4 we numerically quantify at the next-to-leading
order (NLO) accuracy the gauge dependence of A in the Fermi gauge by varying the gauge-
fixing parameters in their perturbative domain and comment on the gauge-fixing scheme
dependence of A. The interpretation and the physical implications of the gauge dependence
of A are discussed in section 5. The two-loop renormalization group equations (RGEs) of
the SM parameters in the Fermi gauge are collected in appendix A, while in appendix B we
report on the calculation of the SM one-loop effective potential in a background R, gauge
with the most general set of gauge-fixing parameters. As a by-product we also obtain the
SM one-loop effective potential in the standard R¢ gauge, whose expression might be useful
for broken-phase calculations.

2 The SM effective potential at one loop

In order to set the notation, let us split the classical Lagrangian density of the electroweak
sector of the SM in a gauge, Higgs and fermion part

Lo=Lym+ Lu+ Lr, (2.1)



with

1 2 1
Lyai=—7 (auwg —0,Wl + geabcwgm) ~ 1 (OuB,—0,B,) (2.2)
Ly = (D,H)' (D"H) -~ V(H), (2.3)
Ly = Qrin,D"Qr + triv,D'tg + (—yQp(ic®)H*tg + hc.) + ..., (2.4)

where W (a = 1,2,3) and B, are the SU(2) and U(1) gauge fields, H is the SM Higgs
doublet with hypercharge Y = 1 and Qf = (t1,by) is the left-handed third generation
quark doublet. Only the top quark is retained among the fermions and the QCD indices
are suppressed in the quark sector. The covariant derivative is defined as

.o Y
Dy =0y —ig5 Wi + ZglgBu , (2.5)

where 0% (a = 1,2,3) are the usual Pauli matrices and with the term involving g being
absent for right-handed fermions. The Higgs potential is

V(H)=-m?H'H + \(H'H)?. (2.6)

The effective potential can be conveniently computed by means of the background field
method of Jackiw [25]. After homogeneously shifting the scalar fields of the theory by a
background (spacetime independent) field ¢, the one-loop effective potential is obtained
by directly evaluating the path integral expression of the effective action in the Gaussian
approximation. After some standard manipulations (see e.g. also [46, 47]), the one-loop
effective potential

Vi o%(9) = VD (9) + VP (9), (2.7)

can be recast in terms of the well-known formulas [25]

0
Vat (9) = V (@), 2:8)
4
1 , d*k =
Ve(ff)(gb) =1 Z 77/ W log det D, {p; k} . (2.9)
n=SM fields
The matrix if)g ¢k} denotes the ¢-dependent inverse propagators of the SM fields in
momentum space, the determinant acts on all the internal indices and n = —1/2 (1) for
bosons (fermions/ghosts) is the power of the functional determinant due to the Gaussian
path integral.
Gauge invariance allows us to perform the shift of the Higgs doublet in a specific
direction of the SU(2) ® U(1) space:

L[ x(@) +ix (@)
H(z) — — : , 2.10

@ \/§<¢+h(fb)+zx3(w> 210
where h denotes the Higgs field and x® (a = 1,2,3) the Goldstone boson fields. At tree
level, the effective potential reads

2
Vi (0) = —%9252 + %qb‘*, (2.11)



(1)

while in order to compute the quantum correction, V_4’, one needs to work out the inverse
propagators of the dynamical fields in the shifted SM Lagrangian. For exemplification, we
consider in the next section the computation of the one-loop SM effective potential in the
Fermi gauge. The calculation of the SM effective potential in a background-field-dependent

R¢ gauge and in the standard R, gauge is instead presented in appendix B.

2.1 Fermi gauge

As long as we are interested in the high-energy behaviour of the the effective potential, we
can directly work in the unbroken phase of the SM. Then, the most convenient way to fix
the gauge is by means of the Fermi gauge (generalized Lorentz gauge):

—
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We are thus interested in the determination of the quadratic (¢-dependent) part of the
Lagrangian, Lc + EFeHm after the shift in eq. (2.10).? A straightforward calculation yields

Ly = W)~ (0"B,)* . (2.12)

[ud Z%Wﬁ (O g™ — 90" s™W + %Bﬂ (Dg" — 0"9") By, (2.13)
[auad :%h (-O-m)h+ %Xa (00— m2) 67" + %m%VW;fW% + %mBB#B“ (2.14)
+ mympW)B* — myw 0, W — mw 8,0 W + myw 0, W + mpd, X B,
(i —my)t+..., (2.15)

Equad

where [0 = 9,0" and we defined the ¢-dependent masses

miy = —m? + 3\¢?, (2.16)
=2 _ 2 2
Y= —m A7, (2.17)
1
mw = 599, (2.18)
1
= 59/¢’ (2.19)
me = 2o, (2.20)

V2

while ﬁgf}fmi is already quadratic in the gauge boson fields. The only technical complication
in the Fermi gauge is the presence of a Goldstone-gauge boson mixing already at tree level
(cf. eq. (2.14)). The latter can be treated by defining an extended field vector

X=X, (2.21)

where

V=W, W W} B,), ' =0 NP (2.22)

2One can easily see that the bilinear ghost terms are ¢-independent. Hence, in the Fermi gauge the
ghost contribution decouples from the one-loop effective potential.



Then the quadratic part of the Goldstone-gauge sector can be rewritten as

O AV 5
X7 <m;9>X—§<v,f,xT>(“DV Jo a0 J(5) e
—Mmix Oy i'D;l X
with
0O —mw 0 O
Mmix = | —mw 0 0 0 . (2.24)
0 0 mw mp

After Fourier transformation, d,, — ik, the mixed inverse propagator matrix becomes
y i(Dyy ikt
Dyt = M) (2.25)
—ikyMmix 1Dy

where (Dvl)ff is conveniently split into a transversal and a longitudinal part

(DyY)y =Dy (Lp)s + Dy ()}, (2.26)
with . "
(7))} =gy — 7” ) (L)} = 7” ) (2.27)
and
—k? +m3, 0 0 0
5 0 —k* +m3 0 0
Dy = v 2.28
o 0 0 —k?+miy,  mwms (2.28)
0 0 mwmp —k? + m2B
&7 K2+, 0 0 0
i 172 22
iD= 0 Swh by 0 0 (2.29)
0 0 &y K+ my,  mwimp
0 0 mwimp  —&5 K+ my

The Goldstone boson inverse propagator reads

k—m2 0 0
Dy = 0 K -m2 0 : (2.30)
0 0 k*—m?
while those of the Higgs and top quark fields are
iD=k -, (2.31)
iDyt = -y (2.32)

The next step (see eq. (2.9)) is the evaluation of logdet 2'157:1, for n = X,h,t. Only
the former and the latter present some non-trivial steps. Let us start by expressing the



determinant of the block matrix in eq. (2.25) as
det iD5! = detiD-\det (i(DyY) — kikymT, (iD7Y) 2.33
etiDy = detiD det (i(Dy )} — ymmix(zx> Mmix | (2.33)
N
— detiDy ' det < LIy )2 + ( - (m;l) mmix> (HL)5> :
where in the last step we used eq. (2.26), and perform a Lorentz transformation in d space-
time dimensions,® k, — (ko,0,0,0,...), such that (II.); — (1,0,0,0,...) and (II7)} —
(0,1,1,1,...). Using the Loretz invariance of the determinant, we obtain
log det iDy" = (d — 1) log det D!
- N1
+log det iDy ' det ( . (m;l) mmix> . (2.34)
The explicit evaluation of the two summands in the right-hand side of eq. (2.34) yields
log det iD= 2log (—k* +miy) + log (—k* +m%) + ..., (2.35)
and
- N
log det 1D det <z o k2mT (m;l) mmix> (2.36)
= 2log (k* — k*m? + m2&wmiy) + log (k' — k*m? + m2 (ewmby + Epm¥)) + ...
= 2log (k:2 — m?4+) + 2log (k:2 — mi_) + log (k:2 — mZB+) + log (k2 — m% ) +...,

where the ellipses stand for ¢-independent terms and we defined the ¢-dependent masses

= miy, +m (2.37)
% ( \/me> , (2.38)
mZBi %mx (mx + \/mi — 4(&wmy + fgm%)) : (2.39)

For the evaluation of the fermionic determinant of eq. (2.32) we employ a naive treatment of
75 in dimensional regularization (i.e. {y5,7,} = 0 in d dimensions) and make the standard
choice Tr 1pirac = 4 in d dimensions.* Explicitly, one has

logdet (J — my) = Tr log (F — my) = Tr logy° (F — ms)7° = Tr log (—F — 1)

1 1
=3 [Tr log (f — m¢) + Tr log (—F —my)] = §Tr log (—k* + mj)

1
= 54 % 3log (=K% +mi) , (2.40)

3We already anticipate the fact that we are going to regulate the divergent integrals in dimensional
regularization.
*A different choice, e.g. Tr 1pirac = 2%/2, would just lead to a different renormalization scheme [48].



where the extra factors in the last step are due to the trace in the Dirac and color space.

Including all the relevant degrees of freedom and working in dimensional regularization
with d = 4 — 2¢, the one-loop contribution to the effective potential (cf. again eq. (2.9))
can be adjusted in the following way:

: j dik
Vi () [Fermi = — ;u2€/ 2n)? [—121log (—k* +m?) + (d — 1) (2log (—k* + miy)

+ log (—k2 + m%)) + log (k2 — mi) + 2log (k2 — m%)
+ 2log (k2 — mi,) + log (k2 — mQB+)
+ log (k2 — mQB_) + gb—independent] . (2.41)

The integrals are easily evaluated after Wick rotation, yielding

i o [ d% 5 _1 m4 m? 3
— —p% log(—k - log— — = —A. ), 2.42

where we introduced the modified minimal subtraction (MS) term [49]

1
Ac=— — g +log4dr. (2.43)
€
After the e-expansion the one-loop contribution to the effective potential is given by
_9 = 2
(1) Fermi 1 4 m; 3 4 my 5
_ m% 5 _ m: 3
m? 3 mAi_ 3
+ 2mj14+ <log M‘? —3 " A6> + 2771‘2, <10g NA2 5~ A6>

2 =2
4 mae 3 4 my- 3
+mpe <log 2 2 Ae> +mp- <log 2 2 Ae)] .

In particular, in terms of the SM couplings the divergent part of eq. (2.44) reads

1 A 1 3
VAP e = o1 |-t + (30— gen® - Sewa? ) mo? .
5 gt S 2_ 9 3 4 2, L. py 3. o 4
+( 619 39"~ ggd gy 3N gl A Glwg'A o)

While the m*-dependent pole in eq. (2.45) can be always subtracted by a constant shift
in the effective potential,® the remaining divergences are canceled by the multiplicative
renormalization of the bare field and couplings appearing in Ve(f(f)) (cf. eq. (2.11)):

o= Z iy, md=Zem?, A= Z0A, (2.46)

5A constant shift in the effective potential does not affect the equations of motion, as long as gravity

is ignored.



where the renormalization constants can be conveniently computed in the unbroken phase
of the SM. Their expressions at one loop in the MS scheme read (see e.g. [50, 51]):

1/2 Fermi Ac 3 9 3 1 3
7,/ Fermi = 1 4 P (89’2 + g9 = v — g8Bd” - 8€w92) : (2.47)
Ac [ 3, 9
Zy2 =1+ (an)? (—49'2 — 192 + 3y? + 6)\> , (2.48)
A 3, 9 3¢ 34%° 94" Lut
Zy=1+ - (-2¢2 22462 +120+ L 12 9 g
A +(47r)2< A A TS W S W T WS
(2.49)

It is a simple exercise to check that the renormalization of the tree-level potential, via the
renormalization constants in eqs. (2.47)—(2.49), cancels the ¢-dependent poles in eq. (2.45).
Let us point out that in the Fermi gauge the field ¢ gets only multiplicatively renormalized
by the wavefunction of the Higgs field. This feature is due to the invariance of the complete
SM Lagrangian (including the gauge-fixing term in eq. (2.12)) under the transformation
h — h+a and ¢ — ¢ —a, as shown in [52, 53]. As we will see in appendix B, this property
does not hold anymore in the background R¢ gauge.

Hence, after the renormalization procedure, the one-loop contribution to the effective
potential in the MS scheme reads

-2 -2
(1) Fermi _ __ 1 4 my 3 y my 5

V;eff ’ ermt — 4(47‘(‘)2 [—12mt <10g F - 2) + 6mW <10g 7 — 6 (250)

m3 5 mi 3 mi. 3

3my (log—2 — =) +m} (log—L — 2 ) +2m%, (log—4L — 2

—I—mZ<og 2 6>+mh<og 2 5 + 2m 44 | log 12 5

-2 -2 -2
4 my- 3 —4 mp+ 3 —4 mp- 3

+2my - <log 7 — 2> +mp <log 12 — 2) +mp- <log 2 —3)|
where the definitions of the ¢-dependent mass terms are given in egs. (2.16)—(2.20) and

egs. (2.37)-(2.39). In particular, for & = £ = 0 one has m + = mpg+ = my and
my- = mpg- = 0, so that eq. (2.50) reproduces the standard one-loop result in the Landau
gauge [24].

(1)
Let us stress that the gauge dependence of V

cannot be removed by a suitable choice
of the renormalization scheme, as it can be verified by adding finite terms in eqgs. (2.47)-
(2.49). Notice, however, that on the tree-level minimum, m? = A\¢? (hence m, = 0 and
ma+ = mp+ = 0), the gauge dependence drops from V;(é)|Fermi. We will discuss this aspect

in more detail in section 3.

2.2 Renormalization group improvement

In applications where the behavior of Vog(¢) at large ¢ is needed, like for the vacuum
stability analysis, one has to deal with potentially large logarithms of the type log(¢/u)
which may spoil the applicability range of perturbation theory. The standard way to resum
such logarithms is by means of the RGEs. Since Vg is independent of the renormalization
scale p for fixed values of the bare parameters, one obtains the RGE

0 0 0
(1 + Bigg = 1655 ) Ve =0. (251)



where the beta functions
B — d\;
(2 :U/ dﬂ I

correspond to each of the SM coupling A; (including the gauge-fixing parameters) and the

(2.52)

anomalous dimension of the background field is defined by

pde
v=—"—. 2.53
o dn (2.53)
The formal solution of the RGE in eq. (2.51) can be obtained by applying the method of

the characteristics [16]:

Vet (11, Xiy @) = Vst (1(t), Ni(t), ¢(t)) (2.54)
where
u(t) = pe (2.55)
o(t) =W, (2.56)
with

t
r) = - [ @), (257)
0
and A;(t) are the SM running couplings, determined by the equation

dhi(t) o\
o = Bi(t) (2.58)

and subject to the boundary condition A;(0) = \;.

The usefulness of the RG is that t can be chosen in such a way that the convergence
of perturbation theory is improved. For instance, a standard choice in vacuum stability
analyses is u(t) = ¢ (see e.g. ref. [6]). Without sticking, for the time being, to any specific
choice of scale, the RG improved effective potential can be rewritten as

2
Vr(6,) = Qen(6,£) — "o 0D g2 A0 (2.59)

where the functional form of the effective couplings in eq. (2.59) depends on the chosen

¢* +

gauge. In particular, in the limit ¢ > m the effective potential takes the universal form

V(1) ~ 20D 1. (2.60)
with
1 t 2F(t) 2
At (0, 1) ~ MO IX(8) + e Zp; Ny (t) <log ’W — cp>] , (2.61)

since ¢ is the only massive parameter. The coeflicients N,,, C), and k, appearing in eq. (2.61)
are explicitly listed in table 1 for the Fermi gauge and in table 2 of appendix B for the
background R¢ gauge.

Let us finally note that the gauge dependence of the RG improved effective potential
is twofold. The gauge fixing parameters appear both in the couplings x, (cf. table 1), and
in the anomalous dimension of ¢ (cf. eq. (A.8) in appendix A) and hence in its integral I.
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Table 1. The p-coefficients entering the expression of A\og in eq. (2.61) for the Fermi gauge.

Veff
M, >th

Mh<th

Per N/ ¢

Figure 1. Schematic representation of the SM effective potential for different values of the Higgs
boson mass. For M}, < Mj, the electroweak vacuum is unstable.

3 Physical observables in the vacuum stability analysis

The present section is devoted to a general discussion on the gauge depen-
dence/independence of the quantities entering the vacuum stability analysis. To fix the
ideas, let us assume that all the parameters of the SM are exactly determined, but the
Higgs boson mass. After choosing the renormalization scale ¢, the RG improved effective
potential, Veg (¢, My; &), is a function of ¢, the Higgs pole mass M}, and the gauge fixing
parameters, which are collectively denoted by £. One can think of M}, as an order param-
eter, whose variation modifies the shape of the effective potential, as for instance sketched
in figure 1.

The absolute stability bound on the Higgs boson mass can be obtained by defining
a “critical” mass, My, for which the value of the effective potential at the electroweak
minimum, ¢ey, and at a second minimum, ¢ > ¢ey, are the same. Analytically, this

,10,



translates into the three conditions:

Vst (Gew, M55 €) — Vet (¢, M55 €) = 0, (3.1)
OVert OVerr
= =0. (3.2)
9 lgoe 00 | are

In the ¢ > ¢ey limit, the RG improved SM effective potential is well approximated by

Qui(9)  Lmg(g) | 1 L \
r0) 204 D)) 6 = Pn(0)o (5.)

Indeed, at the leading order in the m?/¢? expansion, where m? ~ ¢2, is the electroweak

Vert (¢) = (

parameter of the Higgs potential, the effective couplings Qg and mzﬁ turn out to be propor-
tional to m* and m? respectively.® Hence, the absolute stability condition in eqs. (3.1)—(3.2)
can be equivalently rewritten in the following way [5]:

)‘eff((gv M;; §) =0 ’ (34)
a)\eﬂ

=0, 3.5

75 o (3.5)

up to ¢2,/¢* < 1 corrections.

On the other hand, due to the explicit presence of £ in the vacuum stability condition,
it is not obvious a priori which are the physical (gauge-independent) observables entering
the vacuum stability analysis. The basic tool, in order to capture the gauge-invariant
content of the effective potential is given by the Nielsen identity [30]

O V(€)= —C(czs,%i6

= Var(6.6). (36)
where C(¢,€) is a correlator involving the ghost fields and the gauge-fixing functional,
whose explicit expression will not be needed for our argument. Eq. (3.6) is valid for the
class of linear gauges and can be derived from the BRST non-invariance of a compos-
ite operator involving the ghost field and the gauge fixing functional (see e.g. [37] for a
concise derivation).

The identity in eq. (3.6) carries the following interpretation: the effective potential is
gauge independent where it is stationary and hence spontaneous symmetry breaking is a
gauge-invariant statement. In the rest of this section we will use the Nielsen identity, in
combination with the vacuum stability condition in egs. (3.1)-(3.2), in order to formally
prove that the critical Higgs boson mass, My, is a gauge-independent quantity, while the
position of the extrema of the effective potential (e.g. (2)) or the point where Vg takes a
special value (for instance zero) are essentially gauge dependent.

Our arguments are similar to those presented in ref. [46], about the gauge independence
of the critical temperature of a first order phase transition in the context of the finite
temperature effective potential.

SMoreover, since the beta function of m is proportional to m itself, the value of m does not change much
even after a scale running of many orders of magnitude.

— 11 —



3.1 (Gauge independence of the critical Higgs boson mass

Let us assume that simultaneously inverting eqgs. (3.1)—(3. 2) would yield gauge dependent

field values and critical Higgs boson mass: ¢ew = Gew(§), b= ¢(§ ) and My = M7 (§). The
total differential of eq. (3.1) with respect to & then reads

av:eff aQZ)eW av:eff aMch a‘/:aff
Ioler Bow, M o0& oM, o M o0& ¢ o M
_ Ve 37& Ve OMyp — OVeg (3.7)
0¢ $.M¢ o0& OMjy $.M¢ 0& 0& 3.M¢

The first term in both the left-hand side (lhs) and the right-hand side (rhs) of eq. (3.7)
vanishes because of the stationary conditions in eq. (3.2). The third term in both the Lh.s.
and the r.h.s. of eq. (3.7) vanishes for the same reason, after using the Nielsen identity.

OV oMy
=0. 3.8
<8Mh q;’M}CL> o0& (3.8)

Since the expression in the bracket of eq. (3.8) is in general different from zero, one con-
cludes that

Hence, we are left with

Vg
pow sy OMn

OM
23

namely, the critical Higgs boson mass is gauge independent. Let us notice, however, that

=0, (3.9)

the statement above formally holds at all orders in perturbation theory.

3.2 (Gauge dependence of the extrema of the effective potential

Let us consider now the total differential with respect to £ of the second expression in
eq. (3.2)
32Veff OME Vg

0¢? $.M¢ o0& o0& 0¢
The second term is zero due to eq. (3.9). By differentiating the Nielsen identity with respect

&5 L Ve O*Vegr

- =0. (3.10)
6,Mj,

to ¢, and evaluating it at the point (¢, M ), we get
O*Vegr
¢ 0¢

The first term in the r.h.s. of eq. (3.11) vanishes because of the stationary condition in
eq. (3.2). Hence, we can substitute the third term in eq. (3.10), by means of eq. (3.11),

oC OVeg

N AT
&, Mg 99 &, Mg d¢

&M 9¢?

(3.11)

¢Mc

and get:
0] ~ 0*Vegr
O, )| et —0. 3.12
(85 ( >> 5 (312)
Since the curvature at the extremum is in general different from zero, eq. (3.12) implies
99 _
3.13
5 =C6.0). (313)

— 12 —



The same holds for any extremum of the effective potential, like e.g. the maximum in
figure 1 or the electroweak minimum ¢ey. This latter fact should not actually come as
a surprise. The explicit gauge dependence of the unrenormalized ¢, in the R¢ gauge
was discussed for instance in [54] and in the case of the SM it can be found in [55]. A
renormalized gauge-invariant ¢y can always be defined by subtracting the divergent and
gauge-dependent contributions to ¢ey at on-shell points in terms of physical quantities.

3.3 (Gauge dependence of the SM vacuum instability scale

The SM vacuum instability scale is operatively defined as the field value ¢ = A, for which
the effective potential has the same depth of the electroweak minimum (see e.g. figure 1).
This is analytically expressed by

Vet (A; €) = Verr(dew; ) - (3.14)

The r.h.s. of eq. (3.14) is a gauge-independent quantity, since ¢ey is by definition a minimum
and we can apply the Nielsen identity. Hence, by solving eq. (3.14), one has in general
A = A(§). In particular, by taking the total differential of eq. (3.14) with respect to &,
we get
Vet
¢

ON  OVeg

NCGAT

=0. (3.15)
A

By using the Nielsen identity, we can substitute back the second term in eq. (3.15),

oA WVegr
<8§ R Cm@) 2z

thus obtaining

~0. (3.16)
A
Since, in general, A is not an extremum of the effective potential, eq. (3.16) yields

OA
56~ C(.9). (3.17)

4 Numerical analysis

In this section we numerically estimate the gauge dependence of the SM vacuum instability
scale A. Let us first focus on the case of the Fermi gauge. Since in the SM A > ey, the
condition in eq. (3.14) is well approximated by (see also eq. (3.3))

)\eﬂ(A) - 0, (4.1)

up to corrections of O(¢Z,/A?) . For the onset of the RG running, we choose 1(0) = M,
(hence u(t) = Mye'), where M; = 173.35 GeV is the pole mass of the top quark and we
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consider the central values of the SM parameters taken from [9]:"

A(My) = 0.12710, (4.2)
yr(My) = 0.93697 , (4.3)
g3(My) = 1.1666 , (4.4)
g(My) = 0.6483 (4.5)
g'(My) = 0.3587 . (4.6)

In order to resum possible large logs in eq. (2.61) due to the growth of the anomalous
dimension, we make the scale choice

p(t) =e"Dgp, (4.7)

which implicitly defines ¢ as a function of ¢. Then the effective quartic coupling can be
written as

Netr(@) = 1) [A<t<¢>> + i X NoE0) (g i6) - C) | (08)

Since the overall exponential factor in eq. (4.8) never changes the zeros of Aeg(¢), in order
to find the instability scale, A, it is equivalent (and also numerically more convenient) to
seek directly the zeros of Aeg(¢)e I “9) in terms of the parameter f5 = #(A), defined by®

Aa) + (47lr)2 ij Nyr2(in) (log kp(ia) — Cp) =0, (4.9)

and then relate it to the instability scale by inverting eq. (4.7)

A = p(tp)e T = Myela=La) (4.10)

where we recall the definition (see eq. (2.57))

(Es) = —/OtAv(t) dt (4.11)

Before discussing in more detail the gauge dependence of A, let us turn to the issue of the
UV behaviour of the gauge fixing parameters £y and g for the Fermi gauge. Their RGEs
are collected in appendix A and can be easily integrated at one loop (see appendix A.1).
While the running of the Abelian gauge-fixing parameter £p is very simple (£5g™ is actu-
ally constant under the RG flow, as a consequence of a Ward identity) two peculiar RG
behaviours can be identified for &y. For (M) > % one has a quasi-fixed point in the
UV (cf. left panel in figure 2), while, for &y (M;) < 0, the running can easily generate a
Landau pole (cf. right panel in figure 2).

The gauge dependence of A (cf. eq. (4.10)) comes both from ¢ and I'(¢p). The former
is due to the couplings #,, when p runs over A* and B* (cf. eq. (4.9) and table 1), while
the latter is because of the gauge dependence of the anomalous dimension. The running
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Figure 2. Two-loop running of the gauge-fixing parameters &y and g in the Fermi gauge, for
different values of € = &y (My) = Ep(My): € = 20 (left panel) and £ = —5 (right panel).
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Figure 3. Two-loop running of —v (left panel) and T' (right panel) for different values of £ =
Ew (M) = Ep(My).

of the anomalous dimension and its integral, I', are shown in figure 3 for three different
initial values of £ = (M) = Ew (My).

From the right panel in figure 3 one can see that if || is large enough, I' can easily
be of O(1) at intermediate scales below the Planck mass. This justifies the choice of scale
done in eq. (4.7), which resums the potentially large logs in eq. (2.61).

The gauge dependence of the instability scale is shown in figure 4. For simplicity, we
set Ew (My) = Ep(My) = €. In addition, we employ two-loop RGEs for all the parameters
in eq. (4.9) and eq. (4.11) that determine A. The higher-order RGEs allow us to resum the
leading and next-to-leading logarithms implicitly contained in eq. (4.10). For illustration,
we depict with a dashed line in figure 4 the gauge dependence of the instability scale
obtained without running the gauge-fixing parameters (¢ = 0 case). As it can be read from

"Notice that these values are extracted from experimental data with two-loop accuracy. However, we
will not perform a NNLO analysis, since the issue of the gauge dependence of the instability scale already
arises at the NLO level.

8Tt may actually happen that A turns negative before approaching the instability scale. In such a case,
log kj develops an imaginary part for p = h, A* Bt (see table 1). Though the imaginary part of the effective
potential might have an interpretation in terms of a decay rate of an unstable state [56], the role of such
an imaginary component in the determination of the instability scale is not clear. Hence, we pragmatically
require only the real part of eq. (4.9) to be zero and notice that this problem has nothing to do with the
issue of the gauge dependence, since it occurs also in the standard analysis in the Landau gauge.
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Figure 4. Instability scale as a function of £ = &y (M) = (M) for the Fermi gauge. The dashed
line corresponds to the case where the gauge-fixing parameters are not run. The full line encodes
the resummation of the next-to-leading logs by means of two-loop RGEs.

the figure the difference between the resummed (full line) and not resummed one (dashed
line) amounts to more than three orders of magnitude. However, even after performing
the resummation, the instability scale in the Fermi gauge increases by almost an order
of magnitude when the gauge-fixing parameters are varied in the interval [0,300]. Let us
also mention that by varying the SM parameters within their experimental uncertainties
(e.g. for a lower top mass) the gauge dependence of the scale A is always found to be of
about one order of magnitude.

Another important aspect for the analysis of the gauge dependence of A is the deter-
mination of the perturbativity domain of the gauge fixing parameters . For instance,
for the gauge-fixing parameter &y one can require that the two-loop correction to its
beta function is smaller than the one-loop contribution, thus obtaining (cf. eq. (A.7) in
appendix A):

512/(/04% Swaz 7 (4.12)
(47)? 4r
which sets the absolute upper bound
4
ewl < . (4.13)
o)

Taking as(M;) =~ 0.033,% one gets |&w (M;)| < 376. Notice, however, that this estimate
does not take into account the running of &y. For & (M) < —5 a Landau pole can be
developed before the Planck scale (cf. right panel in figure 2), and perturbation theory
starts soon to break down. This is why we do not show the negative branch of the plot in
figure 4. On the contrary, the running behaviour for £ > 0 is smoother, with a quasi-fixed

9For az(p > M;) the bound becomes less stringent, due to the asymptotic freedom of as in the SM.
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point in the UV for &y (cf. left panel in figure 2). By studying the evolution of the gauge-
dependent anomalous dimension at one, two and three loops we verified, for instance, that
& ~ 300 is still in the perturbative regime. Nonetheless, for a more solid statement about
the perturbative domain of &, one should inspect the gauge dependent two-loop effective
potential, whose calculation goes beyond the scope of the present paper and it is postponed
for a future work. One can imagine, however, that a similar condition as in eq. (4.12) will
be at play, since the gauge-fixing parameters are always associated with the square of the
gauge couplings, both in the propagators and in the vertices of the theory.

Finally, for a comprehensive analysis one should also vary the gauge-fixing condition
itself. In appendix B we report on the calculation of the SM one-loop effective potential in
a background R¢ gauge. A numerical study, similar to the one presented in this section,
shows that the instability scale decreases by another order of magnitude when the gauge-
fixing parameters are varied in their perturbative domain. Such a qualitatively different
behaviour in the background Re¢ gauge can be understood by noticing the sign flip (with
respect to the case of the Fermi gauge) in the contribution of the gauge-fixing parameters
to the one-loop anomalous dimension of ¢ in eq. (A.9). We can thus conclude that the
gauge dependence of the instability scale materializes in a variation of about two orders
of magnitude, depending on the choice of the gauge condition and of the gauge-fixing
parameters. This strengthens our statement that the instability scale A as defined in
eq. (4.1) should not be interpreted as a physical quantity.

5 Discussion and conclusions

Once a calculable UV completion of the SM is specified (for instance, the SM itself ex-
trapolated at extremely high energies!?) the fate of the electroweak vacuum, whether it is
absolutely stable or not, is a physical statement which does not depend on the choice of
the gauge. This is equivalent to say that the critical Higgs boson mass (or, in general, the
critical values of the SM parameters) distinguishing between the stable and unstable phase
of the SM is a gauge-independent quantity, as we formally proved in section 3.1. In this
respect, it is worth to recall that the tunnelling probability of the electroweak vacuum is
formally gauge independent as well [21, 37, 57].

On the other hand, the absolute stability condition is sometimes formulated by requir-
ing that the electroweak minimum, ¢ey, is the global minimum of the effective potential
over the range of validity of the SM

ngf(qbew) < %ﬁ((ﬁ) for d) < ASMa (5.1)

where Agy is a physical threshold (e.g. the Planck scale). Above this scale new physics
is supposed to alter the shape of the effective potential. However, since Vog(¢) is gauge
dependent (unless ¢ is an extremum), the condition in eq. (5.1) is clearly gauge depen-
dent too.

1Under the assumption that Planck-scale physics decouples from the SM even at energies beyond the
Planck mass and that the Laundau pole of the hypercharge does not pose any conceptual problem.
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From a low-energy point of view, it is a relevant question to seek a connection be-
tween the instability scale, A, and the scale of new physics, Agy. The latter being, of
course, of utmost importance for experiments. The irreducible gauge dependence of A,
however, makes its identification with Agy ambiguous, since we are not comparing two
physical quantities.

Though the gauge dependence of A amounts to about one order of magnitude in the
case of the Fermi gauge (cf. figure 4), this result cannot be used to give an absolute upper
bound on the gauge dependence of A. The reason is that, on one hand, different gauge-fixing
schemes generally lead to different results (as, for instance, in the case of the background
R¢ gauge discussed in appendix B) and, on the other hand, we cannot say much beyond
perturbation theory. Notice, indeed, that there is no physical principle that restricts the
range of the gauge-fixing parameters. Hence, we rather stick to the conclusion that Agy is
a model dependent parameter which cannot be determined by just extrapolating the SM
parameters at high energies.!!

Let us finally recall that, given the central values of the SM parameters and assuming
that new physics at e.g. the Planck scale does not affect the tunnelling computation [11],
the lifetime of the electroweak vacuum turns out to be much longer than the age of the
universe [9]. A metastable electroweak vacuum can comply with the data and new physics
is not necessarily implied. Hence, the problem of the gauge dependence of the SM vacuum
instability scale and its connection with the scale of new physics might seem an academic
one. However, this does not need to be necessarily the case. For instance, we would
like to mention the recent measurement of the primordial tensor fluctuations in the cosmic
microwave background by the BICEP2 collaboration [60] which suggests a high inflationary
scale of about 10'* GeV. As pointed out in [61-66] the Higgs field might be subject to
quantum fluctuations generated during the primordial stage of inflation which can easily
destabilize the electroweak vacuum. In particular, since the quantity A (or, more precisely,
the field value where the effective potential reaches its maximum) enters in the calculation of
the electroweak vacuum survival probability, its physical identification should be addressed
with care.
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A Renormalization group equations

_ 5972 _ g _ 93 _ v _ 2
In terms of the parameters oy = 39—, as = |-, a3 = &, ¢ = 7L and ) = £, the two-

loop RGEs used in the numerical analysis for the case of the Fermi gauge are [51, 67-69]

oot _dlop 199af | 27 ofay | lafas 17 ajoy (A1)
dpu? 7 4072 80073 16072 w 2072w 16072 7’ )

HEven without considering the issue of the gauge dependence, the connection between A and the maxi-
mum allowed value of the scale of new physics required to stabilize the electroweak vacuum is anyway not
so direct, due to the presence of extra parameters (e.g. couplings and masses) in any UV completion of the
SM [58, 59].
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ptos_ _Tos Mares  9azas 1305 lajar (A3)
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In the case of the background R gauge (see appendix B), the one-loop running of the field
¢ is found to be

d 9 ay 9 ay 3oy 3 EBOH 3 gWoéQ
—¢p=—¢|———"———+-——— — - — . A.
Han? ¢< 807 167 47 8 7« 16 7 (4.9)
Notice that, by perturbatively expanding the RGE satisfied by the effective potential in
eq. (2.51) at the first non-trivial order, the gauge-dependent parts of the one-loop anoma-

lous dimension can be extracted from the p-dependent terms of Ve(é), which provides a
non-trivial check of the calculation.
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A.1 On the UV behaviour of £ and &w

To better understand the running properties of {5 and &y, it turns out to be useful to
solve analytically eqs. (A.1)-(A.2) and egs. (A.6)—(A.7). At one loop we have

a1 (Mt)
aq (M) = o )
1— % 1(7?/[’5) log ﬁt
OéQ(Mt)

OQ(/'L) = )
1+ %7042(75\/&) log MLt

Y (A12)

(A.10)

(A.11)

-
«3"_'

Ew (My) 19 oz (Me)
66w (1)) (1 + 1y log ﬁt)

§w (1) = (A.13)

1
Ew (M) 19 a (M) Y
L e (1+ 13220 tog )

The main features of the system of equations above can be summarized as follows:

e From eq. (A.1) and eq. (A.6) (or, equivalently, from eq. (A.10) and eq. (A.12)) it
follows that «1&p is constant under the RG flow. This property is true at all orders in
perturbation theory and is a consequence of the Ward identity Zf Zo, = 1, where Zf
and Z,, are respectively the hypercharge wavefunction and vertex renormalization
constants.

e The values g = 0 and & = 0 are fixed points of the RG flow. This property is true
at all orders in perturbation theory and guarantees that in the Landau gauge £ # 0
and &y # 0 are not radiatively generated.

e The value i = ¢ is a fixed point of the RG flow at one loop (cf. eq. (A.7)). However,
such a property does not hold anymore at higher orders.

e For &y (M) > % and p > My, eq. (A.13) reaches the asymptotic value

1

1 19 a2 (M) 19
-5 (1 + ﬁulog ﬁ)

™

Sw(p) ~ > (A.14)
1— (1 + %L(Mt) log ﬁ) e

s

which is independent from the initial condition &y (M) and always > 0. A typical
RG solution in such a case is plotted in the left panel of figure 2.

e For & (M) < 0, eq. (A.13) can develop a Landau pole. See e.g. the right panel in
figure 2.

B Background R, gauge

In this appendix we consider the calculation of the SM one-loop effective potential in a
generalization of the renormalizable 't Hooft gauge (see e.g. [70]) where the Higgs vac-
uum expectation value (vev) is promoted to the background field ¢. This is obtained by
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considering the following Lagrangian density
1r - _ _ _
LREOP = —2 [2F P + (F) + (FP)?] (B.1)

where the gauge-fixing functionals are defined as

= oW F il T (B.2)
F3 = _1_’;/28“1/1/3 ;éfmwx , (B.3)
FB— g 2gnp, _ g2y B.4

=SB I 5 BmBX s ( : )

with Wﬁt and x* conforming to the standard definitions

1

W, = 7 (W, FiW7) | (B.5)
Xt = \2 (Xl + iXQ) . (B.6)

In egs. (B.2)-(B.4), mw and mp are background-field-dependent masses (see egs. (2.18)—
(2.19)) and the gauge-fixing parameters &1 o, &2, (for a = W, 3, B) are denoted differently,
since they have a different renormalization constant already at one loop [70].

As long as we are not interested in the running properties of 51705 and 52,04, they can
be chosen equal at a given renormalization scale. This simplifies the calculation of the
one-loop effective potential, since the mixed Goldstone-gauge boson propagators do not
appear at tree level. In a first step, we set for simplicity & w = Sow = 13 = &23 = &w
and EL B = 5_2, B = &p. For the full result with general gauge-fixing parameters we refer to
appendix B.1.12

A new feature, with respect to the Fermi gauge, is the non-trivial contribution of
the ghost fields, which must be taken into account by means of the compensating ghost
Lagrangian associated to the gauge-fixing functionals in egs. (B.2)—(B.3)

SFe
gBﬁf)(S}tD ZCL 597 5 (B.7)

where cq, ch (o = +,—,3,B) are the Feddeev-Popov ghost fields and §/56° denotes the
derivative with respect to the parameter of the gauge transformation. Following the defi-
nition of the covariant derivative in eq. (2.5), the quadratic part of the ghost Lagrangian
is found to be

EgB}ESCD/quad L( 5 1/2 51%277112/1/) c+—|—c ( 5 1/2 11/14277_112/1/) .
+ ;( el g%mw C3+CB< £.1%0 - fg}g/zm%) ch
+ ;, <7§_W meB> cB + CTB <7€B meB) cs . (B.8)

12We are aware of a similar calculation in the background Re gauge where all the gauge-fixing parameters
in egs. (B.2)—(B.4) are taken equal [46].
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Correspondingly, the inverse propagator matrix of the ghost fields in momentum space is

given by
1
ZDghost
&7k — &m 0 0 0
0 ;Vl/ k2 — &) Pm3, 0 0
0 0 e PR &Pm2, 8 P mymp ’
0 0 —& *mwmp §§1/2k2 — &P m3

(B.9)
defined on the complex field vector basis, ¢! = (cy,c_, c3,cg). Then from eq. (B.9) one gets
log det iD= 2log (k* — &wmiy) + log (K* — §wmiy — Epm) + ... (B.10)

where the ellipses stand for ¢-independent terms. The rest of the calculation proceeds as
in section 2.1, with only two differences: the absence of the Goldstone-gauge boson mixing
term, Mmmix, and the presence of an extra, gauge-dependent, contribution to the Goldstone
boson masses

(B.11)

Including all the relevant degrees of freedom, the one-loop effective potential is given by
(cf. eq. (2.9))

) d°k
Vi (6)[PROP = — 2y / oy [~ 12108 (~k +m3) + (d — 1) (2log (K + )

—i—log( K+ 22)) + log (l{:Q—mh) + 2log (kQ—mX+>

+ log

A

K2 — io) 2log (k2 — m2,)

—log (]{2 m? )+ ¢ 1ndependent] (B.12)

Z

where we defined the field-dependent masses:

m2,, = &wmiy (B.13)
m2, = &wmiy + Epmiy, (B.14)
m2. =mi + Ewmiy (B.15)
m2o = ms + Ewmiy + Epmp (B.16)
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By performing the integral in eq. (2.41) and by expanding in €, we get

2 2
()BKGD _ 1 4 my 3 4 my 5
‘/;)ﬁ‘ bare _4(47{‘)2 [_ ].th (log F — 5 — A€> + 6mW (].Og 7 _ = — AE (Bl?)
)
6

=2
—AE> +mj (logmh—s—AE>
p

° X2 A
1
_9 -2
_ 4 mc 3 _ 4 mc 3
— 2, (log #QW —2—A6> — M, <log MQZ _2_A6)],

whose divergent part is explicitly given by

A, 1_ 3_
Vve(f%) Ejﬁgg)ole = (471')2 |:—m4 + (3)\ + gng/Q + 8£W92> ’I?’L2§Z)2 (B18)

3 3 o 9 4 34 2 1z 9 35 9 4
——qg - = - — -y, — 3\ — = A— = A .
+( 619 39 9 g9 v gSBY gSwgA o
Notice that the divergent structure of eq. (B.18) can be identified with that in eq. (2.45)
of the Fermi gauge, after the replacement EW, B — —&w,p. Hence, in order to cancel the
gauge-dependent poles in eq. (B.18), the same substitution must be made in the field
renormalization constant in eq. (2.47), which implies

1/2BKGD Ac (35 99 35 12 » 32 5
Z =1 - —g-— = - - . B.19
s | (in)? <8g g9 Uit g€g + lwy (B.19)
The renormalization constants of m? and \ are gauge independent and hence are given by
the expressions in eqgs. (2.48)—(2.49).
After the subtraction of all the poles due to the renormalization prescription, the
one-loop contribution to the effective potential in the MS scheme reads

1 _ mi 3 _ my, 5
VO = | <t (s 5) o, (e 5 ) .

_9 _9 7 2
! mz _ ! my 3 ! M+ 3
+3my (log 2 6) + my, <log e 2) +2m, ¢ <log 22

_9 _9 _ o
mo 3 m 3 m 3
=4 X — 4 cw _ 4 c
+m0 (10g 2 — 2) —2myg,, <log 2 - 2) — M, (10g ;LQZ _ 2)] ’

where the definition of the ¢-dependent mass terms can be found in egs. (B.13)—(B.16)
(see also egs. (2.16)—(2.20)). For &, = &5 = 0, eq. (B.20) reproduces the standard one-
loop result in the Landau gauge [24], while, for £}, = £, it reproduces the result of [46].
Moreover, on the tree-level minimum, m, = 0, one has m,+ = Mg, and myo = Mc,, S0
that the gauge dependence drops from Ve(é)

By expanding eq. (B.20) in the ¢ > m limit, one gets the RG improved Aeg coupling
defined in eq. (2.61), with the p-coefficients explicitly given in table 2.
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P t W Z h X" X" cw cz
N,|-12 6 3 1 2 1 2 -1

3 5 5 3 3 3 3 3
S|l 2 6 6 2 ] 2 R
Kop % % 9229’2 3N A+ 5%92 A+ 5346}'2 + 5%92 5%’92 534(1’2 + 492

Table 2. The p-coefficients entering the expression of Acg in eq. (2.61) for the background R, gauge.

B.1 Full result

The expression of the effective potential in the background R¢ gauge for a general set of
gauge-fixing parameters &1 o, 2,4 (o = W, 3, B) is found to be

_9 _9
(1)BKGD 1 _ 4 my 3 _4 my O
=—— | —-12 log —% — = log —2~ — —
Vet | 4(4@2[ mt(°gu2 2>+6mw<"g G

=2 =2 =2
_ m 5 B m 3 3 m 3
+3m% <log M—2Z — 6) + m;’; <log M—g — ) + 2mj14+ <log /j;L — )

2 2
mi_ 3 m2 3 m_ 3
+ ij_ <10g T‘; — 2> + m‘}% <log #l? — 2) + m%_ <10g MB; — 2)
m2 3 m2 3
—dmg,, <log M‘;W -5 - 2m,, | log MCQZ -5 (B.21)

where we employed the ¢-dependent masses in egs. (2.16)—(2.20) and further defined
1 — _ —
mis = 3 (mi + 24/ &G wéwmiy £ mx\/mi —4 (fl,W =/ 51,W§2,W> gy ) , (B.22)
_ 2 L o FoF =2 FoF =2
Mp: =3 <mx +24/&1,3823miy + 24/81,8S2,8Mmp
imx\/mi —4 (5_1,3 —/ 51,352,3) my, — 4 (51,3 — \/51,35_273) m% ) . (B.23)

m2, = \/&wwmiy (B.24)

m2, = /& séasmiy +1\/&1,BE, MY . (B.25)
While for the gauge-dependent part of the one-loop anomalous dimension we get
Zijdep_ = (4717)2 <; (5_1,W — 24/ 5_1,W€_2,W> 9>+ % (5_1,3 - 2\/51,352,3) 9

+% (51,8 — 2\/517352,13) g/2) . (B.26)

Notice that in the El,a — 5_2704 limit (o« = W,3,B) and for 3 = W one reproduces the

background Re gauge results in eq. (B.20) and eq. (A.9), while for &, — 0 (a = W, 3, B)
and 3 = W one obtains the expressions in eq. (2.50) and eq. (A.8) for the Fermi gauge.
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Let us finally point out that the SM effective potential in the standard R, gauge can
be obtained by replacing
2 6%0/6, (B.27)
in the ¢-dependent mass terms of eq. (B.21), where a = W, 3, B and v = \/m?/\ denotes
the tree-level vev of the Higgs doublet. In the limit relevant for the study of the SM vacuum
stability, namely ¢ > v, the R¢ gauge reduces to the Fermi gauge. On the other hand,
the expression of the SM effective potential in the standard R, gauge is more suited for
broken-phase calculations.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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