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This paper is concerned with the study of the static spin pair correlation and the sus-
ceptibilities of ferromagnetics with spin 1/2 by the method of two-lime Green’s function
of Bogolyubov and Tyablikov adopting the Heisenberg model. A marked difference is
found in the behavior of these quantities for the systems with anisotropic and isotropic ex-
change interactions. In particular, for the case of the isotropic exchange interaction, the
parallel susceptibility diverges below the Curie point down to the spin wave region. Con-
sequently, the static spin pair correlation of the longitudinal component of spins shows the
behavior with the distance which is different from that previously known. Due to the same
cause, the susceptibility immediately above the Curie temperature deviates from the Curie-
Weiss law. ’

§ 1. Introduction

The critical scattering of neutrons by ferro-, antiferro-, and ferrimagnetic
substances near the transition points has been a subject of many recent theoretical
and experimental investigations. The theoretical interest in this problem resides
in the behavior of the spin pair correlations in the vicinity of the transition points,
as first pointed out by van Hove.” The spin pair correlation for the localized
spin model is defined as

Tr S:‘n eth/k" S;a e—th/h' e—/SH

, 1-1
Tre*4 (1-1)

855, 0)S7*(@) >=

where S, and S;7* denote the spin operators at the lattice sites m and f, re-
spectively, and H the system Hamiltonian. The following notations have been
used :

Sw?cES'nzn S?IZLES;;L + ZS?r/n (1 : 2)

The static spin pair correlations, which are defined by setting ¢ equal to zero
in (1-1), have since been investigated on the microscopic basis by de Gennes”
in the molecular field approximation, and by Elliott and Marshall® in the Bethe-
Peierls approximation. The dynamical behavior of the spin pair correlations has
been studied by de Gennes® and by the present authors.”

*) A summary of this work has been reported in Prog. Theor. Phys. 25 (1961), 1043.
*%) Present address: Department of Applied Physics, Faculty of Engineering, Nagoya Uni-
versity, Nagoya, Japan.
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On the Green’s Functions of the Heisenberg Spin Systems 691

The present paper is concerned with the study of the static spin pair cor-
relations, in particular, of the correlation of the longitudinal component, employing
the method of Green’s functions. This method, first introduced by T. Matsubara,?
has recently been successfully applied to various problems in statistical physics.
In particular, Bogolyubov and Tyablikov® introduced the two-time Green’s func-
tions and applied it to ferromagnetics, and derived an integral equation determining
the magnetization, which is supposed to be valid in the entire region of temper-
atures. In the present paper we shall also employ the method of two-time
Green’s functions.

In § 2, we shall calculate the static correlation of the transverse components
of spins. In §3, we obtain an equation determining the magnetization as a
function of the temperature and an external magnetic field. Using this equation
we shall discuss the longitudinal susceptibility in some detail. It is shown that
in the vicinity and below the Curie temperature, the longitudinal susceptibility
shows a quite different behavior depending upon whether the exchange inter-
action is anisotropic or isotropic. In- particular, for the isotropic. exchange
interaction and in the absence of an external field, the parallel susceptibility
diverges below the Curie point, and does not follow the Curie-Weiss law in
the immediate neighborhood of the Curie point. This particular feature is
reflected in the static pair correlation of the longitudinal components of spins,
which is treated in §4. In Appendix B, we shall show that the correct temper-
ature-dependent spin wave spectrum equivalent to Dyson’s” and Keffer and
Loudon’s” theories is obtained in the second approximation of the Bogolyubov-
Tyablikov approximation scheme.

§2. The two-time Green’s function and the static correlation
of perpendicular components of spins

Throughout this paper, we deal with the Heisenberg model of ferromagnetics
with a uniaxial anisotropy and a homogeneous magnetic field H, in the direction
of anisotropy and shall write the Hamiltonian in the following form :

H=-22[(1/2)Kn;(S2S7 +SzS}) +InSnSi] — 20" S5, (2-1)

tmty "
where
(UOEg,L’-BHe.

K,.; and J,, denote the exchange interactions which may be anisotropic. For
Kuy;=Jdns;, (2:1) reduces to the isotropic exchange interaction, whereas, for
K,;=0, this is the Ising model Hamiltonian. The two-time Green’s functions
are defined as '

mpE—t)=(Sn(®); SF )Y =—i0(t—2) L[Sa®, SFH1, (2-2)
mr@—t)=CSa(@; S5 @) )=i0 " —)[Sn(®, S7EH 1, 2-3)
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692 K. Kawasaki and H. Mori

where the step function 6 (¢) is defined by

1, >0,
@)= (2-4)
0, <0,
and
—H
<A>EM€__M_, (2-5)

Tre

There exists an important property of these Green’s functions due to Bogolyubov
and Tyablikov.? Let us introduce the Fourier transforms of these Green’s
functions with respect to time

1

T

Cv'rmeff or ad. ((t)) — G:,f} or ad. (t) eu.,g dt (2' 6)

-3

ll"’-‘S

According to these authors, the left-hand side of this expression can be continued
analytically in the complex w-plane to define a single analytic function G,;(®)
which has singularities on the real axis in this plane. With the use of this
function, they derived an important relation called the spectral theorem con-
necting the Green’s function and the correlation function. Namely,

S7eSioy=i | if;"—“_;[c;m,(wie) —Gy(0—i€)dw, (2T
v v e —

where € is a small positive number. In particular, for £=¢" this reduces to

@

(S7 S7Z>=z'S Gy (w+iE) — Gulw—1iE) do. 2-8)

e —1

-

As one can easily verify, both of the Green’s functions (2-2) and (2-3), which
we simply denote as Gn;(t—¢), satisfy the following equations of motion :

i-g:—Gm,(t—y) =0(@—t){[S% S71)+ wGns(t—1")

— 22Kl Sn () 8,7 ()3 S5 @)D=, nelSy" @) S0 (8); 87 (t’)(>;] %

In Bogolyubov and Tyablikov’s approximation, we have
Su@S @); S~ ) y=a G, (1),
(S, OSn®); S () )=0Cu, =),  o={Sn).

Thus, Eq. (2-9) leads to

i .% Gy (¢ — ) = 20j00 (¢ — 2°) + [wo+ 26T (0) 1Gimy (¢ — )

(2-10)

— 203 \Kpy Gy &—1¢"), 2-11)
= .
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On the Green's Functions of the Heisenberg Spin Systems 693

where

J(0) EZme,.

This equation can readily be solved if we introduce the Fourier transform G,(w)
of Gpp(¢—2¢’) with respect to the time and the lattice sites by the following :

Gony (@) =L 31681 G, (0). (2-12)
N ¢

We thus obtain

1 o
G, = —_, 2-13
() w—wy—20Jx(0,q) = ( )

where
Jx(q, 9)=J (@) —K(q). (2-14)

Here, J(q) and K(q") stand for the Fourier components of J,, and K,,, defined
as

Jmf = —1“2 ei(q, m=p J(‘I) 3 Km/’ = ‘1*”2 ez‘(q, 'rn—]")K(q) . (2 ° 15)
N'q N q

Use of (2-8) and (2-13) immediately yields

20 1 ;
Sz Spo=23  — gamen, 2-16
S S =T, =1 ° (2-16)
where
wy=wy+20J% (0, q). @2-17

If we write the static pair correlation function of perpendicular components of
spins as

(S Sf$>=~11\7§ ¢ (q) e¥P™ D etc., (2-18)
#°“(q), etc., can be expressed by making use of (2-16) as
B, 1
¢ (@) =" (@) =7~ < (2-19)

Essentially the same result was obtained by a different method.®

#® In our earlier work,® (2-19) followed if we identify wq as the frequency of the collective
motion of the spin system, neglecting the shift and damping coming from the higher moments.
The two approximations are, however, not eguivalent. For instance, Bogolyubov and Tyablikov’s
approximation adopted in this paper failed to take into account the spin wave interactions correctly.
See Appendix B.
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694 K. Kawasaki and H. Mori

In the low temperature limit, where ¢ reduces to .S, the magnitude of the
spin, w, equals the spin wave frequency. In this case, the result (2-19) reduces
to that obtained by van Hove.” On the other hand, in the vicinity of the Curie
point and for zero magnetic field, we must distinguish the two cases. Use of
(2-17) and (2-19) lead to the following results.

(1) Above the Curie point:

5@ =T [P0 230,90, (2-20)
I
where ¥, is the parallel susceptibility for a single spin defined by
—au O 20 2.21)
X =95 22 (9#5) ” 2-21)
(2) Below the Curie point:
kT
Q) =P (2-22)
Ry

For the isotropic exchange interaction J(q) =K (q), these are the familiar results
obtained earlier.”’® In particular, below the Curie point and for the small values
of ¢, J;(0, ) =Joa’q’, where J, is the magnitude of the exchange interaction and
a the lattice constant. This means that the transverse components of spins
have the spatial correlations of infinite range. For the anisotropic exchange
interaction and below the Curie point, we can assume J(0) >K(0), because
otherwise the spin arrangements in which the spontaneous magnetization occurs
in the z-direction would be unstable, as one can see from (2-17) that the spin
wave frequency 28Jx(0, q) becomes negative for certain values of g. Then, for
the small values of g, ¢**(q) takes the following form,

sy — ksl 1 2.23
¢ (q) 2 Joaz qZ + ’62 ( )

where
=70 KO (2-24)

Ko a2

and we have put K(0) —K(q) =K,@’¢*, K, being the magnitude of the exchange
interaction of spins in the z, y-direction. This means that the anisotropy of
the exchange interaction makes the range of correlation of the transverse
components of spins, which is equal to 1/x, finite.

§ 3. The Magnetization and the parallel susceptibility

If we restrict ourselves to the case of spin 1/2, Bogolyubov and Tyablikov
have shown that the method of the preceding section allows us to obtain a closed
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On the Green’s Functions of the Heisenberg Spin Systems 695

equation for the average value of a spin o. Setting f=m in (2-16) and noting
the relation S,;S,,=1/2—S), valid for spin 1/2, (2-16) reduces to
1 1 1 1

E_’é':ﬁ";exp(ﬂ{wﬁzw,;(o, oh-1" @

This is the equation determining o as a furiction of temperature and a magnetic
field. For the case of the isotropic exchange interaction, the solution of this
equation was discussed in detail by Tyablikov.” Therefore, we shall not discuss
this equation in general, except in the neighborhood of the Curie point, where
there is a marked difference in the longitudinal susceptibility between the isotropic
and anisotropic exchange interactions. Such a difference also exists in the parallel
susceptibility in the entire region below the Curie point which is discussed below,
and hence in the static correlation of the longitudinal components of the spins,
which is the subject of the next section. Let us start with the parallel suscepti-
bility above the Curie point.

The external field is set to zero in this section. Then setting oc=Yw, in
(8-1), where ¥’ is connected to the parallel susceptibility ¥ by ¥ =%/ (gts)?,
and making w, tend to zero, we obtain the equation for X’

11 1

=t L 3.2
4y BNT1+27'Jx(0, @ 3-2)

At the temperature defined by
Bo_ 15 1 (3-3)

2 T NTIO,

¥’ is seen to be infinite. Next we calculate the spontaneous magnetization o
below the Curie point, which is determined by the equation,

111y 1 | 30
4oy 2 N'aexp (2BceJx(0, q)) —1

In the vicinity of the Curie point, the right-hand side of this equation can be
expanded as

1 1 1 1
Lol 1 h 80e(0, @)+ L8032 0, @) + -}
280, N%JK(O, P { 130"1? (0, q) 33 oo Jx (0, q) }

Applying (3-3) to the first term of this expression and considering the fact that

1 50
W'l 1=1,
Eq. (8:-4) becomes
B—B. _ Bo)® 1 5+ .
S T Eq:JK(O, 9D, (3-5)

which expresses that the spontaneous magnetization o, is proportional to 1/3 -8,
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696 K. Kawasaki and H. Mori

in the neighborhood of the temperature defined by 7. These facts allow us
to identify the temperature T,=1/kz8, with the Curie temperature.
In order to discuss the parallel susceptibility, we must distinguish the two
cases with anisotropic and isotropic exchange interactions. The case with an
- anisotropic exchange interaction will be considered first. Below the Curie point,
differentiating the both sides of (3-1) with respect to w,, considering that o is
a function of w,, setting w, to zero, and defining ¥’=00"/9w,|.,—0, We obtain

x/:i_ exp(Zﬁ’o-oJK(o, ‘I) ) /{ 1 __2_/9 JK(O: Q)exp(zﬁﬁoJK(O, ‘I))} .
N 7 [exp(2BaoJx (0, q)) — 11 4o N T [exp(286Jx(0; q)) — 1(%‘ 6

Near the Curie point, the expression

1 s+ Jx(0, q) exp(2800Jx (0, q)) (3-7)
NT [exp(2800Jx(0, @) —11°="

which appears in ‘the denominator of (3-6), is expanded as

1 1 1 [ 1o a7y ]
2 1— =~ o220, k) + - |.
4003 NTJI(, q) | g0 o2 0B+

Use of (3-3) and (3-5) simplifies the first two terms of this expression to the
following :

28.—8

AP 3.8
807 (3-8
Substituting this into (3-6), and expanding the numerator and omitting the

higher order terms in 3—J., we finally arrive at the longitudinal susceptibility
2’ below and in the neighborhood of the Curie point,

_ 1 1 1
2@—8) NT[Jx0, ]

The susceptibility above the Curie point is obtained more simply. Expanding
(8-2) in 1/%’, we have

1 1- 1 1 1

ZI

1L - g, (3-10)
2 ANaTJg(0,q) 23Ny §[JK(0, Q1
Use of (3-3) immediately yields
r=z1_ 1 L, (T>T). (3-11)

T B.-8 NT [Jx(0, @]

Comparing (3-9) and (3-11), we conclude that the parallel susceptibility near
the Curie point is inversely proportional to the temperature distance from the
Curie point, the inverse proportionality constant above the Curie point being
twice of that below. Such a feature is familiar in the behaviors of various
thermodynamic quantities near the transition point of the second order transition.
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On the Green’s Functions of the Heisenberg Spin Systems 697

In particular, for K(q) =0, that is, for the Ising system, the results obtained
in this section reduce to those of the Weiss approximation. In fact Bogolyubov
and Tyablikov’s approximation is equivalent to the Weiss approximation for the
Ising system. For the Ising system, {S; &S, (&); S; (")) in the righthand
side of (2-9) is missing. Thus the approximation (2-10) is equivalent to re-
placing the effect of the neighboring spins on the spin 7 by the average mo-
lecular field.

Let us now turn to the case of the isotropic exchange interaction. For the
small value of ¢,

J(0, @ =Jx(0, q) =J,a’¢", (3-12)

where J, is the magnitude of the exchange interaction. Thus, the inverse pro-
portionality constants in (3-9) and (3-11) both diverge if we replace the sum
over g by the integral. This means that the foregoing analysis cannot be directly
applicable to this case. Let us first consider the parallel susceptibility above
the Curie point. If we write X’ as

¥ =1/2z, (3-13)
the temperature-dependent parameter z is determined by the following equation,
obtained by substituting (3-13) into (3-2),

A _1 1" 3-14
2 NZ/quJ(O, qQ 3-14)

where

J(@q, 9)=J(q —J(q").

The equations similar to (3-13) and (3-14) were obtained by Englert,” who
pointed out that they are equivalent to the results of the spherical model.™ At
the Curie point, which is defined by (3-3), or in this case by

Be _ 15 1 }
2 N;J(O, 9’ (315

z vanishes, as one expects. In order to study the behavior of z near the Curie
point, subtract (8-14) from the both sides of (3-15), to obtain

19!'_/3 —_ % 1 ‘
2 NZ;‘J.(O, Q) [2+J, q)] 410
_ =z - q -167
2n’p ) 7O, D= +70, 9] P e

where p is the number of spins per unit volume, ¢, the upper limit of the in-
tegration of the order 1/a, and we have assumed that J(q) is a function of
only the magnitude of g¢. The above integral diverges at the small values of ¢
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698 K. Kawasaki and H. Mor:

when z is zero. Therefore, in the vicinity of the Curie point, where z is very
small, the main contribution to the integral comes from the small values of q.
This permits us to use the approximation (3-12) in the integrand and extend
the upper limit of the integration to infinity. Thus, the right-hand side of
(3-16) becomes ‘

Vi /Ampd P &,
The use of (3-13), then, yields

1 1
x/ — . 3-17
ST o) @
On the other hand, at the high temperatures, where = is large, one easily obtains
the following expression of z by expanding (3-16) in 1/z,

z:_z__l](o)_}_...:,Zf_;_,?,,_k..., (3-18)
B B Pw

where 3p=2/J(0) corresponds to the Curie temperature in the Weiss approxi-
mation. which is higher than the Curie temperature in our case. Substituting
this into (3-13), we obtain the Curie-Weiss law for ¥’. We thus conclude that
for the case of the isotropic exchange interaction in Bogolyubov and Tyablikov’s
approximation, the Curie-Weiss law with the Curie temperature in the Weiss
approximation holds only at the very high temperatures and in the neighborhood
of the Curie temperature the susceptibility grows with the law of the inverse
square of the temperature distance from the Curie point.

In the Bethe-Peierls approximation, for both anisotropic and isotropic ex-
change interactions, the Curie temperature lies somewhat below that of the Weiss
approximation, and the curve of 1/7 versus temperature becomes concave towards
the top. This is also the general feature of the observed susceptibilities, and
it is usually attributed to the effect of the short range order remaining above
the Curie point. We want to point out that, as we have seen, the same tendency
is produced by the quantum nature of the Heisenberg ferromagnet, which is
absent in the Ising system.

§ 4. The static correlations of the longitudinal components of spins

In the vicinity of the Curie temperature and above, the fluctuation of the
longitudinal component of spins plays an important role along with those of the
transverse components. The foregoing method, however, cannot be directly
applied to obtain the static correlation of the longitudinal component. -This is
because the operators of the longitudinal components of spins commute with
each other, and consequently the inhomogeneous term in the equation for Green’s
functions corresponding to (2-9) or (2-11) vanishes. It should in principle be
possible to make a step further into the hierarchy of equations and start from

Zz0oz 1snbny 9| uo 1senb Aq 26881 61/069/7/8Z/81o1e/d1d/woo dno-olwepeoe//:sdiy woly papeojumoq



On the Green’s Functions of the Heisenberg Spin Systems 699

the simultaneous equations for the Green’s functions involving three and four
spins operators, but unfortunately such an approach has not been successful due
to other mathematical difficulties.

Thus we have to look for the other approach. Let us suppose that a va-
nishingly small magnetic field 4 in the z-direction is applied to a particular spin,
say, situated at the origin of the coordinates. The total Hamiltonian now be-
comes

H=H—gprsh S “4-1)

Then, the average value o, of the z-component of the spin situated at another
site m would be, neglecting the higher order terms in A,

o_mE<an,> =0+ g/‘eBh 13601)“ (4 : 2)

where the first term o gives the average in the absence of % and the second
term expresses the effect of 2. The quantity &,, is defined by

0 = Tr{f die 2 (S),— o) e (S — o) e*® _

m T 4'3
B Tre?” “3
This, in general, is not the same as the static correlation defined by
—BH Q0 __ 0__
(S5 =) (S =) y=- T Em=0) (S=0) (4-4)

Tr e #H

In the following, we shall be interested in the Fourier transform of @,, for the
small wave vectors %k defined by

@ (k) = Z Dy, e, (4-5)
For k=0, we have

P(0) =2 K (Sth—0) (S"—0)). (4-6)

K2
This follows from the fact that the total spin operator commutes with the
Hamiltonian. Thus we expect that for the small values of %, @(k) can be
regarded as the Fourier transform of the static pair correlation function (4-4).
Near the Curie point, the smallness of the spin diffusion constant further corro-
borates this approximation.?

Thus, the problem reduces to the evaluation of o,,. For this purpose the
method of Bogolyubov and Tyablikov of the previous section is applicable with
a suitable modification. Let us start from the equation corresponding to (2:9)
for the Green’s function Gy (t—¢") defined in the same way, which is

i

jl’ Gmf (t - t’) = 6 (t - t/) < [S:;m S}"—] > + [(UO + g;uBh 6’»»,0] Gmf (t - t’)

=22 Kl S @) S5 @5 S5 () ) —Jung{Sy S0, (D)5 S5 () D).
7 4-7
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700 K. Kawasaki and H. Mori

Corresponding to (2-10) we make the following approximation,
(Sm@85@); SFE)IZom Gr ¢ =21, )
(S5 S5 ®); 87 )=y Gup G —2). |
Equations (4-7) and (4-8) with the relation {[S,,, S; 1> =20p0m, lead to

(4-8)

i —%Gn:f (t - t’) = 20':);1,0“'1;1,]’0“ (t - t’) =+ [(Uo -+ 22J'm,y Ty -+ 9/“Bh 811),,0] Gﬂ'zf (t . tl)
9

- ZZO'm Kntg'Ggf (t - t,) . (4 : 9)
14

The Fourier transformation of this equation with respect to time yields

O-Ml

W rmp ((l)) = 'B'mf + [(Uo + ZZantg Oy + 9 Hs h O“m()] G'm,f ((U)
9

- ZZO-WL K'mg Gyf ((t)) . (4- 10)
9

This equation can be most conveniently handled by making use of the following
matrix notations :

[G (w) ]mj’ = Gm,f (w) ’ [0‘] mf = Om ij‘, [J] mpf = Jdmfs

(4-11)
[K] mf = Lamp, [e] mf = €m 8mf" !
where
em=wy+ 23] Jm,y O'g'l'g#Bho“m,o- (4-12)
g
Then, (4-10) reduces to the following simple form:
wG(w) =-2 +[e—20-K]-G (o). (4-13)
7
Solving this with respect to G (w), we have
G () = 1 d (4-14)

w—e+ 20‘-KL;_ '

The spectral theorem of Bogolyubov and Tyablikov, (2-8), can now be written
as

(S7 S =z'j Bf“'l [G(+iE) — € (@—i€) Ty (4-15)
e J—

®

Use of (4-14) and the relation

1 1 o
1 _onida 4-16)
wtie a—je T0@ (416

yields
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On the Green’s Functions of the Heisenberg Spin Systems 701

G(w+i8) —C(w—1i&) = —2id[e—20-K — 0] -0 . (4-17)

Substitution of this into (4-15) for f=m and the use of the relation {S,, Si>
= (1/2) —op lead to

;L_Lz[__l ] (4-18)

do,, 2 LK1

This is the equation which determines o,, when a small magnetic field 2 is

applied to the spin at the origin, and is a generalization of (3-1). We shall
investigate the solution of this equation in a few cases of interest .

(1) The case with no uniform magnetization, that is, above the Curie
point and in the absence of the uniform magnetic field. The fact that o, is a
small quantity, proportional to %, permits us to expand (4-18) and obtain the
following equation:

1_. [_*L*_‘]
4 " 3 [e— 20 "K] p—

This can further be transformed to yield

i=[<1—2_"_-K)—.IL] (4-19)
4 e e don

The important point to note here is that Eq. (4-19) looked upon as an equa-
tion determining o,./em does no longer -involve h. In particular, as one easily
verifies, the same equation (4-19) would come out when one applies the same
small magnetic field to every spin of the system. This situation makes o,,/€n.
independent of m and equal to the value of ¢,,/e,, when a small uniform magnetic
field is applied to the system. Hence, considering the definition of e,,, (4-12),
where w,=0, we obtain

T - r . (4-20)
gluBha'm,,O + ZZJ/m,_qo-g 1+ ZXIJ(O)
g

where ¥’ is the susceptibility. This, in turn, is an equation determining o,,. If
we remember the relation (4-2), this equation can be transformed to give the
following equation for the static correlation @,,:

l;ilf +2J (O) ]$’m - 22 er] ¢y = Lam,o- (4 . 21)
x 7 B

If we introduce the Fourier transform of &,,, corresponding to (2-18), by
Pp=- T0 (g) 1, (4-22)
N g

(4-21) is easily solved to yield the following result:
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702 K. Kawasaki and H. Mori

o(q) =kBT/[ﬂ7’(‘—B)i+ 270, 9) |. (4-23)
3

In contrast with the correlation of the transverse components, (2-20), the
anisotropy of the exchange interaction, if it exists, appears only through the
susceptibility. At the Curie point, where | tends to infinity, the range of the
correlation of the longitudinal components becomes infinite, without being affected
by the anisotropy. For the isotropic exchange interaction, the static correlations
of the transverse and longitudinal components, (2-20) and (4-23), coincide as
one expects. For the small values of g, with the use of (3-12), (4:23) can
be expressed in the form

1 1
o= 1 4-24
(q) 47"12 q2+1612 ( )
where van Hove’s parameters® r, and. x, are defined as
r=Ja*/2ksT,
a_ 1 % _ 2
By =—p — Xo= (g/lB) /4kBT- (4'25)
i Ay

(2) The case with a nonvanishing uniform magnetization. Because of the
non-zero uniform magnetization o, we put

om=0c+oy . (4-26)
Then, ¢,, is a small quantity proportional to 4. Correspondingly, we shall put
em=6+eun , 4-27)
where
er=wy+ 20J(0), }
em’E2§ng o, + 91sh0m,0, “- 28)
and introduce the matrices ¢’ and e’ instead of ¢ and e, defined by
[0 Tonr =0m" Oy,
[e lmr=en Onp . } (4-29)
en’ is also small, being proportional to A.
Equation (4-18) now becomes
1 ,_ ’ 1
5 o om =2 @+ om’) [ Pleo—2e K1+ Aol —2o- K1 _ ] ]mm, (4-30)

which determines o,,. This equation can be expanded in h, if we use the fol-
lowing expansion formula for two matrices A and B, B being assumed to be
small compared with A, '
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B
1 o 1 1 (B-ndprda 1
BB ] - I S die Be 5
0

—_ . 4-31
e eft—1 ef4— eft—1 ( )
In (4-30), the terms independent of % cancel and equating the terms propor-

tional to & yields the following equation,
ow’ _ 267 1
2 N? ;Zlfz’exp(ﬂ[wo—l—ZO'JK(O,k)]) -1

B

,.

\ d? exp ((3—2) [wo+ 20 (0, k) 1) exp G (k, m—f))

0

X [gﬂgh 6f’0+22Jf!, O'”/—'ZO']” K(q)] eXp(}[(Uo"f"ZO'JK(O, q)]) (4'32)
14

% 1
exp (@[wo+ 200, )1 —1)

This can be simplified, and remembering (4-2), we obtain

'eXP(—i(% m_f))

S On=2E S P, @) [ea T 0+ 257,00, — 2K @ @ lexp i (e — gy m— )
T 7 (4-33)

where

17 ! - -
e D) = Rk, 4 Lexp Blon 20720, 1) =1 oxp Blowt 2070, 2D i] '
4-34

This equation can be solved by the Fourier transformation with the result
kT 20/ N) - SF s, k=)

?(q) = - .
(1/2) — (40*/N) 2 Fx (b, k—q) Jx (g, k—q)

(4-35)

We study the behavior of @(q) for the small values of g. As in §3, the two
cases must be distinguished according as whether the exchange interaction is
anisotropic or isotropic. For the case with an anisotropic exchange interaction,
@(0), which is essentially the susceptibility, is finite except at the Curie point,
thus enabling us to expand @(q) around ¢g=0. After a somewhat lengthy calcu-
lation, @ (q) can again be .obtained in the form (4-24) with the following defini-
tions of x, and 7 :

2 Joa2 A
= 1+6), 4-36
Ty 2ksT ( ) ( )
ol Lo
2y

where
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_ (915)’ 1 [ < 21 >
= : (g, 1+—2A1_ 7.0,
2Joa'tyy LFx (e, ) Zh=e q){ P\t gy =0 P
% exp(saq)—}-l 21, ](_K,(Q) +K/’(Q))+|: 211 ’eXP(‘Pq)'{’l
exp(¢) —1  (9¢)" 3q 6 (915" exp(pg) —1
2 2 4exp (¢,) >_| BaK’(9)*
—Bo(1+ T, ) )=+ a ,
'90( (91" < q)>(3 (exp (p) —1Y/4 3 }
gﬂqEﬂ'[(uo—l—ZO‘JK 0, ¢]. (4-37)
Above the Curie point ‘and for the vanishingly small external field, § is shown

to vanish, in accordance with -our earlier result (4-24). In the vicinity of the
Curie point, the use of (3-5) and (3-9) yields

1

LA SSH W S AT F7:0,p) P
Jdt N0 2 SO p)
K@ K@ K@ _
x[ 3+ ] Tl q)z}’ (T<T). (4-38)

Thus the curve of 7, versus temperature has a kink at the Curie point, unless
the factor multiplying 3—3. in the above expression vanishes.

Now, let us turn to the case of an isotropic exchange interaction. As we
have seen in § 3, in the absence of an external magnetic field, the parallel sus-
ceptibility, hence @(q), goes to infinity below the Curie point. Thus the ex-
pansion around ¢=0 is impossible. This is also evident from the expression
(4-35), because the numerator diverges for g=0. Therefore, ¢ must always
be kept finite during the calculation, which is performed in Appendix A. The
result is

ksT 1
@ = B - 4'39
@ 2Joa’  q(g+9) 39
where
b= 4Jod’p . (4-40)
kBsT(1—(dIlno/dInT))
Near the Curie point,
5= 8Jod’0 (T —T) (4-41)
kxT,
At the Curie point, (4-39) becomes
keT,
@ =_."Bte 4.49
C)] Il (4-42)

This agrees with that obtained by approaching the.Curie point from above that
point. (4-39) yields the spatial .dependence of the correlation function of the
form
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1/R, T=T.
& (R)cc (4-43)
| 1/R:, T+T..
(4-39) and (4-43) are radically different from those obtained in the Weiss ap-
proximation, or those of an anisotropic exchange interaction. In the temperature
region such that 2J,a’¢*/ks<LT<T,, we have

0« — 4J oaz‘()

EsT
X~ (918) 30 (9), (4-44)

X, being the wave-vector-dependent susceptibility. In this case we further note
that

b

q/0=qksT /4J d’p~aqT /T .<L1. (4-45)
Thus. we obtain from (4-39), (4-44) and (4-45).

2
LI kT 1 (4-46)

This is the result of the spin wave theory, (4-43) of reference 4). The peculiar
behavior of the static correlation function and the susceptibility below the Curie
point in this case is closely related to the similar features which appear in the
spin wave region."” The present calculation reveals that, in the Bogolyubov-
Tyablikov approximation, such features persist right up to the Curie point, and
give rise to the peculiar temperature dependence of the parallel susceptibility
above the Curie point, Eq. (8:17). Thus we have three possibilities: (1)
The spin wave theory and our calculation are essentially correct. (2) The
spin wave theory is correct, but our calculation is not. That is, in the vicinity
of the Curie point, the Weiss approximation or the Bethe-Peierls approximation
is closer to the truth than the Bogolyubov-Tyablikov approximation. If this is
the case; there must be a temperature below the Curie point, below which the
parallel susceptibility goes to infinity, but' above which it remains finite except at
the Curie point. (3) Both the spin wave theory and the Bogolyubov-Tyablikov
approximation are incorrect. That is, if we take the spin wave interaction cor-
rectly into account, the parallel susceptibility should remain finite even at the
lowest temperatures.

At present, it is rather difficult to decide among these three. However, it
is hard to imagine a second transition temperature below the Curie point, and
the various evidences suggest that the spin wave theory should be essentially
correct at low' temperatures. -Experimentally, it should be possible to decide
among these by observing the critical scattering below the Curie point and the
susceptibility just above the Curie point. But the small amount of anisotropy
energy and external magnetic field would somewhat smear out the differences.
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Anyway, more theoretical and experimental works are necessary to settle the
question.

§5. Conclusion

In the previous sections, we have studied the susceptibility and the static
pair correlation functions of the Heisenberg spin system with spin 1/2 by the
method of two-time Green’s function. A. marked difference was revealed for
the parallel susceptibility and the static pair correlation function of the longitudinal
components of spins below and in the neighborhood of the Curie point for the
systems with anisotropic and isotropic exchange interactions. Our results have
more similarities to the spin wave results than those of the Weiss or Bethe-
Peierls approximation. Although such a difference should show up in the sus-
ceptibility measurements and the critical scattering experiments, more theoretical
and experimental studies will be necessary to decide the points. First of all it
would be necessary to extend our method to higher magnitudes of spins'® and
to take proper accounts of anisotropy energy, in order to compare our results
with the experiments. It should be also interesting to apply the methods of
diagrammatical expansion recently developed for this problem.” Finally, we

- mention that the difference between the systems with anisotropic and isotropic
exchange interactions has been noted in various places in the literatures.’>:™
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Appendix A

Here we shall evaluate @(q) for the small values of ¢ for the case of an
isotropic exchange interaction. Let us start from the numerator (4-35),

1 "

=1 )= —q) .
C@=(RF k=g =7 \dkFs (k, k—q). (A-1)
For small ¢, we have
Fyk, k—q) =8 exp (207 (0, )) A-2)

[exp (2807 (0, K)) — 1] [exp (2fo (0, k—q)) —1]

Because the integral (A-1) diverges at the small values of £ for g=0, the main
contribution to that integral for small g comes from the small values of %2 This
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allows us to further approximate (A-2) as follows:

P k—q)=— " L

) ’ (A ° 3)
(23cJa®? B (F*—2kqx+ )

where x denotes the cosine of the angle between k and q. Substitution of this
expression into (A-1) yields

° 1 .
Clp= P d/ey do— L
O = T 05 ) B okgz+ g
SR - (B0
167°083 (o Joa®)’q o & k+gq
1 1

3208 (cded)® ¢

Next we calculate the function C,(g) defined as

5 | anr G k-9 7@, k- @) - Fi e 1,0, )],
o (A-5)

The use of (A-2) gives

__ 8 exp (28J(0, k)) J(q, k—q)
€@ p(2x)? .»( dkexp @BaJ (0, k) -1 {exp @RaJ (0, E—q)) —1

_ J(0, k) ‘
exp (23¢J(0, k)) — 1}/(1' (A-6)

This integral again diverges at the small values of % for ¢g=0, thus enabling
us to make an approximation similar to (A-3), yielding

@ 1
Jod
Cylg) = —— 9d jdk-gd_—_—q
2(9) 0 (4nBodod)® 0 ) xk”—qux—i—qz
1
= ——— . Ao7
32080°Joa’ A7)

Finally we evaluate the quantity C; defined by

1 sl

1 | _ 8
Co= 5 e, ) J5 0, By TORE | dKF; (e, B J, (0, ). (A-8)

This can be done most easily by differentiating the equation determining- o,
(8-1), or in this case,
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111 jdk 1 (A-9)
40 2 p(Cn)° exp (280J;(0, k)) —1
with respect to 8. This leads to
1 do 2 do 1 r
_bode 20489 N\akF, ke, k) T, K,
P ﬁ(a ﬂdﬂ> o | 1,
or
1 1 dlno/dInf
=—— \JkF;(k, k)J;k, k) =— . A-10
’ ‘0(27r)3§ s (e ) J; (b, ) 86> 1+ (dlno/dln B (A-10)
In terms of Ci(q), C:(¢) and C;, @(q) can be written as
@ (q) — 20_2kBTC1 (Q) (A . 11)

(1/2) —4°[Ce+qC3 ()]
The substitution of (A-4), (A-7) and (A-10) 1ead§ to (4-39) and (4-40).

Appendix. B

Sometimes, the method of two-time Green’s function was questioned because
in the lowest order approximation, it failed to reproduce the correct temperature-
dependent spin wave spectrum equivalent to Dyson’s theory.” Here we shall
show that, in the next approximation, the correct spin wave spectrum is obtained.

Consider the Green’s function G, (z—¢") defined by.

Grt—t")=(Sk (®); Sk )), (B-1)
where

Sg=>e" k™ S2 a=0, L. (B-2)

K 3

For the system with isotropic exchange interaction, Gr(z—t’) satisfies the fol-
lowing equation of motion :

i L Gy(e—) =2Nod (e —1') + 2@ k- S0, Si O 7))
=2Nod(t—¢t") +20J (0, k) G (¢t — ") (B-3)
+ 2500 (g, k-S40, SO ST,
where A=A —{A)> for any operator A and {A,'B} = (AB+BA) /2.

The Green’s function appearing in the last term of (B-3) satisfies the equa-
tion of motion as follows:

1 jt L82@), Sia O} SZ @)Y = &;J(r, q—r){{HSF (0, Sgr D}, Sie @}

Zz0oz 1snbny 9| uo 1senb Aq 26881 61/069/7/8Z/81o1e/d1d/woo dno-olwepeoe//:sdiy woly papeojumoq



On the Green’s Functions of the Heisenberg Spin Systems 709

SZk @)Y +2 5T (r, k—q 1) (1S4 @, 185@), Sig-r ®O}; S @) )
N~ (B-4

This equation can be reduced first by making the following approximation :
CHSE @, Sia @}, Steg@O}s STa (W) Y=y, yor 84,08, ST} DGt —2)
+ 0“1', k< {S i&t—-lp S:h=+r1} >Gk (t - t,) -, (B . 5)

The first term does not contribute to (B-4). Next, at the low temperature, the
following approximation is permissible :

Se @), {S0(®, Sig—rDO}}; STH() D=0, NoC 184D, St (®)}; S-—h((t,)})>>

Substituting (B-5) and (B-6), Eq. (B-4) becomes

fo<<{S @), Si-y®}; S——k (t’)>>—~'fJ(k q—8) {Si-g SZhrat DGr(t—1")

+20J(0, k- ({8, @), Si@®}; SH(D). BD

Equations (B-3) and (B-7) constitute the simultaneous equations for determining
the two Kinds of Green’s functions invelved. These can be solved easily in
terms of the Fourier transforms with respect to time. The solution for Gi(w),
the Fourier transform of Gk,(t—t’) becomes

v) = NOL w— 20 J(q’k 'I)J(k q k)<{Sk—tp S—k+q}>
Gulw)="2 /{ 2070, = ; w—20J (0, k—q) }

(B-8)

In order to obtain the pole of G (w) in the low temperature, in the second term
in the curly bracketed expression we replace @ by 2¢J(0, k) which is the pole
in the lowest approximation, and further replace o by S. Thus we obtain for
the pole of Gy (w), the spin wave spectrum, the following expression :

0=20J (0, B) ——— 3T (@, k—q)<{Si-qp SThrg}>- (B-9)
NS %

Introducing the spin wave operators ax, ax* by
Si=V2NS ay, S-x=V2NS af, (B-10)
(B-9) becomes
0=207 0, k) — 237 (g, k— @) {an-pan i}

=26J(0, k) — ‘]“\%’;J (q, E—q)<{arHan_q). (B-11)
Here we used that ZJ (q,k—q) =

This is the correct spin wave spectrum discussed by several authors.”®:®
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Note added in proof : We should like to correct misprints in reference 13), and add a comment
on Tahir-Kheli and ter Haar’s critique on this paper. (1) In Egs. (20) and (21) of this paper,
(Sm*s™y5,% should read (s, *{s™), 5,°3>, where the curly brackets denote the symmetrized
product. (2) In Phys. Rev. 127 (1962), 88, Tahir-Kheli and ter Haar discussed the above paper
and concluded that the paramagnetic susceptibility calculated from (23) does not agree with the
correct expression even at the order of (7,/T) in the high temperature expansion, where T,
=22JyS(S+1)/3kg. We examined this point and found that (23) leads to a result correct up to
the order of (T,/T) at variance with their conclusion.
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