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The aim of this paper is to remedy two defects of our formalism for dealing with the
generation of sound from the primordial cosmic turbulence. One is the fact that the true
retarded Green’s function in the Friedmann universe to describe the propagation of sound
waves to be generated has not explicitly been settled. Another is the fact that .the
cosmological counterpart of Crighton’s formula for the intensity of sound at the center of
a static turbulent fluid sphere has been derived by invoking the principle of reciprocity to
that of Lighthill’s intensity formula whose underlying condition cannot be satisfied in the
real universe. It is shown that the refinement leads to a very simple formula for the
intensity of sound at the center of the expanding turbulent fluid sphere within the acoustic
event horizon, which shows further that the main contribution to the intensity comes from
the acoustic past “time-like” region rather than from the acoustic past “light-cone”.

§ 1. Introduction

In a previous paper® (which is referred to as [I] in what follows), the
generation of sound from the primordial cosmic turbulence has been dealt with
by construction of the appropriate retarded Green’s function into which all
significant influences. of the cosmic expansion upon the propagation of sound
waves to be generated are woven. For doing so, we have rewritten an inhomo-
geneous wave equation for the density contrast in a Friedmann universe as that
for a massless scalar wave in an auxiliary universe, the retarded Green’s function
for the latter wave being constructable by our procedure.? In the case when
the observation point is far from the source region, it has been shown that the
retarded solution for the latter wave is reduced to a generalized version (cf.
Eq. (4-10) of [I]) of the Lighthill solution® for the density contrast in the case
of a static turbulent medium, from which the intensity of sound at the obser-
vation point (cf. Eq. (5-4) of [I]) is derivable. In order to derive a general-
ized version (cf. Eq. (7-1) of [I]) of Crighton’s formula® for the intensity of
sound at the center of a static turbulent fluid sphere from that of Lighthill’s,
we have appealed to the principle of reciprocity between a source point and an
observation point. Since the effect of cosmic expansion is very significant, we
have concluded that the problem whether the primordial cosmic turbulence can
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On the Generation of Sound from the Primordial Turbulence 1369

survive against its acoustic decay must be studied on the basis of our formalism
rather than Crighton’s.

However, our formalism is rather devoid of transparency in the sense that
we have used the retarded Green’s function for a massless scalar wave in the
auxiliary universe, but not the one for the density contrast in the Friedmann
universe.® In addition, like Lighthill’s formula, our formula for the intensity
of sound at the center of the expanding turbulent fluid sphere within the acoustic
event horizon has been derived by invoking the principle of reciprocity (whose
definition is not necessarily unique) to Eq. (5:-4) of [I] whose underlying
condition specified by the phrase “in the case when the observation point is far
from the source region” cannot be satisfied in the real universe. Such a
procedure has been taken for the preservation of parallelism with the Lighthill-
Crighton theory, but it is physically unreasonable in the cosmological problem.
The aim of this paper is to remedy the above two. defects of our formalism.

In § 2 various mathematical expressions derived in [I] are summarized. In
§3, by the use of the mathematical expressions in § 2, the retarded solution of
the density contrast in the Friedmenn universe and its Fourier component are
obtained in such a way that the retarded Green’s function for the sound wave
and its Fourier component appear explicitly in the respective solutions. Section
4 is devoted to the rederivation of Eq. (4-10) in [I] for illustrating the substan-
tial equivalence between the refined formalism and the original one. In §5 the
formula for the intensity of sound at the center of the expanding turbulent fluid
sphere within the acoustic event horizon in the Friedmann universe is derived
directly from the retarded solution obtained in § 3 for the density contrast, in
contrast with the situation in the derivation of the old formula, i.e., Eq. (7-1)
of [I]. In addition, the new formula is much simpler than the old one for
numerical analysis. Accordingly we shall prefer the new formula to the old

one.

§ 2. Mathematical expressions in [I]

Let us consider a Friedmann universe with flat 3-space which consists of
matter and radiation whose background densities are represented by 0zn,=0m2"°
and 0z =pmz %, respectively, where z=a(t)/a(¢4) stands for the scale factor

normalized in such a way that ppn.=0z at ¢=%4. Then its metric and the one
for the auxiliary universe mentioned already are of the form

{ (Friedmann universe): ds’= —cddt*+a’(t)0sdxidx;,
(Auxiliary universe) : d3*= —dc’+R*(v) 0udxidz;, 2-1)

* The relation (A-10) in the Appendix of [I] between two Green’s functions Dres (e, x; 7/, )
and Gre:(s, x; ¢/, #’) must be abandoned, because the latter Green’s function is shown to be
incompatible with Eq. (A-8), as will be shown in §3 (e.g., Egs. (3-2) and (3-5)).
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1370 H. Nariai

where

(dt=(3Ty/2) j{ijg’ (Ty=1/62Goy)

]va=C(C/3)1/2, {=1+3z/49)7, (2-2)
and
dr= (Rv,/a)dt R=R, (1+3z/4) " ocy, V2 5 2-3)

in which v, stands for the sound velocity and R, =const>0. It has been .shown
in [I] that Egs. (2-2) and (2-3) provide us with the following approximate

expression: ’
R=(t+70) /1o, {a @) ro=4cT,/B} (2-4)

where 8=1 for 2>1 or £=~0 (the matter dominant stage) or 8=+3/2 for 2«1
or {=1 (the radiation dominant stage) and t,=(1—p)r,.
On the other hand, it has been shown in [I] that the density contrast

K=0n(¢,%)/05n(#) =1 in the Friedmann universe must satisfy the following
inhomogeneous wave equation:

®
UR={-0,~(2~0) (¢/a) 0.+ (v./a)V} K= — (v,/ ary)’S, (2-5)
where S is the dimensionless quantity defined by

S=(r0/v:)* (viv;) i (2-6)
in which v;=v;(¢, ) stands for the physical velocity field. By the use of Egs.
(2-2) and (2-3), we can reduce Eq. (2-5) to

OK={-0."~3(R’/R)d. + RV K — _ (Rry)-2S, @7

which is the inhomogeneous wave equation in the auxiliary universe for a
massless scalar wave, as mentioned already.

To obtain the retarded solution of Eq. (2:7), we must know the retarded
Green’s function satisfying

ODree(z, %3¢/, 27) = — {R () R ()} 20 (r — /) 0° (x—x). 2-8)

It has been shown in [I] that, when R(r) is given by Eq. (2-4), the requisite
Green’s function is of the form

7 xr N —_ 0@e [d(n—§) LB (A .

Dyt (r, x5 7, x7) E4n(r+fo)2{\€ +0(— &) (Vy 5)} 2.9
with

g=r/r=le—l/ro, 7=1n(EX2) = Lingo,(0) fuu o), (2-10)

where 0(y—¢&) is the step function such that d0(x) /dxz=0(x) and I,(2)==zi, €]
is the modified Bessel function of first order. As pointed out in [I], the above
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Green’s function shows that the space-time point (r,x) is influenced not only
from points on the past light-cone y=§, but also from points in the past time-
like region y>>€. It is to be noticed that Eq. (2-9) is reduced to

Dra(e, %3 ¢/, ) =~%?0(n) (0. (D v ()} {Wg—‘@

+0(—Ou(Vr -}, 2-9)
in the right-hand side of which the auxiliary time variables (r,t’) have been
eliminated.

§ 3. Retarded solution for the density contrast

and its Fourier component

By the use of the retarded Green’s function given by Eq. (2-9), we can
integrate Eq. (2:7) as

Kt (z, x) = j

R(z")=R

R (c")dx’ de’ﬁret (c, ¢, &) {R(@Nr 2 S (7, &),

On inserting Eq. (2-9”) into the above expression and making use of Eq. (2-3),
we obtain

Koot (2, x) = ﬁu @) fdx’Gm(t, x5, x) v () S, &) (3-1)
with
Grea(t, %: 2/, %) E%)s{"’* O {ﬁ(@i +0(p—6) ilwvf—»sf)}
(3-2)
where

du(t)="22D g (3-3)

(l(t) T
and K, (z,x) and S(#’,x’) are abbreviations of K. {r(¢),«} and S{r’(¢"),«’},
respectively. Similarly, by the use of Eq. (3-3), we can reduce Eq. (2-5) to
(u)
OK={—0uu+ (o/v) 7} K= —v;"S. 34

Since K..:(¢,x) given by Eq. (3-1) satisfies the rewritten wave equation (3-4),
it is the required retarded solution, provided that we can prove that G, (%, x;
t’,x’) defined by Eq. (3:2) is the retarded Green’s function satisfying

Gty 25 27, ) = — 04 (&) —u ()} 8 (x— 7). (3-5)

In place of the direct proof of Eq. (3-5), let us consider the Fourier
components of K..:(¢,x),S(, x) and Gt (2, x; ¢/, x7), ie.,
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1372 H., Nariai

A = Ie‘"”’K,et ¢, %) dx,

(3-6)
B (t) = J:;‘"‘"”S(t, x)dx
and
Ge(t,t) = j TG (2, %5 ¢, &) dr, (r=x—x7)
=0() {vs @) v, @)} sin(ran) /74 , 3-7)
where y,={(kr,)*~1}*2. Then we can reduce Egs. (3:-1) and (3:4) to
4@ = () Gute, ) o ) Ba ) (3-8)
and 0
LA (@) ={d%0+ (kry/ v)"} A (2) =v;7°Br(2), 39
respectively. Similarly, from Eq. (3:5), we obtain
LGr(t,t)=0{u@®) —u(t)}. 3-10)

Thus it may be said that, if Gi(¢,#) is shown to be the one-dimensional
retarded Green’s function satisfying Eq. (3:10), G (¢, x; ¢/, x’) defined by Eq.
(3-2) is the required 4-dimensional retarded Green’s function.

Since G (¢,¢’) given by Eq. (83:7) has the requisite symmetric property,
we have only to examine the validity of Eq. (3-10). For that purpose, let us
rewrite Eq. (3-7) as follows:

G, ) =v.(t)0 () e sin (rey) /1%, 3-77)

where we have used the second of Eq. (2:10) or v,(2) =v;(¢)exp(—2y). On
the other hand, it follows from Egs. (2:2) and (3-3) that

vs(8) Ouwn = (1/8) A1 —¢/4)"7=1, (3-11)

in which the second equality becomes rough unless £~0 or {=1, just as the
expression (2-4) for R(¢r). In addition, we may put 0{u(z) —u (')} = (dt/du)
X0(t—¢) = (0.7)0(y). Now it is an easy matter to check that G, (¢, ") given
by Eq. (3:7’) satisfies Eq. (3-10). Thus it has been shown that Gt (2, x; 27,
x’) defined by Eq. (3-2) is the required retarded Green’s function for dealing
with the propagation of sound waves in the Friedmann universe.

Remark In the treatment of the formation of galaxies from the primordial
turbulence, Silk and Ames® too have touched upon the Green’s function to solve
an inhomogeneous equation corresponding to Eq. (3-9). However, their one-
dimensional Green’s function (cf. G(¢,¢’) defined by Eq. (45)%) is merely a
formal device, contrary to Gw(¢,¢") given by Eq. (3:7) which may play a

* The tactor §(¢—#) is devoid of their expression.
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significant role, as will be shown in § 5. It would not be useless to point out
that the fixation of a new time variable z(z) defined by Eq. (3:3) has been
essential in the derivation of our Green’s function G (¢, x; ¢/, x’) and its Fourier
component Gy (¢,¢).

§ 4. Rederivation of Eq. (4-10) in [I] for K..(z, x)

In order to show the substantial equivalence between the refined formalism
obtained in § 3 and the original one in [I], we shall rederive Eq. (4:10) of [I]
from Eq. (3-1).

On inserting Eqgs. (2-6) and (3-2) into Eq. (3:1) and making use of Eaq.
(3-3), we obtain

1 0°
dnv’ (t) 0xidx;

X‘vi(t’,x—l—r)v,-(t’,x—l—r), (4'1)

K.i(t, x) =

jé} f"‘dﬂe—ﬁﬂ P@—8 +0(—8) & (Vi — )}

where 7, is the maximum value of 7 defined by
1m=%In{c/v3v;(®)}. “4-2)

In the above dy-integral, the part 0 (y—¢&) represents the contribution from the
acoustic past ‘““light-cone” and another part ocf(y—§&) that from the acoustic
past “time-like” region. As in [I], we shall assume here that the second con-
tribution can be approximated by a form of the first contribution. For doing
so, let us consider the following integral:

X= L’"dﬂe—ﬁﬂ{m—s) HOG—8a (Vi =)} =e{l+E LY. (O}, (4-3)
where
Y, =107 {1 — ¢}
Y, =10"°[1+5& — "¢ {1+ 5.+ (25/2) (" — €D} 1, 4-4)

which satisfy the condition |Y,|<|Y,|*~10""(z=1,2,:--). Accordingly we may
approximately put

X= [Faenis a0 g-e 0G0, “-5)

Taking the above situation in view, let us assume that Eq. (4:1) can be
approximated by

1 0°
dnv’ (t) 0xidx;

X{vi(t’,x+r)'vi(t,’x+r)}ﬂ=f, (4'6)

Kot %) = [Zren+ @10 g-eemy]
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1374 H. Nariai

where 7=¢ or v,(t’) =v,(¢) exp(2§) stands for the acoustic past “light-cone ”.
In spite of its unphysical nature (cf. §1), we shall impose at this stage a
condition that the space-time point (¢,x) is far from any point in the source

(turbulent) region with non-vanishing »(#’,x+r). Then we can reduce Eq.
(4-6) to

Kou(t,2)=—— L . @@z jer € 7m) [{a (@) /a@)

vt (2) |2|?
x%{m @, x4+ 0, 40} oornons 4-7)
with
J(E, pm) =e 1+ (§/10) {1 —e" ¢} ], (E=r/ry) 4-8)

where h(r,z) is the retardation function defined by Eq. (4:12) in [I]; e.g.,
when 2(z) =10, we have

h(r,t) =a@o () /vi@), 06@)=(/6) (1—e%). (4-9)

Equation (4:7) is equivalent to Eq. (4-10) of [I], while J (g, 7») given by Eq.
(4-8) is somewhat different from the original one derived in a more rough ap-
proximation,

§ 5. The intensity of sound at the center of the expanding
turbulent fluid sphere within the acoustic event horizon

In the following, by the use of Eq. (3-1), but not its reduced form given
by Eq. (4-7), for K..:(¢,x), we shall derive the formula for the intensity of

sound at the center of the expanding turbulent fluid sphere within the acoustic
event horizon defined by

L@O =1 a@r, 10 =%In{v,(t)/v.()}, G-

where #; stands for an initial epoch, the acoustic wave emitted at a’ prior to
which instant cannot arrive at x at the time .

Now let us define the required intensity by

I(®) =05n () v’ {Kret (2, x) —K}? (5-2)
where the over-bar stands for the mean value of a turbulent quantity. By the
use of Eqs. (3-6) and (3:8), we have

Koty ) =K'= amy [ 22D ([ gpgpresonsora
N @)
XAGe(t, )G (2, ')} {Br (') B_y/ (/) —Be (¢') - B_1, ()}, 5-3)

where we have taken account of the situation that the random character of the
velocity field »(¢,x) and its associated quantity Bg(z) refers to their spatial
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orientations rather than their time-dependences.” On the other hand, it follows
from Eqgs. (2:6) and (3:6) that

Bi(2) = — {ro/vs (&) Vit jdxe—ik-%,- (2, %)v,(¢, x). (5-4)

As in [I], let us assume that the following decomposition for velocity
correlations is permissible:

Wivjvm,vn, - 'Ui'Uj * vm,vn, = Rim (t, r) Rj'n. (t, r) + Rin (t; T) ij (t; r) (5 ° 5)
with
vivy/ =Ry (¢, 1) =0 @) {— (f/2r)ro;+ (F+7f/2) 05}, (5-6)

which holds in an isotropic and incompressible turbulence, where v;=wv;(¢, x),
vi/=v;(t, x+r) and f/=0df(¢,7)/0r. By making use of Eqs. (5-4)~(5-6), we
have

By () Bt (#) —Bu(t') - B_w (¢') = ")’ {0 (') /0. ()}
X 63 (k/ —k) (kr0)4 J;T’(H) rzdr[{fz + 27'f’ (f—- rf’) + 6 (Tf')zl sin (kr)

(kr)? (kr)* | kr
_ , . 6(f)) cos(kr) )
{zrf Iy } (kr)? ] S

where 7,(¢’)=I,(¢)/a(t’). On inserting Egs. (8:7) and (5-7) into Eq. (5-3)
and performing a lengthy but straightforward computation, we obtain

—_— 75(t)

K2, x) —Kp=2 f M) C (& e dn(t) (5-8)
with

M@)=v(@®)/v;#) (:Mach number) 5-9)
and
Cw, D= [[@7i(VF=8) =8 @07+ 10/Yin (V7 —8)
+ {2 (60, F )+ 580, + 16 % is (Vo — €D 188, (5-10)

where 9,(t)=L(t) /a(@®) 7o, dy (') =—{vs(#’)/a(’)ro}dt’ as before, F=Fw, o
=f(¢,r) and I,(2)=%i,(z) is the modified Bessel function of the y-th order.
It is to be noticed that the right-hand side of Eq. (5:8) depends only on the
time variable z, by virtue of our reliance on Eq. (3:1).

On inserting Eq. (5-8) into Eq. (5-2), we obtain the required formula

1(2) = 208 () (O jﬂ"’mM WC @, pe—dy (). (5-11)

The above intensity formula is far simpler than the original one, i.e., Eq. (7-1)
of [I]. In addition, the appearance of 7,(v/7*—¢€%) (v=3,4,5) in the expression
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1376 H. Nariai

(5-10) for C(#’,7) shows that the main contribution to the intensity I(#) comes
from the acoustic past “time-like” region rather than from the acoustic past
“light-cone”, in a striking contrast with the common situation in the original
formalism and in the Lighthill-Crighton theory for a static turbulent medium.

On the basis of our theory” of the cosmic subsonic turbulence, we can in
principle determine the two turbulent quantities F @, 8 and () =M@")vs(t).
Then, from Egs. (5:10) and (5-11), the intensity can be evaluated, but the
required analysis will be done in a separate paper.
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