{: SCISPACE

formerly Typeset

@ Open access « Journal Article - DOI:10.1080/03081080903127270

On the Grassmann modules for the unitary groups — Source link [4

Bart De Bruyn

Institutions: Ghent University

Published on: 30 Mar 2010 - Linear & Multilinear Algebra (Taylor & Francis Group)

Topics: Unitary group, Group (mathematics), Vector space, Field (mathematics) and Linear algebra

Related papers:

Buildings of Spherical Type and Finite BN-Pairs
On the Generation of Dual Polar Spaces of Symplectic Type over Finite Fields

The weyl modules and the irreducible representations of the symplectic group with the fundamental highest
weights

Absolute Embeddings of Point-Line Geometries«

On the Universal Embedding of the U2n(2) Dual Polar Space

Share thispaper: @ ¥ M ™

View more about this paper here: https://typeset.io/papers/on-the-grassmann-modules-for-the-unitary-groups-
ayystk2hys


https://typeset.io/
https://www.doi.org/10.1080/03081080903127270
https://typeset.io/papers/on-the-grassmann-modules-for-the-unitary-groups-ayystk2hys
https://typeset.io/authors/bart-de-bruyn-2kr8ksu620
https://typeset.io/institutions/ghent-university-14limu0t
https://typeset.io/journals/linear-multilinear-algebra-3hk15iqb
https://typeset.io/topics/unitary-group-dpb7vxxm
https://typeset.io/topics/group-mathematics-1g4eqz1p
https://typeset.io/topics/vector-space-37sx4a16
https://typeset.io/topics/field-mathematics-cke0zfff
https://typeset.io/topics/linear-algebra-1nj8b41a
https://typeset.io/papers/buildings-of-spherical-type-and-finite-bn-pairs-2ldf8l57s5
https://typeset.io/papers/on-the-generation-of-dual-polar-spaces-of-symplectic-type-1djv785614
https://typeset.io/papers/the-weyl-modules-and-the-irreducible-representations-of-the-292pp24wcs
https://typeset.io/papers/absolute-embeddings-of-point-line-geometries-53ixmztw49
https://typeset.io/papers/on-the-universal-embedding-of-the-u2n-2-dual-polar-space-3pgnfhj34w
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/on-the-grassmann-modules-for-the-unitary-groups-ayystk2hys
https://twitter.com/intent/tweet?text=On%20the%20Grassmann%20modules%20for%20the%20unitary%20groups&url=https://typeset.io/papers/on-the-grassmann-modules-for-the-unitary-groups-ayystk2hys
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/on-the-grassmann-modules-for-the-unitary-groups-ayystk2hys
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/on-the-grassmann-modules-for-the-unitary-groups-ayystk2hys
https://typeset.io/papers/on-the-grassmann-modules-for-the-unitary-groups-ayystk2hys

On the Grassmann modules for the unitary
groups

Bart De Bruyn

Ghent University, Department of Pure Mathematics and Computer Algebra,
Krijgslaan 281 (S22), B-9000 Gent, Belgium, E-mail: bdb@cage.ugent.be

Abstract

Let V be 2n-dimensional vector space over a field K equipped with
a nondegenerate skew-y-Hermitian form f of Witt index n > 1, let
Ko C K be the fix field of ¢ and let G denote the group of isometries of
(V, f). For every k € {1,...,2n}, there exist natural representations
of the groups G = U(2n,K/Kp) and H = GNSL(V) = SU(2n,K/Ky)
on the k-th exterior power of V. With the aid of linear algebra, we
prove some properties of these representations. We also discuss some
applications to projective embeddings and hyperplanes of Hermitian
dual polar spaces.

Keywords: Grassmann module, unitary group, Hermitian dual polar space, hy-
perplane
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1 Introduction

This paper is an essay in which we will use methods based on linear algebra to
derive several facts regarding structures which are related to a 2n-dimensional
K-vector space V which is endowed with a nondegenerate skew-Hermitian
form f of maximal Witt index n. These methods allow us to give more
elegant proofs for some known results, and to state some known results in
a language which is more elegant and more suitable for future applications.
More precisely, we will do the following:

(1) If ¢ denotes the involutary automorphism of K associated to f and
if Ky C K denotes the fix field of ¢, then we will prove the irreducibility of
certain modules for the groups U(2n,K/Kg) and SU(2n, K/K,).



(2) We will give a more elegant description (and a more elegant proof
for the existence) of the Baer-Ky-subgeometry PG(W*) of PG(A" V') which
affords the Grassmann embedding of the dual polar space DH (2n — 1, K, )
associated to (V, f).

(3) Every hyperplane H of DH (2n—1,K, ) which arises from the Grass-
mann embedding can be described by a certain vector of W*, a so-called
representative vector of H. De Bruyn and Pralle [9] proved that the finite
Hermitian dual polar space DH(5,¢?) has 5 isomorphism classes of hyper-
planes arising from the Grassmann embedding. We determine a representa-
tive vector for each of these 5 isomorphism classes.

Remark. In [8], we used techniques based on linear algebra to derive several
facts regarding structures related to a 2n-dimensional vector space endowed
with a nondegenerate alternating bilinear form.

1.1 Certain representations of unitary groups

Let n be a strictly positive integer and let Ky, K be two fields such that K is
a quadratic Galois extension of Ky. Put K* := K\ {0} and K := K, \ {0}.
Let ¢ denote the unique nontrivial element in Gal(K/Ky) and let V' be a
2n-dimensional vector space over K equipped with a nondegenerate skew-1)-
Hermitian form f of Witt index n.

An ordered basis (€1, fi,...,En, f) of V is called a hyperbolic basis of V

if f(ei,e;) = f(fi, f;) = 0 and f(é;, f;) = & for all 4,5 € {1,...,n}. Let
G denote the group of isometries of (V, f), i.e. the set of all § € GL(V)
satisfying f(0(z),0(y)) = f(z,y) for all z,y € V. Then G = U(2n,K/Ky)
and H := GNSL(V) = SU(2n,K/Ky). The elements of G are precisely those
elements of GL (V') which map hyperbolic bases of V' to hyperbolic bases of V.
It can be proved (see Lemma 2.2) that if § € G, then there exists an n € K*
such that det(0) = % We denote by 71y any of the elements of K* satisfying
this property. The element 7y is uniquely determined up to a factor of K.
If 61,0, € G, then 1,00, -77(;11 -77(;21 € Ky since det(y 0 01) = det(6;) - det(6s).

For every k € {0,...,2n}, let /\k V be the k-th exterior power of V. Then
A’V =Kand A\'V =V. If k € {1,...,2n}, then for every § € GL(V),
there exists a unique 5k € GL(/\/IC V') such that «%(171 AUy Ao ANTg) =
0(1) A O(Ts) A -+ A () for all vectors Oy, Da, . .., 0 € V. The map 0 — 0y,
define representations Ry and R, of the respective groups G = U(2n, K/Ky)
and H = SU(2n,K/Ko) on the (%")-dimensional vector space ANV, We
call the corresponding KG-modules (respectively KH-modules) Grassmann
modules for G (respectively H). We put Gy = {6;|0 € G} and H, :=



{0:16 € H}. The following result might be known (during the course of
writing this paper, the author observed that a group-theoretical proof of this
fact is also contained in the preprint [2]). Anyhow, we will prove it in Section
3 with the aid of elementary linear algebra.

Theorem 1.1 For every k € {1,...,2n}, the representation R is irre-
ducible.

Theorem 1.1 has the following corollary:

Corollary 1.2 (1) For every k € {1,...,2n}, the representation Ry, is irre-
ducible.

(2) For every k € {1,...,n}, the subspace of \* V generated by all vectors
of the form vy A\ -+ - ANy such that (vy,...,U) is totally isotropic with respect
to f coincides with \* V.

Proof. Claim (1) follows from the fact that H is a subgroup of G.

Now, let k € {1,...,n}. Obviously, the subspace of A"V generated by
all vectors of the form v; A --- A 7y such that (01, ...,7) is totally isotropic
with respect to f is stabilized by Gg. Claim (2) then follows from Claim (1).

|
In Section 4, we prove the following:

Theorem 1.3 There exists a set W* of vectors of N\"V satisfying the fol-
lowing properties:

(1) The set W* is a (*")-dimensional vector space over Ko (with addition
of vectors and multiplication with scalars inherited from \" V).

(2) For every 0 € G, 6,(W*) = {rfae W

If 0 € H, then ng € K{j and we have

Corollary 1.4 If 6 € H, then 0,(W*) = W*.

Now, for every map 0 € H, let 0 be the element of GL(W™) mappmg aec W

to 9 (o) € W*. Then the map 0 — 0 defines a representation R of the group
H = SU(2n,K/Ko) on the (*")-dimensional Ko-vector space W*. The corre-
sponding Ky H-module is also called a Grassmann module for SU(2n, K/K).

Put H :={#|6 € H}. As a consequence of Theorem 1.1, we have

Corollary 1.5 The representation R is irreducible.
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Proof. Suppose U is a subspace of W* which is stabilized by H. The
subspace U is contained in a unique subspace U of A"V with the same
dimension as U. Obviously, U is stabilized by I:fn. So by Theorem 1.1, either
U=0o0rU=A\"V. Hence, either U =0 or U = W*. .

1.2 The Grassmann embedding of the dual polar space
DH(2n — 1,K, 1)

A full (projective) embedding of a point-line geometry S is an injective map-
ping e from the point-set P of S to the point-set of a projective space ¥
satisfying (i) (e(P))s = X and (ii) e(L) is a line of ¥ for every line L of S.

Let IT be a polar space (Tits [12], Veldkamp [13]) of rank n > 2. With II
there is associated a point-line geometry A which is called a dual polar space,
see Cameron [3]. The points of A are the maximal singular subspaces of II,
the lines of A are the next-to-maximal singular subspaces of II, and incidence
is reverse containment. If w; and ws are two maximal singular subspaces of
I1, then d(wy,wsy) denotes the distance between w; and wy in the collinearity
graph of A. We have d(w;,ws) =n — 1 — dim(w; Nwy). The points w; and
wy of A are called opposite if they lie at maximal distance n from each other.
The dual polar space A is a near polygon, which means that for every point
x and every line L there exists a unique point on L nearest to z. If x is
a point of A, then z denotes the set of points of A equal to or collinear
with x. There exists a bijective correspondence between the possibly empty
singular subspaces of II and the nonempty convex subspaces of A. If w is an
(n — 1 — k)-dimensional singular subspace of II, then the set of all maximal
singular subspaces of Il containing w is a convex subspace of A of diameter k.
These convex subspaces are called quads if k = 2. Any two points z; and z»
of A at distance k from each other are contained in a unique convex subspace
(x1,z9) of diameter k. If z is a point and S is a convex subspace, then there
exists a unique point 7g(x) € S such that d(z,y) = d(x, 7s(x)) + d(7s(x),y)
for every point y € S. The convex subspaces through a given point x of
A define an (n — 1)-dimensional projective space which we will denote by

Res(x).

Asin Section 1.1, let V' be a 2n-dimensional vector space over K equipped
with a nondegenerate skew-y-Hermitian form f of Witt index n > 2. With
the nondegenerate skew-1)-Hermitian form f, there is associated a Hermitian
polar space H(2n — 1,K %) and a Hermitian dual polar space DH(2n —
1,K,%). The singular subspaces of H(2n — 1,KK 1) are the subspaces of
PG(2n — 1,K) which are totally isotropic with respect to the Hermitian
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polarity of PG(V') defined by f. In Section 4, we will prove the following
regarding the vector space W* alluded to in Theorem 1.3.

Theorem 1.6 (1) For every mazimal singular subspace w = (U1, Vg, ..., Up)
of H(2n —1,K,v), there exists a unique point ey (w) = () in PG(W*) such
that 8 € W* and vy Avg A -+ N0, are linearly dependent vectors of \" V.

(2) The map w +— eg(w) defines a full embedding of DH(2n — 1,K, )
into the Baer-Kq-subgeometry PG(W*) of PG(A\" V).

The projective embedding e, mentioned in Theorem 1.6(2) is called the
Grassmann embedding of DH(2n — 1, K, ).

Remark. Another description of the Baer-Kg-subgeometry of PG(A" V)
which affords the Grassmann embedding of DH (2n — 1,K, ) was given in
[7]. The description and proof which we will give in Section 4 seem more
elegant. In [5, Proposition 5.1], there was given a description of a Ky-vector
space W C A"V stabilized by H, such that PG(W) affords the Grassmann
embedding of DH (2n—1,K, ). The proof given in [5] is however not correct
as was already pointed out in [7]. Also some corrections must be performed
in [5] in order to get the right equation for W (e.g., observe the coefficient
(=1)" in the formula at the beginning of Section 4).

A set of points of DH (2n—1,K, 1) distinct from the whole point-set is called
a hyperplane of DH (2n—1,K, ) if it intersects every line in either a singleton
or the whole line. If 7 is a hyperplane of PG(W*), then the set of all points p
of DH(2n—1,K, ¢) such that e, (p) € 7 is a hyperplane of DH(2n—1,K, ¢).
Any hyperplane of DH(2n — 1,KK, ) which can be obtained in this way is
said to arise from eg,.

If K is the finite field F,2 with ¢* elements (so, Ko ©® F, and ¢ : K — K :
x +— x7), then we will denote H(2n — 1,K, ) and DH(2n — 1,K, ) also by
H(2n —1,¢*) and DH(2n —1,¢%).

Consider now the special case n = 3, K = 2 and let A denote the group
of automorphisms of DH(5,¢*). For every ¢ € A, there exists a unique
collineation ¢ of PG(W™) such that e,z (p(p)) = ©(eg(p)) for every point p
of DH(5,¢?). By De Bruyn and Pralle [9], the group A has 5 orbits on the
set of hyperplanes of DH (5, ¢?*) arising from e,,. In Section 5, we will show
that this implies that A := {$|¢ € A} has 5 orbits on the set of points of
PG(W*), and we will determine an explicit description of a point of each of
these five orbits.



2 Hyperbolic bases of V

In this section, we continue with the notation introduced in Section 1.1.
Recall that V' is a 2n-dimensional vector space (n > 1) over K which is
equipped with a nondegenerate skew-iy-Hermitian form f of Witt index n,
and that Kq is the fix field of .

If (€1, fi,...,€n, fn) is a hyperbolic basis of V', then

(1) for every permutation o of {1,...,n}, also (é,n), f_g(l), o Eo(n)s fg(n))
is a hyperbolic basis of V/;

(2) for every A € K*, also (&, AN f1, €, fa, ..., En, fr) is a hyperbolic basis
of V;

(3) for every A € K, also (&, + Aéa, f1, &2, —AVf1 + f2,83, f3,...,En, fn) is
a hyperbolic basis of V;

(4) for every A € Ky, also (€1, f1,. .., €n—1, fa1,€n, [n + A&) is a hyper-
bolic basis of V;

(5) for every A € Ko, also (€1, f1,.--,€n_1, fa_1,n + A, fn) is a hyper-
bolic basis of V.

For every ¢ € {1,2,3,4,5}, let €; denote the set of all ordered pairs (Bj, Bs)
of hyperbolic bases of V' such that By can be obtained from B; as described
in (i) above.

Lemma 2.1 If B and B’ are two hyperbolic bases of V', then there exist
hyperbolic bases By, By, ..., By (k> 0) of V such that By = B, B, = B’ and
(Bi—1, Bi) € QU ---UQs for everyi e {1,...,k}.

Proof. Put B = (e, f1,...,6n, fn) and B’ = (€, f1,...,€,, f,). Put B =

(e1,...,8.), B ={e),....e), F = {(fi,.... fn) and F' = (f],..., f'). The
proof of the lemma will occur in 3 steps.

(1) Suppose E = E’' and F = F’. Since the maps (g1, ga,...,gn) —
(90(1)7g0(2)7 s 7§U(n))? (ghg?a s 7g7l) = (%7@27 s 7gn) and (g17g27 s 79“) =
(g1 + A2, G2, - - -, Gn) allow us to transform any basis of E to any other basis
of E, there exist hyperbolic bases By, By, ..., B (k > 0) of V such that (i)
By = B, (ii) (Bi-1,Bi) € Q1 UQy U Qg for every i € {1,...,k}, and (iii)
By, is of the form (&), f7,..., e, f") with F = (f/,..., /). The vector f/,

i € {1,...,n}, is uniquely determined by the vectors €},... e} : it is the
unique vector of F' which is f-orthogonal with every €, j # i, and which

satisfies (&, f') = 1. Hence, f/ = f! for every i € {1,...,k}, i.e. By, = B'.

(2) Suppose (F = E" and dim(FNF') =n—1) or (F = F" and dim(E N
E’) =n —1). We will only treat the case E = E’ and dim(F N F') =n — 1,
since the other case is completely similar. By (1), the lemma will hold for



the pair (B, B’) as soon as it holds for at least one pair (B, B’) giving rise
to the same subspaces £ = E’, F and F’. So, without loss of generality,
we may suppose that B and B’ are in such a way that {fi,..., f,_1} is a
basis of F'N F" and €, = ¢; for every i € {1,...,n}. Then f/ = f; for every
i € {1,...,n — 1} and there exists a A € K} such that f' = f, + A\é,. So,
(B, B') € Q.

(3) Consider the following graph I'. The vertices of I" are the pairs (X,Y)
where X and Y are two complementary totally isotropic n-dimensional sub-
spaces of V. Two vertices (X,Y) and (X',Y”) of I' are adjacent if either
(X=X anddim(Y NY)=n—-1)or (Y =Y and dim(X N X') =n —1).
We will now prove that the graph I' is connected. This fact, combined with
(1) and (2), then finishes the proof of the lemma. Notice that the vertices of
[ are the pairs (z,y) of opposite points of DH(2n — 1,K, ). We will now
prove by induction on d(z1,x2) that any two vertices (x1,y1) and (x2,ys) of
[' are connected by a path.

Suppose first that d(xy,z2) = 0, i.e. 27 = x9. Then the claim follows
from the fact that the subgraph of I' induced on the set of points opposite
to a given vertex is connected, see e.g. [6, Theorem 2.7].

Suppose d(z1,x2) > 1. Let x3 be a point collinear with z, at distance
d(zq,72) — 1 from x;. By the induction hypothesis, it suffices to show that
there exists a point ys opposite to xz such that (z3,y2) and (x3,ys) are
contained in the same connected component of I". This clearly holds if
d(zs3,y2) = n. (Take y3 = y2.) Suppose therefore that d(zs,y2) = n — 1.
Let L denote a line through g, which is not contained in the convex sub-
space (r3,ys), and let y3 be a point of L \ {y»} distinct from 7y (x3). Then
d(z2,y3) = d(x3,y3) = n. So, (x2,y2) ~r (x2,y3) ~r (x3,y3). This is pre-
cisely what we needed to show. "

Lemma 2.2 If 6 € G, then there exists an element n € K* such that
det(0) = % The element n is determined up to a factor of K§.

Proof. Let B = (e, fi,...,&n, fa) be an arbitrary hyperbolic basis of V.

(i) Let o be a permutation of {1,...,n} and let 6 be the element of G
mapping B to B = (éa(l), fg(l), oy €o(n), fa(n)). Then det(é’) =1= %

(ii)) Let A € K* and let € be the element of G mapping B to B’ =
(%1, N f1, €, fa, ..o @n, fn). Then det(f) = %

(iii) Let A € K and let 6 be the element of G mapping B to B’ =
(él + )\ég, f_l, ég, _)\T/}fl + fg, 537 f_3, - ,én, f_n) Then det(@) =1= %

(iv) Let A € Ky and let 6 be the element of G mapping B to B’ =

(€1, fiy -y Enty Fao1y @ny fn + AEy). Then det(d) = 1= 1.



(v) Let A € Ky and let 6 be the element of G mapping B to B’ =
(él, fl, ey €h 1, fn—la €n + )\fn, fn) Then C}ft(@) =1= %

(vi) If 6,,05 € G such that det(d;) = 7777—1, i € {1,2}, then det(fy06,) =
det(6)) - det(fy) = T

mnn2

The first claim of the lemma now follows from Lemma 2.1 and (i)—(vi) above.

¥ v
Notice also that if 7y, 72 € K* such that ?7—11 = 77—22, then (Z—;)w = > and hence
% € K§. This also proves the second claim of the lemma. n

3 Proof of Theorem 1.1

3.1 A useful lemma

Suppose that 2 < k < 2n—1 and that é; and fl are two vectors of V' such that
f(e1, f1) = 1. Let V' denote the set of vectors of V which are f-orthogonal
with €, and f; and let f’ denote the skew-t¢-Hermitian form of V’ induced
by f. Let G’ denote the group of isometries of (V', f'), H' := G' N SL(V")
and let G;_, and H|_, denote the subgroups of GL(A\" ™' V') corresponding
to ' and H' (see Section 1.1). For every vector o of A* ' V7, let ju(c) be

the vector e; A a of /\k V. Then pu; defines a linear isomorphism between
A"V’ and the subspace (A V) of APV

Lemma 3.1 Suppose U is a subspace of /\kV which is stabilized by ﬁk
Then i (U O (N V") is a subspace of N* ™'V’ which is stabilized by
H;_,.

Proof. Let a be an arbitrary vector of ' (U N uk(Ak_l V') and let 0 be

an arbitrary element of H —1 corresponding to an element § € H'. We need
to show that () € uz {(U N (A" V).

We extend 6 to an element ¢ of H by defining f(e,) =&, and 0(f,) = f1.
Let 6 be the element of H, corresponding to #. Then for every vector o of
ANV e 0 8(a) = G o (o). Hence, 8 stabilizes (AT V.

Now, since px(a) € UN (N V), also 8o pg(e) € U N (A1 V).
Hence, 0(a)) = it o 8o () € p (U N (A1 V). .

3.2 Proof of Theorem 1.1

The following proposition is precisely Theorem 1.1.



Proposition 3.2 Let k € {1,...,2n}. If U is a proper subspace of /\k Vv
which is stabilized by Hy, then U = 0.

Proof.
If k = 2n, then U = 0 since 0 is the only proper subspace of /\2" V.
Suppose k =1 and U # 0. Then U contains a nonzero vector y = \jé; +
Nofi 4o+ Aun + N fn, where (€1, f1,...,€n, fn) is some given hyperbolic
basis of V. Without loss of generality, we may suppose that \| # 0. If 6
is the element of H mapping the hyperbolic basis (€1, fi,...,én, fu) to the

hyperbolic basis (€1, &1+ f1, . .., &n, fn), then since y € U, also /\i,l (‘9(X)_X> =

1 € U. Since for any g € {€1, fi,...,en, fn}, there exists an element of H
mapping €, to g, we have U = (&, f1,...,&n, fo) = V, a contradiction.

We will now prove the lemma by induction on n. By the previous two
paragraphs, we may suppose that n > 2, k € {2,...,2n — 1} and that
the lemma holds for smaller values of n. Let (&1, fi,...,&n, fn) be a given
hyperbolic basis of V and let V', p, and Hj, | as in Section 3.1.

Let x be an arbitrary vector of U. Then x can be written in a unique
way as

x=e A finalx)+erABKx)+ fir Av(x) +6(x),

where a(x) € A" 72V, B(x),v(x) € A" " V" and 6(x) € A* V. Let 0 be the
unique element of H mapping the hyperbolic basis (€1, f1,...,&n, fn) of V to
the hyperbolic basis (&1, &1+ f1, ..., e, fn) of V. Then 8;(x) = x + & Av(x).
Since x € U, also gk(x) € U and hence also é; A y(x) € U. We show that
7(x) = 0.

Suppose v(x) # 0. Then since y(x) € u; (U N (A" V")) and p (U N
w(A*1 V")) is stabilized by H_, (Lemma 3.1), (U N (AT V) =
A"' V' by the induction hypothesis. So, (A"~ V') C U. Hence, U con-
tains a vector of the form é; A v A -+ A Uy where (€1,0s,...,7;) is a k-
dimensional subspace of V' which is totally isotropic with respect to f. Since
H acts transitively on the set of all k-dimensional subspaces of V' which are
totally isotropic with respect to f, we would have that U = /\’C V', which is
impossible.

Hence, v(x) = 0. In a similar way, one can prove that 5(x) = 0. What
we have just done, we can also do for any pair (¢, f;), i € {1,...,n}. We
can conclude:

(P1) Foreveryi € {1,...,n} and every x € U, x can be written in the form
€; N\ .fz A aZ(X) + 6Z(X) Wheregi(X) € /\k72<élaf_1a s 7é\ia fia s 7én7.fn>
and 61<X) € /\k<élaf17 s 7é\iafi7 s 7én7fn>'



If k is odd, then (P1) implies that U = 0. Suppose therefore that k = 2m is
even. By (P1), every element y of U is of the form Y A\;-&;, Afi, A- - -N&;, Afi,.
with the summation ranging over all subsets I = {iy,...,4,} of size m of
{1,...,n} satisfying i1 < iy < -+ < i,,. We will now show that all the
coefficients \; are equal to each other.

Suppose first that I; and I, are two subsets of size m of {1,2,...,n} such
that |I; N Is] = m — 1. Without loss of generality, we may suppose that
L\ L ={1}and L\, = {2}. Write x =Y A\;-&, A fiy A--- A&, A fi, in

the form
él/\fl/\ég/\fg/\a—i—él/\fl/\ﬁ—i—ég/\fg/\’y—i—(s,

where o € /\k74<ég,f3, s lns fu), By € /\k72<63,f3, .y én, fn) and 0 €
/\k<ég, f3,- -1 En, fu). [If k = 2, then we omit the term &; A fy Aéx A foAar.] Let
0 denote the element of H mapping the hyperbolic basis (e1, fi, €2, f2, . - ., €n,
f») of V to the hyperbolic basis (&, + €, f1, €, —f1 + f2, €3, f3, ..., €n, fn) Of
V. Then g(x) =x+eAfiA(B—7). Since y € U, also g(x) € U and hence
ea N\ fiN(B—~)eU. By (P1), 3 =r. Hence, \j;, = A\p,.

Consider now the most general case and let [; and I, be two arbitrary
subsets of size m of {1,...,n}. Put |[I; N I3 = m — [. Then there exist
[+ 1 subsets Jy, ..., J; of size m of {1,...,n} such that Jy = I, J; = I, and
|Jici N J;| = m —1 for every i € {1,...,l}. By the previous paragraph, we
know that /\[1 = )\JO = )\J1 == )\Jl = )\[2.

So, we can conclude

(P2) Every element x of U is of the form \-Y &, A fi, A---Aeéi, A fi,,
with the summation ranging over all subsets I = {iq,..., i, } of size m
of {1,...,n} satisfying iy < iy < -+ < ip,.

Now, consider an arbitrary element n € K\ Ky satisfying n¥ & {—n,n} (if
e is an arbitrary element of K\ Ky, then at least one of ¢, e + 1 satisfies this
condition) and let 6 be the unique element of i/ mapping the hyperbolic basis

(1, f1,. -\ Cn, fn) of V' to the hyperbolic basis (%,nw-ﬁ,n-ég, 7{—17 sy fn)

of V. Then the fact that 6'(x) € U implies that the A mentioned in (P2)
must be equal to 0. So, U = 0. "

4 The Ky-vector space W*

For every hyperbolic basis B = (€1, fi,. .., én, fn) of V and every A € K\ K,
we will now define a basis By(B) of A" V. The basis B,(B) consists of all
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the vectors

(!%(1) ARERNA %(k)) A (6 “Co(k+1) N fa(kﬂ) ARERNAN T AN fa(k+z)

+(—1)'e” - Colhtri1) N fo(orien) A+ A Eom) A fg(n)>,

where (1) k,1 € {0,...,n} such that k+2] = n, (2) e € {1,\}, (3) g € {&, fi}
for every i € {o(1),...,0(k)}, (4) o is a permutation of {1,...,n} satisfying
i) o(l) <o(2) <---<oa(k), (ii) o(k+1) <o(k+2) <. <o(k+1), (iii)
ok+l+1)<ok+1+2)<---<on), (iv)o(k+1) <o(k+1+1).

Let Wy (B) denote the set of all Ky-linear combinations of the elements
of By(B). Now, for all A\;, Ay € K\ Ky, there exist aj,ay € Ky such that
(A2, AY) = a1 (1,1) +as(Ay, AY). From this we readily observe that W, (B) =
Wy, (B) for any two A1, Ay € K\ Ky. We define W (B) := W,(B) where A is
an arbitrary element of K\ K.

Lemma 4.1 If By and By are two hyperbolic bases of V' such that (By, By) €
Q1 UQ UQ3UQyUQs and if 0 is the unique element of G mapping By to
By, then W(Bs) = {-| o € W(B1)}. In particular, if (By, B2) € Q1 UQ3U
Q4 U Q5, then W(BQ) = W(Bl)

Proof. Put By = (&1, fi,.-,én, fu) and By = (&), fi,...,€,, f.). Notice
that ng-ng-1 € K¢ and if (By, Bs) € §;,1 € {1,...,5}, then also (Bs, By) € Q.
So, it suffices to prove that W(Bz) € {;[a € W(Bi)}, or equivalently, that
B\(Bz) C {;- | € W(Bi)}, where A is a given element of K\ Ko. The latter
statement is easily seen to be true if (B, Bs) € Q1 Uy U Qy U Q5. We will
now treat the harder case (By, B2) € Q3. Then there exists a n € K such
that éll = e 4_'77€2>_f{ = f17 é,2 = €2, fé = _nwfl + f27 ég = €3, fé = f37 SR
e, =é,and f, = f,. Let

X = <§£f(1) AR gé(k)) A <€ Ehrn) AN Fogeny A Ay N Fogern

+(—1)'e” - € (ori1) fc/f(k+z+1) Ao Ny N fé(m);

be an arbitrary element of By(By), where (1) k,I € {0,...,n} such that
k+2l=mn, (2) ec {1,\}, (3) g, € {&, f!} for every i € {o(1),...,0(k)}, (4)
o is a permutation of {1,...,n} satisfying (i) o(1) < 0(2) < --- < o(k), (i)
o(k+1) < o(k+2) < --- < o(k+1), (iii) o(k+I+1) < o(k+1+2) < --- < o(n),
(iv) o(k+1) < o(k + 1+ 1). There are 10 possibilities:

(1) Suppose o(1) =1, 0(2) = 2, g; = & and g5 = &,. Then x can be
written in a natural way as y = é; A e, A a A 3, where a = g;(g) ARERWA ?J(/,(k)
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and 3 does not involve indices which are equal to either 1 or 2. We have
X=(e1+ne) NeaNaNf=eNéa ANa [ e ByBy).

(2) Suppose o(1) = 1, 0(2) = 2, g, = &, and g, = f;. Then y can be
written in a natural way as y = &} A fa Aa A (e B+ (=1)'e¥ - ), where
«, # and v do not involve indices which are equal to 1 or 2. We have
X =(er+ne)A(—n'fi+ o) ANan(e- B+ (-1’ v)=erAfahan(e- B+
(=)'’ 7)) —n? e A fihaA(e- B+ (1)’ y)+an(—nYe-er A fL NS —
(=D mYe)? e A fa Ay) Fan(en-e A faNB+ (=1 (en)? -er A i A7)
and this is clearly a Ky-linear combination of elements of By(B;).

(3) Suppose o(1) =1, 0(2) = 2, g} = fl and g, = &,. Then x can be
written in a natural way as x = f] A e, A a A [, where a = gé(?)) ARERWA g;(k)
and 3 does not involve indices which are equal to either 1 or 2. We have
x=hNeaNan[eBy(B). . )

(4) Suppose o(1) = 1, 0(2) = 2, g = f; and g5 = fy. Then y can be
written in a natural way as y = f] A fo Aa A [, where a = 93(3) AERRWA gg(k)
and 3 does not involve indices which are equal to either 1 or 2. We have
x=hLANEPfi+h)ANanB=fiNfahaABeBy(B).

(5) Suppose (1) = 1, o(k +1) = 2 and g} = €. Then x can be
written in a natural way as y = & Aa A (e- € A fy A B+ (—1)'” - ) where
a,  and ~ does not involve indices which are equal to 1 or 2. We have
X=(E1+ne)Nan(e-eahN(—n"fi+ ) AB+(-1)'e’-y) =& AaA(e-
e N foANB+ (=1 -y)+ea Aan(en’ e AfiAB+ (=1 en?)? - v) and
this is clearly a Ko-linear combination of the elements of B,(By).

(6) Suppose o(1) =1, o(k+1) = 2 and g, = f/. Then y can be written in
anatural way as xy = fiAaA(e-eyAfaAB+(—1)'e?-v) where , 8 and 7 does
not involve induces which are equal to 1 or 2. We have x = fi Aa A (e- & A
(=P fr+ F)ABH(=D)e?-y) = finaA(e-ea A fa AB+(=1)e?-7) € Bx(By).

(7) Suppose (1) = 2, o(k+1) = 1 and g, = €,. Then x can be written in
natural way as y = ey AaA(e- ey A fi AB+(=1)le¥-v), where a, 3 and 7 do
not involve indices which are equal to 1 or 2. We have x = és Aa A (e- (€1 +
ne) AN fiAB+ (=Dl -y) = Aan(e-ey AL AB+ (=1Dle? -v) € Ba(By).

(8) Suppose o(1) = 2, o(k+1) = 1 and g, = fi. Then x can be
written in a natural way as fo Aa A (e-e, A fi A B+ (—1)'€ - v), where
a, # and v do not involve indices which are equal to 1 of 2. We have
X =(n"fitfo)ANan(e (& +né)AfiAB+ (=D 7)) =frran
(e-er NINB+ (=D’ - y) = finan(en-e A fo AB+ (=1)(en)? - ) and
this is clearly a Ky-linear combination of elements of B)(Bj).

(9) Suppose o(k + 1) = 1 and o(k 4+ 2) = 2. Then x can be written
in a natural way as xy = a A (e-& A f] A&y A fo A B+ (=1)le¥ - v) where
a, [ and v do not involve indices which are equal to 1 or 2. We have
x=aA(e-(e+ne)Afines AN(—nVfi+ fo)) AB+ (—1)e’-7) =aA (e
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eiNfines A faAB+ (=1)€”-v) € By(By).

(10) Suppose o(k+1) =1 and o(k + 1+ 1) = 2. Then yx can be written
in a natural way as y = a A (e-& A fi A B+ (=1)'€¥ - & A fo A7), where
a, # and v do not involve indices which are equal to 1 or 2. We have
X=aA(e-(er+n8) A fiAB+ (=1)'e’ e AN (=nYfi+ f2) Ay) = aA(e-
eNAABH (=D e ANfoAy)—fineaAaA (en- B+ (=1 Fen)? - v)
and this is clearly a Ky-linear combination of elements of B, (By).

Lemma 4.2 If By and By are two hyperbolic bases of V' and if 6 is the unique
element of G mapping By to Bs, then W(B;) = {;> [a € W(B1)}.

Proof. Let By, B; and B3 be three hyperbolic bases of V' and let 6;, i €
{1,2}, be the unique element of G mapping B; to B;y1. Then 03 := 65 0 6,
is the unique element of G mapping By to Bs. In view of Lemmas 2.1 and
4.1, it suffices to show that if the lemma holds for the pairs (By, By) and
(Bg, Bs), then it also holds for the pair (B, B;). As remarked in Section 1.1,
N6 T, Mg, € Ko. Now, since Wp, = {% |a € W(By)} and Wg, = {% la €
W(By)}, we have Wp, ={—"—|a € W(B;)} = {% |l € W(By)}. .

76y 0,

Now, let B* be a fixed hyperbolic basis of V' and put W* := W(B*). Then
Theorem 1.3 is an immediate consequence of Lemma 4.2. (Notice that
since 6, maps every element of By(B*) to an element of B)(6(B*)), we have

0,(W*) =W(0(B*)).) We will now also give a proof of Theorem 1.6.

Proof. Let (é1,és,...,é&,) be an n-dimensional subspace of V' which is totally
isotropic with respect to f. FExtend (éj,és,...,€,) to a hyperbolic basis
B=(e1,fi,...,&n, fn) of V. Then & Aey A--- A&, € W(B). Claim (1) of
Theorem 1.6 now follows from Lemma 4.2.

Let (é1,€s,...,€,_1) be an (n — 1)-dimensional subspace of V' which is
totally isotropic with respect to f. Let &, and f, be two vectors of V which
are f-orthogonal with (éy,...,&,_;) and which satisfy f(é,, f,) = 1. Then
the m-dimensional subspaces of V' through (é,és,...,€, 1) which are to-
tally isotropic with respect to f are precisely the subspaces (€i,...,é,),
(B1,...,8n 1, fn + Aen), A € Kog. Now, extend (éy,...,é,, fn) to a hyper-
bolic basis B = (&1, fi,...,6n, fn) of V. Then for every A € K, also
By = (&1, f1,. -, €n-1, fn_1,€n, fn+ A&,) is a hyperbolic basis of V. Now, by
Lemma 4.1, W(B,) = W(B) for every A € Ky. Now, e; AéaA---Aé, € W(B)
and e; A Al 1 A(fatAen) =LA ANey 1 Afp+A-EBLAEA-ANEy, €
W(B)) = W(B). It now follows that the line of DH (2n—1, K, ) correspond-
ing to the subspace (€1, éy,...,€, 1) is mapped by e to a line of PG(W™).
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Now, let B = (&1, f1,...,n, fn) be a hyperbolic basis of V. For every two
vectors ag and ag of A"V, we define fp(a1,az) € K in such a way that

ap Nag = fB(ahO@) @ Af)A A (En A )

Clearly, ]?B is a nondegenerate form which is symmetric if n is even and
alternating if n is odd.

Lemma 4.3 (1) If6 € G and B is a hyperbolic basis, then fp = det(f )~fg(3).
In particular, if 0 € H, then fB = fg(B
(2) If B is a hyperbolic basis and oy, e € W(B

)
Proof. (1) If aj,az € A"V, then Felar, a0) - (61 A f1) A A (En A fn) =
Oél/\OéQ = fg(B)(Oél,042)'0(61)/\0(f1)/\ /\G(en)/\ﬁ( ) = det( ) fG(B (061,042)
et A fiA---Né, A f,. Hence, fB(al, ag) = det(8) - f y (o, ag).

(2) Let A be an arbitrary element of K\ Ko. It suffices to prove that
f(a1,a2) € Ky for every two vectors ai,az € By(B). We readily observe

that f(aq,as) is always equal to 0 if oy, s € By(B), except in the following
cases:

(a) a1 = GiAGo A+ -AGn and ap = Gy AGHA- - - NG, where {g;, 5.} = {&i, fi}
for every i € {1,...,n}. One readily verifies that fg(aq,as) € {—1,1} C K.

(b) o1 = (ga(l) AN '/\ga(k)) A (6 “Co(er1) A foterny A Nty N foterny +
(=1)'€¥ it ) A fo(rir) A+ - Aeo(n) Afa(n)) and ap = <§£,(1) ASE ‘/\gé(k)> A
(6 Cothr) AN fotbi1) A+t ACo(ksn) A fotirt) + (—1)l€/¢ Co(ht+1) A So(htrirn) A

A /\fgn> where (1) k,1 € {0,...,n} such that [ > 0 and k+ 2l = n,

(2) e,€ € {1,A}, (3) {gz,gl} = {&, fi} for every i € {o(1),...,0(k)}, (4)
o ;s a permutatlon of {1,...,n} satisfying (i) (1) < 0(2) < --- < o(k),

, then fB(Oﬂ,Oéz) € Ko.

i) o(k+1) <olk+2) < ---<U(k+l), (iii) ok +1+1) < o(k+ 1+
< -~ <on), (iv) o(k+1) < o(k+1+1). One readily verifies that
fB(Ozl,ag) c{(e- €V +e¥¢), —(e- ¥ +e¥¢)} CK,. .

Again consider a fixed hyperbolic basis B* of V' and let f* be the restriction
of fp+ to the Ky-vector space W* = W (B*). Then f* is a nondegenerate
bilinear form on the vector space W*. This form defines a polarity (* of
PG(W™*). 1If n is odd or char(K) = 2, then (* is a symplectic polarity.
Otherwise, ¢* is an orthogonal polarity. If U is a subspace of W*, then we
define U+ := {z € W*| f*(z,u) = 0,Yu € U}.
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Remark. If e : A — 3 is the so-called minimal full polarized embedding (see
[4] for the definition) of a thick dual polar space A in a finite-dimensional
projective space X, then there exists a unique polarity ¢ of ¥ such that
two points p; and ps of A are not opposite if and only if e(py) € e(p1)S.
The polarity ¢* defined above is a special case of this (take e = eg, A =
DH(2n —1,K,4) and ¥ = PG(W*)). We refer to Cardinali, De Bruyn and
Pasini [4] for more information on minimal full polarized embeddings. The
existence of the polarity ¢ is an immediate consequence of the isomorphism
between the embedding e and its so-called dual embedding e*.

5 Hyperplanes of DH(2n — 1,K, 1))

5.1 Representative vectors

By Shult [11, Lemma 6.1], every hyperplane of a thick dual polar space
(in particular, of DH(2n — 1,K,4)) is a maximal subspace. So, if H is a
hyperplane of DH(2n — 1,KK, ) arising from e, then (e, (H)) necessarily
is a hyperplane of PG(W*) and there exists a unique 1-space U of W* such
that (e, (H)) = PG(U*). Any nonzero vector of U is called a representative
vector of H.

Consider now the special case n = 3. Recall that B* = (e, f1, €2, f2, €3, f3) is
a given hyperbolic basis of V' and that W* = W(B*). Let A be an arbitrary
point of K\ Ky. By Section 4, a basis of the Ky-vector space W* is given by
the following 20 vectors:
ELNE NE, ELNC A fs, 1A faAEs, ELA A f,
finesNes, fiNes A fs, i N faNes, fi N fa A fs,
61/\(62/\f2—63/\f3) AN =AY e fy),
N(EaAfa—esAfs), iAN(A-EAfa= A esA fs),
62/\(61/\f1—63/\f3 /\()\'él/\fl—)\w'ég,/\fg)),
ANErAfi—esAfs), o A(A-EAfi— A e A f),
€3 /\( es A ( )
A )

N~— SN— SN— \_/
[N

anfi—eNf AerAfi—=AY e A fo),
€1/\f1—€2/\f2) fg/\()\él/\fl—)\wéz/\fg
We now discuss two classes of hyperplanes of DH (5, K, ).

(I) Let H be the hyperplane of DH(5,KK, ) with representative vector o =
M -E1AEAEs+1M2-E1 A faA fa+ns- fi Aéa A fs. Let p be the point (€1, &, f3) of
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DH(5,K,v). Since aAé; AéyA fz = 0, the point p belongs to H. An arbitrary
line of DH(5,K,) through p corresponds to a line (v;,7,) C (&1, &, f3)
of H(5,K,). Since (v1,7,) meets each of (e1,&), (€1, f3) and (&, f3), we
necessarily have oo A 93 A o = 0. So, every line of DH (5,K, ) through p is
contained in H. This implies that every quad ) through p is either deep (i.e.
Q C H) or singular with deep point p (i.e. Q NH = p~ NH).

Lemma 5.1 Let ay,az,a3 € K with (a1,az,a3) # (0,0,0). The quad Q
through p corresponding to the point {(a1é1 + asés + asfs) of H(5,K, 1) is
contained i H if and only if 773a7fJrl + ngag’“ — nlag’“ = 0.

Proof. Suppose az # 0. Then p' = (a1&; + axéy + asfs, ag’fg + a;/’é3, ag’fl +
alfég) is a point of ) at distance 2 from p. Clearly, @) is deep if and only if
p € H, ie. if and only if

(m-exNesNes+ne-erAfaAfs+ns- fi Aea A fa)

Aa18y + a8y + asfs) A (al fo + ales) A (af fi + al'és) = 0.

One readily verifies that this is the case if and only if 773a7f+1 + ngag’ﬂ —

mayt' =0 holds in this case.
Similar calculations as above show that if a; # 0 or ay # 0, then @ C'H

if and only if ngafﬂ + ngalfﬂ — ma}fﬂ =0.

]
So, the deep quads through p determine a possibly degenerate Hermitian
variety in the dual projective plane of Res(p). If the Hermitian variety
nsXP T 4+ XY — XY = 0 is empty (which is impossible in the fi-
nite case but possible in the infinite case, for instance when 1) is the complex
conjugation of K = C), then H is a so-called semi-singular hyperplane with
deepest point p, i.e. H is of the form p~ U O, where O is a set of points of
DH(5,K, 1) at distance 3 from p such that every line at distance 2 from p
meets O in a unique point.

(IT) Recall that H(5,K, ) is the Hermitian variety of PG(5,K) = PG(V)
associated to (V, f). With respect to the reference system B*, H(5,K, ) has
equation

(XX = XoX7) + (XaX{ — XuXY) + (X5 X — XeXY) = 0.
Now, let ay,bq,a9,b9,a3,b3 € Ky and let w be the plane of PG(5,K) with

equation X1 = (Cll + bl)\) . XQ, X3 = (a2 -+ bg)\) : X4, X5 = (a3 + bg)\) . X6.
Then wn H(5,K, ) is the Hermitian variety of w with equation by - X3 ™' +
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by - XY 4+ by - XY™ = 0. Let X be the subspace of W* consisting of all
vectors x € W* satisfying

(i 4 (a1 +b1A)er) A (fa + (a2 + baN)ez) A (fs + (as + bsh)és) A x = 0.
If (by,b2,b3) = (0,0,0), then X is 19-dimensional and given by the equation
(fi + ae1) A (f2 + aze2) A (fs + azés) A x = 0.

If (b1, b, b3) # (0,0,0), then using the explicit description of the vector space
W* given above, we see that any y € X also satisfies the equation

(fi+ (a1 + biA?)Er) A (f2 + (az + beAY)E2) A (f3 + (as + bsAY)es) A x = 0.
Now, for every n € K*, the vector
Xn =1+ (fi + (a1 +biA)er) A (fa + (az + ba))ea) A (fs + (as + bs))és)

0¥ (f1 + (a1 + 01AY)Er) A (fa + (a2 + baA")é2) A (fs + (a + bsA?)é3).

belongs to W*. One readily verifies that dim(X) = 18 and that the hyper-
planes of W* with equations x,, Ax = 0, n € K*, are the |K,|+ 1 hyperplanes
of W* containing X.

From the definition of X, the following is also clear: a maximal singular
subspace p of H(5,K, 1) meets w if and only if e, (p) € PG(X). If (by, ba, b3)
can be chosen in such a way that the Hermitian variety by X3! + b, XV +
bsX{ ' = 0 of w is empty, then PG(X) N e, (P) = 0, where P denotes
the point-set of DH(5,K,1). (Again, this is impossible in the finite case,
but possible when 1 is the complex conjugation of K = C.) This implies
that every hyperplane of DH (5,KK ) arising from a hyperplane of PG(W*)
through PG(X) cannot contain lines. Each such hyperplane is a so-called
ovoid of DH (5,K,1), i.e. a set of points of DH(5,K, ) meeting each line
in a unique point.

5.2 The hyperplanes of DH (5, ¢*) arising from the Grass-
mann embedding

In this section, we suppose that n = 3, K = Fp and Ky = F,. Then
z¥ = 27 for every x € F 2. Let P denote the point set of DH (5, ¢?), let B* =
(€1, f1, €2, f2, €3, f3) be a given hyperbolic basis of V, let W* = W (B*) and let
egr denote the Grassmann embedding of DH (5, ¢*) in PG(W*). Every quad
of DH(5,¢?) is isomorphic to Q™ (5, ¢). The generalized quadrangle Q= (5, q)
admits subquadrangles isomorphic to (4, ¢), see Payne and Thas [10]. For
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any two hyperplanes H; and Hs of DH (5, ¢?) arising from e, let [[H1, Ha]|
denote the set of all hyperplanes of DH(5,¢?) of the form e, '(eg(P) N ),
where 7 is one of the ¢ + 1 hyperplanes of PG(W*) containing (eg,.(H1)) N
(egr(Ha)). If oy € W*, i € {1,2}, is a representative vector of H;, then
the representative vectors of the hyperplanes of [[H;, H,]] are precisely the

vectors Ay + Aeca, where Ay, Ao € Fy with (Mg, A2) # (0,0).

By De Bruyn and Pralle [9], DH (5, ¢*) has 5 isomorphism classes of hyper-
planes which arise from e,. We now give a description and a representative
vector of a hyperplane of each of these classes.

(I) The hyperplanes of Type I of DH(5,¢*) are the so-called singular hyper-
planes. If z is a point of DH (5, ¢?), then the set H, of points of DH (5, ¢*) at
distance at most 2 from z is a hyperplane of DH (5, ¢?), the so-called singular
hyperplane of DH(5,¢*) with deepest point x. If x coincides with the point
(€1, e, e3), then &3 A éy A €3 is a representative vector of H,.

(IT) The hyperplanes of Type IT of DH(5,q?) are the so-called extensions of
the (4, ¢)-subquadrangles of the quads. If p is a Q(4, q)-subquadrangle of a
quad @, then the set H, of points at distance at most 1 from p is a hyperplane
of DH(5,¢%), the so-called extension of p. By De Bruyn and Pralle [9], if
71 and x4 are two points of DH(5,¢%) at distance 2 from each other, then
every hyperplane of [[H,,, Ha,]] \ {Hay, Ha,} is the extension of a Q(4, q)-
subquadrangle of the quad (x1,25). If 11 = (€1, €, &3) and x5y = (€1, fo, f3),
then &, A é; A és + & A fo A fs is a representative vector of a hyperplane of

the set [[Hay, Hao )] \ {Hars Has }-

(ITT) A hyperplane of DH (5, ¢%) is said to be of Type IIIif it belongs to some
set [[Hays Haol] \ {Haey, Hay b where z; and x4 are two points of DH (5, ¢?)
at distance 3 from each other. The vector é; A é; A é3 + fl A fg A f_3 is a
representative vector of such a hyperplane.

(IV) A hyperplane of DH (5, ¢?) is said to be of Type IV if it belongs to some
set ([Hpys Hpo)[\N{Hp1, H,, } where (i) p;, i € {1,2}, is a Q(4, ¢)-subquadrangle
of a quad Q; of DH(5,¢?), (ii) Q1 N Q4 is a line L, (iii) L C p; and |poNL| =
1 (see [9, Section 4.5]). By De Bruyn and Pralle [9], a hyperplane H of
DH(5,¢%) is of type IV if and only if there exists a (necessarily unique)
point z such that (i) #t C H and (ii) the set of deep quads through z is a
nondegenerate Hermitian curve in the dual projective plane of Res(x). By
Lemma 5.1, the vector é; Aés Aés+ ey /\ﬁ/\fg—i-fl N s /\fg is a representative
vector of a hyperplane of Type IV.

(V) With respect to the reference system B*, H(5,q?) has the equation
(X1 X§ — XoXT) + (X3 X] — XuX9) + (XX — XeXJ) = 0. Let w be a
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plane of PG(5, ¢%) which intersects H (5, ¢?) in a unital of w and let S,, be the
set of planes of H(5,¢?) meeting w. By De Bruyn and Pralle [9, Corollary
4.29], (e4r(S,)) is a 17-dimensional subspace of PG(W*). A hyperplane of
DH(5,q?) is said to be of Type V if it is isomorphic to some hyperplane of
the form e ! (e4-(P) N7), where 7 is one of the ¢+ 1 hyperplanes of PG(W*)
containing (e, (S,))-

Now, for every A € F 2 \F,, let wy be the plane of PG(5, ¢*) with equation
X1 =X-Xy, X3=X-Xy, X5=\-Xg. Then wy N H(5,q?) is a unital of w,.
The 17-dimensional subspace (e4-(S.,)) of PG(W*) consists of all points (x)
of PG(W*), where y is a nonzero vector of W* satisfying

(Fi+2e) A (fa+de) A(fs+Aes)Ax = 0.

Now, for every n € Frs, o, =1+ (fi +2e1) A (fa+ Aéa) A (fs + Aés) +n? -
(fi + X€1) A (f2 + M%&) A (fs + \€3) is a vector of W* and the equations
XanAx =0,n€ Fzg, determine the ¢+ 1 hyperplanes of PG(W*) containing
(€gr(Suy)), see Section 5.1 (II). So, for any A € Fp2 \ Fy and any n € Fyz, xa
is a representative vector of a hyperplane of Type V. Our aim is now to give
a representative vector of a nicer form.

Let 11,12 € F} such that the polynomial 7o X + (12 + 4+ 12) X +m1 €
F,[X] is irreducible. Such a polynomial exists by the following lemma.

Lemma 5.2 For every irreducible monic quadratic polynomial X?>+aX +b €
F,[X], there exist unique elements m,n2 € F,\{0} such that na(X?4+aX+b) =
X+ (mnz +m +m2) X +m.

Proof. Since X2 +aX +b is irreducible, its values at the points —1 and 0 are
nonzero. Hence, b # 0 and a — 1 — b # 0. After an easy and straightforward
computation, we find that there is only one solution for n; and 7y, namely
nlza—l—bandngza_Tl_b. n
Suppose now that A € Fp2 \ F, is a root of the polynomial 7o X? — (1172 +

m+n)X +m and n = _A(/\;q—_l/\). Then \ + \ = 711+77$]:‘771772 and Nt = Z—;

Qne Calcula‘ges that xa, =m-e1ANexANez+ns- FiNfa fo+ (e +f1) A (e +
fa) N(es+ f3) = 0.

Let A denote the group of automorphisms of DH(5,4¢*). By De Bruyn and
Pralle [9], A has 5 orbits on the set of hyperplanes of DH (5, ¢?) arising from
egr- |[A more careful inspection of the proof of [9] would reveal that there
are still five orbits if we restrict to those automorphisms which arise from
projectivities of PG(5, ¢?) = PG(V).] For every ¢ € A, there exists a unique
projectivity ¢ of PG(W*) such that ey (¢(p)) = @(egr(p)) for every point
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p of DH(5,¢%). In view of the bijective correspondence between the set of
hyperplanes of DH(5,¢%), the set of hyperplanes of PG(WW*) and the set
of points of PG(W*) (use the polarity ¢* defined in Section 4), the group
A:={F|p € A} has 5 orbits on the set of hyperplanes of PG(W*) and also
5 orbits on the set of points of PG(W*). Representatives of these 5 orbits are
the points (€1 Ay Aes), (1 AeaAes+Er A fa fs), (1 AeaNes+ fi A fa A fs),
<_él/\ég/\ég_+él/\f2/\_f3+f1/\é_2/\f3> and <771'él/\52/\63+7]2'f1/\f2/\
fa+ (e 4 fi) AN (Ex+ f2) A (€3 + f3)) (with n; and 1, as above).
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