On the Gibbs phase rule
in the Pirogov-Sinai regime
A. Bovier, I. Merola, E. Presutti, and M. Zahradnik

ABSTRACT. We consider extended Pirogov-Sinai models including lattice and continuum
particle systems with Kac potentials. Calling A\ an intensive variable conjugate to an
extensive quantity a appearing in the Hamiltonian via the additive term —Aa, we prove
that if a Pirogov-Sinai phase transition with order parameter o occurs at A = 0, then this

is the only point in an interval of values of A centered at 0, where phase transitions occur.

1. Introduction

“In the abstract space of all potentials, phase transitions are an exception”. This
statement by Ruelle in his classical textbook, [10], suggests the validity of the Gibbs
phase rule, but the notion must be accepted only very cautiously, as remarked by van
Enter, [5], [14] and then by Sokal and Israel, [13], [7]; anyway a complete proof of the
Gibbs rule would require to show that in the space of the few thermodynamically relevant
parameters, phase transitions occur on regular manifolds of positive co-dimension. But, as
stated again by Ruelle in a recent review on open problems in mathematical physics, [11],
the proof of such a statement must be regarded as one of the main challenges in statistical
mechanics.

In the Pirogov-Sinai regime where configurations can be described by contours which
satisfy Peierls conditions, the situation is definitely better, as the theory provides tools for
a very detailed knowledge on the structure of Gibbs measures in a region in the relevant
parameters space; see for instance Sinai’s book on phase transitions, [12]. The traditional
Pirogov-Sinai theory is a low temperature expansion which enables to control the entropic
fluctuations from the ground states, its natural setup being the lattice systems. But the

theory is not limited to such cases and it has been applied to a great variety of situations,
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covering various types of phase transitions. We just mention here the case of Kac potentials,
which are seen as a perturbation of mean field, where the small parameter is the inverse
interaction range of a Kac potential. According to van der Waals, the theory becomes then
well suited for investigating the liquid-vapor branch of the phase diagram and, as shown
in [9], its applications are not restricted to lattice models, [4], [2], but continuum particle
systems can be treated as well.

All the above cases have a common structure. There is a term in the Hamiltonian of the
form —Aa, where « is an extensive quantity and A € R is its conjugate variable: in the case
of spins A is an external magnetic field and « the spin magnetization; for particles, A is the
chemical potential and « the particles number. Our main assumption is that at a value, say
A = 0, of the intensive parameter there is phase coexistence with o an order parameter, and
that defining contours in terms of the variable «, the contours satisfy the Peierls bounds
with suitable coefficients. Under this assumption (plus some technical conditions of super-
stability type if the variables are unbounded) we prove that there is a finite interval of
values of A, centered at A\ = 0, where coexistence occurs only at A = 0. The proof does
not need to specify the precise structure of «, nor the precise definition of contours and
it covers in a unified way both perturbations of ground states and Kac potentials. The
proof is truly simple, at least we hope, and it avoids the traditional requirements about the
structure of the restricted ensembles free energies, which in the applications are not always
easy to verify. A more detailed (and maybe more model dependent) analysis is needed if we
want to investigate finer questions as differentiability or analytic continuation. As shown
recently by Friedli and Pfister[6], also for such questions the analysis extends from the
traditional setup of the Pirogov-Sinai regime to models with Kac potentials.

In Section 2 we specify the setup and state the main results. In Section 3 we recall
the Peierls argument to prove the occurrence of a phase transition at A = 0. Section 4
is the most original part of the paper, we prove there that if A is positive or negative,
then, correspondingly, the plus or the minus phases are stable, namely Peierls bounds hold
true for the corresponding contours. In Section 5, we complete the analysis by showing
uniqueness. In Section 6 we prove that the assumptions in Section 2 are verified in the
LMP model for phase transitions in the continuum.

2. Model and main results

State space
After partitioning the physical space (Z? or R%, d > 2) into cells made of cubes of side

¢ (¢ a free parameter whose choice will be discussed later), the system becomes a lattice
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model with a general single site state space (). In this way we will treat in a uniform way
models on a lattice and in the continuum. The main examples we have in mind are finite

spins and point particles:

{—k, ...k} with k and ¢ positive integers

Q=
(n;re,...,me) neN, r € (=£/2,0/2]4, >0

In general, @) is a polish space, whose generic element is ¢ while ||¢|| denotes its norm;
a configuration is then ¢ := {q, },cz¢, which is an element of the phase space de, ¢, being
the configuration at x € Z?. In the particles case, ¢, := (n;r1,...,7,) is the collection
of positions of the particles which are in the cell C,. We equip the space Q%" with the
product topology corresponding tothe metric topology on (). Of course this topology is
metrizable with a norm given e.g. by ||| = 3,74 27!|¢.||, where || = sup;¢; 4 |zi-
In the sequel we will call two sites, = and y, connected if |x — y| < 1, thus in this paper
connected sets are the same as * connected sets.

Free measure

We consider a fixed probability measure on ) (the counting measure or the law of a
Poisson process, in above examples). The free measure is then the product measure v on
Q%'. va(-) denotes the marginal of v(dg) on Q" for A C Z°.

The models we consider are defined by Hamiltonians obtained in the usual way from
interaction potentials. We will always assume translational invariance, finite range and con-
tinuity of the potentials, which are then bounded when () is compact. In the non-compact
case, we allow for unbounded potentials, supposing they give rise to Gibbs measures u
with the property that the interactions remain almost surely bounded.

Unperturbed Hamiltonian and contours
We fix a reference Hamiltonian Hy which incorporates the inverse temperature 3 as a
factor, so that Hy is dimensionless. We define Hy by giving the family of its potentials
{Ua}, recalling that the energy of a configuration g, in the finite region A in interaction

with the configuration p in the complement of A is given by the formula

Ho(galpas) = Y Ualga, pac)
ANAAD

where (g, pac) is the configuration which agrees with gy and pye respectively on A and
A°. We choose the cell length ¢ in such a way that Ux = 0 unless A is a translate of the
cube |z| < 1. Abusing notation we then write U, for the potential relative to the cube A
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with center at z. We then have

Ho(qalpae) = > Udl(gapac)) (2.1)

z:dist(z,A)<1

We suppose that U,(q) is a translation invariant function, i.e.

Uz<q) = UO (TmQ)y (TxQ)y = Qa+y

with Up(¢q) depending only on {g,, |y| < 1}. The other assumptions on H, will be stated
later.

We are going to describe the configurations in terms of contours, and, as we will see
later, the validity of a Peierls condition for Hy will constitute the main assumption on the
Hamiltonian. By adjusting the choice of ¢, contours are simply described in the following
way. There is a single spin function 6(g,) with values in {0, £1}, so that the phase variable

o) = I Towp=r = I Totw)=— (2.2)
yily—=|<1 yily—z|<1
indicates the spatial distribution of phases: namely the regions {©(q;x) = £1} are re-
spectively called the £ equilibrium regions, while the maximal connected components of
{©(¢; z) = 0}, denoted by sp(I';), are the spatial supports of the contours. A contour I is
then the pair I' = (' sp(T"), fr), where 0 is the restriction of 6 to sp(T).
In the sequel all configurations ¢ that appear as boundary conditions will be assumed
to be such that the set of points x € Z? where 6(q,) # 0 is compact.

The full Hamiltonian

The full Hamiltonian that we consider has the expression:

Hx(q) = Ho(q) + A\H;(q) (2.3)

where A\H; is the perturbation and A the coupling strength. The main examples we have
in mind are when A is a magnetic field and —H;(q) the magnetization density, and when
A is the chemical potential while —H/(q) is the particles density. More generally and
analogously to (2.1) we set

Hilaalpae) = —(3¢) S0 aul(aa,pac)) (2.4)

z:dist(z,A)<1

with o, (q) = ao(7,q) dependent only on ¢, |y — x| < 1 (after a proper choice of the cell
length ¢). Thus, in the above examples, a,(q) is respectively the magnetization and the
particles densities in the cell indexed by =x.

The coefficient 3¢¢ could be incorporated in A, but we prefer to have the two quantities

separated, to keep a connection with the original model, before its representation in cells.
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We will suppose that « is an order parameter for Hy, namely that there are a, > o

so that
o

a —_—
O(g;z) =41 = |aulq) —ax| <¢ (= +T (2.5)
(any other choice with ¢ < (o — a—) would work as well).
Gibbs and DLR measures
The Gibbs measure ,uf\lj Bx(dQ) on the finite region A C Z? with b.c. p is given by

®) e—Hx(aalpac)

WO (da) = e () (dane) 26)
Z3A

The denominator Z )(\p /)\ is the partition function.

20 = [ valdan)ty dgse)e o) 27)

and

Hy(galpa) = Y (Ux((QAaPAC)) — A(ﬁéd)ax((qA,pAc)))
z:dist(z,A)<1
A DLR measure pu(dq) is then defined by the local specifications p,E\’j B\(dq), by requiring
that the conditional probability of u(dg) on the o-algebra Fyc generated by {q,,x € A°},
is /1 a.s. equal to /vcf\’?\(dq).

The £ Gibbs measures.
The configuration p is a + boundary condition w.r.t. the finite region A C— Z, if
0(p.) = £1 for all x € A° such that dist(z, A) € {1,2}. Then the £ finite volume, Gibbs

(£,p)
measures fiy o are

e—Hx(qalpac)

i (dg) = Lio(ga)=+1, dist (2.0)=1} VA(dqa)0p, (dgac) (2.8)

i:
Z)(\,Ap)

where the partition function Z /(\j’p ) is defined as the normalization factor for u&ﬁp )(dg) to
be a probability.

The Peierls condition
We will say that the Peierls condition holds with constant C'p > 0, P standing for

Peierls, if for any finite region A, any + boundary condition p and any sequence I'y, ..., T,
of contours with sp(I';) C A,
(xp)( . T T t f < o—CpP Pi T |
ton (q:T1,..., Ty, are contours of ¢ ) <e (2.9)
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where we have denoted by |I'| := |sp(T')].

Notice that the condition refers only to A = 0. It will be used under the assumption
that Cp is large: that is, Cp larger than some universal, dimension dependent constant.
Under such an assumption, (2.9) implies the occurrence of a phase transition, as stated in
Theorem 2.1.

The condition Cp large is in general model dependent, and our point here is that once
and for whatever reason, the condition is checked to hold, then all the properties we will
state below are valid and can be applied.

In traditional Pirogov-Sinai models the condition that Cp is large is verified when [ is
large, while in the case of Kac potentials it follows from assuming the scaling parameter
v small. In both cases (3(?) large is the condition responsible for the largeness of Cp.
While Cp diverges with (8¢¢), in general the ratio Cp/(3(?) is infinitesimal and the range

of values of the coupling constant A will be determined by the such a ratio

C
§ = 5—; (2.10)

Temperedness conditions

We suppose that there are constants ¢,, ¢/, n € N, so that

u&fj{}’p)(]ax(q)|”) < ¢y, for any x € A (2.11)
NE\{X}7P) (q s qe| > t> <dt™, foranyz € Aandt>1 (2.12)

and call “tempered” a probability on de such that, for some coefficient ¢,

u(q g > t) <dt™ foranyz € Zand t > 1 (2.13)

Large deviations, Cut and paste bounds
There is a positive function C*(a), a > 0, with the following property. Let A be
any finite region, {7T;} the maximal, connected components of the complement of A, {¢;}
parameters with values in +1, A any subset of A. Then, calling ug\ff{}’p ) the measure ,ui A

conditioned on {O(:;x) = ¢; on T; Ndist(z, A) = 1},
€ifs _ d *(a
#ng}p)(|aA(q)| > a|A]) < BT @IAL ap = Z%C (2.14)
TeA

Notice that the above condition is automatically satisfied when @) is compact.
In Section 5 (when proving uniqueness), we will need the following cut and paste bound,
namely that there are a constant ¢ > 0 and n > 0 so that the following holds. Let A be



GIBBS PHASE RULE 7

a bounded region, t > 1, ¢ and p two configurations such that, for any z, |g,| < ¢t and
|pz| < t. Then, for ¢y = +1,

Z)\ (|| < t.w € A) < BEA
Zy;)A (0(¢) = €0,z € A)

where the argument of the partition function means that the partition function is defined

(2.15)

with the constraint indicated by the argument.
The bound (2.15) could be proved as a consequence of assumptions on the interaction
like

|Hxa(qaldae)|, |Hralgalpac)| < Crt"|A (2.16)
(Cr a suitable constant, proportional to 3, while n is determined by the form of the
interaction: e.g. n = 2 for pair interactions, n = 4 in the LMP model) and on assumptions

on the free measure of the sets § = 4-1:

/ vp(dgy) > e (2.17)
O(QI )260

The sets Gi
For any bounded set A in Z¢, we denote by Gy, the weak closure of the family of
measures which are convex combinations of the family {/‘E\Jx) i), A; J A} g; A 1s defined
analogously. Then, for any u € Q/j\f A

u(q: || 215) <dt™, foranyzr e Aandt>1
(¢, as in (2.12)). As a consequence, G5~ is weakly compact and since
Gin2Gya, when AJA
we conclude that
Gy =MGx Gy =NGy,

are both non empty, weakly compact, convex sets of tempered DLR measures. Notice that
Q/\i, which are both non empty, are however not necessarily distinct.

We can now state our main theorem.

Theorem 2.1. There are dimensions dependent constants Cp(d), d > 2, so that if
Cp > Cp(d), then:

e AtA=0,G NGy =0 and if u € G5 then, for all x, p(O(;;x) = £1) > 1/2.
If, moreover, there is a* > 0 so that (3¢1)C*(a*) > Cp (in the sequel we shorthand
C* = C*(a*), the latter defined in (2.14)), then for suitable constants C'(d) > 0:
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o If0< X<\ =C(d)d?, (resp. 0 > X\ > —X\*), any tempered DLR measure j1 (see
(2.13)) is in Gy (resp. Gy ) and, for all x, w(O(;x) = 1) > 1/2 (resp. u(O(;z) = —1) >
1/2).

Theorem 2.1 will be proved in the remaining sections, in particular the statement at
A = 0 is proved in Section 3, while the statements at \ # 0 are proved in Sections 4 and 5.

Theorem 2.1 proves uniqueness in a “small” interval of values of A, in particular in
the case of Kac potentials the interval becomes infinitesimal as v — 0, v the Kac scaling
parameter, see Section 6 for the LMP model. A different argument must be used for the
larger A, which in many applications (including Kac potentials and traditional Pirogov-
Sinai models) is based on the fact that the double well structure (of the energy or of the
mean field free energy, for Kac potentials) at A = 0 is unbalanced when A # 0. The one
well case is in general “easy to treat” at least if the unbalance between wells is not too
small, i.e. if A is large enough. Thus our theorem covers the dangerous case of the small
perturbations. The extension to larger A involves new assumptions on the structure of the
Hamiltonian and seems more model dependent. In separate papers some specific cases will
be treated.

3. Phase transitions and the Peierls argument

In this section we will prove the statement of Theorem 2.1 about the occurrence of a
phase transition at A = 0. The proof is nothing but the classical Peierls argument and we

report it mainly because it introduces notions that will be used in the sequel.

Geometry of contours.

Given a contour I', we denote by ext(I") the unbounded maximal connected component
of sp(I")¢. The contour is called a 4+ [—] contour if fp(z) = 1 [resp. = —1] for all  such that
dist(z,ext(I")) = 1. By definition of contours fr is constant on {x : dist(x,ext(I")) = 1} and
different from 0. We call int(T") = sp(I')¢\ ext(T), and distinguish int*(T") as the union of



GIBBS PHASE RULE 9

all the maximal connected components of int(I") which are connected to regions where 6
is respectively £1. Finally we call

V(D) = sp(I') Uint(T) (3.1)

Mass of contours.
The mass of a & contour I relative to a probability p on Q%, is defined for all config-
urations p which are respectively + b.c. relative to the region V(I'), as

w(Tsp) == ,u(q : " is a £ contour for ¢ | Fyr)e; {O(q; ) = £1,dist(x, V(I')) = 1}) (p)
(3.2)
namely u(I";p) is the conditional probability computed at p of having the contour T,

given the o-algebra generated by the variables ¢,, z € V(I')¢ and given that {O(q;z) =
+1, dist(z, V(")) = 1} .

If I' is a + contour and u = uf\i"/p()r), we write its mass as my(I'; p), namely
mx(T;p) = Mg\i",p()r) <q : T is a contour for q> (3.3)

which, sometimes, will be simply called “the mass of the contour I'”.

Notice that a different notion is often used in the literature, namely that of “the weight
of a contour”, which is defined in terms of a ratio of two partition functions, one with the
constraint of having a contour I' and the other one with the constraint that the contour I'
is absent.

Finally, u satisfies the Peierls condition relative to a class {I'} of contours and with
constant C', if

w(T;p) < e €I for all contours T' € {T'} and all p (3.4)

Lemma 3.1. If C is large enough, then

Z e Ol < ¢ (3.5)

r:0eV(T)

The proof starts from the observation that |I'| > 7 (in d = 2 the minimal contour
consists of a site and those connected to it). Thus the sum in (3.5) starts from sets with at
least 7 sites. We can then factorize a term e~ and need to prove that the remaining sum
is bounded by 1, if C' is large enough. This involves a counting argument which, being by

now classical, is omitted.
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Proof of the statement in Theorem 2.1 at X = 0.
Suppose the measures ufﬁp ) satisfy (3.4) with C' > 1 and as large as required by Lemma

3.1. Then, for any = € A:

uéﬁp)(lax —ax| > () = uéﬁp) (z € V(I),for some I') < 1/e (3.6)

The inequality remains valid after convex combinations and weak limits, proving that G

are distinct.

Some generalizations.
In the next section we will use variants of the above argument which are stated below.
We will denote by u(f) the expectation of a function f, relative to a measure p.

Lemma 3.2. Let ju be supported by configurations q having ©(q; x) = €, €9 € {1}, for
all z € A°, A a bounded region. Then, if i satisfies the Peierls bounds for all eg-contours
with a constant C' as large as needed in Lemma 3.1, for any x € A

1/2
p(low = aql) < ¢+ el - ag,?) (3.7)

1/2
p(Je = Al Lo aglnc) < e pi(Jaw = ag ) (3.8)

Proof. We partition the space into the sets |a, — aq| < ¢ and |a, — a| > (. The
contribution to the expectation (3.7) of the first set is bounded by ¢. All configurations in
the support of x which belong to the second set, have a ey-contour I' with = € V/(I"). We
then use Cauchy-Schwartz and (3.5) to prove (3.7) and (3.8). O

4. Stability of phases
In this section we will prove that for 0 < A < \*,
ma([;q) < e~ CP/®Nt  for any + contour T (4.1)

and that the analogous property holds for negative A and — contours.
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By standard arguments and using the analysis of Section 3 (details are omitted), it
follows from (4.1) that for Cp large enough, if A > 0 [A < 0], then any measure in G [in
G| is supported by configurations ¢ such that the set {z : ©(¢,z) = 1} [{z : O(q,x) = —1}]
occupies most of the space. The persistence of this property past A = 0 is usually referred
to as “a stability of the + (or —) phase ” under the perturbation of strength \.

To have lighter notation we restrict in the sequel to positive A, the proofs for negative
A being completely similar are omitted. (4.1) will follow from showing that the typical
configurations of u(g/{p ) have a layer close to the boundary of A, where mostly © = —1, but
after the layer typically © = 1. An improved control on the thickness of the layer and on
the absence of finger-like protuberances will prove in Section 5 that any tempered DLR
measure is in G7.

The key point is to show that © = —1 has a cost and that it is therefore convenient to
have a transition to © = 1. The cost comes from the energy —Aa(g) which would decrease
from erasing the minus layer and thus changing © = —1 into © = 1. The problem comes
from the entropic factor due to the number of ways to realize the minus layer attached to
the boundary of A. If A is very small, such an entropic factor becomes too large and the
layer impossible to erase. We will fix the problem by not regarding as being in the plus
phase any region with © = 1 whose volume is “too small”: the entropy is then drastically
reduced and under control. With this in mind we introduce the notion of

“Slim” and “Fat” contours

Slim and fat contours are distinguished using the length scale
E-(\) = \12 (4.2)

recall that we are supposing A > 0 small and therefore £ ()\) is a large quantity. The
choice of the power 1/2 in the above definition is to a large extent arbitrary.

Definition 4.1. A contour I is called “\-slim” if
VD) <& (V) (4.3)

where V(') is defined in (3.1). A contour that is not A-slim is called “\-fat”. Similarly,
a region N is called “\-fat” if it is a bounded region, such that all the mazimal connected

components of A¢ have volume larger than &_(\)%.

Remark: When there is no risk of confusion, we will simply say “slim” and “fat” contours.

Proposition 4.2. For 0 < XA < X* the mass of any slim contour I" is bounded by

ma(T; q) < e~ (CP/2I < =(Cp/HITIAEE) (o —a ) V(D) (4.4)
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(the latter inequality will be used at the end of Section 5). The analogous statement holds
for =" <A <0.

Proof. For notational simplicity we will refer to A positive and + contours. We will
denote by Z(A) a partition function with the constraint that the configurations should
belong to the set A. We then have for a + contour I,

A f\f‘}’é)r) (F is a contour)

(4.5)

mA(F§ p) = Z(+’p)

AV (D)

Then, by (2.14) and recalling the definition of a* in Theorem 2.1,

Z)(j‘}ggﬂ) <F is a Contour> < ZSLV”E)F) (F is a contour; |ay | < a*|V(F)|>

HEZ

In the first partition function on the r.h.s. we want to replace A by 0, in order to use the
Peierls bounds valid by assumption at A = 0. We have
Hy(qvm)lgvy) — Holgvolavey) = =20 > axlq)
dist(z,V(I))<1
On the other hand, due to the constraints in the partition function, we can restrict to

configurations ¢ which agree with p on A°, and such that both |ay )| < a*|V(I')| and
O(¢;x) = 1 when dist(x, V(I')) = 1. Calling |as| = max{|ay|,|a_|}, we have

|HA(QV(F)IQV(F)0) - Ho(Qv(r)|Qv(r)c) <X
X = AH(BEDa [V ()] + (2]ax])(2d)[T[} (4.6)

because the cardinality of {z : dist(z, V(")) = 1} is bounded by 2d|T"| and |y (| < 2|a].
Then

Z)(:r‘}lz)r) (F is a contour> < eXZév(’%) (I‘ is a COntour) 4 e—cme)(:r‘};z)F)

< XN ZE G + e P2

and, writing Zé?{;?%) < Zéj;;z('%) (\&V(p)| < a*|V(F)|) - e’CP‘F|Zé’+V’I(’%), we get

X-Cp|T|

e (+.p) . Ol o (48)
< mZeii (laval < @V (D)) + e rNZ{,

o) 237

p2X—Cp]T|

< (=
- <1 — e~ Crll
o2X—Cpl[T|/2

—Cp|T|/2) ,—CpIT|/2 7(+.p)
S <1 — Q*CP‘F‘ + € " >6 " Z)‘vV(F)
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To bound the parameter X introduced in (4.6), we use an isoperimetric inequality:
there is ¢4 > 0 such that

VD)< gl V)] < ealDlE-(N) (4.7)
Then, recalling (2.10),
X < ((Cpo~ta )N (V)] + Clas)d)IA )T

By the choice of \* in Theorem 2.1, Aé_(A) < V/A* < §,/C(d), so that the first inequality
n (4.4) follows for C'(d) small enough and Cp large enough.
To complete the proof of (4.4) we need to show that

A(BE) (ay = a)|[V(D)| < (Cp/4)|T] (4.8)

By (4.7),
A(BE) (s — a)[V(ID)| < MBE) (g — a)eql TIE-(A)
hence (4.8), for C'(d) small enough.

For later reference we state a property analogous to one established in the proof of
Proposition 4.2 and which follows directly from (2.14). Let ' be a contour and p a config-
uration which has I' as a contour. Call D = {x : dist(z, sp(I") = 1}, then 6(p,) is constant
on each one of the connected components of D, and we denote by ¢, = £1 such values.
Then, supposing C'p so large that

l—e % >el 14ce9PMt<e (4.9)
20 (Jospimy| > 0[]} < e P28 (jagm < a'lT) (4.10)

In fact, by (2.14),
({ei}.p) * —Cp|T| »({€i}.p)
Z\n (|aspm| >a |r|) < ecriti gzl
We then write
ziiabn = Zilo (Iaspml > a*|F|> + zyt (Iaspml < a*|F|>

and use (4.9) to get (4.10).

The proof of (4.1) for the fat contours is not as simple as for the slim ones. An

important point, see Proposition 4.4 below, is the analysis of the empirical averages of
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in regions where only slim contours are present and where the boundary conditions are in

the minus phase. The setup is described by the measures

,u (dq) /~L,\ A (dq | {all contours are shm}) (4.11)

To estimate the contribution of the perturbation N\H;, we will prove that a, is close to
a_|A|, which is not a priori obvious because A > 0. After establishing a Peierls bound on
contours for the measure ,ug\_/{p ’s), we will conclude that most of the space is made of sites

x with ©(-;2) = —1 and this will yield the desired result.

Lemma 4.3. Let A be a fat region and A T A, |A] < € (AL Then for ¢g = +1,

) (dal Fae {0(g: w) = o, dist(z, A) = 1}) = u§% (dg) (4.12)
As a consequence if T is a slim contour with sp(I') C A, then
A (T3 p) = ma(Ts ) (4.13)

the r.h.s. having been defined in (3.2).

Proof. The measure on the Lh.s. of (4.12) is equal to
,u/\A (dq|.7-"Ac {6(q; z) = €, dist(z, A) = 1}, {all contours of ¢ are slim})(q’)

Since ©(q;z) = ¢ for all z : dist(z, A) = 1, the contours of ¢ have spatial support either
contained entirely in A or entirely outside A. Since |A] < £_(\)4, we can drop the condition
that the contours whose spatial support is in A are slim, because it is automatically
satisfied, hence (4.12).

If T is a slim contour and sp(I') C A, then V(I') C A because A is fat and (4.13) follows
then from (4.12). Lemma 4.3 is proved. O

Proposition 4.4. There is ¢ > 0 so that if 0 < X < X* and A is a fat region, then
i (0 lan(a) = a || > 2([A]) < ce O/t (4.14)

b (0 laa(g) — a Al > 2|A]) < e/t (4.15)

Proof. We start with (4.15). Since
{laa = arlall > 2¢A1} © { D law = @ Tarapsc > CAL} (4.16)

TEA
by the Chebishev inequality,
1
sl (4 loata) = s JAIL> 2GIAT) < & sp g (o = o [T, aypn) (417)

TEA



GIBBS PHASE RULE 15

+P) are such that

All g in the support of ,uo
if |z (q) — a4 | > ¢ then ¢ has a contour I' with x € V(I') (4.18)

Then, supposing Cp large enough, by Lemma 3.2

o—Cr)1/2
M(J,tx’p) (q D aa(g) — ag Al > 2(]A\> < %
(4.15) follows then from (4.19) by using (2.11).

1/2
sup ué&p)(mx — o ]?) (4.19)

Analogously we have
g 1 ps
i (a aaa) = Al > 20IA]) < 7 sup 3 (Jow — o[ Uoa o) (420)
BAS

For any z on the r.h.s. of (4.20) there is a slim contour I" such that V(I') > x. Then

M()\,_ (|Oéa;_05 |1‘Ozz—a ‘>C Z M/\ (|OZ$_O[ |1q_,r>

I is slim
V()>z

where ¢ — I means that I" is a contour for ¢q. By (4.12) we get

i (Jos = a-1mr) = [ 507 d0) w5 (lante) — a1

Using (4.4), setting e(I') = £1 if I is a & contour, we then get

. c 1/2
i) (J0a@) = -y ) < e @R (0, — a )

Using again (2.11), we conclude that if Cp is large enough, then (4.14) holds. Proposition
4.4 is proved. Il

The minus layer attached to a plus contour

Resuming the notation (4.5), we fix a fat + contour Iy, (I'g because we will use I as a
current symbol for contours, + because we are proving (4.1) with A > 0). We also suppose
that int~—(T) is a fat region, in the other case the proof of (4.1) is essentially the same as
that of Proposition 4.2 and omitted. Given a configuration ¢ which has I'y as a contour,
we select inside int™ (I'g) the family (I'y, .., T';) of the fat, minus, “external” contours: these
are all the fat, minus contours I' with sp(I') C int™(I'g) and which are neither contained
in any V(I"), I'" a plus contour in int™(I'g), nor in the plus interior of any minus contour
I in int~(Iy). Thus (I'y,..,I',) are all the fat contours in the subset of int™(I'y) obtained
by erasing from the latter all the regions which are surrounded by a circuit with © = 1.
We will shorthand ' = ([, I'y,..,T',), with (I'y, .., [;,) as above.

Thus I divides V(I'g) into three regions:

it (0) = | | int*(Ty), sp(@) =] |sp(Ty), A(D):= V(ro)\{int+(£)usp(£)} (4.21)

% %
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The minus layer attached to the plus contour I'y is then defined as
A™(L) = V(To) \ int™ (L) = sp(L') LU A™(L) (4.22)

In the next theorem we will prove a bound on the volume of the minus layer A~ (L)
which implies (4.1) and which will be crucial in the proof in the next section that all
tempered DLR measures are in G, if A > 0 (and in Gy, if A < 0).

Theorem 4.5. Let Ty be a fat, plus contour and A~ the random set defined in (4.22),
then for any V > |Ty|,
Cp _
B (B0 A JAT| 2 V) < e @M= gy — min (=2 A(BE) S22} (4.23)
As a consequence
m,\(Fo;p) < e~ (Cp/8)[ol (424)

Proof. Note first that (4.24) is an obvious consequence of (4.23). Thus we only need
to prove the latter inequality.

With the obvious meaning of the symbols, we have

Z§+\}ZZ)FO) (|A_| > V)

B (A7 2 V) = oy
AV(To)

To bound the partition function in the numerator we start writing

(+.p) - (+,p)
ZA,V?FO)(M | = V) < D i (q - E)

LA [>V

Zfo(e=) = [ (e 0 202 (g - 1)
{p'—int™ (D)}
where {p’ — int™ (L)} is the condition
6(pl,) =1 for all z € int™ (L) : dist(z, A7) <2

while {¢ — I'} in the last partition function is a shorthand for the condition that the

configuration equal to ¢ in A~, to p’ in int™(T") and to p outside V(I'y) gives rise to L.

The rest of the proof will only involve manipulations on Z /(\J;\’ip ) (¢ — T). Calling

Ay ={z e A dist(z,(A7)) > 1}, sp)F =A"\A;
(recall that sp(I') = A~ \ A7), we then have

ZSX@”’/) <q—>£) :/{9( ) }Vsp(r)+(dq/)e_H*(q/“”p/)ZijA"g’s) (4.25)
q.
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where {0(¢,) = 0r} is a shorthand for the condition that 6(¢,) = 0r,(z) when z € sp(I;),
i =0,..,n, and moreover that 6(q,) = —1 when = € sp(I')*\ sp(I') (which is the same as
AT\ A,

By (4.14) with A — Ay,

20 < (1= ) T 200 |, - oA ]| < 261851 )

which, reinserted into (4.25) yields:

Z/(\?;\”fp/) <q—>£) :/ - (dg)e TP
|aAa—mmamcma\;e<qz>:—1,zeA—\A*

n

<11 / Vep(ry) (d) €= T2 (4.26)
i—0 ¥ 0(g2)=0r, (),z€sp(T;)

In each one of the integrals in the above product we distinguish whether |agpr;)| > a* [T
or else the reverse inequality holds. When the former occurs, we use (4.10) and write

—H
/ Vp(ry)(dg) € NP e
(42)=0r, () w€sp(T';)

< emOritsi gilohdns! <|asp(FJ’)| < a*|Tj|>

where {¢;}; are the values of 6 on the boundaries of sp(I';), which are fixed by I.
, I C{0,..,n}, the sum of |I';| over

Collecting the above inequalities and calling |I'je
j€40,..,n}\ I, we get from (4.26)

Z( ,p,p)<q_>r) < Z o~ CplTrcl4n+1
1@{0,..,n}

<25 (H e — ol S 2

1 {g—Tiie [})
having used that {# = —1 on A~ \ Ay} implies that
laa-\as —a- AT\ AG]| < AT\ A
We next change A into A = 0 by exploiting the constraints in the last partition function:

257 (g D) € 3 e ORI G o2
1@{0,..,n}

xZ§hm) ({q L Tyie 1}) (4.27)
and use the Peierls bound

ZOJ;\I*W ) <{q — 1,0 € ]}) —CP\Fllz(()j;Ij,P’)
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We will next reconstruct a partition function with the correct value of A and then conclude
the proof of the theorem. By (4.15),

ZEPP) < (1 4 ce=Or/h) Z510) <|O‘A* —ax[AT]] = (1A |>

Supposing Cp so large that (1 + ce C7/4) <,
(4+:p:p") 1-A(BY) (ay—2¢)|A~ | 7 (+p:p)
7L < AN =207 7

By the two equations above, (4.27) becomes

Z}(\lep’) <q - F) < on+1,=Cp[L|=A(BLY) (ot —a —4Q) A~ [ jn+2+A(BE) [~ (- +2¢) +a*] L

(+.p.p")
xZ, P

with 2"+ counting the cardinality of the subsets I in (4.27). By the choice of ¢, see (2.5),

o — O o — O
N
arma- 4 > T T 10
and by choosing properly the constant C'(d) in Theorem 2.1,
7C C
{——P + 0 OpA—a + @’} + (n+2) + (n+ 1)log2 < _TP’H (4.28)

we finally get:

Z(+p <|A | >V )
- < eCrlll/s=eV § e CPIEI/A=ABEN (s —a)IATI/I0 (4 99)
+, -
Z/\’VIZFO) TA-|>V

We will prove that

ma(To;p) = Z e~ CPILI/A=XM(BI) (a —a-)[AT]/10 < | (4.30)
r

which will conclude the proof of the theorem.

A counting argument
The proof of (4.30) will use coarse graining with grains the cubes of size £ () of a
partition DEW) of 74, where

) = ()" (4.31)

supposing for simplicity &, (\) € N.

Call {CA'QC, r € X}, X alabel set, the cubes of D&+ with non empty intersection with
V(Ty), in the sequel we will restrict to such a set. Given I, each C,,x € X, falls into one
of the following three categories:

e C,CA (D), o C,nsp(T )7&@ o C,Cint™(D)
In fact the fourth one, namely C, M A~ (D) # 0, C, M int™(T) # 0 and C, sp(l) = 0 is
empty because of the definition of contours.
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To distinguish the three cases we introduce the variable ¢ (L; x), x € X, which has value
—1, 0 and 1 respectively in the first, second and third case above. For ease of reference we
write it down explicitly:

-1 ifC,c A (D)
Y(L52) =40  if C,Msp(l) # 0 (4.32)
1 if O, C int™(D)

For each x € X we introduce a weight w) (L; ) which is determined by the value of ¢(L; x).
We first call, for x € X,

= {y : dist(y, C.) < (N}, I, ={Iy el :sp(y)NC, # 0} (4.33)
and then define the weights
A (g — @) /10 £ N i gy = 1

wy(L;2) = { ¢=3 UCp/4)|sp(L,) NCF if (D) = 0 (4.34)
1 if (L) =
The definition is such that
ma(To;p) <> [[ wa@i=) (4.35)
' zeX

The difficulty with (4.35) is that the weights wy(-;x) for different x are not independent,
but, as we will see, we can reduce by upper bounds to the independent case. Let

S = {s € {0,£1}¥ : s, = 0 for C,M sp(Ty) # 0, |_| C, is connected} (4.36)
Sp <1
Our goal is to define new weights wy(s;), z € X, so that

A(Toip) <Y T walsa) (4.37)

seS zreX

Recalling (4.34) we set wy(1) =1 and
wor(=1) = e~ ABO) (s = ) /10] £, (V) (4.38)

To define wy(0), we denote by T = (T, .., T,,) any finite sequence of disjoint, x connected,
DW-measurable sets and define, given a cube C' € DEM),

wr(0) = Z H 3ITil =3~ 4(Cp/4)ITi| (4.39)
T:T,nC#) &
|T;|>N*

where

N* = min {cdg_(x)d—l : §+(/\)} (4.40)
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cq an isoperimetric constant whose value will be specified later. We will prove (4.37) by
showing that

Z H wy(Lyz) < H wr(Se) (4.41)

ip(Diz)=sz,0e€X z€X 1=D.¢

Indeed the factors 3/7! in (4.39) take into account that there at most 37l contours T
with sp(I') = 7;. N* is a lower bound for the number of sites of all sets sp(I") which are in
C:F, over all fat contours I' such that sp(I') M C, # 0: the first term is a lower bound for
IT| and covers the case when sp(I') = C (see (4.7) and (4.3)), the second one is for the
case when sp(I') is not contained in C;". With this choice (4.41) holds.

We next need to bound the weights w(:). For Cj in (4.2) large enough, N* becomes
large too, and if C'p is also large enough

d
wr(0) < 6—3—d(Cp/8)N*<1+ Z 3|T|€—3_d(Cp/8)|T>[£+(>\)]
T30,|T|>N*

< 2 ¥ CP/ANT (4.42)

The proof of (4.42) uses standard combinatorics arguments and it is omitted.
Recalling (4.34),(4.31) and (4.2)

wr(—1) = e MED =) 10 &) ye ()4 — \1-5d (4.43)

Thus by choosing A* small enough, also wy(—1) can be made as small as desired. By
standard arguments, which again are omitted, it is then possible to show that 7, (I'; p) < 1
and (4.1) is proved.

5. Uniqueness of phases

In this section we will prove that when 0 < A < A* any tempered DLR measure p is
in Gy, the proof of the analogous statement for A < 0 is omitted. The idea of the proof is
similar to that in [8] and [1].

Let Ag be a cube of side L and A’ the cube with same center and side L/2. Given
a configuration ¢, let G = G(q) be the union of the maximal connected components of
{z : ©(¢; ) < 1} which have intersection with A§. Call

G ={o:dist(z,G) <1}, A= (G")°MNA (5.1)
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Given any bounded, local function f, we consider below L so large that f = f(qa/) (i.e. it
only depends on ¢,/). We then have

/ Z/ (dg)f(@)1a@=a + Z/ (dp) /N,\A (dgar) f(gar)La@p)=a

AN AAN
Recalling that the dependence of A, A, A’ on L is not made explicit, we will prove

lim p(A A2 A)=0 (5.2)

L—oo

thus concluding that

/ (o) f(a) = Jim 3 / m(dp; A / R (dan) f (an) (5.3)

AAN
1 =
AAN

For any L the r.h.s. of (5.3) is the expectation of f w.r.t. a measure in QIA/, hence, by the
arbitrariness of f, u € Gy
In the remaining part of the section we will prove (5.2).

The random sets G, .
It is convenient, at this point, to use the function 6(g,) rather than the phase indicator
O(q; x), due to the local structure of the former. Recalling (2.2),

{6 <1} = {x: dist(z, {0 < 1}) < 1}

so that the maximal connected components of {© < 1} are obtained from the maximal 3-
connected components of {6 < 1} (two sites  and y being called 3-connected if |z —y| < 3)
by taking all sites which have distance < 1 from the latter. As a consequence, defining
G- =G (¢ ={r € G : 0(q.) < 1}, we recover G from G~ by setting G = {z :
dist(z, G7) < 1}; moreover, the part of G~ contained in a maximal connected component
of G is a 3-connected set and distinct 3-connected components of G~ belong to distinct
connected components of G. G~ can be defined directly as the union of all the maximal
3-connected components of {x : 0(g,) < 1} which have distance <1 from A§.
We will next approximate the set G~ by sets G, . For k > 1, let

Ap = Ny \ {z : dist(z,Af_;) <3} (5.4)

and define G, as equal to the union of all the maximal 3-connected components of {x €
Af, 1 0(q,) < 1} which have distance < 1 from A§. We call M, = G, T (Ay_1 \ Ay). Since
M, = () implies that 0(g,) = 1 for all 1 < dist(x, Gx) < 3, it then follows that G~ = G}..
Thus G~ C Aj_; and consequently G' C Aj, so that

(5.2) is implied by Lli_r)rolo/A({there is k: M, =0,A; O A’}) =1 (5.5)
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The random times s;.
We will prove (5.5) by successive approximations, first showing that |A, | cannot be

too large, too often. Call
. ] .
=d—1- — =1,..,d 5.6
a(j) Jtag =L (5.6)
and, setting sy = 0, define the “random times” s;, j = 1,..,d, as
min {k : [M; | < L*@}, if the set is non empty (5.7)
S; = .
’ +00 otherwise

Since a(j) is decreasing, s; > s;j_1, j = 1,..,d. Moreover we can read off from G, (¢) which
are the values of s; which are not larger than k, if any. Thus there exists a family of sets
K} so that

{s; =k} & {G, €K} (5.8)
For L sufficiently large, if s; < oo then s4; = min{k: > Sq-1 : M, = @}. Thus, by
choosing a suitably small constant b, we conclude that in the set {s;41 —s; < bL,j < d},

Ay, 3 N and, for L large enough, Mg = (). Recalling (5.5), the statement we want to
prove, namely that u € G, then follows from

Llijgou<{sj+1 — s, > 0L} M {s; < ij}) =0, j=0,.,d—1 (5.9)
We shorthand
{lgla < L%} = {q: |q.| < L?, for all z € A}, §>0 ACZ¢ (5.10)
Since p is tempered, for any 0 > 0,
lim p({lgla, < L°}) =1 (5.11)

In fact

p({lalae > £°}) < L sup pu(la.| > %))
e

and then (5.11) follows from (2.12), with n large enough.
By (5.11), we can replace the condition (5.9) by

lim u({st —s; > bLY I {s; < FbLY M {lala, < L5}> 0, j=0.,d—-1 (512

or, for the generic j € {0,..,d — 1} and with Kj[tk defined in (5.8),

Tim 33 p({sier — s > BTG (0) = Ge M {lal, < 27}) =0 (5.13)
k<jbL G;eK;?’k
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The set B;,.
We will next suitably modify the set {s;+1 —s; > bL}. Let By be the union of all the

maximal connected components of
{z:0(q,) <1} 1 {z: dist(z,G}) > 3)}

which have non empty intersection with {y : dist(y, M, ) < 6}.
The set G, h > k, contains G, , and the sites z € G, \ G, dist(z,G,) < 3, have
distance < 3 from M, ; hence

x e G, \Gy dist(z, M, ) >3} C By 5.14)
ho\ Yk k

Since

Gy\Gy 3 || My

kE<h'<h

then, in the set {q: 5;41(q) — 5,(q) > bL; G (¢) = G}, G, € K,
G\ Gy | = oL U h > k4L

and by (5.14)
|Bi| > bLFeU*D 50 M|

On the other hand |M, | < L*Y) and a(j +1) + 1 —a(j) = 1/(2d) > 0, so that, for L large
enough,

|By| > gL”“U“) (5.15)

Thus, instead of (5.13) we may prove as well that, for any j € {0,..,d — 1},

, _ _ b oyt
fim > S ({60 = Gy Ni{lal, < L} N{IB = SLHOY) =00 (5.10)
k<ibL G eK?,

Let G}, € K), in the sequel and call
Ay ={x € Ay : dist(z, Gy ) >3}, 0Ap ={zr € Ay : dist(x,G,) =3} (5.17)
When G} (q¢) = G, then 0(q,) = 1 for all x € IA, M A§; thus
{Gi(q) =G} =K, M{0(q,) = 1,2 € 0A, MAL} (5.18)
where

Kijp={0(¢:) <1l,2 € G} 1 {0(q;) = 1,z € Ay, dist(z, G) € {1,2}} (5.19)
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so that K, € fﬁiﬂl\i' We then have

n({Cr (@) = G7} My < L) M{IBM] > 2L

= / p(dq") u&q,ik ({e(qx) =1,z € 0A, N AL}
Kjx{ld [ag\a, <L}

J

b .
M {lgla, <L} 0 {|By| > §L1+“(3+1)}> (5.20)
To bound the last term on the r.h.s. of (5.20), we write it as a fraction of two partition
functions:
’ b ) N)(\(IQ
NE\q,A)k (9 =1 on AL TTA}; |g|a, < L \By.| > §L1+a(ﬂ+1)) — ((;/)k
29
where (5.21)

/ / b ,
N, = 202, (0= 1on 9A A lala, < 1% |Bi] = 5170+

Reduction to + boundary conditions.

By using (2.15) we will replace N §f12k by a new partition function with + boundary
conditions. Calling boundary sites, the sites © € A{ : dist(z, Ax) < 2, we want to change
¢ at all the boundary sites where # < 1 and also to impose that # = 1 on the whole A,
and not only on 0A, M Af, as in the constraint of the partition function defining N /{?Xk.
The whole thing works because the overall number of sites in this operation is “small”, as
we are going to see.

The boundary sites have distance equal to 1 or to 2 from G, , hence, by the definition
of G, 8 = 1 on all such sites which are not in Aj. Thus the new b.c. ¢'* is defined in such
a way that ¢t = ¢, for all x ¢ Ag, A = {y € A; M A : dist(y, Ar) < 2}; while 0(¢)7) =1

for all z € Ay. Since |0A;, M Ax| < 507 M, |, by (2.15),
’ irn , b '
Ni?A)k < ec(ﬁed)s)odle |LS Zg:;;k) (0 — 1 on OA: \Bk| > §L1+a(J+1)) (5_22)

where on the r.h.s. we have dropped the condition |¢|a, < L. The r.h.s. is a + partition
function in the sense of (2.8) and we have

2000 =1 o0 0A; |By| > LL1HeU+D)
Z)(\?Zk) (9 =1on 8Ak)

I+ b .
= i3 (1Be] = L0 (5.23)

The r.h.s. will give the small factor which makes the sum in (5.16) convergent and infin-

itesimal with L, but let us first readjust the partition function in the denominator of the
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fraction on the Lh.s. of (5.23):

1
— L% sup ,u/\A (|qx| > L5)>
zEA

Z(qgk) (9 =1on 8Ak) - (1
Z\5 (0 =1 on 92, |qla, < L°)

By (2.12), for L large enough, the last factor is smaller than 2 and, using again (2.15), we
get

Z)(\qgk) (6 =1o0n0A) < 2ec(ﬁ£d)50d|M’;|L5nZ)(f2k (0 =1 on 0Ay, |g|a, < L°) (5.24)
hence, going back to (5.20) and with ¢ a suitable constant,
_ _ b ali
n({Gi (@) = Go} M {lala, < L7} M{IBy| = 512070} )
< ec/(ﬁzd)Mk_|L5n/ u(dg’) N&?/A)k, (0 =1 on 9A,)
Kjr{ldlag\a, <L°}

Xl (1B > L”a G+0) (5.25)

b .
The probability that |By| > §L1+a(1+1)

By the definition of By, a maximal connected component of By is the layer attached
to a plus contour I" whose spatial support has non empty intersection with F' := {y :
dist(y, M, ) <6}. Let I = (I', .., I';,) be the collection of all such plus contours, then, by
Theorem 4.5,

b a
Mg\ R <|B | > 2L1+ (J+1))

< Z e P(Cp/8) I Z H e~ wVi

=(T1,...0n) p Vil<i<n
sp(Ti)NF#£0,1<i<n ,Vi>t b l+a(i+1)
— 1+a(j+1) _ _ _
< ool IIl ST PG e
I'=(1,...I'n)
sp(T)MF£D,1<i<n

where we have used (4.23) for the fat contours in I" and (4.4) for the slim ones. The number
n of contours cannot exceed |F'| so that the above is bounded by

meO/OLTUT 1 mwf2)-|F I1 (1 + Y @ |F|>
xeF T:sp(T)>z
For Cp as large as required by Lemma 3.1,

S e HGIN < Ol
T:sp(T)>z



26 A. BOVIER, 1. MEROLA, E. PRESUTTI, AND M. ZAHRADNIK

and since |F| < ¢|M| < L), we get

4+ b . ‘
“(A,qu )(|Bk| > §L1+ (]+1))

< exp{—w(b/él)LH“(jH) + c”L“(j)} < exp{—w(b/8)L1+“(j+1)}

for L large enough, because

. g . o j+1
=d—1— < 1 N=d—1-— J -
a(j) =d j+2d, +a(j+1)=d j+ 54

Conclusions.
To prove (5.13), we write

Lh.s. of (5.13) < lim Z Z exp {c’(ﬂﬁd)]MﬂL‘S" _ w(b/8)L1+“(j+1)}

L—oo

k<jbL G ek,

X /K w(dq') ME\C{Zk (0 =1 on 0A)

jeMlalag\a, <L

By (5.7), |M,| < L%, and with such a bound, the first factor on the r.h.s. becomes
independent of k. Since

| p(da') w2, (6 =1 om 08 < (G (a) = G )

sklalagya, <L

we have a sum of probabilities of disjoint events, hence

Lhs. of (5.13) < lim eCL"/(OEE—wl/SLITOT _

L—oo

if 0 is chosen small enough.

6. The LMP model

As an example of the possible applications of Theorem 2.1, we consider the LMP
model for phase transitions in the continuum, [9]. Analogous considerations apply to Ising
systems with Kac potentials, as in [2] and [4].

The LMP model
As already mentioned in Section 2, the variable g, in the LMP model is a particle
configuration in the cell C,, C, being a cube of a partition D¢++) of R? which will be
described later. |g,| denotes the number of particles in ¢, and |g| the total number of

particles in the configuration q.
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The LMP energy of a finite particle configuration g = (...,7;,..) is

Hoasla) = [ Beatiy = a)ar (6.1)

where, v > 0 is the Kac scaling parameter,

ex(z) = - v — —+ — (6.2)

Jy xq(r) = Zjv(rv ri) (6.3)
with
Gy (1) == G (e, ) (6.4)
and j(r,r") a translational invariant, smooth, symmetric, probability kernel supported by
|r —r'| < 1.
In the language of Section 2,
_ [g N Cy

ax(q) Bed

while the chemical potential A\ above differs from A in Section 2 by an additive constant,

! = ’Cx‘

A — XA — Ag,, see the paragraph “Peierls estimates” below.

Mean field
The mean field limit, formally corresponding to v = 0, is described by the free energy
density
s(x
Frale) = exa) - 22 (65
where s(-) is the entropy density
s(x) = —z(logz — 1) (6.6)

For f < . = (3/2)%2, f{4(x) > 0 for all A and x. For any 3 > {3 there is a unique
value of A\, A = A\g, where fy, g has two distinct minimizers, p?, elsewhere the minimizer
is unique. Minimizers are solutions of the mean field equation f} 5(z) = 0 which can be
written as

v = Ky(z) = " (6.7)
It has three solutions: 0 < p; < pj < pj, and
£,.5(05) >0 (6.8)
There is 3y > 3. so that
Kj(pg) € (—1,1) forall 8 € (8., fo)
while Kj3(p;) € (0,1) for all 8> j.. Following LMP we restrict to 3 € (5., fo).
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Contours

Contours are defined using two scales,

E:I:,'y _ /y—(lzl:e)

where € > 0 is a “very small” parameter. We then denote by D¥+~) two partitions of R?
into cubes of side /4 ., supposing DY finer than D) finer than D). Thus the cell
length ¢ of the previous sections is ¢ = ¢, , = 7049 in the present model.

We then define
+1 if |04 lqn Y] = psi| < C
& (gir) = (6.9)

0 otherwise

and, analogously to (2.2), denoting by Y the centers of all the cubes of D) contained
in the cube of D¥+~) labelled by C,,

0(q.) = H T H Lyt g =1

yey yey

Peierls estimates
Given 8 € (0., fo) there are ¢ > 0, ( > 0, € > 0, v* > 0 and Ag., v < 7", so that the
bound (2.9) holds for the Hamiltonian H, , s (which plays the role of the energy Hy of
Section 2) with
Cp =Pt (6.10)

with the contours defined using ¢ > 0 and € > 0.

Stability conditions
Denoting by H, »(q|q") the energy of the configuration ¢ in interaction with the con-
figuration ¢, there is a constant b = b(\, 3) so that

H, 5 5(qld") > blg| (6.11)

uniformly in 7 and ¢’. From such a strong property, the stability estimates of Section 2

easily follow. Also the cut and paste condition (2.16) is easily seen to hold with n = 4.

Uniqueness regime
By applying Theorem 2.1 we deduce that for v small enough, any DLR measure (in
the LMP model all DLR measures are stable) is in Gsign of(A=Xs.5) for

0<|A—Ag,| <A (6.12)

with A = &%, This complements the result in [9] about coexistence of phases at A = Ag.,.
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A more accurate analysis would show that G ®A=s4) consists of a single element if

A # Mg, while at the coexistence point, each G* has only one element.

An extension of the methods used in [3] would allow to prove that uniqueness extends

to the region |A — Ag,| > A.
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