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Abstract In monetary models where M0 has no social costs and a positive demand
for cash and deposits is taken as a primitive, we show that the compensating variation
in endowment is the exact general equilibrium measure of welfare costs of perfectly
anticipated inflation. As a consequence, we show that a good approximation to the
welfare costs of inflation is given by the area under the compensated demand for M0,
a result that brings us back to Bailey (J Polit Econ 64:93–110, 1956). The estimated
welfare costs of inflation are bounded at less than a quarter of a percent of the GDP
for the U.S. economy.
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1 Introduction

The question of measurement of welfare costs of perfectly anticipated inflation has a
long tradition in the literature. The early intuition of Bailey (1956) was to use the area
below the money demand curve as an estimate of the welfare costs of inflation. Fischer
(1981) used Bailey’s idea and estimated the welfare cost of inflation to be 0.3% of
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GDP in the US. Several authors noticed, however, that Bailey’s measure was a partial
equilibrium measure and that a general equilibrium measure was needed. Dotsey and
Ireland (1996) argued that a general equilibrium measure would be three times as large
as Bailey’s measure. Lucas (2000) used a general equilibrium measure and found that
the benefit of reducing a 10% inflation rate to a 0% inflation rate is of the order of 1%
of the GDP of the U.S. economy.

In this paper we show that in a class of monetary models the general equilibrium
measure of welfare costs of inflation is the compensating variation in endowment.
This measure differs from the measures used in the literature in two ways: first it is
the compensating variation in endowment rather than consumption (as in Lucas 2000),
and second it uses M0 rather than M1 as the relevant concept of money for welfare
comparisons. Endowment is derived as the relevant variable instead of consumption
because consumption is an endogenous variable, while endowment is exogenous.
Agents will change their optimal choices of consumption and leisure in response
to changes in inflation, so the compensating variation in consumption is likely to
overestimate the welfare costs of inflation. And M0 is derived as the relevant concept
of money because it is produced at no social cost. Since M0 does not include the
effects of the money multiplier, our measure of welfare costs of inflation is smaller
than the ones in the literature (Lucas 2000). Building on the results of Aiyagari et al.
(1998), we estimate that at most a quarter of a percent of the US’s GDP is lost due to
inflation, a figure that is in line with Fischer’s estimates.

That is, if on the one hand Bailey’s measure underestimates the true costs of inflation
because it is a partial equilibrium measure, on the other hand the proposed general
equilibrium measures overestimate the true costs of inflation because of the concept
of money used. The interesting twist is that estimates using a general equilibrium
measure and M0 are much closer to estimates that use Bailey’s measure. Bailey’s
measure provides a good approximation to a general equilibrium measure. In fact,
a corollary of our main result is that, with no capital accumulation effects, Bailey’s
measure is an exact general equilibrium measure of welfare costs of inflation.

The main result is as follows: for a class of monetary models where welfare is
measured as the intertemporal utility of the representative household and M0 has no
social cost,1 the general equilibrium effect of long-run inflation on welfare is given
by the discounted sum of the effects of inflation on demand for M0, minus the effect
on the initial endowment. The effects of inflation on all other variables, for instance,
effects of inflation on capital accumulation, do not matter: except for money, the choice
mechanism ensures that costs and benefits of all other choice variables are equalized.

The assumption that M0 is produced at no social cost is a common assumption
in the macroeconomics literature that builds on the tradition of Bailey (1956) and
Friedman (1969). The production of M1 requires a banking sector that uses up produc-
tive resources (capital and labor) that could be employed in other productive activities,
so it generates social costs. The social cost of producing M0 is the cost of printing
money, which is taken as negligible. On the other hand, one can argue that M0 car-
ries the social cost of the resources used up in protecting from theft and counterfeit,

1 Unlike M1 or M2, which include costly financial services, M0 is produced at virtually zero social cost.
See the discussion in the next paragraph.
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and in storage and handling of large amounts of cash. We follow the macroeconomic
literature and abstract away such costs.2

The implications of the main result are as follows. First, Bailey’s proposition holds
true when the dynamic adjustment in capital is instantaneous. Moreover, even when
the adjustment process is not instantaneous, the main result shows that the effects of
the adjustment process are of second order of importance. Hence Bailey’s partial equi-
librium measure is a good approximation of a general equilibrium measure. Second,
the competitive equilibrium in the class of monetary models considered here is Pareto
optimal restricted to a given path of real money balances. That is, since all choice
variables except money are chosen optimally, we do not have the ambiguous result
of the second-best theorem: any policy that induces households to increase money
holdings is welfare improving. And finally, in line with this last comment we have
an overbanking result: any policy that increases money holdings and, consequently,
reduces the banking sector, is welfare improving.

The rest of the paper is organized as follows: Sect. 2 reviews the literature. Section 3
presents the main result using a simple extension of Sidrauski’s model, and the co-
rollaries are in Sect. 4. In Sect. 5 contains an estimate of welfare costs of inflation
and some concluding comments. In the Appendix we derive our main result in a more
general cash-in-advance model, showing that the main result holds true in the class of
monetary models where a positive demand for cash and deposits is taken as a primitive.

2 Related literature

Two recent contributions to the topic of welfare costs of perfectly anticipated inflation
are Aiyagari et al. (1998) and Lucas (2000).3 Due to its encyclopedic character, we
view Lucas’ paper as the representative of the literature that uses a general equilibrium
measure of the welfare cost of inflation, instead of Bailey’s measure. As mentioned
above, our main difference is the concept of money used: we use monetary base,
Lucas used M1. Our choice is justified by the main result in this paper. Lucas does
not consider the existence of a banking sector, and hence cannot differentiate between
M1 and M0.

Aiyagari et al. (1998), henceforth ABE, is the closest paper to ours: to the best of
our knowledge, ABE were the first authors to notice the connection between Bailey’s
measure and a general equilibrium measure of welfare costs of inflation. In a cash-in-
advance economy with credit goods, ABE show that the income share of the financial
sector is equal to the area below the money demand curve. Since the former is, in
ABE’s set-up, the general equilibrium measure of costs of inflation, ABE show that
Bailey’s measure is more general than previously thought. On the other hand, ABE
fail to realize the full generality of this result: There are costs of inflation that are not
captured by the income share of the financial sector, and these are captured by the

2 It is important to notice that, under the assumption that M0 is produced at no social cost, M0 is the
relevant measure of money for welfare purposes regardless of whether banks are or are not allowed to offer
interest-bearing demand deposit (contrary to the views of Lucas 1981, p 45).
3 Another recent contribution is English (1999), although his main interest is the relation between inflation
and the size of the banking sector.
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money demand. For instance, time spent queuing in stores to buy goods and oversized
financial departments in firms are nonnegligible costs of inflation not captured by
ABE’s measure. Moreover, the financial sector does provide a welfare improving
service of intermediating saving and investment decisions, so it is not necessarily true
that the income share of the financial sector represents the welfare costs of inflation. In
ABE’s model, where the role of the financial sector is solely the provision of substitutes
for money, the exact measure of welfare costs of inflation is the income share of the
financial sector. But this would not be true in a more general model. Our main result
complements and generalizes ABE’s findings in that we show that Bailey’s result is
true regardless of which costs of inflation one includes explicitly in the model.4

3 Result

The model economy is an extension of Sidrauski (1967) “money in utility function”
model, with an additional banking sector provider of substitutes of money. We make no
effort in terms of having the most general model. In the Appendix we derive an analo-
gous of Lemma 1 in a cash-in-advance type of model with endogenous consumption-
leisure choices and different technologies in the two sectors, showing that the logic
behind Lemma 1 holds true in more general monetary models. The model used here is
one of the simplest models with enough structure (namely, with substitutes for money)
to convey our main point.

With an infinitely lived representative agent, welfare is given by the intertemporal
discounted utility. The impact of inflation on welfare can be computed as the derivative
of welfare with respect to the growth rate of money balances. Since all choice variables
other than money are chosen optimally, this derivative turns out to be composed of
two terms only: the effect of σ on initial capital stock, and the effect of σ on demand
for monetary base (where σ is the growth rate of money).

Put differently, the general equilibrium adding up constraints allow one to rewrite
the effect of σ on welfare in a simple way, that brings us back to Bailey’s early intuition.
This point, to the best of our knowledge, has not been considered in the literature.

3.1 Households

There is an infinitely lived representative household that derives positive instantaneous
utility from the consumption of goods and negative instantaneous utility from costs
involved in transactions, and rents labor and capital to firms. Labor is supplied inelas-
tically. Households can hold two kinds of “money”: cash, denoted by m1, and demand
deposit (supplied by banks), denoted by m2. Both kinds of money reduce transaction
costs, so m1 and m2 enter as arguments of the instantaneous utility function. In short,

4 Jones et al. (2004) follow the approach of ABE, and show that welfare cost of inflation is substantially
lower in the model with interest-bearing deposits than in models where all monetary assets are assumed to
be non-interest bearing.
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households choose ct , m1t , m2t and kh,t that solve the following program:

max

⎧
⎨

⎩

∞∫

0

e−ρt u(ct , m1t , m2t )dt

⎫
⎬

⎭

s.t.
·

at = rt at + wt + χt − ct − pt m2t − (πt + rt )(m1t + m2t ), (1)

where, omitting time subscripts, a ≡ kh + m1 + m2 is households’ assets, kh is
households’ physical capital stock, r and w are rental and wage rates, χ is government’s
transfers to households, c is consumption of goods, p is demand deposit’s relative price
and π is the inflation rate. All terms in the budget constraint (1) are standard, apart
from the terms χ and pm2 which are explained below. All variables are in units of
goods per capita, and nominal assets depreciate at rate π .

The instantaneous utility function satisfies the standard assumptions. In addition,
we assume that u23 < 0 to capture substitutability of m1 and m2 (subscripts represent
partial derivatives with respect to the relevant arguments, for instance u23 ≡ ∂2u

∂m1∂m2
).

Let λ be the co-state variable associated with the budget constraint (1).5 The first-
order conditions are given by

u1 = λ

u2 = λ(π + r)

u3 = λ(π + r + p)
·
λ

λ
= ρ − r,

together with the transversality condition limt→∞ e−ρtλt at = 0.
The supply side is composed of two productive sectors; sector 1 (firms) produces

goods and sector 2 (banks) produces liquidity services. The two sectors operate under
the same technology, represented by a neoclassical production function F(Ki , Li ),
where Ki and Li are sector i’s capital stock and labor.6 Let K = K1 + K2 and
L = L1 + L2 be the economy’s capital stock and labor force. In per capita terms, we
have l1k1 + l2k2 = k, l1 + l2 = 1, and F(Ki ,Li )

L = li f (ki ), where ki = Ki
Li

, li = Li
L ,

k = K
L and f (ki ) ≡ F(ki , 1), i = 1, 2.

3.2 Firms

There is a large number of firms that produce goods, renting capital and labor taking
as given the rental and wage rates. There are no dynamic adjustment costs, so firms

5 The reader should keep in mind that λ is a jump variable.
6 Recall that in the Appendix we show that Lemma 1 below remains valid with different technologies and
consumption-leisure choice.
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choose k1 and l1 that solve the following program

max{l1 f (k1) − (rk1 + w)l1}

with the usual first order conditions

r = f ′(k1)

w = f (k1) − k1 f ′(k1).

3.3 Banks

As with firms, there is a large number of banks that employ k2 and l2 to produce
liquidity services. Differently from firms, banks own capital because households must
deposit goods in bank accounts in order to acquire liquidity services. That is, for
households to use m2 units of liquidity services, households must deposit m2 units
of goods in bank accounts. These goods are owned by banks, and can be rented to
productive units (firms and banks) as capital. When households transfer m2 units of
goods to a bank, the bank opens a checking account denominated in nominal units,
M2 = Pm2, where P is the price level.

There is a fixed reserves requirement ratio, denoted by ζ , so that banks (as capital
owners) can rent (1 − ζ ) m2 units of capital to firms and banks (as productive units).
Let kb = (1 − ζ ) m2 denote banks’ capital, and note that kb need not be equal to k2l2,
which is the amount of capital used by banks in the production of liquidity services.7

Banks collect revenue rkb from this renting activity. In addition, banks charge a fee,
p, to provide liquidity services, and banks collect inflationary tax because demand
deposit is a nominal asset. In short, banks’ revenue is (p + (π + r) (1 − ζ ))m2.8

The fee, p, is charged because the inflation rate may be too low, making inflationary
revenue too low as well.9 For sufficiently high inflation rates, competition among banks
will drive p down, even to negative levels. That is, we do not rule out p < 0. Until 1986,
Regulation Q prevented such an outcome. But, since Regulation Q was eliminated in
1986 (Greenbaum and Thakor 2007, pp 456 and Feldstein 1995, pp 146), we think it
is realistic to allow for p < 0.

There is no dynamic adjustment costs to banks either, so banks choose k2 and l2
that solve the following program:

7 Note also that k = kh + kb , and, since k2 will turn out to be equal to k, we have kb = k2 − kh , which
need not be equal to l2k2.
8 In other words, demand deposit plays three roles in this economy, and these three roles are captured by the
relative price of liquidity services in terms of goods, p + (π + r) (1 − ζ ): (i) demand deposit is a nominal
asset in the household’s portfolio; (ii) demand deposit is a part of the economy’s physical capital, and it
is owned by the banks; and (iii) demand deposit is a service purchased by households. The corresponding
three components of the relative price are: (i) the inflationary tax π (1 − ζ ); (ii) the rental revenue r (1 − ζ )

of banks renting their capital stock to firms; and (iii) the fee, p, charged by banks to provide the service.
9 The assumption is that households demand deposit because of the benefits from the services provided by
the bank to the deposit holder. As usual in production theory, the flow of services is assumed proportional
to its stock. Examples of deposit services are check redemption, payment of bills, and ATMs.
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max{(p + (π + r) (1 − ζ ))m2 − (rk2 + w)l2}
s.t. m2 = l2 f (k2)

The constraint above is the technological constraint, stating that the amount of ser-
vice provided must be equal to the stock of goods deposited. The first order conditions
are:

r = (p + (π + r) (1 − ζ )) f ′(k2)

w = (p + (π + r) (1 − ζ ))( f (k2) − k2 f ′(k2)).

From the first order conditions of firms and banks we have w
r = f (k1)−k1 f ′(k1)

f ′(k1)
=

f (k2)−k2 f ′(k2)
f ′(k2)

, implying that k1 = k2 (= k). That is, since isoquants coincide, the opti-
mal capital-labor ratios must be equal. In turn, r = f ′(k) = (p+(π+r) (1 − ζ )) f ′(k)

implies that p + (π + r) (1 − ζ ) = 1, and the supply side behavior is characterized
by

r = f ′(k) (2)

w = f (k) − k f ′(k). (3)

3.4 Government

The only role of government is to collect seigniorage on the monetary base
b = m1 + ζm2 and to redistribute it to households, so that

χ = ·
m1 + ζ

·
m2 + π(m1 + ζm2). (4)

3.5 General equilibrium

Substituting (2) and (3) in firms’ profits we see that profits must be zero, so f (k) = rk
+ w, or

rkh = f (k) − rkb − w. (5)

Substituting (4) in (1) and using (5), we have

k̇h + ṁ1 + ṁ2 = r(kh + m1 + m2) + w + ·
m1 + ζ

·
m2 + π(m1 + ζm2)

−c − pm2 − (π + r)(m1 + m2)

k̇h + (1 − ζ )ṁ2 = f (k) − rkb − w + w − π(1 − ζ )m2 − c − pm2

k̇h + k̇b = f (k) − (p + (r + π)(1 − ζ ))m2 − c

k̇ = f (k) − m2 − c

k̇ = l1 f (k) − c,
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where we recall that kb = (1−ζ )m2, p+ (r +π)(1−ζ ) = 1, and m2 = (1− l1) f (k).
In summary, the general equilibrium dynamic system is given by

k̇ = l1 f (k) − c,

λ̇ = λ(ρ − f ′(k))

ṁ1 = m1(σ − π).

Note that the long run capital is determined by f ′(k∗) = ρ, and, hence, does not
depend on σ . This is a due to the assumption of equal technologies in both sectors,
and is not needed for Lemma 1 below.

The main result is the following:

Lemma 1 The effect of σ on W is given by

dW

dσ
=

∞∫

0

e−ρtλt (πt + rt )
dbt

dσ
dt − λ0

dk0

dσ
, (6)

where b = m1 + ζm2 is the monetary base.

Proof We have

dW

dσ
=

∞∫

0

e−ρt
(

u1
dc

dσ
+ u2

dm1

dσ
+ u3

dm2

dσ

)

dt

=
∞∫

0

e−ρtλ

(
dc

dσ
+ (π + r)

(
dm1

dσ
+ dm2

dσ

)

+ p
dm2

dσ

)

dt,

where the households’ first order conditions were used in the second equality.

Since l1 f (k) − c − ·
k = 0 and (1 − l1) f (k) − m2 = 0, we have

0 =
∞∫

0

e−ρtλ

⎛

⎝ f
dl1
dσ

+ l1 f ′ dk

dσ
− dc

dσ
− d

·
k

dσ

⎞

⎠ dt

0 =
∞∫

0

e−ρtλ

(

− f
dl1
dσ

+ (1 − l1) f ′ dk

dσ
− dm2

dσ

)

dt

Integrating by parts, and using the transversality condition and the boundedness
of k,

∞∫

0

e−ρtλ
d

dt

dk

dσ
dt = λ0

dk0

dσ
−

∞∫

0

e−ρtλ

( .

λ

λ
− ρ

)
dk

dσ
dt.
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Substituting,

dW

dσ
=

∞∫

0

e−ρtλ

(
dc

dσ
+(π + r)

(
dm1

dσ
+dm2

dσ

)

+p
dm2

dσ
+ f

dl1
dσ

+ l1 f ′ dk

dσ
− dc

dσ

+
( .

λ

λ
− ρ

)
dk

dσ
− f

dl1
dσ

+ (1 − l1) f ′ dk

dσ
− dm2

dσ

)

dt − λ0
dk0

dσ

=
∞∫

0

e−ρtλ

(

(π + r)

(
dm1

dσ
+ ζ

dm2

dσ

))

dt − λ0
dk0

dσ
,

where p + (π + r) (1 − ζ ) = 1 and ρ −
.
λ
λ

= r = f ′ were used. ��

Notice that the arguments of the instantaneous utility function are m1 and m2, and
not the monetary base b; that is, b shows up in (6) due to general equilibrium effects.10

Also, since no assumption on the specific value of σ was made in the argument above,
(6) is a global result. It is true for every value for σ .11 Since the steady state capital
stock does not depend on σ , (6) states that the impact of σ on welfare is the present
value of the impact of σ on the demand for monetary base. The specific adjustment
taking place after a change in σ does not matter: it is incorporated in the demand for
monetary base.

Using (6), we have the following definition:

Definition 1 The welfare cost of inflation is given by the change in the initial capital
stock, dk0

dσ
, satisfying

∞∫

0

e−ρtλt (πt + rt )
d

_
bt

dσ
dt = λ0

dk0

dσ
, (7)

10 It is interesting to note that Bali (2000) provides econometric evidence of Lemma 1 without deriving it:
using either Bailey’s partial equilibrium measure or the compensating variation in consumption measure,
Bali shows that the welfare costs of inflation using money as currency-deposit is quite similar to the one
obtained using M0, and three times smaller than the one obtained using M1. Bali’s result is not exact because
he uses the compensating variation in consumption, and in his model he does not consider that the banking
sector uses up productive factors.
11 In the derivation of (6), σ could be any exogenous variable. As an example, say that there is a purchase
tax τ for some good. We would get:

dW

dτ

∣
∣
∣
∣
τ=0

=
∞∫

0

e−ρt λt (πt + rt )
dbt

dτ

∣
∣
∣
∣
τ=0

dt − λ0
dk0

dτ
.

The important distinction is that this result would apply only in a neighborhood of zero; in contrast, due to
the particular role played by the parameter σ in monetary models - there is no first order condition associated
with σ - (6) is a global result.
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where
_
bt is the compensated demand for monetary base.

Equation (7) is the dynamic counterpart of the static compensating variation mea-
sure, which is defined as the compensating variation of income, the exogenous “en-
dowment”. It is important to note that (7) is a result: it is the measure of welfare cost of
inflation compatible with the model presented here. In the literature (c.f. Lucas 2000)
the general equilibrium measure used is the compensating variation in consumption,
rather than endowment. Since consumption is endogenous, such a measure tends to
overestimate the welfare costs of inflation, as agents will change their optimal choices
of consumption and leisure in response to changes in σ .12

It is also important to compare (6) and (7) with the analogous expressions in Fischer
(1981). Fischer derived an expression for dW

dσ
(expression (15), p 9) that includes the

effect of σ on the inflation rate between today and tomorrow (Fischer used a two period
model). Such effect is captured in the derivation of (6): consumers take the paths of
prices and inflation as given; a change in σ triggers an once-and-for-all change in π

and consumers re-optimize accordingly.
Fischer also derived an expression for the welfare costs of inflation, given by the

compensating variation in initial wealth (expression (19), p 10). Such expression is
readily comparable to (7) (in fact, it is Bailey’s result that we derive in Proposition 1
below). But Fischer worked in a partial equilibrium set up, and assumed that current
wealth, real return on bonds, future real income and relative prices were not affected by
inflation. In contrast, we obtain a similar result by exploiting the general equilibrium
adding up constraints.

4 Some implications

The following three corollaries of (6) are quite interesting.

Proposition 1 (Bailey) The area below the inverse compensated money demand is
the general equilibrium measure of the effects of inflation on welfare.

Proof Let R∗ = r∗ + π∗ be the long-run nominal interest rate. Since λ is a jump
variable, from (7) we have:

λ∗ dk

dσ
= λ∗ R∗ d

_
b

dσ

∞∫

0

e−ρt dt = λ∗ R∗ d
_
b

dσ

1

ρ
.

Integrating:

ρ	kCompensation for σ ≡ ρ

σ∫

−ρ

dk

dσ ′ dσ ′ =
σ∫

−ρ

R∗ d
_
b

dσ ′ dσ ′ =
_
b(σ )∫

_
b(−ρ)

R∗ (
b
)

db.

12 It is straightforward to incorporate the consumption-leisure choice in the simple model presented here.
In fact, in the Appendix we do so in a cash-in-advance model.
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Note that 	k is the compensation in wealth and ρ	k is the flow measure of the welfare
cost of inflation. ��

Or, in Bailey’s words:

“This conclusion, that the area under the observed demand curve for real cash
balances during an inflation measures the welfare costs of the reduction of these
balances, applies regardless of the particular manner in which these costs affect
real income and leisure.” (Bailey 1956, p. 102, emphasis added.)

It is remarkable that Bailey realized that the area under the observed demand had
a general equilibrium interpretation in the 1950s, and the literature failed to fully
understand his contribution for over four decades. It is here that the assumption of equal
technologies plays a role: with equal technologies, there is no transitional dynamics
in k after a change in σ , since k∗ is fixed by f

′
(k∗) = ρ. The co-state variable

jumps immediately and the economy moves to the new steady state. With different
technologies we have to add the condition “if the adjustment process is instantaneous”
to Proposition 1 above.

Note, however, that when technologies are different and the adjustment process
is not instantaneous, Lemma 1 implies that the effects of the adjustment process
are of second order of importance. That is, Bailey’s intuition remains true at first
approximation.13

Proposition 2 The general equilibrium is Pareto-Optimum restricted to a given path
of the real quantity of monetary base.

Proof From (6), for a fixed k0, we have dW
dσ

= ∫ ∞
0 e−ρtλt (πt + rt )

dbt
dσ

dt . Hence, with
the exception of monetary base, social costs and benefits of all other choice variables
cancel out. ��

In others words, this is a welfare maximizing economy restricted to the fact that
the household is consuming less monetary services than the social optimum. That is,
a central planner who is neither able to avoid inflation nor to induce the households
to increase their money holdings, will do no better than the market. Thus, any policy
that increases the present value of money holdings is welfare improving. For instance,
increasing the tax rate on any good, from a initial situation with no tax, is welfare
improving if and only if it increases the present value of the money holdings (regardless
of any other impact on the economy).

The second best theorem states that, in general, we cannot give policy prescriptions
for outcomes that are not Pareto optimal. Proposition 2 is a step forward from this
dismal position: policies that increase the present value of money holdings are always
to be recommended. As a consequence, we have:

Proposition 3 (Overbanking) Starting from a situation with no tax on banking
activities and with no reserve requirement ratio (ζ = 0), an increase in such a tax
is welfare improving.

13 See also the argument in Sect. 5 below.
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Proof Let τ be a tax on banking activities, and assume that the proceeds are transferred
back to households in a lump-sum fashion. Repeating the steps of Lemma 1 for a fixed
level of k0, we get:

dW

dτ

∣
∣
∣
∣
τ=0

=
∞∫

0

e−ρtλt (πt + rt )
dm1t

dτ

∣
∣
∣
∣
τ=0

dt,

Now, since u23 < 0, and dm2t
dτ

∣
∣
∣
τ=0

< 0, we have dm1t
dτ

∣
∣
∣
τ=0

> 0 and the result

follows. ��

Johnson (1968) provides the intuition behind the overbanking result:

“The substantive point is that, because the private cost of holding currency (the
interest forgone) substantially exceeds the social cost (raw material, value added,
and policing), free competition in banking, by making the private and social
cost of deposit holding coincide, would tend to produce a social non-optimum
overallocation of resources to the provision of deposit money and underallocation
of resources to the provision of currency holding. (. . .) On the assumption that
currency cannot be issued other than as a non-interest-bearing asset, achievement
of the “second best” welfare optimum would require a tax on the holding of
deposit money at a rate somewhere between zero and the competitive interest
rate in deposits (. . .)” (p 974).

The overbanking result goes against the view that banking regulations necessarily
increase welfare costs of inflation. For instance, Fischer (1981, pp 18 and 19) argues
that interest rate controls on nominal assets other than M0 increase the welfare costs
of inflation. But Fischer overlooked one important general equilibrium effect (he used
a partial equilibrium model): as he noted, with interest controls on, say, demand depo-
sit, increases in inflation increase the private cost of holding demand deposit; but the
resulting reduced demand for the service frees up productive factors from the banking
sector to other sectors of the economy. Lemma 1 shows that these two effects can-
cel out whenever the interest rate controls are marginally active. And, since interest
rate controls increase demand for M0, welfare costs of inflation decrease rather than
increase. That is, if inflation is not very high, it may be the case that Regulation Q is
a welfare improving regulation. For very high inflations, the impact of Regulation Q
on welfare is ambiguous in general, and one would need a specific model to address
this particular issue.

The condition ζ = 0 is needed for the result above, since Lemma 1 is in terms of
monetary base, b = m1+ζm2, and for ζ > 0 the net effect of τ on b is ambiguous. But
in this model there is no risk of bank runs, so ζ is an additional restriction on banks.
So the overbanking result should be read as follows: in the absence of any restriction
to banking activities, the introduction of a restriction is welfare improving. Notice that
this provides a rationale for ζ > 0 that is not based on risk of bank runs.

A more important point is that it is believed that interest rate controls on nominal
assets other than M0 (like Regulation Q) justify the use of M1 instead of M0 to measure
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welfare costs of perfectly anticipated inflation (Lucas 1981, p 44). The argument above
shows that this belief is based on a partial equilibrium view. For welfare purposes, and
in general equilibrium, money is the service that does not use up productive resources
in its provision, and hence “money” must be M0, and not M1.

5 An estimate of welfare costs of inflation

We mentioned above that this paper complements ABE in showing the generality of
Bailey’s result. ABE’s use of the income share of the financial sector can be criticized in
two grounds: first, there are other costs of inflation that are not necessarily captured by
this measure, like changes in consumption patterns to avoid holding money; second, the
financial sector does provide the welfare improving service of financial intermediation.
It is true that in ABE’s model the income share of the financial sector is equal to the
area under demand for M0, but this need not be the case in other models. The result
in this paper is that the area under demand for M0 measures accurately the costs of
inflation and is not liable to the two critiques mentioned above. When one estimates
the area under the demand for M0, one gets a measure that captures, as costs of
inflation, changes in consumption patterns, time spent queuing in stores to buy goods
and oversized financial departments, to name a few, with no underlying assumption
that the financial sector is always a “bad” for the economy.14

In terms of numbers, we also have a complementary result. The estimate of the
welfare cost of inflation in ABE is that it is bounded at less than 0.5% of US’s GDP,
while our estimate, using ABE’s numbers, is that it is bounded at less than 0.2% of
US’s GDP. The curiosity here is that our estimate is the area below the demand for
M0, whereas ABE add a component to that area, failing to realize that this component
is negligible when transition effects are considered.15

“The second result is that at low to moderate inflation rates, the inflation distortion
tax component, which is the difference between the total welfare cost and the
misallocation component, is roughly from two to three times the misallocation
component” (p 1298).

The misallocation component, that captures the welfare cost as resources are diver-
ted from the goods sector toward the banking sector, is, in ABE’s model, the income
share of the financial sector, which is computed as the area under the demand for M0,
and hence is our estimate. The distortion tax component is due to the cash-in-advance
restriction applied to investment goods, which in effect turns inflation into an increase
in the shadow price of capital. ABE report the sum of these two components as total
costs of inflation.

14 In our model, when the nominal interest rate is zero, the value added in the banking sector is not zero,
because banking services and money are not perfect substitutes, as both are arguments of the household’s
utility function. This is not the case in ABE’s model (and in the model presented in the Appendix), where a
positive demand for money comes from a cash-in-advance constraint which implies that banking services
and money are perfect substitutes. In those models, banks add no value to the economy.
15 ABE also fail to realize that an analogue of Lemma 1 is valid in their model as well. In fact, the model
presented in the Appendix below includes ABE’s model as a special case.
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But Lemma 1 above suggests that the distortion tax component is negligible at
first order. And taking numbers from ABE’s Figure 9, page 1298, and from ABE’s
Figure 5, page 1295, we see that total welfare cost, considering transitional effects,
and misallocation costs are virtually identical. Once dynamic effects are considered,
the distortion tax component is practically eliminated. In other words, total welfare
cost is given by the misallocation cost, which is what we expect from Lemma 1.

Note that on top of being in line with Lemma 1, ABE’s numbers are also in line
with Bailey’s intuition: although Bailey’s proposition is true only with no transitional
effects, ABE’s numbers show that it remains approximately true when transitional
effects are included.

In summary, the main result in this paper is a derivation of a measure of welfare
costs of inflation. In comparison with the literature, the difference is the use of M0
instead of M1. In terms of numbers, ABE’s figures together with our result indicate
that the costs of perfectly anticipated inflation are bounded at less of 0.2% of GDP,
when inflation is low as it is for the US.
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Appendix

Here we illustrate the generality of Lemma 1 above. A similar result is derived in a
cash in advance model. There is a continuum of goods index by z ∈ [0, 1]. Goods are
identical from the supply point of view, which means that the producer price Pt is the
same, regardless of the type. There are two sectors in the economy: the goods sector,
that produces the goods, and the banking sector, that produces a banking service. Each
good can be either a cash good or a credit good. Households pay Pt (z) = Pt acquire a
cash good and since they must hold cash in order to buy it, then this means they face a
cost Pt (1+Rt ) from holding the cash. When buying a good as a credit good, households
pay Pt to the good’s producer plus the intermediation services cost, of R(z) units of
banking services. Thus, the effective cost of a credit good is Pt (z) = Pt (1 + pR(z)).
Under the assumption that both sectors operate under the same technology, units of
banking services correspond to units of goods. The total per capita production of goods
and services is f (kt , nt ), where nt is the per capita supply of labor services. Moreover,
the transaction services cost function is increasing in the index z and R(0) = 0. At
any moment there is a cut-off index, zt , such that any good whose index is lower than
the cut-off is bought as credit good, and the others are bought as cash.

The representative household solves

max
∞∑

t=0

β t u(ct , 1 − nt ) (8)
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where

ct =
⎛

⎝

1∫

0

c
θ−1
θ

t (z) dz

⎞

⎠

θ
θ−1

is an aggregator function that defines the unit of consumption.
The household faces two sorts of restrictions. One is the cash-in-advance and the

other is the budget constraint. Before going to the goods market, the household can go
to the credit market and get some cash at no cost. Let Mt , Bt , and Xt be, respectively,
the nominal quantity of money and bonds in the household portfolio, and the nominal
value of the government’s transfer. The cash-in-advance restriction is

Mt + Xt

Pt
+ Bt

Pt
− Bt+1

Pt (1 + Rt )
≥ 1

Pt

1∫

zt

Pt (z)(ct (z) + it (z))dz. (9)

The left hand side of (9) is the amount of cash carried for consumption before going
to the goods market, and the right hand side is the nominal cost of cash goods for
consumption and investment. The budget constraint is

Mt + Xt

Pt
+ Bt

Pt
+ wt nt + rt kt ≥ 1

Pt

1∫

0

Pt (z)(ct (z) + it (z))dz

+ Mt+1

Pt
+ Bt+1

Pt (1+Rt )
. (10)

Capital accumulates whenever investment exceeds depreciation:

kt+1 = it + (1 − δ)kt , (11)

where it is an aggregator function that defines the investment good

it =
⎛

⎝

1∫

0

i
θ−1
θ

t (z) dz

⎞

⎠

θ
θ−1

.

Taking the limit θ → 0, we have ABE’s model; the limit θ → 1 reproduces
Gillman (1993) model if an economy without capital is considered. If the cut-off
index, zt , is fixed and if there are neither banking services nor transaction services, the
model reproduces Lucas and Stokey’s (1983) economy under certainty, and if there
are no credit goods, the model generates Stockman’s (1981) model. Additionally, if
capital is a credit good without transaction cost, Lucas (1981) model under certainty is
obtained.
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First order conditions:

(
ct (z)

ct

)− 1
θ =

(
it (z)

it

)− 1
θ = (1 + R(z))

Pt

Qt
if z ≤ zt (12)

and

(
ct (z)

ct

)− 1
θ =

(
it (z)

it

)− 1
θ = (1 + Rt )

Pt

Qt
if z > zt , (13)

if the household faces the price (1 + R(z)) Pt when z ≤ zt , and faces the effective
price (1 + Rt ) Pt when z > zt , where

Qt ≡ Pt (1 + τt ) ≡ Pt

⎡

⎣

zt∫

0

(1 + R(z))1−θdz + (1 − zt )(1 + Rt )
1−θ

⎤

⎦

1
1−θ

(14)

is the effective price index faced by the household.
Let β tλtµt , β tλt , and β tλt qt be respectively the Lagrange multipliers of (9), (10),

and (11). Recalling that Pt (z) = (1 + R(z)) Pt (z)
Pt

if z ≤ zt and that Pt (z) = Pt if
z > zt , it follows that the first-order conditions for the flow variables, consumption
and investment, are

u1(ct , 1 − nt )c
1
θ
t c

− 1
θ

t (z) = λt (1 + µt )

and qt i
1
θ
t i

− 1
θ

t (z) = 1 + µt if z > zt ; (15)

u1(ct , 1 − nt )c
1
θ
t c

− 1
θ

t (z) = λt (1 + R(z))

and qt i
1
θ
t i

− 1
θ

t (z) = 1 + R(z) if z ≤ zt . (16)

The first-order conditions for the labor supply and the cut-off index are

u2(ct , 1 − nt ) = λt wt

1 + µt = 1 + R(zt ).

This last condition states that the relative price of money in units of bonds is equal
to the credit cost of the cut-off good. This relative price should be equal to the nominal
interest rate in order to keep the budget restriction bounded; otherwise it would be
possible to gain money selling (or buying) cash the zt good, and buying (or selling) it
as credit good. At each instant the cut-off good is determined with the aim of meeting
this non-arbitrage condition. That is

µt = Rt = R(zt ). (17)

As Gillman (1993) stressed, (17) is a Baumol-type condition which equates the mar-
ginal cost of holding money with the marginal transaction cost.
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Substituting (12) and (13) into (15) and (16), and using (14) and (17), we have

u1(ct , 1 − nt ) = λt (1 + τt ) and qt = 1 + τt . (18)

The Euler equations for capital and bonds are respectively

λt (1 + τt ) = βλt+1(1 + τt+1)(1 − δ + rt+1

1 + τt+1
) (19)

and,

λt = βλt+1(1 + Rt+1)
Pt

Pt+1
.

It is clear from (19), after substituting (18), that the cash-in-advance restriction on
investment acts as a distortion taxation on capital.

Lemma 1

Proposition 4 The effect on welfare of an increase in the growth rate of the nominal
quantity of money is

∞∑

t=0

β tλt Rt
dmt

dσ
+ λ0 [r0 + (1 + τ0)(1 − δ)]

dk0

dσ
(20)

Proof From (8), and (15), (16), (12), and (13), we have

dW

dσ
=

∞∑

t=0

β tλt

⎡

⎣

zt∫

0

(1 + R(z))
dct (z)

dσ
dz+

1∫

zt

(1 + Rt )
dct (z)

dσ
dz−wt

dnt

dσ

⎤

⎦ . (21)

The GDP equation for this economy is

f (kt , nt ) −
zt∫

0

(1 + R(z))(ct (z) + it (z))dz −
1∫

zt

(ct (z) + it (z))dz = 0,

which means that

0 =
∞∑

t=0

β tλt

⎡

⎣rt
dkt

dσ
+ wt

dnt

dσ
−

zt∫

0

(1 + R(z))(
dct (z)

dσ
+ dit (z)

dσ
)dz

⎤

⎦

−
∞∑

t=0

β tλt

⎡

⎢
⎣R(zt )(ct (zt ) + it (zt ))

dzt

dσ
+

∫

z1
t

(
dct (z)

dσ
+ dit (z)

dσ
)dz

⎤

⎥
⎦ . (22)
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Adding (22) to (21),

dW

dσ
=

∞∑

t=0

β tλt

⎡

⎣

1∫

zt

Rt
dct (z)

dσ
dz − R(zt )ct (zt )

dzt

dσ

⎤

⎦

+
∞∑

t=0

β tλt

⎡

⎣rt
dkt

dσ
−

zt∫

0

(1 + R(z))
dit (z)

dσ
dz

−
1∫

zt

dit (z)

dσ
dz − R(zt )it (zt )

dzt

dσ

⎤

⎦ . (23)

From the first-order condition for the investment, we have

(1 + τt )it =
zt∫

0

(1 + R(z))it (z)dz + (1 + Rt )

1∫

zt

it (z)dz,

which means that

0 =
∞∑

t=0

β tλt

⎡

⎣

zt∫

0

(1 + R(z))
dit (z)

dσ
dz + (1 + Rt )

1∫

zt

dit (z)

dσ
dz

⎤

⎦

+
∞∑

t=0

β tλt

⎡

⎣
dRt

dσ

1∫

zt

it (z)dz − it
d(1 + τt )

dσ
− (1 + τt )

dit

dσ

⎤

⎦ . (24)

Since

dRt

dσ

1∫

zt

it (z)dz − it
d(1 + τt )

dσ
= 0,

adding (24) to (23) yields

dW

dσ
=

∞∑

t=0

β tλt

⎡

⎣

1∫

zt

Rt
d

dσ
(ct (z) + it (z))dz − R(zt )(ct (zt ) + it (zt ))

dzt

dσ

⎤

⎦

+
∞∑

t=0

β tλt

[

rt
dkt

dσ
− (1 + τt )

dit

dσ

]

. (25)
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The second line in (25) can be written as

∞∑

t=0

β tλt

[

rt
dkt

dσ
− (1 + τt )

(
dkt+1

dσ
− (1 − δ)

dkt

dσ

)]

=
∞∑

t=1

[
β tλt rt + β tλt (1 + τt )(1 − δ) − β t−1λt−1(1 + τt−1)

] dkt

dσ

+λ0 [r0 + (1 + τ0)(1 − δ)]
dk0

dσ

= λ0 [r0 + (1 + τ0)(1 − δ)]
dk0

dσ
, (26)

in which the second equality follows from the first-order condition for capital accu-
mulation, equation (19), the transversality condition, and because capital is bounded.
Substituting (26) into (25), we have

dW

dσ
=

∞∑

t=0

β tλt Rt
d

dσ

⎛

⎝

1∫

zt

(ct (z) + it (z))dz

⎞

⎠ + λ0 [r0 + (1 + τ0)(1 − δ)]
dk0

dσ

=
∞∑

t=0

β tλt Rt
dmt

dσ
+ λ0 [r0 + (1 + τ0)(1 − δ)]

dk0

dσ
.

��
Notice that the absence of inside money in the model above, which means that we

cannot distinguish M0 from M1. But also notice that the inclusion of inside money
can be done in the same lines that we did in the main text.
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