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Abstract

We study the irreducible generic cuspidal support up to near equiv-
alence for certain cuspidal automorphic forms of SOg,,+1 (Theorem 3.2
and Theorem 4.1), by establishing refined arguments in the theory of
local and global Howe duality and theta correspondences ([JngS03],
[F95]) and in the theory of Langlands functoriality ([CKPSS01], [JngS03],
[GRSO01]). The results support a global analogy and generalization of
a conjecture of Shahidi on the genericity of tempered local L-packets
(Conjecture 1.1). The methods are expected to work for other classical
groups.
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1 Introduction

An automorphic form is called generic if it has a nonzero Whittaker-Fourier
coefficient. A precise definition will be given in §2. Generic automorphic
forms have played distinguished roles in the modern theory of automorphic
forms and L-functions. On one hand, it seems that generic automorphic
forms are more accessible to analytic methods. On the other hand, it seems
that non-generic automorphic forms are more sensitive to problems aris-
ing from arithmetic and number theory. It seems essential at least to the
authors to study various relations between generic automorphic forms and
non-generic ones. One such relation is the near equivalence relation between
generic cuspidal automorphic representations and non-generic ones. Two ir-
reducible automorphic representations are nearly equivalent if at almost all
local places, their corresponding local components are equivalent.

The study of the near equivalence relation of automorphic forms originates
from the theory of Hecke operators and Hecke eigenforms in the classical
theory of modular forms. In the theory of automorphic representations, the
notion of near equivalence classes attracts more attention because of the
strong multiplicity one theorem for automorphic representations of GL(n) by
Jacquet and Shalika ([JS81]), and because of the pioneer work of Piatetski-
Shapiro on the Saito-Kurokawa lift, where the notion of CAP automorphic
representations was introduced ([PS83]).

An irreducible cuspidal automorphic representation is called CAP if it
is nearly equivalent to an irreducible constituent of an induced representa-
tion from an irreducible automorphic representation on a proper parabolic
subgroup. CAP automorphic representations are cuspidal ones whose local
components are expected to be non-tempered at almost all local places and
hence should be counter-examples to the generalized Ramanujan conjecture.
It turns out that CAP automorphic representations exist in general, although
Jacquet and Shalika showed that when G = GL(n), no such cuspidal auto-
morphic representations exist ([JS81]). From Arthur’s conjecture ([Ar89]),
CAP representations form global Arthur packets with degenerate Arthur pa-
rameters. The existence of CAP representations makes the theory for general
reductive groups more delicate than the theory for general linear groups.

Up to near equivalence, the following conjecture describes a basic struc-
ture for the discrete spectrum of square integrable automorphic representa-
tions.



Conjecture 1.1 (CAP Conjecture). Let k be a number field and A be
the ring of adeles of k. Let G be a reductive algebraic group, which is k-
quasisplit. For any given irreducible cuspidal automorphic representation w
of G(A), there exists a standard parabolic subgroup P = MN of G (P may
equal G) and an irreducible generic cuspidal automorphic representation o
of M(A) such that m is nearly equivalent to an irreducible constituent of the
(normalized or unitarily) induced representation

I(0) = Indj{3) (o).

We remark first that a version of this conjecture for G = Sp(4) was stated
in the work of I. Piatetski-Shapiro and D. Soudry ([Sdr90] and [PSS87]).
Conjecture 1.1 is the natural extension of their conjecture. The point here
is that the CAP conjecture above requires the cuspidal datum to be generic,
which is clear for the case of Sp,(A).

Secondly, if the parabolic subgroup P in the conjecture is proper, the
representation 7 is a CAP automorphic representation or simply a CAP with
respect to the cuspidal data (P; o). If the parabolic subgroup P equals G, the
representation 7 is nearly equivalent to an irreducible generic (having non-
zero Whittaker-Fourier coefficients) cuspidal automorphic representation of
G(A).

The main interest for us to introduce Conjecture 1.1 is its relation to
Arthur’s conjecture on the structure of the discrete spectrum of automorphic
forms. According to Arthur’s conjecture ([Ar89]), for each irreducible cuspi-
dal automorphic representation m of G(A), there exists a parabolic subgroup
P = MN of G and an irreducible cuspidal automorphic representation 7 of
M(A), which is of Ramanujan type, i.e. each of the local components of 7
is tempered. Following a conjecture of Shahidi ([Sh90]), each tempered local
L-packet should contain a generic member, which is one of the basic assump-
tions in Arthur’s conjecture, 7 must be locally generic at almost all local
places. Up to near equivalence, we may take 7 to be locally generic at all
local places. Hence the main difference between what comes from Arthur’s
conjecture and what comes from our CAP conjecture (Conjecture 1.1) is
that this irreducible cuspidal automorphic representation 7 of M(A) should
be taken to have a nonzero Whittaker-Fourier coefficient. In other words, we
expect that an irreducible cuspidal automorphic representation 7 of G(A),
which is locally generic at all local places, is nearly equivalent to an irre-
ducible cuspidal automorphic representation of G(A), which has a nonzero



Whittaker-Fourier coefficient. For this moment, we do not know how to prove
this statement in general. However, Part (4) of Theorem 4.1 (or 1.3) of this
paper shows that for an irreducible cuspidal automorphic representation
of SOg,,41(A) (the k-split odd special orthogonal group) with a Bessel model
of special type (see §2.2 for definition), if one of the unramifield local com-
ponents of 7 is generic, then 7 is nearly equivalent to an irreducible cuspidal
automorphic representation of SOg,41(A) which has a nonzero Whittaker-
Fourier coefficient. Theorem 8.1 of [KRS92| also supports our expectation.
More examples from the theory of automorphic forms will be provided in our
future work.

One of the good features of the CAP conjecture (Conjecture 1.1) is that
the irreducible generic cuspidal datum (P, o) attached to the irreducible cus-
pidal automorphic representation 7 of G(A) is expected to be unique up to
association class. Hence it is an invariant attached to m for classification up
to nearly equivalence. See Theorem 3.2 (or 1.2) for the case of G = SOg,1.

Finally, the CAP conjecture (Conjecture 1.1) may be viewed as a global
analogy and generalization of the Shahidi conjecture, which asserts that every
tempered local L-packet has a generic member. See our previous work on p-
adic SOg,41 ([JngS03] and [JngS04]) for the local generalization of Shahidi’s
conjecture. Over R, Shahidi’s conjecture was proved by D. Vogan ([V78]).
The more general version of the CAP conjecture (Conjecture 1.1) can be
stated to take care of irreducible cuspidal automorphic representations of
G'(A) where G’ is an inner form of the k-quasisplit G. We will not offer
any further discussion here for this generalization of the CAP conjecture
(Conjecture 1.1), but mention that some evidence in this aspect may be
found in [PSS87], [W91], and [P06].

In this paper, we investigate Conjecture 1.1 for G,, := SOg, 1, which is
the k-split odd special orthogonal group. We prove in §3 that the generic
cuspidal data (P;o) in the CAP conjecture is an invariant for irreducible
cuspidal automorphic representations up to near equivalence, which is the
natural extension of Theorem 5.3 in [JngS03] and Part 2 of Theorem B in
[GRSO01]. More precisely, we prove in §3.

Theorem 1.2 (Theorem 3.2). Let (P;0) and (Q; T) be two pairs of generic
cuspidal data of Gy(A). If the two induced representations Indg’&?)(a) and

Indg’&?) (1) share the same irreducible unramified local constituent at almost

all local places, then the two induced representations are equivalent as (global)
representations of G, (A).



With this theorem at hand, it makes sense to determine the generic cusp-
idal datum attached to an irreducible cuspidal automorphic representation of
SO2,+1(A) up to near equivalence, namely to determine the explicit structure
of CAP automorphic representations. It should be noted that various cases
of CAP automorphic representations with respect to certain proper parabolic
subgroups have been constructed and characterized by many authors. Some
remarks and references can be found in [GJR02]. These examples of CAP
automorphic representations confirm the CAP conjecture (Conjecture 1.1)
positively. However, it seems that not much progress has been made for the
characterization of an irreducible non-generic cuspidal automorphic represen-
tation to be nearly equivalent to an irreducible generic cuspidal automorphic
representation, that is, for the case when P = G. It is clear that such cuspi-
dal automorphic representations are hard to construct. Their existence may
follow from the Weyl law in the spectral theory and the stabilization of the
Arthur-Selberg trace formula.

We introduce in §2 the Fourier coefficients and the Bessel models of auto-
morphic forms attached to nilpotent orbits Oy, 1 12(m-n) given by partitions
of the form [2r+1, 12(”_7")] for 0 < r < n. We consider the k-stable orbits. In
the case of the subregular nilpotent orbit, the k-stable orbits are parameter-
ized by the square classes of £*. From Proposition 2.1 and Proposition 2.2,
when the k-stable class in the nilpotent orbit O, j2(-n7 Is parameterized
by the discriminant of the quadratic form defining SOy, 11, the non-vanishing
of one such Fourier coefficient of an irreducible cuspidal automorphic repre-
sentation m of SOsg,41(A) implies that 7 has a nonzero Whittaker Fourier
coefficient, which is the Fourier coefficient attached to the regular nilpotent
orbit. In general, for an irreducible cuspidal automorphic representation 7
of SOg,,41(A), there should be a maximal index r € {1,2,--- ,n — 1} such
that 7 has a nonzero Fourier coefficient attached to a k-rational orbit in
Olar41,12(n-]- Such an index is expected to be related to the first occurrence
of 7 in the theory of theta correspondence and to the existence of a cer-
tain pole on the positive real axis of the standard L-function associated to
. Since our goal in this paper is to detect a family of irreducible cuspidal
automorphic representations which are nearly equivalent to an irreducible
generic cuspidal automorphic representation, we investigate how the Fourier
coefficient attached to the subregular nilpotent orbit plays the role in our
theory. The result can be stated as follows.

Theorem 1.3 (Theorem 4.1). Let w be an irreducible cuspidal automorphic



representation of G, (A) with a Bessel model of special type (D, 1, ¥nn-1.1),
where A\ Z d mod (k*)? (see (2.11) for the definition). Then T enjoys the
following four properties.

(1) The first occurrence of m in the Witt tower gvpzm(A) form > 1 satisfies

n—1<mgy(r) <n.

(2) Assume that mo,(7) = n, i.e. the -theta lift ©,,(m,¢) of ® to
SPon(A) is cuspidal. Then either ™ is nearly equivalent to an irre-

ducible, generic, cuspidal, automorphic representation of G, (A), or
1s CAP with respect to the cuspidal data

(P (an-|-]2) @ 0),

where Py is the standard parabolic subgroup whose Levi part is isomor-
phic to GLy X SOg,,—1, and o is a cuspidal representation of SOg,—1(A),
such that o ® x is in the image of the 1~ '-theta correspondence from
a certain V-generic, cuspidal representation of Spy,, (A).

(3) Assume that 7 is generic at one finite place. Then mg () = n.

(4) Assume that w is generic at a finite odd place v, where 7, is unramified
and X\ is a unit. Then 7 is nearly equivalent to a cuspidal generic
representation. In particular, 7 is locally generic almost everywhere.

As a consequence, we obtain the rigidity of the local genericity of ir-
reducible cuspidal automorphic representations, which have nonzero Bessel
model of special type (§2.2).

Corollary 1.4. Let 7 be an irreducible cuspidal automorphic representations
of SOgp41(A) with Bessel models of special type. Then m is either nearly
equivalent to an irreducible generic cuspidal automorphic representation '
of SO2,11(A), or has no generic local components at almost all finite local
place.

For this paper, the rigidity of local genericity of irreducible cuspidal au-
tomorphic representations of SOg,41(A) is still conditional, however, general
results of this type are expected, since it is compatible with Arthur’s conjec-
ture on the SLy(C)-types of the discrete automorphic representations ([Ar89),



[Ar04], and [Cl]). It is not hard to see that this corollary is a reformulation
and generalization of the main result of [PSS87], which is for SO5. The proof
is based on the ideas of [PSS87] and results from [F95]. Basically, it is a
refined argument using local and global Howe duality and theta correspon-
dences. To the authors’ knowledge, this is the first result proved for higher
rank groups in this aspect. The main idea here is to filter irreducible cuspidal
automorphic representations by a family of Bessel models or Fourier-Jacobi
coefficients, which has been used in many occasions in the theory automor-
phic forms and L-functions. In §4, we try to explain the idea by filtering
cuspidal automorphic representations through the Bessel models attached to
the regular and the subregular nilpotent orbits. Some interesting examples
of irreducible cuspidal automorphic representations of SOs,1(A) with the
first occurrence being n — 1 are constructed at the end of §4. As explained in
Remark 4.7, the discussion in §4 does not quite complete the proof of Conjec-
ture 1.1 for irreducible cuspidal automorphic representations of SOap11(A)
with Bessel model of special type. However, this will be treated in our forth-
coming work by establishing Moeglin’s work ([M97a] and [M97b]) for the
reductive dual pairs (SO2,41, SPa,y,)-

It is expected from a certain generalization of the automorphic descent
([GRSO01]) that there exist irreducible cuspidal automorphic representations
of SO2,,41(A) which have no non-trivial Bessel models attached to Oy, 41 12—
for r = n—1 or n. The corresponding local theory has been suggested through
the work of Moeglin and Waldspurger for p-adic fields ([M96] and [MW87])
and the orbit method for real or complex reductive groups ([V97]). Some
interesting global results for Sp,,, have been worked out in [GRS03] and in
GG].

The first named author is supported in part by the NSF grant DMS-
0400414, and by the Distinguished Visiting Professorship at The Institute of
Mathematics, The Chinese Academy of Science. The second named author’s
research is supported by the Israel Science Foundation. We would like to
thank the referee for very helpful remarks.

2 Nilpotent Orbits and Bessel Models

Let k be a field of characteristic zero. Let (Vani1, (+,-)) be a nondegenerate
quadratic vector space over k of dimension 2n + 1 with Witt index n. The



symmetric bilinear form is given by

In
Jont1(d) = d (2.1)
In
1
where we define J,, := Jn_2 inductively, and d € k*. We may
1
choose a basis
{617'“ ;3 €ny €0,€—n, " " 76—1} (22)
such that
1 if j = —i,
(cives) =40 if j# i,
d if j=1=0.
For each r € {1,2,--- ,n}, we have the following partial polarization
Vo1 = X0 @ Vognory11 © X (2.3)

where X, is a totally isotropic subspace of dimension r and X is the dual of
X, with respect to the non-degenerate bilinear form (-, -), and the subspace
Va(n—r)+1 is the orthogonal complement of X, ®X. Without loss of generality,
we may assume that X, is generated by eq,--- ,e, and X is generated by
€y O

We first consider a family of special nilpotent orbits of the odd special
orthogonal Lie algebra 502n+1(12:), k is the algebraic closure of k, and then
consider the k-rational orbit structures in case k is a number field. Attached
to such k-rational orbits, we define for an automorphic form, Fourier coeffi-
cients and Bessel models.

2.1 A family of special nilpotent orbits.

We first consider the absolute theory over the algebraic closure k of k. With-
out loss of generality, we may consider the theory over C, the field of complex
numbers.

We recall basic facts on nilpotent orbits of complex classical Lie algebras
from [CM93]. For $05,41(C), the nilpotent orbits or nilpotent conjugacy
classes are in one to one correspondence with the partitions of 2n 4+ 1 with



even parts occurring with even multiplicity. Using the notation from [CM93],
the set of such partitions is denoted by P1(2n + 1). We call such partitions
odd orthogonal partitions.

Forr € {0,1,2,--- ,n}, the partition [2r+1, 12"=")] belongs to Py (2n+1).
By Theorem 6.3.7, [CM93], the partition [2r 4 1,12("™")] is special for every
r€40,1,2,--- ,n} and also the involution of partitions stabilizes this family
of special partitions. The nilpotent orbit corresponding to [2r + 1,12("™")] is
denoted by

Onm = O[2T+1712(n—r)].

The orbit corresponding to a special partition is called a special nilpotent
orbit. It is easy to see that this family of special nilpotent orbits is linearly
ordered. When r = n, O,, = Ojgn41] is the regular nilpotent orbit, and
when r =0, O, 0 = Op2nt1; is the zero nilpotent orbit.

The following discussion is trivial when » = 0. Hence we assume that
r # 0. Foreachr € {1,2,--- ,n}, thereis a standard parabolic Lie subalgebra
p; = m/n! (unique up to conjugation) with Levi subalgebra
)®

mz = (9[1 " @502(71—7")4-1

and nilpotent radical n’ , whose quotient modulo its derived subalgebra [n! n” ]
is given by

o)/, ] 2 CEOD @ IO
Note that if » = 0, then pg = 509,11. Hence we may assume that the above
space is zero when r = 0. When r # 0, the adjoint action of m! on n] induces
an action of (GL1)" x SOg(,—p)41 on the affine space Cer-1) g Ce2n—r)+1)
such that for each

g=(t,t2, -+ ,t;;h) € (GL1)" X SO2(3—r)11
and each
v = (;El, To,  , Tp_1; u) c (CEB(T—I) D C@(2(n—r)+1)7

we have
gov = (tltz_lxl, tgtglxg, vttt tuh 7). (2.4)

Moreover, the nilpotent orbit Oy, 2 corresponds to the Zariski open
orbit of (GL1)" X SOg(,—r)41 on the affine space CPr—1) g CPCM=+D T ig
clear from the action given by (2.4) that we may choose the representatives
of the Zariski open orbit to have the following form

v = (17 17 cee 1, U) c CEB(T—I) D CEB(Q(”—T)—H)’

9



that is, ;1 = -+ = 2,1 = 1. Since the set of such vectors is stable under the
the subgroup
(GL1)A X SO2(n—r)+1

of (GL1)" x SOg(;—y)+1, Where (GL;)? is GLy, diagonally embedded inside
(GLy)", this induces further the action of GL; x SOgy(,—y)41 on the affine
space CPC=m+1) a5 follows: for each (t;h) € GL1 X SOy, 41 and each
u € COPC=+D " we have

(t;h) ou = tuh™*. (2.5)
Consider the partial polarization of V5,1
‘/2n+1 = Xr ¥ ‘/2(n—r)+1 D X:

as in (2.3), with Vo(, s & C®CM=14D . By Witt’s theorem, we know
that the affine space V5(;,—)+1 with the group action of GL; X SOg(y—py11 is
a regular prehomogeneous vector space and decomposes over C (or k) into
three orbits

V2(n—r)+1 = {0} UZyUZ; (2.6)

where Zj is the set of all nonzero isotropic vectors with respect to the bilinear
form and Z; is the set of all anisotropic vectors with respect to the bilinear
form. It is clear that Z; is the Zariski open orbit.

It is important to remark that the above discussion works as well if one
replaces the ground field C by the algebraic closure of a number field or a
local field of characteristic zero.

In the sequel, we denote by k a number field or a local field of character-
istic zero and by k the algebraic closure of k.

We will use the notion of k-stable orbits to discuss the k-rationality of the
nilpotent orbits and parameterization. For a detailed discussion of k-stable
orbits, we refer to [Ktw82]. The k-stable nilpotent orbits associated to the
k-nilpotent orbit O[2T+1712(n_r>](l§:) are in one to one correspondence with the
k-stable orbits associated to the k-orbit Z; (k). Note that the k-rational orbit
Zo(k) is k-stable, since Witt’s theorem holds for number fields or local fields
of characteristic zero.

If r # n, in the Zariski open k-orbit Z;(k), one has the following param-
eterization of the k-stable orbits of GLi(k) X SOg(—ry11(k) in terms of the
square classes of £*:

Z1(k) = Unerx k%227, (2.7)

10



where the set 7} is defined by
Z} = {v € Vopuomy1(k) | (v,0) =X mod (k*)*}.

It is clear that the set Z7 is a single k-rational orbit of GL; (k) x SOg(n—r)11 (k).
Note that Zy(k) is a single k-rational orbit of GL;(k) x SOg(—y)41(k).
If r = n, then Vy(,_,)41 is one dimensional and has the decomposition

Vi(k) = {0} Uk™. (2.8)

Hence Z;(k) = k> is a single GL;(k)-orbit. Therefore the k-stable regular
nilpotent orbit Opa,11j(k) is a single k-rational orbit.

Proposition 2.1. Assume that r € {1,2,--- ,n— 1}. Let Z;' be defined as
in (2.7). Given a vector uy € Zl’\, the subspace ui of Vatn—ry+1 has dimension
2(n —r). The Witt index t(uy) of uy is given by the following formula

S(ub) = {n -, if \=d mod (k*)?

n—r—1, otherwise.

Here the number d € k™ is given in (2.1).

Proof. By (2.3), the quadratic subspace Va(,,_ry41 is provided with the quadratic
form defined by (2.1) with n replaced by n — r. Hence the Witt index of
Votn—ry41 18 M — 1.

If \=d mod (k*)?, then Z} = Z¢. We may choose

u) = €.

Hence the subspace uy is isomorphic to e as subspaces of Vou_pyy1. It
A 0 (n—r)

follows that the Witt index of uy is n — 7.

If A 2 d mod (k*)?, we may choose a pair of orthogonal vectors wuy, vy
in the orthogonal complement of eq in V(,—y)41 such that {ux,vr} generates
a hyperbolic plane and uy € Z;'. For example, we may choose

A A

Uy =€, + —e_p VN = €p — —€_p.
2 ’ 2

Then we may express the quadratic space Va(,—p)41 as

‘/2(n—r)+1 = (k’U)\ 1 k’U)\) 1L ‘/2/(n—r—1)+1

11



where the subspace Vzl(n_r_n 41 is orthogonal to kuy L kvy, has the Witt
index n —r — 1, and is isomorphic to Vapm—r—1)41 (as in (2.3)) as quadratic
spaces. Hence the orthogonal complement ui of uy in Vog_py41 is kvy L

2/(n—r—1)+1‘ Since A # d mod (k*)?, the pair {vy, e} forms an anisotropic
two-dimensional quadratic subspace in uy. Therefore the Witt index of uy

is m —r — 1 in this case. The proof is completed. U

The k-rational property of Z7 has in fact interesting implications to cus-
pidal automorphic forms, which will be discussed next.

2.2 Bessel models of automorphic forms.

Asin §2.1, we have the partial polar decomposition for each r € {1,2,--- ,n}:
‘/2n+1 = Xr ¥ ‘/2(71—7“)4-1 D X:

Then GL(X,) is isomorphic to GL(r). Let U, be the standard maximal
unipotent subgroup of GL(r). Recall from §2.1 that elements in N/ (the
unipotent radical, corresponding to n’ ) can be written as

U T z
n = Ln—ry+1 7" | € SO2p41
u*
where u € U,. Let A be the ring of adeles of k and let ¢ be a nontrivial
additive character of A which is trivial on k. We define a character v, .\ of
Ny (A) by
Vnra(n) == P(ura + -+ up1) (2 - un, er)). (2.9)

Recall that we may view x as an element in Hom(V5(,—p)11, X;). Here, uy is
an element of Zl’\, i.e. it is an anisotropic vector in V3(,_,)41 such that

(U)\, U)\) =\

To define the character 1, .5, we have to choose such a wuy first and fix it. If
one chooses any other vector in the k-rational orbit Z;', one may replace \
in the character v, ,.» by another number in the square class of . It is clear
that . is trivial on N (k).

12



Now we are ready to define the Fourier coefficient of automorphic forms
attached to the nilpotent orbit O, 1 j2(-r). Let ¢ be an automorphic form
on SOg,+1(A). We define

Frr (g o) = / P(ng)1hyx (n)dn (2.10)

Ny (R)\N;(A)

If the integral is not identically zero, we say that the automorphic form ¢ has
a nonzero Fourier coefficient attached to the nilpotent orbit Oy, 12001
Let Dy be the connected component of the identity of the stabilizer of
the vector
v=(1,1,---,1;uy)

in the Levi subgroup M. Then D, is isomorphic to the algebraic group
SO(uy ), where as before uy is the orthogonal complement of ) in Vo(n—r)41.
Hence D, is a k-rational form of SOg(,—y).

Again if r = 0, then N? = {I5,11}, and the integral in (2.10) reduces to
evaluation at g for g € SOg,11(A), i.e.

FPno(gy ) = p(g)-

In this case we define D) to be SOy,.

If r = n, then the Fourier coefficient F¥nn:(g; ) is the usual Whittaker-
Fourier coefficient. Since the k-stable regular nilpotent orbit Op,1y(k) is a
single k-rational orbit, the non-vanishing of the Whittaker-Fourier coefficient
F¥nnx(g; ) is independent of the choice of . In this case, Dy is the identity.

In general, the Fourier coefficient F¥nx (g; ) is left D, (k)-invariant, and
hence it produces an automorphic function on Dy (k)\Dx(A).

Let ¢ be an automorphic form on Dy(A). Then one can formally define

BYn (i, ) = / Fn (s 9)p(h) dh. (2.11)

Dx(K)\Dx(A)

If this integral is not identically zero, we say that ¢ has a nonzero Bessel
model of type (Dy, @, ¥n-x). Of course we have to assume the convergence
of the integral in order to define the Bessel model by such an integral.

13



2.3 Fourier coefficients F¥» for A =d mod (k*)2.

Recall that the group G,, = SO, is k-split, and associated to the symmetric
matrix (2.1)
Jﬁ
Jont1(d) = d
‘]TL

It is clear that the number d is uniquely determined up to square classes in
kx.

Proposition 2.2. Assume that A\ € k> satisfies A = d mod (k*)? and r =
n — 1. An irreducible cuspidal automorphic representation = of G, (A) has
a non-zero Fourier coefficient F¥nn—12(- p,) attached to the nilpotent orbit
Opgn—-1,12) if and only if w is generic, i.e. ™ has a non-zero Whittaker-Fourier
coefficient. Note that the Whittaker-Fourier coefficient is the one attached to
the regular nilpotent orbit Ogpq).

Proof. The proof is based on the Rankin-Selberg integrals given by Novod-
vorski in [N75], which represent the tensor product L-function for SOg, 1 X
GL;. These integrals have the form B¥Ymn-12 (. v @ |- |*) (see (2.11) for
r=mn—1), and Dy = k*. Hence automorphic forms ¢ on D, (A) are of the
form v ® | - |°, where v is a character of £*\A*. The main identity which
makes these integrals Eulerian is

Bwn,n—l;)\ (@W; v ® | . |S)

Iﬁ_ s—% g%
S T R Y G e
X\ AX n—1

S L S G S G N 7

Here the real part of s is sufficiently large, and Ww”’”;d(g) is the Whittaker-

™

Fourier coefficient of the automorphic form ¢, with respect to the generic

0
character ¢ = 1y, p.q. For g € GL,,, we denote m(g) = g ) If F¥nn-1:
is non-zero, then there exists a character v, such that the Mellin transform
B¥nn—1x(p v @ | - |*) is non-zero, for some ¢,. Hence the last integral is

non-zero, and so is Wg »m¢ Therefore, 7 is generic.

™
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Conversely, if Ww:’”;d is non-trivial, then we use the fact that, for de-
composable data, the last integral is a product of the corresponding local
integrals over all places. For each local integral, and for each fixed real value
S, which we may take to be very large, we may choose data, at that local
place, so that the local integral is holomorphic and nonzero at sy.The local
integrals, at the places w, where all data are unramified, are equal to the
local L-function L(s, 7, ® v). Thus, for a suitable choice of data, we get
that the last integral equals as(s, o)L (s, ® v), where S is a finite set of
places, outside of which all data are unramified, and as(s, @) is the product
of the local integrals at S, which, as we just mentioned, is holomorphic and
non-zero at sg, by our choice of data. The partial L-function L(s, 7 ® v) is,
of course, non-zero at syg. We conclude that BY»n-12 (., v®|-]*) is non-zero.
Hence the Fourier coefficient F¥»»-1:* is non-zero. O

Remark 2.3. From the last proof, it is clear that if © is generic and the
central L-value LS(%,W ® v) is non-zero, then w has a Bessel model of type
(Rx, v, 1)), where A = d mod (k*)?%, and v is viewed as a character of Dy
in the case of r =n — 1.

Remark 2.4. By using Ginzburg’s work ([G90]), which generalizes [N75] to
represent the tensor product L-functions for SOg,i1 X GL,, (generic cases)
and the same arqgument used in the proof of Proposition 2.2, we can show
that for X € k* with A = d mod (k*)? and r € {1,2,--- ,n — 2}, an ir-
reducible cuspidal automorphic representation m of Gy, (A) is generic if and
only if ™ has a non-zero Bessel model of type (Dy, E(-, ®r); Ynrn) for the
real part of s large, where E(-, ;) is the Fisenstein series of SOgq—ry(A)
with cuspidal datum (P,—,, T) supported on the Siegel parabolic subgroup P,_,
0f SOg(n—p). Such Bessel models involve the central value of the tensor prod-
uct L-function for generic cuspidal automorphic representations m of SOgp4q

and T of GL,_.. For more detailed discussion in this aspect, we refer to
|GJR04) and [GJR].

3 Rigidity of generic cuspidal data in Conjec-
ture 1.1

In this section, we prove that generic cuspidal data as in Conjecture 1.1 are
invariants for the classification of automorphic representations up to near
equivalence.

15



It is a well-known theorem that every irreducible cuspidal automorphic
representation of GL,(A) is generic (i.e. having non-zero Whittaker-Fourier
coefficients). This follows from the Whittaker-Fourier expansion of cuspidal
automorphic forms of GL,(A). Moreover, Jacquet and Shalika proved the
following theorem.

Theorem 3.1 (Theorem 4.4 [JS81]). Let (P;0) and (Q;T) be two pairs

Lo (A
P(A( )(U)

and IndGL”)(A (1) share the same irreducible unramified local constituents at
almost all places, then the two pairs of cuspidal data are associate.

of cuspidal data of GL(n). If the two induced representations Ind

It follows that there are no CAP automorphic representations on GL,,(A).
We prove an analogue of Jacquet-Shalika’s Theorem for G,, := SO, 1 with

generic cuspidal data. For the parabolic subgroup P = G, this was proved
in [JngS03] and in [GRS01].

Theorem 3.2. Let (P;0) and (Q;7) be two pairs of generic cuspidal data of

Gn(A). If the two induced representations IndP’(lé? (o) and Indg’&A (1) share
the same irreducible unramified local constituent at almost all places, then

(P;0) and (Q; T) are associate.

Proof. We shall use the Langlands functorial lift from I19¢(G,,), the set of
equivalence classes of irreducible generic cuspidal automorphic representa-
tions of SOgy,11(A), to II(GLay,), the set of equivalence classes of irreducible
unitary automorphic representations of GLg,,.

Write the Levi decomposition P = M N with

M = GL,,, x -+ x GL,, x Gy, (3.1)
and similarly, ) = LU with

L= GLy, X -+ x GLyy,, X G- (3.2)
Then we have

L T I = (3.3)

= | e " nemn. (3.4)

Without loss of generality, we may assume that the s;’s and ¢;’s are real
numbers and satisfy

§1> >8>0, (3.5)
>t >0, (3.6)



and the representations o;’s and 7;’s are irreducible, unitary, automorphic,
cuspidal, and generic.

By the explicit Langlands functorial lift from I19¢(G,,) to II(GLa,) (see
[GRSO01] and [CKPSS01]), there are irreducible self-dual unitary cuspidal
automorphic representations &, --- ,&, and ny,--- , 1, such that (1) & 2 &,
and n; % n; if @ # j; (2) the exterior square L-functions L(&;, A?s) and
L(n;, A% s) have a pole at s =1 for i = 1,2,--- ;pand j = 1,2,--- ,¢; and
(3) the images of the Langlands functorial lifts of o and 7y are

GLang (A)

GH---HE = IndPel,m,ep(A)(gl ® - ®E) (3.7)
and GLamg (A)

B By = Tndp G (1 ® - @ g), (3.8)
respectively. Hence we may lift the induced representations Indi(()g’)l“(A)(a)

and Indz(()g’;“m) (1) to the representations of GLs,(A) parabolically induced
from

o @@ 70, 06@ R, @@ | Ta), (3.9)
and
e Q- fneme®--- @@ |- T e @ |- |, (3.10)

respectively.

By assumption, we know that the last two induced representations of
GL2,(A) ((3.9) and (3.10)) have the same irreducible local unramified con-
stituents at almost all local places. By the Theorem of Jacquet and Shalika,
we know that the last two induced representations are equivalent, in the fol-
lowing sense: the two corresponding parabolic subgroups Py, ... n,e1, epine -
and P, ... myif1 e, fomu,m, and the two cuspidal representations in (3.9) and
(3.10), respectively, are associate. This means that r = [, p = ¢; and, after a
reordering, n;, = m;, s; =t;, and 0; = 7; fori = 1,2,--- ,r; and e; = f; and
& =mjfor j=1,2---,p.

Finally, since both irreducible generic cuspidal automorphic representa-
tions op and 7y share the same image

é“lEEEEfp
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under the Langlands functorial lifting from SOs,.; to GLs,, we conclude
that oy must be equivalent to 7y by Theorem 5.2 of [JngS03], i.e. the Lang-
lands functorial lifting is injective when restricted to the irreducible generic
cuspidal automorphic representations of SOs,11(A). Therefore, the cuspidal
data (P; o) and (Q; 7) are associate. O

Theorem 3.2 has the following consequences which are important to the
understanding of the CAP conjecture (Conjecture 1.1) and the structure of
the discrete spectrum of SOg;,41(A).

Corollary 3.3. With notations as above, we have

(1) Any irreducible generic cuspidal automorphic representation  of G,,(A)
can not be a CAP with respect to a generic, proper, cuspidal datum.

(2) If two pairs of generic cuspidal data (P;o) and (Q;T), are nearly asso-
ciate, 1.e. thewr local components are associate at almost all local places,
then they are globally associate.

(3) The generic cuspidal datum (P;o) in Conjecture 1.1 is an invariant
for irreducible automorphic representations of SOapi1(A) up to near
equivalence.

4 Non-generic Automorphic Forms

As remarked at the end of §2, the k-rational structure of the nilpotent orbit
with which the Fourier coefficient is defined is expected to have deep impact
on the structure of irreducible cuspidal automorphic representations. We
consider here the case when the nilpotent orbit is of subregular type.

We first investigate irreducible cuspidal automorphic representations with
Bessel models of special type and their relation with generic cuspidal auto-
morphic representations.

We recall from 2.2 that a Bessel model of an irreducible cuspidal au-
tomorphic representation m of G, (A) attached to the sub-regular nilpotent
orbit Op,_1,12) is given by the integral in (2.11) for » = n — 1. In this case,
Dy is a k-rational form of SO(2), and the Bessel model is called of type
(D, V,¥nn-1.1), where v is a character of Dy(A) that is trivial on D, (k).
When the character v is trivial, the corresponding Bessel model is called of
special type, i.e. of type (Dy,1,%n-1.2). Because of Proposition 3.4, we
assume from now on that A #Z d mod (k*)2.

18



4.1 Bessel models of special type (nearly generic case).

Denote by a, the Hilbert symbol (-, A), and by x, the composition of a, with
the spinor norm on G; = SOq;;. We shall show that an irreducible cuspidal
automorphic representation of G, (A) with a Bessel model of special type
(Dx, 1,%nn-1.2), where X\ # d mod (k*)?, has significant properties related
to various theta liftings to metaplectic groups Sp,,,(A) for m > 1.

The proof of these properties uses both global and local Howe correspon-
dences. We recall first some basic facts on Weil representations and theta
liftings in the special cases needed for the proof. The ideas go back to [PSS87],
[F95], and [JngS03].

We consider the reductive dual pair (Og,11, Sp,,,) in a symplectic group
SPom(2n+1)- Note that we only consider the k-split orthogonal group Ogy1.
For a non-trivial additive character ¢ of k\ A, one has the Weil representation
wy of gvpzm(znﬂ)(A) (the metaplectic double cover of Spy,,5,41)(A)), acting
in the Schrédinger model S(A"T1)™) | the space of all Bruhat-Schwartz func-
tions on AG"*D™  For basic formulas of the action of certain subgroups, we
refer to §2.4.2 in [F95]. For a Bruhat-Schwartz function ¢ in S(AGn+Hm),
one defines a theta function

0% (z, p) := Z wy (7)9(€)

gek(2n+1)m

for z € gvpzm(znﬂ)(A). For (g,h) € Ogpy1(A) % %zm(A), denote

0Y((9.h),0) = > wylg, h)d(&).

gek(2n+1)m

Let (m, V) be an irreducible cuspidal automorphic representation of Og;,11(A).
The following integral

/ 0¥ (9, 1), 6)on(9)do,
O2n41(K)\O2n+1(A)

where ¢, € V., converges and defines an automorphic function on Sp,,,(A).
By varying ¢ in S(A®"*Y™) and ¢, in V;, the integrals generate a space
of a genuine automorphic representation of gvpm(A), which is denoted by
Onm(m, 1) and is called the 1-theta lifting of 7. We denote by my () the

first occurrence of 7 in the Witt tower Sp,,, for m > 1, that is, the -theta
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lifting of 7 to gvpzmo (A) is non-zero and cuspidal, but the t-theta lifting to
Sps,-(A) is zero for all » < mg — 1.

Similarly, we consider the theta liftings from gvpzm to the k-split Witt
tower Og,41 for n > 1. Let (7, Vz) be an irreducible genuine cuspidal auto-
morphic representation of éBzm(A). For any ¢z € Vi and ¢ € S(AGn+Dm),
the integral

/ C6%((g b, d)gs(R)dh
szm(k)\Ssz(A)

converges and defines an automorphic function over Og,41(A). The space
generated by all such integrals is denoted by ©,,.,, (7, ™"), which is an au-
tomorphic representation of Og,41(A). We call ©,,, (7, ") the ¢~ '-theta
lifting of 7.

The first theorem we want to prove is stated as follows.

Theorem 4.1. Let m be an irreducible cuspidal automorphic representation
of Gi(A) with a Bessel model of special type (D, 1,1nn-1.1), where X Z d
mod (k)% Then m enjoys the following four properties.

(1) The first occurrence of m in the Witt tower gvpzm(A) form > 1 satisfies

n—1<mgy(r) <n.

(2) Assume that moy(7) = n, i.e. the -theta lift ©,,(m, ) of ® to
Span(A) is cuspidal. Then either m is nearly equivalent to an irre-

ducible, generic, cuspidal, automorphic representation of G, (A), or
1s CAP with respect to the cuspidal data

(P (an-|-]2) ®0),

where Py is the standard parabolic subgroup whose Levi part is isomor-
phic to GLy x SOq,,—1, and o is a cuspidal representation of SOg,—1(A),
such that o @ x is in the image of the ¢_1—the§g/ correspondence from
a certain V-generic, cuspidal representation of Spy,, (A).

(3) Assume that 7 is generic at one finite place. Then mg () = n.

(4) Assume that 7 is generic at a finite odd place v, where 7, is unramified
and X\ is a unit. Then 7 is nearly equivalent to a cuspidal generic
representation. In particular, 7 is locally generic almost everywhere.
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This theorem will be proved step by step in the rest of this section.
We prove first Part (1) of Theorem 4.1, which we single out as a separate
theorem.

Theorem 4.2. Let m be an irreducible cuspidal automorphic representation
of G (A) with a Bessel model of special type (D, 1,1nn-1.1), where X #Z d
mod (k)% Then O, m(m,1%) =0, form <n—1, and O,,,(7,v¥) # 0. Thus,
the first occurrence, mo,(m), of the theta lift of ™ to the Witt tower gvpzm(A)
satisfies
n—1<mgy(m) <n.

Proof. By Proposition 1, [F95], the space ©,, (7, ¥) is 1\-generic. In partic-
ular, ©,,,(m,1) is a non-zero automorphic representation of %QH(A). Thus,
mo,p(m) < n. Here, the character v is as follows. Let B =T-U be the

Borel subgroup of Sp,,, with U the maximal unipotent subgroup. If we de-
note, for u € Uy, by x; its coordinate associated to the i-th simple root «;
(t=1,2,---,n), then the character v, is defined by

Yr(u) = (21 + o+ Ty + gm.

Next we will show that ©,, ,,(m,¢) = 0, for m < n — 1. Assume, for sim-
plicity, that d = 1. The proof is based on the local analog of this statement,
which is an extension of our previous work in [JngS03]. Fix a finite place v,
and let m < mn — 1. We will show that there is no irreducible representation
7, of Spy,,(k,), such that

Hom(wy, @ 7,,m,) # 0.

Here wy, is the local Weil representation, of gvpzm(znﬂ)(k‘y), at the place v,

restricted to the dual pair (Ogy,11(ky ), Spy,, (kv )). The proof is entirely similar
to [JngS03], p.754-759.
As in [JngS03], denote by W, the 2m-dimensional symplectic space over

k., on which Sp,,,(k,) acts. We take a right action. Choose two transversal
Lagrangian subspaces,

Y, =W and Y :=W_

of W,,, and choose a basis fi,---, f,, of Y, and a dual basis f_1,---, f_,, of
Y. We realize the Weil representation wy, in the mixed model
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We also use the notations in the beginning of Section 2. Let ¢ be a non-trivial
linear Bessel functional of special type (Dj, 1,1, ,-1.1), on the space V;, of
m,, i.e. [ satisfies

U(my, (tu)v) = Yy -1 (w)l(v)

Here, t € Dy = Dy(k,),u € N*"' = N""Y(k,), and v € V,,. We abbreviate
¢, to 1. Composing ¢ with a nontrivial element of Hom(wy, ® 7,,m,), we
get, as in [JngS03], (2.9), a non-trivial bilinear form [ on

SX, oW, eV3Y,)V,,
(where V;, is the space of 7,), which satisfies
Blwy (tu, h)p, &) = Ynn-1:A(1)B(p, §)

fort € Dy,u € N*"' h e ggzm(k:y),f € V,,, and ¢ is a function in the mixed
model. Let us abbreviate the notation for ¢ as follows:

o((w, -+, wn-1); (Y1, Yo, ¥2))
= ple 1 Qui+ - +e1Q@Wy1+6e, QY1+ e QYg+ e_nys)

for w; € W,,,y; € Yy, Consider the subgroup of Og,41 consisting of matrices

I 0 =z
P I3 0] € Ogpya.
I

Then we have the following formula

de(Z/’ 1)@((21]17 e >wn—1); (yh Yo, y2)) =
1

¢(§Gr(w1,--- s Wn—1)w2)e((wi, -+, Wp1); (Y1, Yo, ¥2))-

Here w is the (standard) long Weyl element in GL(n — 1), and Gr denotes
the Gram matrix. Asin [JngS03], p. 755, we conclude that for each fixed &,
(3 is supported on

00 = {((wb e >wn—1); (y1>y0>y2))|(wi>wj) = O,V 27] < n}

The same proof as in [JngS03], p. 756-758 shows that, for 3 to be nonzero, it
has to be supported in the subvariety of Cy, where wy,--- ,w,_, are linearly
independent. This is impossible when m < n — 1. 0
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If we continue the last proof, for m = n — 1, as we did in [JngS03], Cor.
2.1, we find that if 3 is non-zero, then 7, needs to be 1)-generic. Choose then
a ¥y -Whittaker functional wy on V,, . The bilinear form /3 is then determined
uniquely, up to scalar multiples by

6(307 6) = / de(l? h)@(f—(n—l); R f—l; 6()\) ® fn—l)w)\(h)dh
S\Spay, 2 (k)

Here S is the Siegel radical and e(\) = e, — %e_n. In order to get the last
result, we have to use the action in our mixed model of

I » =z
n(x,z) = I3 | € Ogpp1
1
on p((wy, -+ ,wn-1); (Y1, %0, y2)), where wq, -+ ,w,_1 lie in Y*. We have

wy(n(z, 2), De((wr, -+, wn-1); (Y1, Yo, Y2))

= VO _(Wnoi, ways + Taago + wisy2) ) o (Wi, -+ wn1); (Y1, Yo, Y2))-
=1

Let us record this local result in the following theorem.

Theorem 4.3. Let F' be a finite extension of a p-adic number field Q,. Let
be an irreducible representation of SOqy+1(F), which has a non-trivial Bessel
functional of special type (D, 1,vnn-1.1). Assume that T is an irreducible
representation of %zn_z(F) which is a non-trivial local -Howe lift of © to
§§2n_2(F). Then T is ¥)-generic.

Assume now that mg (1) = n, i.e. the y-theta lift of 7 to gvpzn(A) is
cuspidal. This is certainly the case if 7 is locally generic at one finite place.
Indeed, By Prop. 2.1 of [JngS03], if v is a finite place, where 7, is generic,
then 7 has no non-trivial local ¢-Howe lifts to gvpzm(k:y), for any m < n. This
also proves (3) of Theorem 4.1. By [F95], ©,,,,(7, %) is 1x-generic. Consider
now the ¥y-theta lift ©,,,,(m, 1)) of w. This representation is also cuspidal,
since it is obtained from the former by an outer conjugation by an element
of GSp,,,(k), which has similitude factor X\. See [MVW8T7], p. 36. Again, by
[F95], O, (7, 1) is Yr-generic.
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Let o be an irreducible v¥1-generic summand of ©,,,(m,%). Then & is,
of course, cuspidal. Now, consider the 1) ~!-theta lift of & to SOg,41(A). By
Proposition 3 of [F95], ©,,,(c,1 ") is generic. This is just due to the fact
that & is ¢;-generic. The question is whether ©,,,,(5,% ™) is cuspidal. Let
nop-1(0) be the first occurrence of & in the k-split Witt tower SOg41(A)
for n’ > 1 of the ¥ ~!-theta lifts of . Then we have

Lemma 4.4. Let o be an irreducible, cuspidal, (genuine) automorphic rep-
resentation of Spa,,(A). Assume that o is 1-generic. Then

m—1<ngu1(0) <m.

Proof. We already noted that ng,-1(6) < m. The second inequality follows
from Cor. 2.2 in [JngS03]. O

Thus, there are two possible cases. Either ©,,,(d,1¢!) is cuspidal, or
Onn-1(0,97) is (non-zero) cuspidal. Recall that in the second case, the
constant term of ©,,,,(7,% "), along the unipotent radical of the parabolic
subgroup P is

| ) |1/2 ® @n,n—1(5> ¢_1)>

where P; has the Levi subgroup isomorphic to GL; x SOs,_;. This is Ral-
lis” theory of the tower structure of theta correspondences ([R84]). Let us
consider each case separately.

Assume that ng -1 (0) = n. Then ©,,, (7,1 ") is cuspidal, and generic by
[F95]. Let xa be the quadratic character obtained by composing the spinor
norm with the Hilbert symbol ay(z) = (z, A). We will soon show that each
irreducible summand of ©,,.,(7, 1) ® x, is nearly equivalent to . This will
imply that 7 is nearly equivalent to a generic cuspidal representation, i.e.
the first possibility in Part (2) of Theorem 4.1.

Assume next that ng4-1(c) =n — 1. Let ¢’ be an irreducible summand
of ©,,-1(c,%™). Then, by Rallis’ tower theory ([R84]), the irreducible
constituents of ©,,,,(7,1¥™!) are locally isomorphic, at almost all local places,
(nearly equivalent) to those of

Gn (A
Indy (S ( -2 @ o).

As in the previous case, 7 is nearly equivalent to any irreducible constituent
of O,,(0,v™) @ xx. Let 0 = 0’ @ x». Thus 7 is CAP with respect to the
cuspidal data (Pp;ayl-|'/? @ o). This proves Part (2) of Theorem 4.1.
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Let us recall the determination of the local unramified components at
almost all local places of the irreducible summands of ©,,,,(5,%~") ® x», and
show that they are isomorphic to the local unramified components to m, at
these local places.

Assume that the local unramified component m, of 7 is the (unique)
irreducible spherical constituent of the following induced representation

SO2n 41 (kv

where the character 7, is defined as follows:

m(diag(t1, coe i, 1715;17 .. 7151—1)) - Ul,v(tl) .. 'Un,v(tn)

for some unramified characters 1y, -+ , 1, of k. It is clear that both un-
ramified m, and IndSB((),i:f 1(kv) (1) can be viewed as unramified representations

of Ogp11(ky). In other words, one has an irreducible spherical representation
m, which is realized in the induced representation

O2n+1 (ko
Indiz ™ (n,).

By the explicit local Howe correspondence for spherical representations (see
[Kdl86] and [Kdl96] for instance), the local spherical component o, of &
is equal to the corresponding local spherical component of an irreducible
11-generic summand of the v;-generic cuspidal automorphic representation
O, (m, 1), where the character ¢ is given by

W) = (A ).

It follows that o, can be realized as the irreducible spherical constituent of
the induced representation

Spyy, (k) f~
Ind ;2 (7,)

where 7, is defined by
ﬁ(dlag(tb eyt t;17 e 7t1_1)7 E) = 7717U(t1) e Un,v(tn)'Y(tl o ln, szfz\)

The factor v(a,,) is defined by

7(a>¢v) = % (41)
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where %(z) = 1, (az) and vy(¢,) is the Weil index associated to the second
degree character given by 1, (2?). The basic properties of (1,) and v(a, 1)
are given in Lemma 4.1, [Kdl96]. Similarly, if we assume that the unramified
local component of ¢ is given as above, the local spherical component of
Onn(T, 1 ) can be realized as the irreducible spherical component of the

induced representation

Oagp ky
Indt ) (s.0)

where 7, , is given by

Yt -ty )
'Y(tl e tn; Q/Jl,v) .

By the basic properties of y(a, 1) as stated in Lemma 4.1, [Kdl196], one has

Yt by )
’Y(tl e tn; Q/Jl,v)

This shows that the spherical local component at v of an irreducible summand
of ©,,., (7, Y11 ® . is the same as that of 7 as representations of Og,41 or
of SOQn_H.

Finally, assume that 7, is generic and spherical at a given finite, odd
place v, where A is a unit. We have already noted before that mg(7) = n.
Let us show, using the notation above, that ng,-1(c) = n. If this is not
the case, then ngy-1(0) = n — 1, and by what we proved before, m, is the
spherical constituent of a representation of the form

nk,v(diag(tb e >tn> 17 tq;1> e 7t1_1)) = 77171,(151) e Un,v(tn)

— (tl"'tn,)\)kv-

Indiy (") (oo, | |2 @ 0,),

where o, is an unramified representation of G,_1(k,), say induced from the
unramified characters (31 ,, -, Bn—1,. It is easy to see that the spherical
constituent of the last induced representation is equal to the spherical con-
stituent of

Indg?;gf;)(ﬂl,v K- & ﬁn—l,v & X)\,'U)?

where () is the standard parabolic subgroup of G,,, whose Levi part is iso-
morphic to (GL;)"™' x SO3, and here x,, denotes the composition of the
spinor norm on G4 = SOg with the character ay , (the local Hilbert symbol).
Now it is clear that this spherical component can not be generic. This is a
contradiction. Hence Part (4) of Theorem 4.1 follows. This completes the
proof of Theorem 4.1.
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Remark 4.5. (1) By assuming that the work of Moeglin ([M97a] and [M97b])

can be exstended to the dual reductive pair (SOzpi1,Sps,,), we expect that
the cuspidal datum in Part (2) of Theorem 4.1 is generic. This confirms
the CAP conjecture (Conjecture 1.1) for irreducible cuspidal automorphic
representations of SOgp,11(A) with Bessel model of special type and the first
occurrence moy(m) = n. The other case, i.e. moy(m) = n — 1 will be
discussed in §4.2.

(2) We expect that if m is locally generic at one place, then 7 is nearly
equivalent to an irreducible, generic, cuspidal, automorphic representation.
We will consider this improvement of Part (4) of Theorem 4.1 in our future
work.

4.2 Bessel models of special type (nongeneric case).

In this section, we address the remaining case for 7, i.e. 7 (as in the previous
section) is such that mg 4(7) = n—1. Thus, ©,,,—1 (7, %) is cuspidal and non-
zero. Note that by Proposition 2.1 in [JngS03] or Part (3) of Theorem 4.1,
7 is nowhere generic at all finite places. Let 7 be an irreducible summand of
Opnn—1(m, 7). We have seen, in Theorem 4.3, that 7 is ¥\-generic at all finite
places. We expect that 7 should be also globally ,-generic, i.e. has a non-
zero Yy-Whittaker Fourier coefficient (as in Remark 4.5). In the following we
will construct examples with such properties. Let us start with an irreducible,
cuspidal, automorphic representation 7 of Spy,_(A), which is globally -
generic, and its ¢~ !-theta lift to SOg,11(A), denoted by ©,,_1,(7,v71), is
cuspidal. Then, an analogous repetition of the proof of Theorem 4.3 shows
that ©,,_1,(7, 1)~1) is non-trivial, and has a non-zero Bessel model of special
type with respect to A . Let 7 be an irreducible summand of ©,,_1,,(7,¢")
with a non-zero Bessel model of special type. As before, the 1} -theta lift of
7 t0 SOg,-1(A) is non-trivial and generic. We already know, by Lemma 4.4,
that the following inequalities hold:

n—2<mngy(7) <n-—1.

Assume first, that ng ., (7) = n — 1, i.e. the 1} -theta lift, ©,, 1, 1(7, ¥} "),
is cuspidal. Let 7’ be an irreducible summand of 6,1 ,-1(7, ¢;1), which is
generic. Then by the computations of unramified parameters carried out at
end of the last section, it is clear that 7 is CAP with respect to the cuspidal
data (Pr; |- |2 ® (7' @ xa))-
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Consider now the case ng y, (7) = n—2. Let 7" be an irreducible summand
of O, 1,-2(7,%;"). By Rallis theory of theta towers, any constituent of
On_1.-1(T, 15 ") is a constituent of the following induced representation

ISy 720 ),

where Pj is the standard parabolic subgroup of SOs,,_1, whose Levi part is
isomorphic to GL; X G,,_s. We conclude, by the computations of unramified
parameters carried out at the end of the last section, that = is CAP with
respect to the cuspidal data

(Pri;| - " @ o] - V2@ (7" @ x2)),

where P, is the standard parabolic subgroup of G,, whose Levi part is
isomorphic to
GL1 X GL1 X Gn_g.

We proved

Theorem 4.6. Let T be an irreducible, cuspidal, (genuine) automorphic rep-
resentation of gvpzn_z(A), which is globally 1x-generic (X is not in the square
class of d as assumed in Theorem 4.1). Then the ~'-theta lift of T to
SO2,41(A), 6, _1,(T,v™Y), is non-trivial, and has a Bessel model of special
type (Dx, 1, ¥nn-1.). Assume that ©, 1,(7,%™1) is cuspidal. Let w be an
irreducible summand of ©,_1.,(7T,®¥ ™), which has a Bessel model of special
type (D, 1, ¢¥nn-1.2). Then 7 is a CAP representation, with respect to either
the cuspidal data
(Pi; |- [V @o0),

where o is an irreducible, generic, cuspidal, automorphic representation of
Gn-1(A), or the cuspidal data

(Pia; |- I"?@anl - V* @),
where o' is an irreducible, cuspidal, automorphic representation of G,—o(A).

Remark 4.7. The representation o’ in the last theorem is locally generic
at all finite places. This follows from [JngS03], Cor. 2.2(3). o' should
be globally generic, and the proof would have a global analogue of loc. cit
provided we know that T is the Yx-theta lift of @ (notation of the proof
above). We expect to deal with the generalization of Theorem 4.6 in our
forthcoming work by establishing the work of Moeglin for the reductive dual
paris (SOant1, SPay,) - -
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Finally, let us give examples of representations 7 as in the last theorem.
Fix a finite place vy of k. Let 7y be an irreducible, supercuspidal (genuine)
representation of gvpzn_z(k:yo). Assume that 7y is ¢y-generic and that A is not
in the square class of d at vy. Assume that 75 has a non-trivial ,,-Howe
lift to SO,,,_;(ky, ), the quasi-split special orthogonal group corresponding to
the quadratic extension of k,, generated by v/A. By the dichotomy principle
of Kudla-Rallis ([KR04]), which is valid for supercuspidal representations,
we know that the first occurrence of ¢-Howe lifts of 7y in the k,,-split Witt
tower of orthogonal groups G,,(k,,) is m = n.

Let 7 be any irreducible, 1y-generic, cuspidal, (genuine) automorphic
representation of gvpzn_z(A), whose local component at vy is 75. Such a 7 can
be constructed using the Poincare series method (see [Sh90] for instance). By
Theorem 4.6, we know that ©,,_1,(7,v™!) is non-trivial. It is also cuspidal,
since otherwise, by the Rallis theory of the theta towers, we obtain that
On_1n1(T,%7") is non-trivial, and, in particular, this will imply that 7, has
a non-trivial ¢,,-Howe lift to G,,—1(k,, ), which is impossible by our choice of
T0-

Let 7 be an irreducible summand of @n_m(?,w_l). Of course, we can
pick one with a Bessel model of special type, as above. Then 7 is CAP with
respect to the cuspidal data

(Pi; |- @0),

where o is an irreducible, generic, cuspidal, automorphic representation of
Gn-1(A). To see this, we follow our proof above. We have to show that
now_, (T) = n — 1. Indeed, it is enough to show that the first occurrence of
the local 1_,-Howe lift of 75 in the tower G,,(k,,) is m = n — 1, and this
follows from [JngS03], Part (2) of Theorem 2.2. Thus, ©,_1,_1(7,9_) is
cuspidal and generic. Let 7’ be a generic summand. Then ¢ = 7’ ® ),
which is generic.
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