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§ 1 .  Introduction.

T h e  se t  e (X ) of hom otopy  c lasses o f hom otopy  equivalences o f  a  based
space X to itself forms a  group under composition of m aps. This group is called
the  group of self-homotopy equivalences o f X .  T h e  group e(X ) has been studied
by several authors (e.g. [2 ] , [5 ] , [ 1 0 ] ,

 [12], [14]).

In  the  present p ap er, w e study t h e  group e (X ) f o r  a  simply connected,
finite H-complex X o f rank 2. The classification of simply connected, finite H-
complexes o f rank 2  has been given in  [8 ]  a s  follows : X  i s  homotopy equiva-
lent to o n e  o f  S3 x.3 3 , SU(3), E h (k-=0, 1, 3, 4, 5), S 7 x S 7 a n d  G2,b

Here E h  i s  th e  p r in c ip a l S 3 -bundle o v er S7 w i t h  t h e  characteristic class
o) a  generator. For example E 0 =S 2 ><S7 , E 1 =Sp(2) a n d  G2,b

is the principal S 3 -bundle over the Stiefel m anifold 177 ,2 =S0(7)/S0(5) induced by
a  suitable map fb V 2 ,2 ->BS 3 ( s e e  §  3  f o r  details) such that G2, 0=G2 i s  the

compact, exceptional Lie group G 2  of rank 2.

For torsion free, finite H-complexes X o f rank 2  which h a v e  been classified
in  [4 ], [17], the  group e (X ) is already known, that i s ,  f o r  S i  x,S) (i, j=1, 3, 7)

in  [13], [14], for SU(3) and S p (2 ) in  [10 ], and  fo r E h  ( k # 0 ,  1) in  [ 1 2 ] .  So we
will determine e(c2,2) f o r  - 2

In  a  short exac t sequence : we write th e  group composition

in  A  as addition, and it  in  B and  C as multiplication.

Then th e  following is our m ain result obtained in § 4.

M ain Theorem . W e have the following exact sequences:

(i) 0 - >  D (z iG s  z 2 )  - e(G2, z2 1 (0=-1, 0, 2, 3, 5),

(ii) 0 --> D(Z168 ED Z b )  - - - ) -  6'(G2, b ) - - - ) -  Z 2  - >1( b = 1 ,  4) ,

(iii) 0  - >  Z 168 ED Z 6 e(G  2 , -  2 ) G  -> 1 ,

0 - >  Z 2 El) Z2 >  G  - - >  Z 2 -> 1 ,

where, fo r an abelian group  H, D(H ) i s  a  group  g iv en  by  the  sp lit ex ac t se-
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quence: 0-4-1—, D(H)—>Z2 - 4 ,  w ith the splitting action Z ,  on H giv en by  ( -1 ).h
=— h f o r —1e Z ,  and hEH.

T h e  paper is organized a s  fo llow s. T h e  Barcus-Barratt theorem is intro-
duced in  § 2. In  § 3 some results on  homotopy of G2, b ,  which will be needed in
§4, a r e  prepared. In §4  w e study th e  group e(G 2 ,b )  by m aking u s e  o f  th e  re-
su lts  o f  t h e  previous sections and w e obtain  th e  m a in  theorem . I n  t h e  last
section, § 5, we give a  proof of the  lemma used in  § 4.

Throughout th e  p a p e r , a ll spaces h a v e  homotopy ty p e s  o f  CW-complexes
with base points and all (continuous) maps a n d  homotopies preserve the  base

p o in ts . F o r  given spaces X  a n d  Y ,  w e denote by [X , Y ]  t h e  s e t  o f  (based)
homotopy classes of maps from X  to  Y , a n d  b y  t h e  sam e letter f  a  map f :

X—Y . a n d  its  homotopy class f  E [X , Y ] .  T h e  integral coeffic ien t of the  homo-
logy is omitted : H i (X )= H i (X ;  Z ) .  X ( 71 )  s ta n d s  fo r  th e  n-skeleton o f  X  and

7ri (X :  p )  th e  p-component o f  rci (X ) and Q , t h e  r in g  o f  those fractions, whose
denominators, in  th e  lowest form , are prim e to p.

§ 2. The theorem of Barcus-Barratt.

L et K  be a  simply connected CW-complex o f finite dim ension. Let

a
Sg >  K  - - >  K U  eg+2 ---> Sg+ 1 , q> dim K ,

a

be the  sequence o f induced cofiberings. T he  coaction

1: KU 0+ 1 --->  (KU eg±')V Sg+ 1

is defined by shrinking th e  equator 52 x {1/2} o f  eg+J. We define a  map

(2.1) A : 72 + i (Klie(+ 1 ) [K u e q+1, Ku e q+i]

b y A(e)=-7.(1v)./, where V is th e  folding map and  1  i s  t h e  c lass o f  identity
map o f KU 0+ 1 . Furthermore, since q>dim K , by the restriction A  on  i* n-q + ,(K )
we can define a  homomorphism (cf. Lemmas 1.4 and  1.8 o f  [10])

: 4 7 ,, (K ) ---> e(KUe 2 +1 ) .

Since q>dim K, th e  induced maps

(2.2) i* :  [K, K ] - ->  [K , K lie g + i] and

p* : [sq -", sa+ i] S g + '] are  both bijective.

So th e  maps : [K lieg '', K lieg '"]— >[K , K ] a n d  gr : [K U e 2 +', KUe 2 +']— [S 2 +1 ,
52 +1]  can be defined by th e  following homotopy commutative diagram :

K l i e g ."  Sg+'

10(h) h I T (h )

K KUeg+' 52+1 .



d

lx p
(KU eq÷, ) X (KU eg") > (Kli eg .")x Sg"

ni

 (KUeg .") x (K U e g"),
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Since these two maps preserve composition of maps, a  homomorphism

x  :  e(KUeq+ 1 ) - ->  e(K)xe(Sq±')

can be defined by the  restric tion  of 0 x W . L e t  g :  (SI, s 0 )—(K, k o ) be a  map
representing a e 7q (K ) .  Let X Y  be th e  function space of maps : (Y , yo ) (X, x 0 ).
Then Barcus-Barratt defined in  [2 ]  a  homomorphism

g* (jog),
i) --> 27. 1(X

8
q , jog) no+,(X).

Here X=KUeq+ 1 , g*(F )-=F .(gX1 1 ), 11 i s  th e  identity o f  / = [0 , 1 ], ( i .g ), (F )=
d (F , (i.g )') where (i.g)': SqXI—>KUeq+' is the map defined by (i.g ) 5 (s, t)=i0g(s),
and d (F , (i.g )') is the separation element of F  and (i.g)b (see [2 ]  fo r  th e  defini-
tion). Then we have the following theorem due to Barcus-Barratt.

Theorem 2 .1 .  (Theorem 6.1 of [2 ])  The following sequence is exact:

OX 0
0  - - ->  A —> i* rra+ ,(K) —> e(K U  0+ 1 ) -->  G - - >  1.

Here A =47, + ,(K)nairAKAJeq+') K , i), the  subgroup G  o f  e (K )xe (S q+ i) is iso-

morphic to

G1 = {hEe(K )lh * a=sa, s= -±1, in  70 (K )} , i f  2 a * 0,
and G  is isomorphic to G i X Z 2 , i f  2a , 0.

The next corollary will be used in  the later section.

Corollary 2 .2 .  (cf. Remark in p. 304 of [12]) I f  KUeq+' has a multiplication,

the homomorphism 2 and the group A are given as follows:

2(e)=- 1- F . p , e i4 ilrq + I(K )

A-=(Sa)*[SK, KUeq+i].

Therefore we have the exact sequence:

(2.3) 0 -->  H —> e(KUeq+ 1 ) - - >  G —> 1 ,

where G  is given in the above theorem, and H  is given as follows:

(2.4) H=i*ro...,(K)1(Sa)*[SK, KUeq+ 1 ] .

Pro o f . By the definition of 2, we have a homotopy commutative diagram :

1 V e
KU eg +1 - - - >  (KU eq+i)V Sq+1 - - - - - >  (ICU eq+1 ) V (KU el+') — >  KU eq+'



334 M am oru M im ura and Norichika Sawashita

where n i is  a multiplication on K Ue 2 +1 ,  j  is  the inclusion and d is  the diagonal

m a p . Hence we have 2 ( E ) = 1 + p  and so we have

2 - 1 (1 )=P * - 1 (0)ni*7 q +i(K) .

Consider th e  following commutative diagram consisting o f  t h e  P u p p e  exact

sequence :

(Sa
[S K , K U e 2 - 1 1 - - - - ÷ [S q + 1 , Kl.Jeq+'] - - [ K U e g + ',  K U e q -'4 ]

P* P*
P *

[Sa+ 1 ,  Sq+1 ] > [KUeg+i, 5 2 +1 ]

where th e  lower p *  is  bijective by (2.2). We have

(S a)*[S K , K Ue 2 +1 1cK er {p *  :  ir q + i (K v eq + i) 7 r ,,(sq - 2)}

i*P *
since rc,+ ,(K) 7,+,(KUeq+1) ---> 7c, + 1 (Sq+1) •  is e x a c t .  Therefore we have

p* - 1 (0)=(S a)*[S K , K Ue 1 ÷1 1 c i * n.,+ ,(K ).

So, we have A =2 - 1 (1)=-(Sa)*[SK , K U 0+ 1] . q.e.d.

§ 3. Some homotopy o f  G2,2.

L et G 2  be the compact, exceptional Lie group o f  ran k  2. Let f : 1 7 7 , 2 —>BS 3

be th e  classifying map o f  G2 . L et 0 : 17
7 ,2—>V7 ,2V S "  be t h e  map shrinking the

equator S "x  { 1 /2 }  in  177 , 2 =A PU C S 10 . L e t a  be a  generator o f  7r11 (BS 2) 7r10 (S 3 )

which corresponds to 8a) under t h e  monomorphism : rc 10 (S3)--, 7 10 (G 9 7)  (see
Lemma 3.9). F or each integer b, le t g b :  S 1 1 --43S 3 represent b a a n d  le t  G 2 , 2  be
the principal S 3 -bundle over V 7 , 2 induced by the composition

f b=7 (f V gb)° V 7 , 2 1 7 7 ,  2  V BS3V  BS' ----> BS 2 .

For example, G 2 = G 2 , 0.

Recall th e  following

Theorem 3.1. (Theorem 5.1 o f [8 ] )  Let X  be a 1-connected, finite H-complex

o f  rank  2  such that H * (X ; Z )  h as  2-torsion. T hen X  is hom otopy  equiv alent to

G 2 ,2  f o r so m e  b . T h ere  are ju s t  8  hoinotopy types of such H-complexes: G 2 ,2  f o r

By making use  o f the  exac t sequence associated with t h e  f ib e rin g  SU(3)

G2 — > S ' , one can compute ari (G2 : 2) (the odd primary components o f  7,-1(G 2 )  are

computed by the  killing-homotopy method).

L em m a 3 .2 . (N I ri(G2) fo r  i <14  are as follows:
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i 1 2 3 4 5 6 7 8 9 10

2-ci(G2) 0 0 Z 0 0 Z , 0 Z 2 Z , 0

gen. o f 2-comp. i*c, <.0> 67D°?78

11 12 13 14

Z(1) Z, 0 0 Z8eZ2EDZ2i

<2,113>, 450 <136+ 5 6 > 4 5 4 1 ° 11

w h e r e  the nota tion  [a ] m ea n s  su ch  an e l em en t  o f  7ci (S U(3): 2 ) th a t  ql ,[a]=

a e 7 i (S 5 : 2) for the projection q : S U (3 )-6 5 =S U(3)IS U(2), and the notation <p>
m eans such an e lem en t  o f  7(G 2 : 2) tha t p*<P>=PE7r1(s 5 : 2) f o r  the projection p :
G2 - 6 6 .

By [8, § 6] we have

G2, 5 G2

G 2, b -

for

G,

5,

(b =-1 , 0, 2, 3, 5)

3 S 3 X  S" (b =-2 , 1, 4),

G 2 (b =-1 , 0, 1, 2, 4, 5)
G 2 ,

5 { S ' xS " (b =-2 , 3).

By Lemma 3.2 and by th e  results in  Toda's book [15] these p-equivalences give

Lemma 3.3. (i) 7c i 5(G2,_2)L=-4 5 , 7r10(G2,5)=-Z3 (b -1 , 4), 7r 1 5 (G 2 ,3 )-- -- Z 5 .

(ii) 7r„(G 2 , 5 ) Z 3 ( b = - 2 ,  1, 4).

(iii) 7 1 4 ( G 2 , b ) Z 1 6 8 Z ,  ( b = - 2 ,  1, 4).

(iv) The o th e r  homotopy g r o u p s  7u1(G2,b) fo r  0 i 1 4  (- 2 . b 5 )  are iso-
m orph ic to  Iri (G2 )  g iv e n  in  Lemma 3.2.

By Theorem 2.2 o f  [8 ] w e have

Theorem 3 .4 .  ( i )  H*(G 2 , 5 ; Z2)=Z2Dc3i/(4)0A(Sex3)•

(ii) 11* (G 2, b Z  p )= V I(X  3 , 1 1 )  fo r  ea ch  prime p 3 ,  w h e r e  deg x i = i .

Therefore G 3 , ,  has a  cell structure :

G,, b
- S 3 Ue 5 Ue 6 UesU e9 ue n ue 1 4

L et Mn-- -Sn - 1 U  en be th e  mapping cone o f  a  m a p : S ' - S '  o f  degree 2.

Then we have two cofiberings :

(3.1) S' GV , , G26:b G2)13 A/19
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which are equivalent to induced cofiberings by some maps f i : M 5 ->S 3 a n d  fi :

M 8 -- G2)
1, respectively by [3].

Lemma 3 .5 .  ( i )  [M 2 , G n ,]=[M 6 ,  G rb ]=CM 7 , G 1=0.

(ii) [M 9 ,  GM] G2,51=-.Z4 generated by  an ex tension of  a non-triv ial

element o f  7-1- 8(G2,b)=- Z2.

(iii) [M " , G2 ,5 ] Z 2 generated by  an ex tension o f  a non-triv ial element of

r9(G2, b : 2)=' Z 2 •

Pro o f . (i) Consider the Puppe exact sequence

P*
(3.2) ---> [Sn, G2, 5 ][ S a ,  G2, 5 ][ M n ,  G5, 5 ]

i
*

[S n - ly
 G 2 , 5 ] [ S n - 1 ,  G2, 5 ]•

We have 7 r 4 ( G 2 . 0 = z 5 ( G 2 , 0 = 7 7 ( G 2 , b ) - = 0  and 7r2 (G 2 , 5 ) Z 2 by Lemmas 3 .2  and 3.3.

Therefore we have that [M 9 ,  G2,0=CM 6 , G2, 0 <A T , G 2 ,0 =0 , since [M n, X ] is
a  Z -group  by [1].

For dimensional reasons, we have [M 5 , G rb]=[M 6 , G ] - [M 7 ,

(ii) Since r 2 (G2 , 5 ) Z 2 and 7r9(G2,5 : 2)=Z2,  by the above exact sequence for
n = 9 , we have an exact sequence :

P* i*
0 -->  Z2 [M9, G 2, 5] Z2 .

Since G 2 5  is 2-equivalent to G2 ,  we may verify it in the case b = 0 .  Let Ext <7?»

be an extension of <27D 7r8(G2). Since 2  i m 9=i0,7 8 .p  by [16], we have 2 Ext <72D

=Ext <7)D°i° , 78°P --=< 27D°778.P and so 2 Ext <72D# 0 in  [M 9 ,  G2 ]  by Lemma 3.2

(Recall that <72g>°8*0 and that p*  is m onic). Therefore we have [M 9 , G 2, b ]='- Z4

generated by an extension of a non-trivial element of r5(G2.0 2 .2.
(iii) By Lemmas 3.2  and 3 .3  w e have r 9 (G 2 , 5 : 2).- Z 2 a n d  r 10(C 2, b : 2)=0.

Therefore we have immediately CM", G2,51=z2(G2,5: by (3.2). q.e.d.

Lemma 3 .6 .  (i) i * : [S3, S3] --> , G2 )0  and

i*  : [G n , - -> [S 2 ,  G M  are  both bijective.

(ii) [SGM , G 9 ]=- [S G , G 2 , 5 ]=0 .

Pro o f . (i) For dimensional reasons we see easily that i* :[S 3 , S 3 ]- .[S 3 ,  GM] is
bijective. Consider the Puppe exact sequence associated with (3.1) :

i*
GV,)b] ---> 

[ G S ,
 G rb] LS', GV,)0 [M5, G n ]  - >

By (i) of Lemma 3.5 [Mn, Ge, )
b]-=0 for n = 5 ,  6 .  Therefore i*  is bijective.

(ii) Consider the Puppe exact sequence associated with (3.1) :

• •• --> [M 7 , G2 )
b ] [SG6,)b, G2 ) ] - - >  [S i , GP, ] - - >
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Since [M 7 , G ]= [3 4 , G2 )b]-=0 by (i) o f Lemma 3.5 and Lemmas 3.2 and 3.3 for

dimensional reasons, we have

q.e.d.[S G ,  G 2, 9 ] = [ S ' - ' G r b]=0

Lemma 3 . 7 .  (i) 7(Grb)=' Z 2 •

7r9 (Grb)= Z 4 •

P ro o f. L et F  be th e  3-connective fibre space over G26,6.
fibering :

7r
F - -> G - - - > K ( Z ,  3) .

T hen w e h a v e  a

S in ce  H *(G n; Z 2)= {1, x s , x 5 =S q 2 x 3 ,  4 }, w e  s e e  t h a t  77*  :  H*(Z, 3 ;
H*

(GV,b ; Z 2 )  is  a n  epimorphism w ith  Ker e= E  Hi(Z, 3 ; Z 2 ) .  Therefore, there

ex ists a  transgressive element y 7 e11 7 (F ; z 2 ) whose transg ression  im age  is
v(y 7 )-=- uSq 2 u  where u G lis(Z , 3 ; z o  is t h e  fundamental c la s s .  Then -r(Sqly 7 )-=

S e r(y 7)=S q 1 (uSq 2 u )=u 3 . So there exists a  transgressive element y s E T P(F; 2 .
2)

such that 1-(y 8 )=- Sq 4 Sq 2 u .  Then r (S q 'y 8 )=Sq 1 z-(y 8 ) =Sq 1 S eS q 2 u = S eS q 2 u= (Sq 2 u) 2

and r(Sq 2 y 7)=S q 2 7(y 7)=S q 2 (uSq 2 u)--= (Sq 2 u) 2 ,  whence Sq'y 8 =S q 2 377 . Thus we have

H *(F; Z 2)= {1, y „ S qly „ y s , Sqly s , Sq 2 Sq 1 y 8 , •••} .

Take a  CW-complex L  with minimum cells 2-equivalent to F ,  a n d  so we m ay
take L =((S 7 U es)V S')U e 9 U enk) • • • . The attaching class of the 9-cell in L  is i. 777 v 2c 8 :
S 8 ->(S 7 Ue 8 )V Ss where i :  S 7 * S 7 U e 8 is  the inclusion. Consider the exact sequence
of the  pa ir (L , S 7 U e 8 V S 8 ) :

a
7 9 (L , S 7 U e 8 VS 8 )-- , r 8 (S 7 U e 8 VS 8 ) - 7 8 (L)->r 8 (L , S 7 U e 8 VS 8 )-> ,

where 7 9 (L , S 7 U e 8 VS 8 )f -'7r9 (S 9 ):- Z  generated by (9 , 7r8 (L , S 7 Ue 8 V S 8 )=0, 7r 8 (S 7 U e '

V S 8 ) - .' Z 2 g) Z generated by i. 777 a n d  c8, and a(t 9 )=-i.727+2c8. Therefore 78(L):=-' Z 4 .

Also, we have immediately 7r7(L) Z 2 . Since 7r4(L  : 2) f o r  i = 7, 8  is isomorphic
to 7r4(G rb : 2 ), 7r7(G(26,)

b : 2) an d  7 9 ( G :  2) are isomorphic to Z 2  and Z 4  respectively.
Since i*: H *(G (

2
6,)

b ;  Z p )-41*(S s; zp ) is isomorphic f o r  any odd  p rim e  p ,  the

inclusion i: S 3 -.G(2
6,)

1,  i s  a  p-equivalence. So 7 7 ( G :  P)=- 7 8 ( C  :  P ) = 0  f o r  any
odd p rim e  p ,  since 7r7(S 3 ) Z 2 a n d  2r 9(5 3)_--f- Z2 b y  [15]. Therefore, we have

r7(G (28,)b) Z2 an d  78(G )L---'4. q . e . d .

Lemma 3 . 8 .  Let 13 be a generator o f  [M 9 , GV:b ] : - ' Z 4 and let  7 r :  G 9 b- >M 9

G61G (
2

6,)
t,  be the projection. Then we have 7,0=2 1m9E [M 9 , ,Z4.

P ro o f. Consider th e  following commutative diagram of the  exac t sequence :

i* 77* a i*
[S 8 , G (

2
6,0  - - ->  [S 8 ,  G rb ] [S8, M 9 ]  - ->  [ S 7 , G (

2
8, ] ---->  [S 7 ,  G n ]

i*
i * 7 r * a i*

j * j * 1 1 * j *

[M9, G(26, ] u t v ,  G s 9 : 0  - [ A19, Ar] [A P, G (26, ]  -- ->  [A P, G(2, ]
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w here j: Sn— >M 1" - 1  a n d  i :  G r b —>GS9,)
1, a r e  t h e  natural inclusions. Recall that

78(Q )b) -= Z 4  a n d  7r,( C 2',)
b) = Z 2 b y  L em m a 3.7, 7-c8 (G (

2
9,)

b) , Z 2 a n d  7.7(G (
2
9

b) = 0  by
Lemmas 3.2 and 3.3 and  7r8(A4.9 ): Z 2 generated by j ,  by [9].

Clearly th e  upper 7r*  i s  tr iv ia l an d  so  j*7r,v p =n * j * p = 0 .  Therefore 7r* I3  is
not a  generator o f  [M 9 , 11/9] Z 4, since [M 9, M 9] Z4 generated by 1M 9, by [9 ].
W e have Im  {j*: [M 9 , GV,2} =Tor (7 ,(G ), Z2 )=Z2  by (ii) o f  Lemma
3.7. It follows from this fact that j* i * = i * j* , -- 0  in  th e  left diagram a n d  th a t a
generator 13E [M 9 , G (

2
9,0  is not contained in  Im{i * : [M 9 , G (

2
6, ]—>[M 9 ,  C 0 ) ,  since

j*j9 is non-trivial by (ii) o f  Lemma 3.5. Therefore 7r* 13 is  non-trivial and is not
a  generator o f  [11/9 , M 91. Thus 7r* /3=-2 1 m 9. q . e . d .

T he  following lemma is a  summary o f Lemmas 4.3, 5.2 and 5.3 in  [8].

Lemma 3 .9 .  ( i )  GV:b2 -LG 9 ) an d  ,ri9(G (293,)-- - Zi20.

(ii) The attaching class of  the 11-cell in G (2!lb) =G (29,)bU e "  i s  (1+8b)w  w ith  w

a generator o f  7ri0( g 2 n ) a -' Z i2 0 .

(iii) L et 7r: G (2 ) -->M 9 -=g2 ) 1G (
2

6 ) b e  the projection. Then rc* (co)=r is a genera-

tor of 7 cio( M 9 ) = Z4.

L et i: G (
2

9 --, G U  be the inclusion.

Lemma 3.10. i*rii(GV, )b):=- Z2.

Pro o f . Consider the  exac t sequence of the  pa ir  (G (
2

1,1), GN,):

a
---> 7rii(G (29,)b) ---> 7 G a ) ) --> 711(G G (29 ,) 7rio(G ) --->

where rcii(G (21,1b) ) =7rii(G2,b)=ZEDZ2 by Lemmas 3.2 and 3.3, Irii(g a ,  G (29 ) ii(S ")

Z  by th e  Blakers-Massey theorem, and  7 r i0 ( C 2 n ) - 7 = 4 2 0  by (i) of Lemma 3.9. Then
w e have immediately

4 7 ri i ( C ) =- •' Z2 • q.e.d.

Lemma 3.11. For co a generator o f  7r19(R )b), the homomorphisnz

(SW)* : [ SG,, G2, b ]
[sn , G 2 ,

is  triv ial for

Pro o f . Since th e  su sp en sio n  homomorphism : 7ri0(M 9)—>7rii(M 1 ° ) is c learly
isomorphic, we have 7r-So.)=1 by (iii) o f Lemma 3.9, where 7r : SGS 9

b— >M" is  the
0‘ .p ro je c tio n  a n d  is  a  generator o f  rci i (All ) We have the  following commutative

diagram :

( 3.3)

 

[MI°, G2, b ]

7r* [ S G ,  G2, b]

 

 [SG 2 6, G 2 ,  b ]

   

(Sw)*

CS", G2, b3
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where the horizontal sequence is the Puppe exact sequence associated with the

cofibering (3.1).

Since [S G M , G 2 ,0 =0  by (ii) o f  Lemma 3.6, we see that

(3.4) 7r* [Apo , G2, 61 [S G ,  G 2 ,1 ,1  is ePim orphic.

Next we will show  that
(3.5) r*= 0  : [M 1° ,  G2, bj [S "  ,

 G 2 ,
 61 •

A s [M 3 ,  X ] is a  Z 4 -group and G 2, b is 2-equivalent to G 2 ,  it is sufficient to show

it fo r  th e  c a se  b = 0 . By Lemma 3.2 and (iii) of Lemma 3 .5  w e  h a v e  [M ', G 2 1

generated by an extension Ext {<72D. 72 8 1  o f  07Dor)
8
E 7 9 (G 2 ). Since r  i s  a

coextension of )2 oE 711(S"), we have

Ext {(72D°81 e.rE {<77D.729, 2(9, 729 } .

By (5 .4) and (5 .5 ) of [15 ] and  Lemma 3.2 we have

{62D°778, 2(9, 729} D <72D° {72s, 2 (9, y}

=<77:>. {,S5V, —S 5 -/}

=<>o {2v8 , —21)8 }= 0

modulo <72D ° 778° 711(S9)+ rio(G2).7)10= {07:>. 2221 = {02D. 4 , 8} =0.

Therefore we have Ext 102D. )7 81 o1= 0 , and so (3 .5 ) was proved. By (3.4) and (3.5)

and  by the com m utativity  of (3 .3 ) we have

Tm (Sco)*=Im (S (o)*. 7c*=Im  1*=0 . q.e.d.

Lemma 3 .1 2 .  ( i )  For b = - 1 ,  0, 2, 3, 5, 7r1 3 (G B ) ) Z  generated by  the attach-

ing class of  the 14-cell in  G2,b=G (21,N e 1 4 .

(ii) For b= -2 ,  1 , 4 , the short exact sequence

a
0  --->  CJA(G 2, b, G21, 1b) ) 17 13(G (21, 1b) ) n 13(G 2, b) 0

h as  a sp littin g  h o m o m o rp h ism  p : 713(G2, 13(G21 ), w here  7 1 4 (G2, b , G )- Z

and 7ri 3 (G2,b)=Z 3, and so we have

13(g2W ) pz 13(G 2, b) a 14(G 2, b. g a ) =  Z  3 e Z .

Here the f ree part of  z1 3 (G (2 ) is generated by  the attaching class o f  th e  14-cell

in  G2, 1, -=- G B ) U e " .

(iii) L et i :  G B ) —>G2,b be the inclusion. Then the hom om orphism  i * : 7,- 14(R O

--.7r14(G2,b) is  epim orphic f o r

Pro o f . Consider the  exac t sequence o f th e  p a ir  (G 2 , b, G  (21,V )

* *
(3.6) -->  z24 (R 11)) 714(G2, b , G (21, 10

a
7r 13 ( G  16) )  -----> 7 1 9 ( G  2 . b) ,
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where 714(G2,9, GP,V)=714(S 1 4 )=- .' Z  by t h e  Blakers-Massey theorem. Recall from
Lemmas 3.2 and 3.3 we have 7r14(G2,9) Z168eZ2 and  7r1 3 (G 2 ,0=0 f o r  b = - 1 ,  0, 2,
3, 5. Therefore we see that 7r13(G(2!2b) ) -=- Z  generated by th e  attaching class of the

14-cell in  G2, b
=

 GWIN e " .  For b = -2 , 1, 4, we have 7ri3(G2,0 -=.-"Z3 by (ii) of Lemma
3.3 an d  GS",) is 3-equivalent to S3 V S "  b y  [8, § 6] , w h e re  n-13 (S 8 V 7 , 3 ( S 3 )

ED z1s(Su)er14(S 3 x S" , s3vs")=z12ez2ez2ez by [1 5 ]. Therefore we see that
7r1 3 (GST)2-_-:Z 3 EBZ, and  so by (3.6) we have the  split exact sequence in  th e  lemma
and  the  desired results.

It follows from t h e  above argum en t th a t t h e  homomorphism j * :  7ri4(G2,9)
— 714(G2,9, G 2 1 )  is trivial, and so by (3.6) we have (iii). q.e.d.

Lemma 3.13. Let f  be the attaching class o f  th e  14-cell in  G 2 ,  b =  (
2G 1. 1b)U  e l4

T hen the homomorphism

(S f )*: CS G (8 ) ,  G 2 ,0  - -> [S ",  G 2 ,  b]

is  triv ial f or —2__<b_<5.

P ro o f .  Let 7r: SG 9 —SGS9,VSG (
2

6,>b = M "  be the  p ro jec tion . L e t r be a  gene-
rator o f  71 1 (M " ) .  Then by (iii) of Lemma 3.9 we have a com m utative diagram

7t1 4 \2 , 9
i*

r14(S GU)  n - “(SGW,), S G ,?)  ir13(SGM)

 

r*
r 1 4 ( S " ) <  r>3(S11) >.7: 13(M ")

where th e  h o r iz o n ta l sequence is e x a c t .  S in ce  w e can  see  th at r * (Sa))021,

=1 * 771, is a  generator o f  7Ci2(M " ) Z 2  b y  [9 ],  t h e  homomorphism a: 714(SGS 1,1b) ,

SG 9 )—>713 ( S G 6 )  is monomorphic, and so i* : 7ri4(S G6) — '714(SGV,V) is epimorphic.
Therefore f o r  SfE7r i 4 (SG̀2"b) ) there exists a n  element 1E7r14(SG (29,i,) such that

i*f .
Consider th e  Puppe exact sequence associated with cofibering (3.1):

7r*
---> [M ", G2,9]--->ESGM, Gz,91 - - >  [ S G ,  G2,9]

Since [ S G ,  G 2 ,9] = 0  b y  (ii) o f  Lemma 3.6, 7r* :  [M " , G2,9]— '[SGS 9 b, G2,0
is epimorphic. Also we have 7:- ..f 7ri 4 (M 1 0 )=0  by [ 9 ] .  Therefore we have

Im (S  f)* =Im(iof  )*  C  Im f*=-Im .7*.7r* ,  0 . q.e.d.

§ 4. Self-homotopy equivalences o f G(
2k:b .

In  this section, we study the  group g ( G )  f o r  t h e  k-skeleton GV:)b  O f G 2, b

for by making use  o f the  results o f  th e  previous sec tio n , and  obtain
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our main result o f this paper.

Lemma 4 .1 . (i) e ( G ) Z 2 f o r lz=3, 6.

(ii) e(G (29,)b) Z2 e z2 e z2.

Proof. (i) C learly, e(G 3,)6)=e(s 3 ) z 2 .  Let j :  S 3 --- Gr b b e  the inclusion.

i*

Then, by (0  o f Lemma 3.6 th e  composition : [S', S 3] --> [S 3 , G (26, ] - - >[G (2S, G (26, ]
is a bijection which preserves the  com position . Hence we h a v e  e(G(2

6 ) ,---- e(S 2 )

(ii) L et p  be a n  odd prim e and le t P  be th e  se t o f  all p r im e s . L e t 61= - 63
X ,S3><S"—S3><S" a n d  le t o .

2 be the inversion of G2 , then th e  localizations
(o- 1)(p) and (a2)p-tp, a r e  tw o  side inversions of H -com plexes (S 8 ><S")( 2 ) and

( G 2 )p - ( 7 1 1  such that (cri ) ( p ) .(a i ) ( 9 )
, 1 and (c72)p-(23).(0'2)r-fp)=1, respectively. Further-

more th e  localization (a i )Q is  homotopic to (a 2 )Q .

Therefore G2, b has th e  two side inversion a  a s  a  pull-back o f  (a i )(p ) and

(a2)p-cp, such that a.a=1  b y  [5].
L e t  au') : G(

2
k,)

b —>ge:b b e  th e  re s tr ic t io n  o f  a  f o r  k=3, 6, 9, 11. Then we
define two maps

2 an d  ;I : D P, GP,0

by 2(e)=7.(1V and ;1(e)=7.(a(9)V e).1  respectively, where 1 : G rb - .G r b V M9

i s  t h e  map shrinking Ma x 11/21 i n  G(2S=g2SUCM 8 . Since i * :  [G r b ,
EGgâ, G M  is bijective for dimensional reasons, we can define a  homomorphism

: e(G(2
9,)

b ) - - ›  e ( C )

i*
by the restriction of the composition [G (

2
9,)

b, G(29,)b] - - -> [Q )b ,  G 5 i - -> [G rb , G n ]. By—

(i) we have  e(G (
2

6,)
b ). Z ,  generated by 0" ) . I f  hE[G(2

9,)
b , G rb ]  satisfies i i*(h )

=1  o r iV i*(h)=0- ( 6 ), then there exists a n  element e [/1 4 9 , G(29, 0  such that 2(e)
=h  o r -2 ( ) =h  by p . 326 o f [ ll]. Therefore w e have

(4.1) { 2(), [M 9, G (29 ]  }  D e(G (2r1,),

since iw,li*(7)=-1 o r  a ( 6 ) fo r  any rE e (G 5 ) .

We have the  following homotopy commutative diagram for any [AP, G 5 ]

by th e  definition of :

iv e 7
G2)bG 2 ) 1 9 V  M 9 GM V Gri, Grb

d

lX 7 r j  X  j.e
G2 )b X G (29,)b G(2rb X AP  G2,bX G2, b > G2, b

w h ere  in  is  a  m u lt ip lic a t io n  o n  G2,I). L e t  j+ 7 r *  a n d  cy. j +r* : G,,,,1
G 2,b] b e  t h e  m aps defined by ( j+ e ) ( e )= i+ 7 * ( e )  a n d  (a.j+7.')(e)
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--= tr .j+ 7 * () respectively, where +  is  the multiplication induced by a multiplication

on G 2 , 9. T hen  w e have the  following commutative diagram:

2
G n ] [119, [GPI, G2 ]

j+ 7 *  
EG2b • 2, b_J [ W  G 2, 9 ]

(10  +-Tc *

G2,0

(4.2) j * 1*

w here all j *  are bijective for dim ensional reasons. If  2(1)=2(e2), th e n  w e  have

(.1- Hr * ).1.*(1)=-C1+7 * ).4(e2), and so  
7 * . i * ( 1 ) - = 7 r * 1 * ( e 2 ) .  W e  have s in c e  7t*:

[M 9 , G 2,9]—.[GM, G 2,9]  is  monomorphic b y  ( i i )  o f  L em m a 3.6 a n d  s in c e  j *  i s

b ijec tive . T hus w e  have that A  is in jec tive . Q uite sim ilarly w e h a v e  t h a t  -2- i s

in jec tive . L e t p be a  genera to r o f  [M 9 , G(
2
93,]:--L'Z4 a n d  T h e n  b y  the

definition o f  2, w e have th a t  2(t 13)I C2S  is  th e  in c lu sio n  j :  G --- G .  A ls o ,  b y

Lemma 3.8 w e have  the  following homotopy commutative diagram :

1V tp
>  C2nVA/ 9 > G v G(29)t, • C29:b

71. 77 1 rcV 7r
7

1V2t1
11/19   M9V 111 9   A P V M 9  M9.

li9(Grb) — >H t ( G )  is iso m o rp h ic  for a n d  rc* : H9(C29,)b)-1 -19(M 9) is

isomorphic for i 8. T h e re fo re  b y  th e  above d iagram , 2(tP)*: i (G (
2
9,)b )— - MGM)

is isomorphic fo r a ll i  and so  w e have

(4.3) 2(tp) e(G(29:1).

W e h a v e  ")*( P)= —13, since j * :  C119 , G (29,0 — [ P , G 2 ,9 ]  i s  bijective and c *= —1
[ M 9 , G2,9] — >[M 9 , G2, 9 ]. So th e  diagram

1V(—tp)
GO, GOb V1119  GM V GE GP,),

cr") V ci (9)

a( 9 9 V

GPI V  GPI - - >

homotopy commutes and leads u s  th a t ,T(t3)-----a(9 ).2 (— tp). Hence we have

(4.4) ,7(tp)Eg(G(29:b)

by  th e  fa c t th a t 0.(9 ) Ee(G(29)
b )  and 2(—tp) 6(G (

29)
b). T hus by  (4.1), (4.3) a n d  (4.4)



Self-homotopy equivalences 343

we have

(4.5) e(G(6)-- {2(t 13), 1-(t 13); O t 3 }  as a set

w ith 13 a generator o f [M 9 , G2 )1,] -::= Z4.

Remark that the self homotopy equivalences f, and f ,  o f  G(29,),, fo r () . t have

been defined in  (5.1) o f [8 ] and f 9
-= - 2(t 13) and f 9= (t1 5 ). It is a lso  show n in  p .

623 o f [8 ] that f, * (co)-=co-Ft 13,0' and f t * (w)=—w-Ft le* r  where w is  a generator of

z10(G(29:6) 7=Z120, r-=-70) is  a  generator o f 7r10(M 9 )  (see Lemma 3.9) and P* 1=±-30w
By taking a  suitable generator p such that p* r=30co, w e have

(4.6) 2(tp),,(w)=(1+30t)w a n d  2(t ,3)(w)=(-1+30t)a) fo r  t= 0 , 1, 2, 3 .

It follows from this that th e  natural homomorphism

e ( G ) Aut 710 (G 9 )
b )

is  monomorphic by (4.5). T h is  fact and  the  equality

2(t p) * 2(t 13)* (w)=(1+30t) 20)-=co

lead to a conclusion that 2(tp) 2 = 1 .  By a  similar calculation we h a v e  (tp) 2 =1.
Thus we have e(G2 )b) Z 2 e Z 2 e Z2. q.e.d.

By Lemma 4.1 and Theorem 2.1, we have

Lemma 4.2 . (0  e (g 2 ; 11)) )'-  • • Z 2 CB Z 2  f or

(ii) T here is an exact sequence

0 — > Z 2 0) Z 2 —> e(G (2122) Z2  -->  1.

Pro o f . We apply Theorem 2.1 to the  cell structure

G (21,1b) = G29:bU e l l

in  which the  attaching class o f  th e  11-cell is (1-1-8b)a) by (ii) o f Lemma 3.9.
First we compute th e  group

G1 = h,(1+8b)w=s(1+8b)o), s = -±1}

given in  Theorem 2.1, since 2(1+8b)w#0. By (4.6) the conditions

2(t 13)* (1+8b)co=-E(1+8b)a) and (tp) * (1+8b)co=s(1+8b)co

are  equivalent to

(1±8b)(1±30t)w=s(1+8b)o) a n d  (1+8b)(-1±30t)co=e(1+8b)a)

respectively. For w e have easily

(1±86)(1+30t)w=(1+8b)o) if  an d  only if t= 0 ;

(1 + 86)(1 +30 Ow* — (1 +8b)w i f  t=0, 1, 2, 3 ;

(1+8b)(-1-1-30t)w=—(1+8b)a) if  and  only if t= 0 ;
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(1+86)(-1+30t)co=(1+8b)(o i f  t=0, 1, 2, 3.

Therefore, if a  non-trivial element h e ( G )  satisfies th e  co nd ition  /2* (1+8b)w
=e(1+8b)co w ith  = + 1, then  h= (0)= o - ( 9 ) . T h u s  w e  have

(4.7) G1 Z2 generated by

F o r b= —2, w e have  the  following

(1+8b)(1+30t)a)=(1+8b)o) if  and  only i f  t=0;

(1+8b)(1+30t)a)=—(1+8b)w if  and  only i f  t=1 ;

(1+8b)(-1+30t)w=—(1+86)co if  and  only i f  t= 0;

(1+86)(-1±30t)w=(1+8b)o) if  and  only if t 3.

Therefore by th e  definition o f  G , and by Lemma 4.1 we have

G1= {2(0)=1, A(P), (0 )= î ), 2(313)1 —7.= Z2 ED Z2 •

Next we consider th e  homomorphism

(4.8) : i*ir11(C29,)b) --> e(G )

given in  Theorem 2.1, where i*Ir11 (G 9 ) Z2 by Lemma 3.10. This homomorphism
is the  restric tion of the map A  defined by (2.1).

L et j-H r*: [S ", G 2 ,0 — *[G2V , G,,,1 be a  map defined by (i+7,- * )(E)=./±7 * (e)
w here +  is a multiplication induced by a m ultiplication on G 2, b. Then we have

a commutative diagram by th e  sim ilar way to that in  (4.2)

A
ES", Rib)]  CCU , C21,0

i* i*
I. + 7r*

[S "  G 2 ,   [G(21,6), G2, t,]

where both j *  a re  b ijec tive  for dimensional reasons, and  hence we have

* 11 -1 ( 1 ) =  7* - 1 (0)__( 1 +8b)(SW) * [S G (29,b, G 2, b]

from th e  Puppe exact sequence :

(1+86)(Sw)*
••• — > [S G , ,  G2, b]  ES", G2, [ G ,  G 2 , ] •

Therefore A - 1 (1)=0 by Lemma 3.11, since j *  i s  b ijec tive . By this fact, (4.7), (4.8)
and Theorem 2.1 we have a  short exact sequence:

0 Z 2  - ›  e ( G ( 2 1 ,G I 1,

where G , is isomorphic to Z 2  generated by a " ) fo r  —1 an d  G , is isomor-
phic to ZaZ, generated by cl( 9) and A(p) fo r  6 = - 2 .  In  th e  above sequence the

subgroup Z ,  generated by a ( "  o f  G , splits, since th e  splitting homomorphism p :

Z--.6(G2), ) )  can  be defined by p(a ( ")=0 - " 1 ) . H ence w e h a v e  e(GV,V)--  z2Ci)z2
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for — 1 b 5  and there is an  exac t sequence

0 — > Z 2 ED Z2 e ( Q 1 2 2 ) - - >  Z2 -->1 . q.e.d.

L et x : e(G ) Aut 7 1 3(G2V) be th e  natural homomorphism.

Lemma 4.3. F o r b= —2, 1, 4, 1m fx : e(GWb) )--Aut7ria(G (21, )1 is contained in

ZA )Z, generated by -1el a n d  le - 1 : r i g (G2 10-.----, Z 3 EDZ--, Z ,EB Z  7, 3 (GB ) ), where

the isomorphism: 7:- 13(Q 1b) )==Z3EDZ is the one given in (ii) of  Lemma 3.12. Specifically,

f o r the attaching class f  of  the  14-cell in  G2,b
-=

G S W U e
"

 an d  f o r any  elem ent h

o f  e (R ib
) ),

h* f= e f, , e=±1.

(A  proof will be given in  § 5.).

Now, we apply Corollary 2.2 to th e  cell structure

G2, b= G(211b)U e l4

and we have th e  following m ain result.

Theorem 4 .4 .  L et G 2 ,2  be an H-complex of  type (3, 11) in Theorem 3.1. Then

we have the following exact sequences:

(i) 0 --> Dczi68 e zo e ( G 2 , b ) - - - >  Z2 1 (b= —1, 0, 2, 3, 5),

(ii) 0 —> D(Z,, B e 4) e(G,,b) Z2 1 (b =  1, 4) ,

(iii) 0  — >  Z168 e z6 e(G2. -2) e (G 2 2 ) 1.

Here the group e(G222) is given in  (ii) of  Lemma 4.2 and f o r a n  abelian group

H, D(H) is  a  group  g iv en  by  the  f ollow ing split ex act sequence : 0—>H-431(H)
—.Z2 - 4 ,  where the splitting action Z 2  on H is given by  (-1)• h= — h f o r —1eZ2
and hc H.

Pro o f . Since G2, b has a multiplication, we can apply Corollary 2.2 to the cell
structure G2, 2=  G 2V U e 1 4 .

First le t  H  be t h e  group given  i n  (2 .4 ) : H=47, 4 (GVA) )1(Sf)*[SC,', 1
b

) . G2 ,2 1,
where f  is  th e  attaching class o f  th e  14-cell in  G2'b ) U e n .  Then we have

(4.9)

by (iii) o f Lemma 3.12 and  Lemma 3.13.
Next we compute th e  group

G,= {hEe(GSMIh*f=sf,  =±1  i n  713(Ca)}

given in  Theorem 2.1, since 2f#0 by Lemma 3.12.
F o r b= —1, 0, 2, 3, 5, f  is  a generator of 7r1 3 (G21

b
) )- Z  by (i) of Lemma 3.12 and

Aut r 1 3 (C1?) . - Aut Z Z 2 generated by —1. Therefore for any element h  e (G ? )
we have
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h * f = f  or — f .
Hence we have G1 — e(G 2 1b) ).

For b= —2, 1, 4, by (ii) of Lemma 3.12 and Lemma 4 .3 , w e  have the same
results G1=e(GS M .

Thus, by this results, (4.9) and (2.3), w e have the exact sequence

(4.10) 0 ---> 714(G2 b) e ( c , ,  b) e ( G ) 1.

The subgroup Z 2 generated by o- 1 1 ) of e ( G )  splits, since a  splitting homomor-
phism p : z 2 - 6 ( G 2 , 2 )  can  be defined  by p (o - ( 1 1 ) )= c r .  W e can  easily  see that

:  1/ 1 4 (G 2 , b Z 9 )—>H1 4 (G2,b ;  Z 9 )  for any odd prime p b y  the ring structure
of I I *

( G 2, b ;  Z 9 ) and by the fact that

CI*
 — (G 2, b ;  Z ( G 2, b ; Z9 ) for i =3, 11.

Also 0.* = : 7,4(G2, b)-714(G2, b)• Therefore we have a homotopy commutative
diagram :

iv e
G2, b G2, 1V5 '4 G 2 ,  b"  G2, b G2, b

l a cyV1 a V a
1V(—e)

G 2, b G2, by  S "  G 2 , bV  G2, b G2, b

From this diagram we see that the splitting action is given by Hence
the desired results are obtained by (4.10) and Lemmas 3.2, 3.3 and 4.2. q.e.d.

§  5 .  A  proof of Lemma 4.3.

Let G n o ,  be the localization of Q V  a t 3, and let 1: e(G0,1)--e(GVib)( ,) ) be the
natural homomorphism defined by th e localization /(h)=/2 ( 2 )  : GS 1,1

b
)
( 3 ) —>G21

b
)
( 2 )  (see

[5 ]  and [711). F irs t  w e  show the lemma fo r the case  b= — 2. Consider the
following exact sequence of the pair (GS1,1-2 2, GP )-2)

a
• - - - - 7 i i ( G s 9 , ) _ 2 ) - - -  7ri1 (G 2

122) --> 7r21( Q 1-2 2, GS! )-2) ----> 7r10(G2 )-2) ---> ,

w here 7,-11(G2i22) ,----z e z 2  by Lem m as 3 .2  and 3.3 , 7 1 1 (Q 122 ,
generated by c (G P  )-II, --10,_ — 120 generated by co and 5 (c11 )= —15w by Lemma 3.9.
There exists a  coextension S"—>G21)) of 8e 11 : S "— >S ", and so we can define
a  3-equivalence q : S 3 V S 1 1 — R 122 b y  q = 7 .( iV ie 11 ) w h e r e  : S 3 — .G2'2, b e  the
inclusion. Then we have a commutative diagram :

e (G (2 ', 2)  e (G 2 2 (3 )) 4  e(S3)vSN))

(5.1)
/' q"

Aut 718(G2 122) ---> Aut 2z-12 (G2 ,_2 ( 3 ) )A u t  7 1 3 ( S 3 )

where l ' : Aut 7 1 3 (G2 122 )—Aut 712(Q 122(3)) is  the canonical homomorphism defined
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by P(h)=4/01 : 7r13(C2Y-22(3))=7c13(C2; 122)0Q3 - >ri3(Q 122)0Q3 -'-' 7r13(C2;122(3)) and q' and

q" are isomorphisms induced by th e  3-equivalence q.
By ( i i )  o f  Lemma 3.12 z 13(G(21,P2) Z3 Z  a n d  7,-,2(c2y2,3))-,-z3eQ2, a n d  so

Aut 713(Q 22 ) is isomorphic to a  group o f matrices :

-1( oa  c
b ) a A u t Z 3, be Aut Z, c Flom (Z , Z 2) }

where Aut Z 3 Z 3  generated by -1 , Aut Z = Z 2 generated by -1  and Horn (Z , Z 2)

= Z 2 generated by th e  mod 3 reduction. Therefore we see that l' i s  monomor-

ph ic. By (ii) o f Lemma 4.2 we have

(5.2) e(G2122)= {1, 2(e), 0"`" ) , h , 2(e)a ( 1 1 ) , 2(e)h, 0- ( 1 ) h, 2(e)a 1 1 ) h}

Here 2(e), e# 0 is given in  (4.8) a n d  h  i s  a n  element satisfying t h e  following
homotopy commutative diagram :

-15w
S " > G Z  G2122 S "

(5.3) 2(13) h 1, - 1

-15w
S "     GE92  S " ,

where 2(,3) is  given in  (4.5).
Since 2e=0, we h av e  a  homotopy commutative diagram :

1
 GS1,122vS"

1V e
GV,122 V G (21,1-) 2

I f

(1V e)(3)
 (G02V GU2)(3)

1 v , )

 

> G(21,'22

> GF2(3)

    

( G (21,122 V S " )(3)

G2, 122(3) V S)' )

7 (3 )

       

C21,P2(3) y G2 '2 2(3)

        

where e ( ) ) =Oe [SM, G2 1  I t  (r;,1 Hence we have /(2 (e))=1. Therefore
l'x(2(e))=x1(2(e))=-1 and so we h a v e  x(2(e))=1 : 713(Q 122)- 713(C21,122). Since o"" )

is the restriction of  a: G 2 , -2 , we have

11,4(c2,_2) - .H „ (G 2 ,  -2 , G2 2r14(G2, -2, G2 122) 713(G(21,j22) 713(G2, -2)

1 ° - *
CT*

I „TM)*

a
H14(G2, -2) 1Ii4(G 2, -2 , G 22) 714(G2, _2, G 2 122) 713(G21,122) 7ria(G2, -2)

where 0 .*--= 1 1 1 1 4 (G  2 , -2 ) - ' H 1 4 (G 2 , -2 )  b y  th e  r in g  s t ru c tu re  o f  H*(G 2, _2 ; Z r,) (r)
odd prim e), E : 7r14(G2, -2, G 2

2)- '.1/14(G2. G IA )  i s  t h e  Hurewicz isomorphism
a n d  7ri2(Q 122) pzi3(G2. - 2)G 374- 14(G2, -2 , G 2 122)  Z a Z  b y  (ii) o f  Lemma 3.12.
Therefore, 0-* =1 : _ 2 ,  G," ) (G14. - 2, -2, G2 122)• Since i * : 7, 3(5' 3 : 3 ) -
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7 1 3 ( G 2 ,  - 2  3) is isomorphic and since am * ,  —1: 7r 1 3 (S 3 )--7 1 3 (S 3 ), a * =-1: z13(G2, - 2 )
- > X 1 3 ( G 2 ,  - 2 ) •  T hus w e  have

a )
* -=--16311: Z s G Z — > Z ,E D Z .

By th e  definition o f  q  a n d  (5.3), w e  c a n  s e e  th a t  a s  a n  elem ent of r 3 (G 2 2 )
xii(GW2 2)

hog-=q.(c3V —cii) modulo z , c  7r ii(G (2!122)-' Z ED Z2

since hl G r_ , is  th e  in c lu s io n . Therefore w e have

q ' 1 l(h)=t 3 (3 ) V(—e l l )( 8 )  i n  (5.1) .

It follow s from  this that

q" - 1 1/x(h )=- 1q / - 1 /(h )=(e3(3) V ( cii)(3))**-= 1 ED —1:

7r13(S3)VS11))=(7c13(S3) 0  Q3) ED ( 7 1 4 ( S
3 x S31, ,S3 vS 11 ) 0 Q3)

-7.= Zs ED Qs Z 3 8 Qs 13(SN)V SN)).

Therefore by considering a com m utative diagram :

a
->  7 r3 4 (G 2 , - 2 ( 3 ) )  G 2 1, 122 (3 )) X1 3(G 21,122(8)) 713(G2, -2(3)) - >

(1(3)* q(3 )* i(3 )*

a
O7 3 4 ( ( s 3 x s 11)(3 ) , (s3 v  s 11)(3)) x13o 3 v s")(3 ))- - - ) . Ir3 3 (s ) '3 3 )

where 7=i+8c 11 : S 3 x S".--G 2 , _2 a n d  a ll vertica l homomorphisms a r e  isomorphic,

w e  h a v e  x(h)=1(19-1 : 7r .„(G2 122)-='ZseZ— 'Z3EBZ=A- 13(R 122), s in c e  q" - 1 1' is

monomorphic. T h e  other elem ents o f  e(Gw22 ) a re  g iv e n  b y  the  com p ositio n  o f

2(e), cr( n ) a n d  h  b y  (5.2). Hence we complete th e  proof fo r  th e  c a se  b= —2.
T h e  proof fo r  th e  other 6* —2 is given m ore easily by a  similar way.

T h e  la t te r  half o f  Lemma 4.3 is ob ta ined  im m edia te ly  from  (ii) o f  Lemma

3.12. q.e.d.
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