ON THE GENERATING FUNCTION OF A DOUBLY
INFINITE, TOTALLY POSITIVE SEQUENCE

BY
ALBERT EDREI

Introduction. Let
(1) cc oy, 02, Gy, o, A1, A2, * * * ,

be a doubly infinite sequence with which we associate the generating Laurent
series

+o
2 2 a2 = f(2).

=—o0

We now consider the following definition due to Schoenberg [8; p. 362].
DEeFINITION 1. The sequence (1) is said to be totally positive if the four-
way infinite matrix

Ay A1 Q@G -3 QA9 a3 QA_4° *°
3) .- @3 @y @G G G_y G_g G_g- - -

@y QA3 a9 a; ap a_y Q@_g9- -

has only non-negative minors (of all finite orders, with any choice of rows and
columns). Some of our statements will be simplified if we also introduce the
following definition.

DeriNITION 2. Consider the determinants

Am Cm—1 Am—2 R/ s |
Amt1 am Cm—1 *rt Gm—n+t2
(n) )
4) An = | CGmy2 Am+1 Am “t@mnts |, Am =1 (n20);
Cmin—1 Cmin—-2 Cmin—3° ° * Qm

where m is an integer, not necessarily positive. We say that (1) has the prop-
erty (P) if A™ >0, for all m and all #=0. Whenever we say that a Laurent
series has the property (P), we mean that the sequence of its coefficients has
this property.
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368 ALBERT EDREI [May

By a lemma of Fekete [7, p. 558], every sequence with the property (P)
is also totally positive in the following strict sense: all the finite minors of (3)
are actually positive.

In the special case

(s) 0=a_1=a_2=a_3—_—.

the analytic character of the generating function f(z) has been completely
investigated [1 and 2], but the question of extending the results to the gen-
eral case was left open.

We are now able to answer this question by proving that, in the general
case, f(2) has exactly the form conjectured by Schoenberg [8; p. 367]:

THEOREM. Let (1) be a totally positive sequence. If this sequence does not
coincide with a sequence of the form

+o0

(6) {arr} ~ (@ >0,p>0),
then the Laurent series (2) converges in some ring
r1<|z|<r2 0 =7 <1y,

and the analytic continuation of (2) is of the form

I+ o) I (1 + B2y
) o ’
(=2 [T (1 = 85
where k 1s an integer (not mecessarily positive), C=0, ¢,20, ¢,=0, a, =20,
8,20, 7,20, 6,20, 3.0, (v, +B+v,+5,) <+ .

1. Terminology and notation. From this point on, we adopt the following
conventions. We say that (1) is normalized if
(i) its generating Laurent series (2) converges in the ring

(1.1) 1/Ry < | 3| < Ry,

where Ry>1, R;>1;
(ii) f(2) =0, when |z| =1.
In our proofs, the special case

(M f(s) = Careerstems

a, = a_, (V=1’2’3v‘°')7

plays an important part; we shall refer to it as the symmetrical case. The ab-
breviation “n.t.p. sequence” stands for normalized, totally positive sequence.
By C™ E® ...we mean determinants obtained by replacing, in AP,
the a's, respectively, by ¢’s, e’s, -
We shall have to consider a number of convergent series, namely
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1953] GENERATING FUNCTION OF A SEQUENCE 369

Zevv Zi—w Z"?w ZBW

the summations are always to be extended from »=1 to v=+ ». The terms
of all these series are always non-negative and less than one.

By quasi-entire function we mean a single-valued function. which is regu-
lar everywhere except perhaps at infinity anid at the origin. A quasi-mero-
morphic function is the ratio of two quasi-entire functions.

2. Remarks on the property (P).

LeMMA 1. Let (1) be normalized. To every n(=1) there corresponds at least
one integer m(not necessarily positive) such that A™ =0,

Proof. The series (2) does not vanish identically because f(2) #0 when
| 2| =1. If the lemma were not true, there would exist a least integer #(=1)
such that

Am =0 (m=0, £1, £2,---).
The well known formula
A4 = (A — ahan
would then yield
A} = Amha,
which implies
A7 #0 (m=0, 1, £2, ),
and also
An’ A
e = A_(,’;)_ =w#0
Hence
lim | 4.7 ]""= ],

m— o

and a well known result of Hadamard implies

(2.1) |w| < 1/R5,

where R, is the radius of convergence of

+o0
2 s
ye=0
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370 ALBERT EDREI [May

Similarly

wom 1 1
2.2) lim A% = — =
m—+o |wl R';

)’

where R, is the radius of convergence of

<00
Z a_,z".

v=0

Now (2.1) and (2.2) imply
RiR, = 1.

This contradicts (1.1) and our lemma is proved.

Let f(z) and g(z) be the generating Laurent series of the two normalized

sequences {a,} " ., {b,}}= .. The sequence {c,}/." . defined by

+o0
Cu = E @u—sbs
is normalized and we obviously have
+o0
f2)g() = 22 ez
p=—o0

Elementary computations easily yield.

big big-1 D2 =+ * bjpn||Om—is Cm—ir Cm—jy ** Cmj,
by bi-1 bji—2 - v 2 Bjion || Bmojort Bmoji1 Bmejpi1 * 0t Bmjpn
(n+1)
(2.3) Cn = 2| biy iy bin =+ bjpn || Gmoigra Gmojir2 Gmojpre ¢ Cmejpe|,
i bi—1bjp—2 -+ bjpmnll @mjpin Gmjitn @m—jotn = * * Gmjytn
where the summation is to be extended over all distinct sets (jo, j1, j2, * * * » Jn)

of n+1 strictly increasing integers (not necessarily positive).
It is known that, if we put

e = Z e,2’,
v=0
the determinants E® (m=0, n=1) are all positive(!). In view of (2.3), this
obviously implies that the Laurent expansion of exp [e(z+2~!)] has the prop-
(1) The determinants E are easy to compute explicitly. However, this computation may
be avoided by observing, with Schoenberg, that the E’s are not negative [8, p. 366]. As the

Padé table of the exponential function is normal [6, p. 429], it is also clear that no E can
vanish.
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1953] GENERATING FUNCTION OF A SEQUENCE 371

erty (P). Using this fact, (2.3) and Lemma 1, we easily obtain:

LEMMA 2. Let f(2) denote the Laurent expansion of a n.t.p. sequence, then
the Laurent expansion of

e (a) (e>0),
has the property (P).

3. The reciprocal of a Laurent series. Let (1) be normalized and consider
its generating Laurent series (2). There will obviously exist R;(>1) such that
both (2) and

- = b“ P
@ =

converge in the ring
1/R; <|z| < Ra.

Moreover, the a’s and ’s will be connected by the infinite system of equa-
tions

+o0

(3.1) E ap—o'bcr = 6;40 (/-‘ =0, £1, £2,... ))
H=—00

where 8p=1 and 8,,=0 if u>0.

As suggested by the elementary theory of finite systems, we consider the
determinant A$"*" as well as the determinant A{™"(j, k) which is the
minor obtained by deleting the (z+1-7)th row and the (# 414 %)th column of
APV [—n<j<n; —n<k=n].

With this notation, we obtain:

LeEMMA 3. Let (1) be a real, symmetrical normalized sequence; let (2) be its
generating Laurent series, and assume f(1)>0. Then

A s 0 (n=0,1,23---),

and the b's are given by
(2n+1)
. k—j AO (jv k)
©-2 b= OV e
We first note that the assumptions of this lemma obviously imply that
h(¢) = f(e'?)
is positive for real values of ¢. Then, applying a theorem of the author

[3], we obtain the formulae (3.2).
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372 ALBERT EDREI [May

Lemma 3 easily yields:

LEMMA 4. Let the sequence (1) be normalized totally positive, and sym-
metrical. Then the sequence { (—1)#b,} o . defined by

1 +
= —1 I‘b il
) ..Ew( )b
is also normalized, totally positive, and symmetrical.

Proof. Let

(n)
(f,k ); k=—n,—n+1,—n42,-++,0,1,2,-++,n

be the inverse of the matrix
3.3) (@jk) jokm—n —nt1,—n42, - -,0,1,2, - - - me

As observed by Aissen, Schoenberg, and Whitney [2], the total posi-
tivity of the matrix

itk (n)
((_ 1) 7k )J k=—n,—n+1,—n42,-+-,0,1,2,+++,n

follows from the total positivity of (3.3).
Now in view of (3.2), we have

Jl—k2 Jr—kl

j1—k
(=D by (=D bt (=D By
jo—k —k —k
(-1)” lbiz—kp (_1)’3 2bi2—k21 Tty (_'I)J2 'bf2—kl

il—kl Ji— kz

(3 4) (_1) l—kn ( 1) z—kzv Y (—1) ; bil—kl
+k1 (n) +kg (n) +k1 (n)
( 1)“ ! Ttk ( 1)“ ’ ST ( 1)“ l Tk
+k; (n) +kg (n) +kp (n)
= lim (_1)72 ' T jak1 ( 1)12 ’ Tigkay * * ° ( 1)12 ! 7 jaky
O

Jitky (n) Jitks (n) u+k2 (n)

(_1) 7 i1k ( 1) Vitkey * ° " ( 1) Tjik
h<jp< - " <jnh<k<- - <k,
so that, if the matrix (3.3) is totally positive, the left-hand side of (3.4) is
certainly not negative. Hence, the sequence {(—1)#b,}}." . is t.p.; as it is
obviously normalized and symmetrical, our lemma is proved.

4. Poles of the generating function of a totally positive sequence. In this
section we prove:

LeEMMA 5. Let (1) be a normalized sequence with the property (P). Consider
the polynomials Q™™ (z) defined by
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1 g 22 R 44
1 Cm+1 Cm Am—1 cc Gm—nil
(m.n) (m,0)
Q") = oo | Omtz Omit Om ot Omenia | Q "@=1 (n20),
Amt+n Gmt+n—1 Cmin—2 * * * Qm
and also
(m,n) (m,n)
T @) = Q" " (~2),
where m is an inleger, not necessarily positive.
Then
(i) the coefficients of T™"(z) are all positive;
(i) lim 0() = 0" @)
m—r+ o
exists for all n(=0);
(iii)
(1) , , (nt1)
Apir [Am
(4.1) = {nt1

lm —————————————————
mote  ADL/AD
exists for all n(=0);

(iv) the polynomials Q'™ (z) are connected by the recurrence relations

(0, n+1) (o0,m)

(4.2) Q () = (1 —¢as2)Q 7 (3) (n 2 0);
(v) the Laurent series
(e0,n) = (n) p
(4.3) f@0 (@) = X pu 2

p=—co0

has positive coefficients; it converges for

1 1
-—-<|z]< H
R, $nt1

(vi) Z;, conyverges and

1
(4.4) —=0H2{2832 00
R,

(vii) The Laurent series

40 )
2 bt = f(z)IIl (1 —¢9)

p=—c0

converges for |z| > 1/Ry; the coefficients p, are non-negative.
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Proof. The proof of the lemma depends essentially on the identities(2)

(n+1) (n+1)

o () mm) Amy1 /Am
(m+1,n41) ) _ T(m n+1) _ (m n) f::lz)/A oy
(4.6) (z (@) = () AT 4@
= - zs,,.,,T"'""’(z).

Assertion (i) is a consequence of Fekete’s lemma [7, p. 558]. We now prove
(ii). From (4.6), we obtain

(l+1 n+1) (m,n+41)

(47) ()—T (vn)

()‘ZEEM (Evn>0).
As the coefficients of the T’s are positive, it follows from (4.7) that all the
coefficients [except the constant term which is 1] decrease if we increase 1
and keep # fixed. This proves (ii) and also the convergence of D ., &,
Observing that, for a positive 2,
lim zT(m'n)(z) > 0,

m—+ o
we deduce from (4.5) the existence of the limit in (4.1). This proves (iii) and
(iv) simultaneously.

To prove (v), we note that the coefficients of the Laurent expansion

(m,n) (m,n)
00" @ = 3 o™
H=—c0
are explicitly given by the formulae
@ Q1 Gua vt Gy,

1 Amy+1 Om Cm—1 *tt Gm—ntl

(m,n)

(4’8) pl‘ = (n)
A

Am+2 Qmi1 am e Qm—ny?

Amin Cmin—1 Cmin—2° ° ° Qm
As (1) has the property (P), we have, by Fekete's lemma,

(m,n)

(4.9) b >0 (u = m).

(®) These formulae are straightforward consequences of Jacobi's theorem on the minors of
the adjoint of a given determinant.
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For » fixed and m—+ «,

™" @) = @) = 33 p7d,
pe=—c0
uniformly in
—=|z| =R (1 <RI < Ri;1<R; <Ry).

1

Now (4.7) implies

™6 = 100" + 53 a0 @)
from which we deduce
() ma) | IR (rin—1)
(4.10) P = pu + E £, n-—lpu—l (b=0, %1, £2,---).
In view of (4.9)
(4.11) 2> p M >0 (0 < m),

so that the coefficients of (4.3) are all positive. To find the region of con-
vergence of (4.3), we observe that

(m,n)

p m+l = 01
so that, using (4.10) and (4.11), we also obtain

(n—1)

(4.12) Pm+1 <pm ((mna+ Emirno1 + Empzna+ 0 0) (nz1).
Putting

(4.13) lim sup [ (o)™

l—d,, (n=0’1’2v3s"')y
we deduce from (4.12)

(4.14) opn S 0y1lim sup

m—+wo

+00 1/m

( E Ev,n—l) .
y==m

Moreover, as all series of the form Y% &,..1 are convergent, (4.14) trivially

implies

(4.15) Opn = Op-1.

We now verify the inequalities
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(4.16) ok = Sk (k=0,1,2,---),

by an induction over k.
We note that p® =a, implies ¢o={;, and assume that (4.16) is true for
£k=0,1,2, - -, (n—1). We distinguish two cases,
(a) $ife - En =0,
(b) Cifz -+ $a 0.

The case (a) is immediately settled by observing that our induction assump-
tion and (4.15) then yield ¢,=0, for k=n.
In the case (b), we observe that

i/m
(4.17) (Z b, H) < S
m—>+a g'

n

is trivial if {12 Cne

If {n41<$ay, we return to the formulae (4.6) which define the quantities
£mn as ratios of determinants.

Observing that (4.1) implies

A(n+l)
. mtl (n) 1/m
lim —Z = fafa - fabnrny lim | (4 | = tiae v v Em
m—+teo Am m—+ o
we obtain
(n+1)  (n—1)
1/ Am+l A Um §'"+1
lim I (Em n— 1) ml —(n)_T = .
mte e hA ¢

We may then compare Z:’;,,, £,,n-1 to the remainder of a geometric series.
This comparison leads again to (4.17). Combining (4.14) and (4.17) we com-
plete the induction which proves (4.16) and, therefore, (v).

To prove (vi), we observe that (4.2) implies

(n+1) (n)

(4.18) 20 = 57 = faipen > 0,

so that the Laurent expansion of f(2)Q®:»tV(2) is majorized by the Laurent
expansion of f(2)Q“ ™ (z). This obviously yields

| f(—1)Q

(o0,n)

(-] =50,
or also -

f(1)
S 1=l
Now f(—1) #0 because (1) is normalized, and (4.19) is true for any positive

(4.19) A+)A+¢) - (148 =
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integer n. This proves the convergence of D _¢,.
In order to verify (4.4), we note that (4.18) also implies

g'n+l = Ony
which, combined with (4.16), yields
§n+1 = On.

Hence (4.4) coincides with (4.15). Assertion (vii) follows immediately from
(v) and (vi).

LeEMMA 6. If (2) is the generating Laurent series of a mormalized totally
positive sequence, there exist two entire functions Qy(2), Qx(2) of the forms

® 1
0:e) = I1 (1 = ¢.2) <0§§'y§3€<1;2§‘.<+w),
Qz(z)=ﬁ(l—e,,z) (0§e,§%<1;26,<+°°>,

and such that
(4.20) 8(z) = f(2)Q1(2)Q=(1/2)
is quasi-entire. Moreover, g(2) >0 for all positive values of 2.

Proof. By Lemma 2, the expansions of
e+ 'f(z) and e+ 'f(1/2)

both have the property (P). Hence Lemma 5 proves the existence of two en-
tire functions Qi(z) and Q.(z) such that
(i) e***"'f(2)Qi(3) is regular for |z| >1/R,,
(ii) e***7'f(1/2)Qx(2) is regular for |z| >1/R,.
Now (ii) implies that Q»(1/2)f(2) is regular for 0 < I zl < R, so that g(2) is regu-
lar for 0< Iz[ <R,. Similarly (i) shows that g(z) is regular for |z| >1/R.
Hence g(z) is quasi-entire. Now
Qi(z) > 0 if 2 =1,
Q:(1/2) > 0 if 2=1.

As the coefficients of the Laurent expansions of both e+ 7'f(z)Q:(z) and
e+ 7f(2)Q2(1/2) are non-negative, we obtain :

[e=+£(2)01(2) JQ2(1/2) > 0 forz = 1,
[e=+1(2)02(1/2) |01(z) > O for0 <z =1.

Hence g(2) >0 if 2>0.
5. Zeros of the generating function of a totally positive sequence.
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LEMMA 7. Let ¢(3) denote the generating Laurent series of a symmetrical,
normalized, totally positive sequence. Then the analytic continuation of ¢(2) is
of the form
< (1 »2)(1 2!
yovo [p 290+ a7
y=1 (1 - 073)(1 - ovz_l)
where Y(2) 1s a quasi-entire function, k is an integer (not necessarily positive)
0=<7,<1,0=6,<1, > (7,+8,) <+ .

Proof. By Lemma 4 the Laurent series 1/¢(—32) generates a symmetrical,
normalized, totally positive sequence. Applying Lemma 6 to each of the
two series, ¢(2) and 1/¢(—2), we verify the existence of

P@& =TI -nd 0@ =110-02,

y=1 =1
such that each of the two functions
P(z)P(1/2)
#(—2)

is quasi-entire. Now Lemma 6 also shows that the latter function does not
vanish for 2>0, so that

6(2)Q(2)Q(1/2),

#(2)
P(—2z)P(—1/2)
is regular in the neighborhood of the negative axis. Hence
Q(2)Q(1/2)
AGz) = ¢(3) —————
(2) = ¢(2) =2 P(—1/2)

is quasi-entire. The same arguments show that 1/A(—32) is quasi-entire, so
that A(z) does not vanish in the region

0<|3| <+ .
Hence A(2) is of the form
z“eW(‘)’
where ¥/(2) is quasi-entire; this proves Lemma 7.

LEMMA 8. Let f(2) denote the generating Laurent series of a n.t.p. sequence.
Then the analytic continuation of f(g) is necessarily of the form

> (14 az)(1+ 8571
k¥ (2)
(5.1) z%e g 1= v — 620

(0=a,<1,058,<1,0=57,<1,058,<1; X (a,+B,+7,+8,) < »),
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where Y(3) is quasi-entire and « is an integer. If, in the definition of a normalized
t.p. sequence, we omit condition (ii) of §1, the analytic continuation of f(2) either
vanishes identically or else is still of the form (5.1). However, in the latter case,
the inequalities

av<1: ﬁv<ly 7v<1r §, <1
are not necessartly true.

Proof. We first assume that (1) is n.t.p. Then, by Lemma 6, we know that
the analytic continuation of f(2) is of the form

g(z) ’
.:1(1 — %) H:o—l(l —&z7)

where g(3) is quasi-entire. Now f(2)f(1/2) generates a symmetrical n.t.p.
(cf. [8, pp. 365-366]), so that Lemma 7 implies

g(=)g(1/2)
H:—l(l =621 =6 (1 — 627 (1 — €,2)

oy Q190 0

w1 (1 —06,2)(1 — 6,27Y)

Hence the roots of g(z) are to be found among the roots of the function

fI 1 =620 - 61— a3)(1 — e37)(1 + 72)(1 + n577).

v=1

As g(2) >0 when 2>0, we see that these roots are also negative; this proves
the first part of Lemma 8. The other statements of the lemma trivially fol-
low from this first part.

6. Determination of the exponential factor.

LEMMA 9. Let (1) be a n.t.p. sequence. Then the analytic continuation of f(2)
is of the form (5.1), where the Laurent expansion of the quasi-entire function
V¥ (2) s of the form

+00
(6.1) ¥(2) = gz + gzt + 20 gua™

p=—c0
Proof. As (1) is a n.t.p. sequence, the coefficients of the Laurent expansion

o0

(6.2) 20 a2t = f*(2)

pm=—c0

form a totally positive sequence. Moreover, { @)} . is certainly n.t.p.
except if f*(z) vanishes on the unit circle. Hence, by Lemma 8, we know that
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the analytic continuation of f*(2) is of the form

ID-( + X2 + B2
o )
II,,=1(1 —vf2)(1 — 8*7Y)
where k* is an integer, ¥*(2) a quasi-entire function, C=0, «,*=0, 8,520,
v¥=0, 6*=0, E(a,"‘+6.}"+'y:"+6."‘)<+co. On the other hand, applying

directly Lemma 8 to f(2), we see that the analytic continuation of f(2) is of
the form (5.1). Hence

(6.3) Czee¥*(2)

@) + f(=5) _
WAs

*@)
implies

HT—I(I + arz)(l + ﬂvz_l)
IL.0 - v — 82

e‘ﬁ(‘)

s I0( = @)1 = B
(6.4) ‘ LRI § TR ey
ITS( + a1 + 8257

= 2Ce¥* (M g2cr—x -
H,,l(l — v*H)(1 — 8'572)

Put

+c0
¥(z) = Z Guzt,

p=—c0

) IL-(4a) (148 ) A +7.) 1+,

=00
(6.5) u(z) =exp (2 2 Qouzt H:°=1(1 —a,5) (1= BV (1 — 7,2) (1—8,27)

(6.4) is then equivalent to
u(z) = (—1)x = 2Cz2*—«
= (1 4+ a*29)(1 + Br2)(1 + v,2)(1 + 8,277)

24y (¢(Z2) - ‘//(_Z))yI-_-Il (1 _ 7,*22)(1 —_ 6;*2_2)(1 —_ ayZ)(l - Brz_l)

This relation, together with (6.5), gives us complete information on the dis-
tribution of the values 0, o, (—1)* of the quasi-meromorphic function u(z).

Consider the zeros and the poles of #(z) which lie outside the unit circle;
they are all real and their exponent of convergence does not exceed 1. The
function u(2)+(—1)*, if it does not vanish identically, has all its zeros on
the real and on the imaginary axes. Hence by a result of the author [4], u(2)
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has, at infinity, an essential singularity of order not exceeding two(®), and
therefore
O=gs=g=gr=""-"
The same arguments may be applied to f(1/z), instead of f(z), and lead to
O0=qs=gs=gqgr="--.
In the trivial case
u(z) + (=1)* =0,

f(2) must be an odd function so that, in view of the total positivity of (1), its
Laurent expansion reduces to a single term.

LeEMMA 10. Under the assumption of Lemma 9, and with the same notation,
we also have

(6.7) q2v+q—2v=0 (V= 1, 2, 3!"')'
Proof. By Lemma 9,

1 ©
6.8) e”’?@v<;>==em>{m&i-fU-FE:wxﬁ”+Z*0}II@%

y=0
where
(6.9) V2, = U_g, = G2, + ¢ 2 (»=0,1,2,.--),
and

Mo = 1 e+ as)(+ B0+ 8

w1 (1= 721 — vz (1 — 8,2)(1 — §,277)

The Laurent expansions of f(z) and f(1/2) both generate n.t.p. sequences so
that the same is true of the expansion of f(z)f(1/2). Moreover, this expansion
is obviously symmetrical so that, by Lemma 4, the expansion of

1//(=2)f(=1/2)

also generates a n.t.p. sequence. Hence, by Lemma 2, the Laurent expansions
of the two functions

(6.10) eI f(1/2), =D/ f(—2)f(—1/2)

both have the property (P). We may apply Lemma 5 to the sequences gen-
erated by these two expansions; hence, by assertion (vii) of this lemma, we

(3) The same conclusion may be reached by (i) restating a classical result of Nevanlinna
[5, p. 72] for functions meromorphic in the neighborhood of z= « (but not necessarily
meromorphic in the whole plane) and (ii) observing that, outside the unit circle, the roots of
u(2) +(—1)*=0 have an exponent of convergence not exceeding two.
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conclude that the suitable Laurent expansions of
+o0

%1(3) = exp {vl(z + 271 + D va, (2> + z-z,)}
»=0

’ ﬁ 1+ az)(1 + az7)(1 + B,2)(1 + B,277)

y=1 (1 =72z =827

and

~+o0
us(z) = exp {v;(z + 7)) — D 0a,(z” + z"')}

y=0

ﬁ (I + 72 + vz ) + 8,2)(1 4 8,277)
_1 (1= a2z )1 — Bz
converge for | 2| =1 and have non-negative coefficients.
Hence, putting

My(r) = Irr}ax lul(z)l (r>1); My(r) = max Iug(z)l (r>1),
we have Mi(r) =ui(r), Ma(r) =us(r), and
(6.11)

Mi(r)Ms(r) = exp {2v1(r + r‘l)}
_ﬁ(1+ayr)(1+ayr“)(1+Byr)(1+Byr“)(1+'yyr)(1+‘vvf“)(1+8..r)(1+5»f“)’
—1 A—a,r A -BrHY(1—vrH)(1—6,1)

As the coefficients of the expansion of u,(r) are non-negative, there ob-
viously exists an integer A, and a positive constant L, such that

My = L (r>1).

Hence, by (6.11), the increase of M,(r) is dominated by the increase of an
entire function of order 1. This implies

(6.12) O=v2=p4=vc=...’
and in view of (6.9), our lemma is proved.

LeEMMA 11. Under the assumptions of Lemma 9, and with the same notation,
we also have

(6.13) g2 =¢2 =0 v=123:---)
(6.14) 20, g-12 0.
Proof. The Laurent expansions of the two functions
(6.15) e+ Df(z) (e > 0), etV f(1/2) (e > 0)
have the property (P) [by Lemma 2]. We may now argue, with these two
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functions, exactly as we argued, in Lemma 10, with the two functions (6.10).
In view of (6.7) we shall obtain a formula analogous to (6.11). The conclusion
which corresponds to (6.12) is now (6.13).

It is easily verified that ¢, and ¢ must be real and e%>0. Hence it
suffices to show the impossibility of

(6.16) <0, g¢.<0.
If the first of these inequalities were true, we could find ¢(>0) such that
g1+ e<0;
hence for 2>0, and for every positive 7, we would have
(6.17) lim 2zF(z) = 0,
PRI

where

F&) = e+ 57) T1 (1 - v.2)

I + a2)(1 + 827
J G P

By Lemma 5, the coefficients of the Laurent expansion of F(z) are non-
negative, so that (6.17) would imply F(2)=0. This is impossible because (1)
is normalized. Arguing with f(1/2) instead of f(z), we also have ¢_;=0, and
Lemma 11 is completely proved.

Schoenberg has shown that the only t.p. sequences which cannot be
normalized by a substitution z]xz (x>0) are of the form (6). Hence our
theorem trivially follows from Lemma 11.

z-exp ((q1 + €z + (g-1 + €)z7Y)
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