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ON THE GROWTH OF ALGEBRAIC POLYNOMIALS IN
THE WHOLE COMPLEX PLANE

F. G. ABDULLAYEV AND N. P. OZKARTEPE

ABSTRACT. In this paper, we study the estimation for algebraic polyno-
mials in the bounded and unbounded regions bounded by piecewise Dini
smooth curve having interior and exterior zero angles.

1. Introduction and main results

Let C := CU {00} be the extended complex plane, G C C be a finite region
with 0 € G, bounded by a Jordan curve L := 0G, {1 := C\G; A :={w: |w| > 1}

(with respect to C). Let w = ®(z) be the univalent conformal mapping of
onto the A normalized by ®(00) = oo, lim, e @(ZZ) >0, and ¥ := &', For
R >1let usset Lr := {Z : |(I)(Z)| = R}, Gpgr:= intLg, Qpr = extLp.

Let {z; };":1 € L be a fixed system of distinct points. Consider a so-called

generalized Jacobi weight function h (z) being defined as follows:
(1.1) h(z) ::H|z—zj|'”, z € Gr,y, Ro > 1,
j=1
where v; > —1 for every j =1,2,...,m.
Denote by g, the class of all complex algebraic polynomials P, (z) of degree
at most n € N:={1,2,...}.
Let h(z) be a weight function. For any p > 0 we introduce:

(1.2) 1Pl iy = < J[ e |Pn(z>|”doz)l/p < oo,

where o, is the two-dimensional Lebesgue measure,
1/p
(1.3) 1Pallz sy = ( / h(z) [Pa(2) P |dz|) < o0,
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when L is rectifiable and

(1.4 IPall o) = max|Pa(2).

The classical lemma Bernstein-Walsh [23] shows that:
(15) Pa()] < [ IPallo)» = €2
If take z € Lg, then from (1.5) we see that:

(1.6) 1Prllc@n < R 1Pallc) -

Thus, we can estimate the growth uniform norm (C-norm) of the polynomial
P,,, depending on the extension of the region G up to Gr for some R > 1,
containing G. In particular, the C-norm || P, (|, of polynomials P, increases
no more than a constant, when G expands up to G, 1. The same effect is
observed for the norm (1.3) according to the following estimate [11]:

n41
(L.7) 1Pallz, iy < B 1Pl s 2> 0.

Similar to (1.6) and (1.7) estimation for any p > 0 with respect to the A,(h, G)-
norms was obtained in [2] for regions G with quasiconformal boundary (corre-
sponding definition is given below) and the weight function h(z) as defined in
(1.1) with v; > —2 and for arbitrary Jordan regions G and h(z) =1 in [4].

N. Stylianopoulos [20] investigated analogous problem for regions with recti-
fiable quasiconformal boundary and obtained pointwise estimations for | P, (z)]
for every points z € €, where he replaced the norm ||P,[|, with norm
[Pl 4, () on the right-hand side of (1.5) and found a new version of the esti-
mation (1.5) as follows: for each P, € g,

n
(18) P < e Pal R 2 €2
where d(z, L) :=inf {|¢ — 2| : ¢ € L} and ¢ = ¢(L) > 0 is a constant, indepen-
dent from n and P,.

To evaluate |P,(z)| on the whole complex plane with respect to L,(h, L)-
norm at the right-hand side, we need to get the next estimation of following
type:

(1.9) 1Palle) < ctn(Ghp) 1Pall e, n) -

where ¢ = ¢(G, p) > 0 is a constant independent from n and P, and p,, (G, h, p)
— 00 as m — 00.

We note that, the first results of type (1.9), in case h(z) = 1 for L =
{z:]z] =1} and 0 < p < oo was found by Jackson [12]. Further study estimates
(1.9) were carried out in [14], [16], [18], [21], [22] and others (for more references
see [18], [21]).

In this work, firstly, we study similar problems for regions with piecewise
Dini-smooth boundary with exterior and interior zero angles and generalized
Jacobi weight function h (z) defined in (1.1), with respect to L,(h, L)-norm,
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p > 1, in the right-hand side of (1.8). Secondly, for such regions we obtain
estimate for | P, (2)|, z € G, of the (1.9) type. Finally, combining corresponding
estimates, we obtain an estimate for | P, (z)| in whole complex plane when region
G has exterior and interior cusps, depending on the geometrical properties of
the region G and the weight function h(z).

Let us give some definitions and notations that will be used later in the text.

Let S be a rectifiable Jordan curve or arc and z = z(s), s € [0,]5]], |S] =
mesS (linear measure of S), denote the natural representation of S.

Definition 1.1 ([17, p. 48], see also [9, p. 32]). We say that a Jordan curve
or arc S called Dini-smooth, if it has a parametrization z = z(s), 0 < s < |5],

such that z/(s) #0,0<s <|S] and ‘Z’(SQ) —z,(sl) < g(s2 — s1), 81 < Sa,

where g is an increasing function for which

/OIMdz<oo.

X

Now, we shall define a new class of regions with piecewise Dini-smooth
boundary, which have at the boundary points corners, interior and exterior
cusps simultaneously.

Forany j = 1,2, ... and sufficiently small e; > 0 we denote by f; : [0,e1] = R

the twice differentiable functions, such that f;(0) = 0, f;k)(:c) >0, z > 0 and
k=0,1,2.

In the sequel, we denote by c,cg c1,c, ... are positive and eg,€1,€2,... are
sufficiently small positive constants (in general, different in different relations),
which depend on G in general.

Definition 1.2. We say that a Jordan region G € PDS(\;; f;), 0 < A\ < 2,
i=1,my, f; = fi(z), j =mi+1,m,if L =0G consists of a union of finite
number of Dini-smooth arcs {Lj};nzo, connecting at the points {zj};nzo e L
such that L is locally Dini-smooth at zp € L\ {z; };.n:land:
a) for every z; € L, i = 1,m1, m; < m, the region G has exterior (with
respect to G) angles \;m, 0 < \; < 2, at the corner z;;
b) for every z; € L, j = mi +1,m, in the local co-ordinate system (z,y)
with origin at z; the following conditions are satisfied
b)) {z=z+iy:|z| <e1, aafjlzx) <y <ecafj(z), 0<z<eq} cQ,
by) {2 =a +iy:|z[ <e1, [yl > 2z, 0< 2 <61} CG,
for some constants —co < c¢; <cg < 400, 0<¢g; <1, 1 =1,2.

Here and in further, for any £ > 0 and m > k, notations j = k, m denotes
j=kk+1,...,m.
For any z € C and sufficiently small £; > 0 let

K(z, fj,e1) ={z=z+4+iy:0<z<eq, aafj(z) <y <ecafj(z)}
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for some constants —oo < ¢ < ¢2 < 400, 0 < g1 < 1. Let f(z) = fj,(x),
where jo, m1 + 1 < jo < m, chosen such that K(z;, f;,,e1) € K(z;, f;,€1) for
all m; + 1 < j < m and sufficiently small 1 > 0.

As is clear from Definition 1.2, each region G € PDS();; f;) may have
exterior A;m, 0 < A; < 2, angles (when \; = 2-interior zero angles) at the
points z; € L, i« = 1,m;, and exterior zero angles at which the boundary
arcs are touching with f;(x)-speed at the points z; € L, j = mi +1,m. If
m1 = m = 0, then the region G does not have such angles, and in this case we
will write: G € DS;if my = m > 1, then G hasonly \;7m, 0 < A; <2, ¢ =1,m;q,
exterior angles (when A; = 2-interior zero angles) and in this case we will write:
G € PDS(\;0); if m; =0 and m > 1, then G has only exterior zero angles
and in this case we will write: G € PDS(1; f;).

Throughout this work, we will assume that the points {z; };n:1 € L defined
in (1.1) and Definition 1.2 are identical. Without loss of generality, we assume
that these points on the curve L = 0G are located in the positive direction such
that, G has \jm, 0 < \; <2, j =1,m4, exterior angles (when \; = 2-interior
zero angles (interior cusps)) at the points {z; };.n:ll, my < m, and has exterior
zero angles (exterior cusps) on the points {z; };.n:mlﬂ and w; := P(z;).
Before stating our main results, we introduce some notation. Let us set:

F = Fl,ml U F27m,

where
Tig={v, i=1k k<m},
Dogi={y; j=mi+1 mi+k 1<k<m-—m}
1"51,)6 ={vs €T1m, 17 >p—1, k <mq} (with possible skips),

Ff}c ={V €lim vy =p—1, k<mi},
Fggl)c ={V €limy 1 <p—1, k<ma};

Féll)c ={v, €Tam 7, >p—1, mi +1<k<m}(with possible skips);
Fg,)ci:{’ykGFZm:'Yk:p*lv my+1<k<m},

Fgl)c ={v, €Tlam 7, <p—1 mi+1<k<m};

e =max{y, v, €1, k<mu}, v =9k

Fe =max{0;y, : v, €1, k<), 7 o= %nl;

v3 =max{y, :7; €ETop, mi+1<j<mi+k, 1<k<m—m},
Y2 =92 ii:max{();'yk e €Tk, B <m},

v = max gy c T, k<),

Y o= A =max {0;y, vy, €T, k< m},

V=T
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2 0; —-1<7v,<0

= . I < :
ek { min g, Ye>0 Tk € Lo ks m s
~2 2
’Y*, L 7*,m7

& =max{\;;1:j =1k, k<m},
\i= S\ml; Qg = min{aj, j:m1+1,m},

ot = max{ozj, ji=m +1,m}.

Now we can state our new results.
Theorem 1.1. Let p > 1; G € PDS(\;; fj) for some 0 < X\; <2, i =1,m

and fj(z) = cx'™®i a; > 0, j = mi +1,m; h(z) be defined in (1.1). Then,
for any P, € g, n € N, we have:

Bua 2(=)""", zeQ
1.1 P < 5 P . ) )
(1.10) |Pn(2)] < 1 A1) l n||z:p(h,L) { 1, 2 €@,

where ¢c; = ¢1(G, p) > 0 is the constant, independent from z and n, and
(1.11)

Tz”i n(w+1p,p)ii zf 'yi_e FSI)C
i=1 foralli=1k 1<k<m
m vj+1—p
+ 3 npfwaj)’ and if v; € Fg,z
Jj=mi+1 forallj=mi+ 1,k m+1<k<m;
& (lnn)k% if v; € Fg?}m for alli=1,m; and
’ ifv; € Fézzn forall j =mi+1,m;
1 if v; € Ff,)m for alli=1,m; and

ifv; € Fégzn forall j =mi;+1,m.

Theorem 1.1 is local, that is, each term in the sum on the right side of B,;
shows the local growth of |P,(z)|, depending on the behavior of the weight
function h(z) and the boundary L in the neighborhood of a each point z; € L
for any j = 1, m. Comparing the terms in the sum for each point {z;}, j = 1, m,
and using the above notations, we can obtain the following result of global
character:

Theorem 1.2. Let p > 1; G € PDS(\;; f;) for some 0 < X\; < 2, i =1,my
and fj(z) = cx! T a; >0, j = mq + 1, m;h(z) be defined in (1.1). Then, for
any P, € pn,n € N, we have:

Ba 1®(2)|"", zeq
. - < > . . ’ ’
(1.12) [P (2)] < c2 A= L) 1Pl 2, (n,1) { 1 e
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where co = co(G,p,m) > 0 is the constant, independent from z and n, and
(1.13)

(+141-0)3 if there is at least one v, € I‘gll)c
~ly1-p - s
n for somei=1,k, 1 <k<m
Jrn%, and if there is at least one v, € F(l)
for some j =mq1 + 1, k; ml—l—lgkzgm;
B0 = if there is at least one
_1 2 2 1 1
()7, 7 € CPLUTZONTT ), UTE))
for some j=1,m, k< m,;
1 if v, € 1"( ,)C é,)c
’ for all j =1, m.

In particular, in the case of L having two singular points z; € L and 25 € L
(i.e., my = 1, m = 2), we obtain the following:

Corollary 1.1. Letp > 1; G € PDS()\l;cacH‘aZ) for some 0 < \; <2, as > 0;
h(z) be defined in (1.1) for j = 2. Then, for any P, € pn, n € N, we have:

)P a2

Palley{ PN 2ER
"Ly (h,L) 1 z €@,

where cs = c3(G,p) > 0 is the constant, independent from z and n, and
(1.15)

(y1+1-p)xy yotl-p .
nor 4 nriTea), ifv1,72 >p—1,
B, s = 1-1 ifyrn=p—1, -1<y,<p-1
" (lnn) " 07’*1<’}/1§p71, 72:]7717
17 Zf71<71772<p71

We can take individual cases when the region G has only one singular point
on the boundary L: exterior non zero (interior zero) angle or exterior zero
angle. In this case, from Corollary 1.1, we obtain the following:

Corollary 1.2. Under the conditions of Corollary 1.1, we have:

B |o(2)|""", 2eQ
. n < R N, . ’ )
(1.16) |Pn(2)| < C4d(z,L) 1Pl n,) { 1 2 e,



ON THE GROWTH OF ALGEBRAIC POLYNOMIALS 705

where ¢y = ¢4(G,p) > 0 is the constant, independent from z and n, and

(vit+1-p)Xg

n P ’ ifa2:0;71>p_1,
y2+1l—p
nri+ez) if Mi=102>0, 79 >p—1;
(1.17) Bua=1{ (lnp)~ ifaz =0, vy =p—1,

orA =Ly =p-1

ifag =0, —1<y, <p-—1,

1 ora=1 —1<v,<p-—1.

)

As we can see from the above results, it remains to find an estimate on the
|Pn(2)| for the boundary points. In this case the following is true:

Theorem 1.3. Let p > 1; G € PDS(\;; f;) for some 0 < \; < 2, i = 1,my
and fj(x) = cx'T%, a; >0, j =my + 1,m; h(z) be defined as in (1.1). Then,
for any P, € g, n € N, we have:

ML 34D, m ;
(1.18) 1Pallca < es <Zn—v + > Dn,m> 1Pallz, (hry
=1

1=mi1+1

where ¢5 = ¢5(G,p) > 0 is the constant, independent from z and n,

&_’_L .
nPOFa) TPOFa) | 1 <p <24 4

1+’
; _1 5 L =
Dy, = (nln)l v, p=2+ 11;“ for any i = m1 + 1,m.
1-1 5
no v, p>2+ 11%,

Comparing the terms in the sum for each point {z;}, j = 1,m, we obtain
result of global character as follows:

Corollary 1.3. Under the conditions of Theorem 1.3, we have

(119) ||Pn||C(E) < ¢ (Dn7m1 + Dn,’m) HP"Hl:p(h,L) ,
A o Y
CLEEIPY nr+as) P<11+a*>, 1<p<?2 +~1—21;*,
Dn,m1 =n P N Dn,m = (n 111)1*5, p= 2+ 11?’
1 ~
nl—E, p>2+4 11_%7

where cg = c6(G,p) > 0 is the constant, independent from z and n.

In particular, when the region has one exterior angle \;7, 0 < A1 < 2, at the
boundary point z; and one exterior zero angle ' 72, ap > 0, at the boundary
point zs, then from Theorem 1.3 we obtain the following:

Corollary 1.4. Let p > 1; G € PDS(\y; f2) for some 0 < A1 < 2 and
fa(x) = ca'™2 ay > 0; h(z) be defined as in (1.1). Then, for any P, € oy,
n € N, we have:

(1.20) 1Palle@) < e (Dna+ Dug) | Pallg,n, 1)
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where ¢z = ¢7(G,p, A1, a2) > 0 is the constant, independent from z and n, and

£+L 5
- nrQter) Tp0te2) | 1 <p< 24 L2
F1+DA 1 $+a2
Dpi:=n » ; Dpo:= (nln) "7, P=2+ 14,
1-1 ¥
nor, p>2+ 1132.

Combining Corollary 1.4 with Corollary 1.2, we obtain an estimate at the
growth of | P, (2z)| on the whole complex plane (for simplicity, we assume m; =
1, m=2):

Corollary 1.5. Let p > 1; G € PDS(Ay; f2) for some 0 < A1 < 2 and
fa(x) = caxl™2 ag > 0; h(z) be defined as in (1.1). Then, for any P, € pn,
n € N, we have:

By 4 n+1
2 | D(z , z €9,
(1.21) IPa(2)] < cs |pn|5p(h7L){ d((sz)1| +(D)I s

where cg = cs(G,p) > 0 is the constant, independent from z and n; By.4 and
Dy, 1,Dy 0 are defined as in (1.17) and (1.20), respectively.
1.1. Sharpness of estimates

The sharpness of the estimations (1.10)-(1.21) for some special cases can be
discussed by comparing them with the following results:

Remark 1.1. For any n € N and ¢ = 1,2 there exist polynomials P;,, € @y,
regions G C C and constants cg = co(G') > 0, 19 = c10(G?) > 0 such that

(1.22) ”Pl,an(ﬁ) > cone HPLn”[;p(aGl) )
and
(1.23) | P2 (2)] > c10 |(I)(Z)|n ||P2,nHL2(3G2) , V2 € F,

where F is a closed subset in Q\G2.

2. Some auxiliary results

For the nonnegative functions a > 0 and b > 0, we shall use the notations
“a <X b” (order inequality), if a < ¢b and “a < b”are equivalent to cia < b < ca
for some constants ¢, ¢, ¢ (independent of a and b) respectively.

We can find a well known definition of a K-quasiconformal curve in [5], [13,
p. 97], [17, p. 286] and [19] as follows:

Definition 2.1 ([13, p. 97], [19]). The Jordan curve (or arc) L is called K-
quasiconformal (K > 1), if there is a K-quasiconformal mapping f of the region
D D L such that f(L) is a circle (or line segment).

Let F(L) denote the set of all sense preserving plane homeomorphisms f of
the region D D L such that f(L) is a line segment (or circle) and let

K :=inf{K(f): fe F(L)},
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where K (f) is the maximal dilatation of a such mapping f. Then L is a qua-
siconformal curve if K, < oo, and L is a K-quasiconformal curve if K < K.

We well know that there exist quasiconformal curves which are not rectifiable
[13, p. 104].

According to the “three-point” criterion [5, p. 100], every piecewise Dini-
smooth curve (without any cusps) is quasiconformal.

Lemma 2.1 ([1], [3]). Let L be a K-quasiconformal curve, z1 € L, z2,23 €
QNn{z: |z—z1] X d(z1,Lr)}; wj = D(z5), (22,23 € GNA{z: |z — 21| =
d(zleRo)}; wj = @(Zj))v J=1,2,3. Then

a) The statements |z1 — 22| = |21 — 23] and |wy — wa| = |Jwy — ws| are
equivalent. So are |z1 — zo| X |21 — 23| and |wy — wa| X w1 — w3l ;
b) If |21 — 22| = |21 — 23|, then

2 —2

w1 — W3 Z1 — Z3 <‘w1—w3

)

w1 — w2 21 — 22 w1 — w2
where 0 < rg <1, Ry := Tal are constants, depending on G.

Recall that for 0 < 6; < §g := imin{|zifzj|:i,j: 1,2,...,m, i # j}, we

put Q(z;, ;) =QN{z:|z—z| <d;}; 0 := 1£I;i<nm5j, Q) := UT:l Q(z;,9),
Q= Q )\ Q(6). Additionally, let A; := ®(Q(z;, 6)), A(8) == U, ®(Qz;, ),

A(S) == A\A(J). Let w; := ®(z;) and for ¢, = argw;, j = 1,2,...,m,
we put A; = {t:Rew:R>1, %%M§9<%}, where @, = ¢,
P1= Py = TU(A)), LV :=LNQ;, i =1,2,...,m. Clearly, @ = U], Q.
L, = Lpn@, Fi = &) = &, n{r:|r|=1}, F}, :== ®(L) = &, N
{r:|r|=R}, i=1,m.

The following lemma is a consequence of the results given in [17, pp. 41-58],
[9, pp. 32-36], and estimation for the ‘\IJ,’ (see, for example, [8, Th. 2.8]):

d(¥ (7),L)
rl=1

(2.1) |V (1) =<

Lemma 2.2. Let a Jordan region G € PDS();;0), 0 < A\; < 2, j =1,m.
Then,

i) for any w € Ay, [W(w) = W(wy)| = |w —w; ¥, [W(w)] =< |w—wy[¥7;

ii) for any w € A\A;, |¥(w) — U(w,)| < |w —w;|, [P (w)] =< 1.

Let L be a quasiconformal curve; y(¢) denotes the regular quasiconformal
reflection across L (see, for example, [1], [8], [13]), and for any R > 1, let L* :=
y(Lgr), G* :=intL*, Q* := extL*; w = ®r(z) be the conformal mapping of Q*
onto the A normalized by ®(00) = 00, lim, (I)RZ(Z) >0, and ¥ := <I);{1.
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For ¢ > 1, let us set L := {z : |®Pr(z)| =t} . According to [7], for all z € L*
and t € L such that |z — t| = d(z, L) we have
(2.2) d(z,L) < d(t,Lgr) < d(z,L}).

Lemma 2.3 ([1]). Let L be a quasiconformal curve. Then, for any polynomial
P,(z) € pn, n € N and R > 1, we have

(2.3) [Palle@) 2 1Palle@) -
Let {z; };":1 be a fixed system of the points on L and the weight function
h(z) defined as (1.1):

Lemma 2.4. Let L be a rectifiable Jordan curve h(z) as defined in (1.1). Then,
for arbitrary P, (2) € pn, any R > 1 and n € N, we have
14yx

(2.4) ||Pn||z:p(h,LR) <R"TE HPnHLP(h,L) ; >0,

where v* = max {v, : v, €T, k <m}.

Proof. Let us set: |
fu () = f[ [t(@(%) - \If(wj))} " op, (\p (%)) IO

Since f, is analytic in B and L is rectifiable, f,, belongs to Hardy class Hp,
and then, by Hardy’s convexity theorem, we have

p ldt| )
/“_}2 | fn ()] </:1|fn(t)| \dt|,

[t = Jyu
which implies that

/L W(z) |Po ()] |d2]

= /w_Rﬁlww ) [P (0 ) (9 @) [ i
e (o () (7)o
< Rretity; /t_ljﬁl V(=) — ¥(w,) v p, (\I: (%)) (\I/(—)>1i p|dt|
= Rt /L h2) | Py (2)|P |dz|.
We completed the proof of (2.4). O

Remark 2.1. In case of h(z) = 1, the estimate (2.4) has been proved in [11].
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3. Proofs
3.1. Proof of Theorem 1.1

Proof. Suppose that G € PDS(\;; f;) for some 0 < A\; < 2, ¢ = 1,m; and
fi(@) = cxlti «a; >0, j =mq+ 1,m; h(z) be defined in (1.1). Let’s denote

P, (2)

3.1 Tn =
(3.1) ()= g
and, Cauchy integral representation for 75,:

1 d¢
3.2 T, =—— | T, , Q
(32) () =57 [ T 725 2
Hence

1 |
N < ge [ M OIEES < s [ 1Pl

since |®(¢)| =1, and

n+1
(33) Pl < Sl [ e onad.
Let

(3.) e LG S LGS

o
Multiplying the numerator and denominator of the integrand by H;n:l |¢— 2] 0 ,
after then applying Hélder inequality, we obtain:

1
m P

(3.5) THES S 0 | (SN

1
q

X / m |dC| Q'YJ = ilA;,’

i ILIC—2zl"
j=1
where
. P d . ) 1 1
a5 = (/h@npn(cwdd [ | =i =t
i Lt 1:[1|C_Z]| ?

For the J!, ; we have:

(3.6) Jviz,l = HPnHLp(h,L) s i=1m
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Then, from (3.5) and (3.6) we obtain:

An 2 Pallz, hor) Z (Jn2)

i=1

Q=

For the integral J;, , we get:

) d d

(3.7) 2 ::/. m a g ></- | S[(qfl)’
- H1|C*Zj| g e =zl

=

since the points {zj};":l are distinct on L. For simplicity calculations, we
assume that my =1, m =2, 21 = —1, 20 = 1; (—1,1) C G and let local coordi-
nate axis in Definition 1.2 be parallel to OX and OY in the coordinate system:;
L =LYUL™, where LT := {z € L:Imz>0}, L™ := {z € L:Imz < 0};
Let w* = {w =e.0= %}, 2% € U(wF), IF (2, 2F)-denoted the arcs,

connected the points z; which 2%, respectively; ‘lﬂ = meslii (2,2%),i=1,2.
Let z¢ be taken as an arbitrary point on L™ (or on L~ subject to the chosen
direction). Then, from (3.7), we have:

)

Q=

2
(3.8) Ap = HP’ﬂHﬁp(h,L) Z (‘]72,2) J

i=1

where

U I |< _ levl(q—l) n, 2 |< o Z2|72(q—1)

For estimation the integral, we give some notations:
1
R=1+—; d; g :=d(zi, Lg);
n
E}E = {¢CelL': |¢(—2|<cadr},
Eé’i = {Q eL: C1d17R < |C _le < ’lli’}a
Ep* = {CeL?:|C~ 2| < cdar},
Eg’i = {C e L?: cada g <[C— 22| < | l2i|};

It .= I (Ez’i) ;:/ |7 i, k=1,2.
n.k LA Ezi |C _ Zi|’h'(‘1*1)

Taking into consideration these notations, (3.8) can be written as:

Q=

2
(3.10) An 2N Pallz,nry D (Th2)

i=1

2 1

1 i,+ 1 i,+ q

= Pl gy 2 [Taa (BY) + Lo (B3]
=1
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1

— ||P, Hﬁpr)Z[nl*Inz} =12,

According to (3.3) and (3.4), it suffices to estimate the integrals I * £ for each
i=1,2and k =1,2,3.

Let’s start with the evaluation of the follows integral J} , from (3.9) and
(3.10):

d
(3.11) I :/—| Cw|1(q—1>
ARGt

S /S R D PR
Z / [C—zmm@ D] [Invl “M}

kll:t

Given the possible values of v; (—1 < ~v; <0, v, >0, i = 1,2), we will consider
the estimates for the Jig separately.
Let v; > 0 and 75 > 0. In this case for the integral J,;Q, we get:

14 |dd]|
. i+ < S b X B—
(B12) L P
El +
cidir L=y (g—1)
= / L< dl,leq y 1 >p—1,
- amlen ” 1, n<p-1
I 1—7,(g—1
|d<| / ds d17R’h(q )7 v >p—1,
vE < S b1 I < In -1 —pn_1
m2 = IC— 2 |V1(q—1) - svi(g—=1) — di.r’ T1=P ’
EL* ! c1di,R 1, 71 <p—1

Similar estimates for the integral J2 given:
d
(3.13) I’ < _lag
(e |C _ 22|’Yz(q—1)

cadeon ds dt=r2(a—1)
=< 2.R y V2 >p—= 1)
) —

< )
B gv2(g—1 1, vy <p—1;
0
1F 1—v5(q—1)
2.+ |d<| ; ds dQ,R’mq ) 72>p715
Pr< [ —8 < [ 2 _ <! Wi, ,=p-1
™ |< _ Z2|V2(q_1) s7v2(a—1) d2, R’ 2 )

Eg’i cada R 1, Y2 <p-—1
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Let v; < 0 and v, < 0. Then, analogously to the (3.12) and (3.13)

Gry ah = [l al O g < a et <1,
Bi
1L, < / € = 2D g < || g
£}
and

(815) L= / ¢ = 2o TPV g < dy g O mes ERE <1,

EX*E
IZEI: < / |C* Z2|(772)(q71) |dC| < ‘lét‘(_V2)(Q—1)+1 < 1.
B>+

Therefore, in this case, from (3.10)-(3.15), we obtain:

1-v1(g—1) 1—v9(q—1)
dir’ +dor® ,  YuY2>p—1

1 1
(3.16)  An = |[Pallz, (n ) (mﬁ) " (lnﬁ) Y m=r=p—1,
17 V1> V2 < p— 1.

Comparing (3.3), (3.4) and (3.16), we have:
0

(3.17) [P (2)] < el [P |@(=)[""
. n = d(Z,L) n ﬁp(h,L) 9

where ¢ = ¢(G,p,7;) > 0, i = 1, p, constant independent from n and z, and

1—7,(g—1 1—7,(g—1
d1,le(q ) + dQ,sz(q )7 s > p— 1,
(3.18) Bg,l = lnﬁ +In d21’R7 Yi=72=p—1,
17 Y172 < p—= 1.

According to Lemma 2.2, for the point z; we get:

(3.19) dip>=n".

For the estimate da g, let’s set: zgr € Lg such that do g = |22 — zr|, Ci €
L* such that d(zg, L? N L*) := d(zg, L1); 25 := ¢ € L? : |{ — 22| = cada g,
Under this notations, from Lemma 2.1, we obtain:

(3.20) dfﬁt,l =d(zg, >N L) = ‘zR — Z2i‘ = d;}”.



ON THE GROWTH OF ALGEBRAIC POLYNOMIALS 713

In this, do r = (dﬁ) o2 On the other hand, according to Lemma 2.2 and [6,
Corollary 2], we get: dlj% > n~!. Therefore,

(321) d2,R t n——1+1a2 .

Comparing (3.17)-(3.21), we get:

0

)L +1
Pa ] = 25 [Pal 0, [P
where
(r1(a=1)=1)Xy va(g—1)—1
n q + n a(+az2) , YisVo > D — 1’
0
(3.22) By, = (Inn)7, =T =p—1,
15 Y1572 < p—= 1.

Combining the corresponding estimates for each point {z;}, 7 = 1,m, and
taking into account the above notation, we complete the proof for the points
z €€

Let z € G be an arbitrary fixed point. Cauchy integral representation for
the G gives

(3.23) P, (2) = L/Lpn 0L .eca

In this, we have

(321)  |P, / P, "1—<'|

1
- 2ﬂ'd (2,L) /|P el = “on d(z, )An7

where A,, defined as in (3.4). Combining relations (3.16), (3.18) and (3.24), we
complete the proof. (I

3.2. Proof of Theorem 1.3

Proof. Let G € PDS(\;; f;) for some 0 < X\; < 2, i = 1,m; and fj(z) =
et a; >0, j =mq + 1,m, is given. If G € PDS()\;;0) for some 0 < \; <
2, i = 1,myq, ie., oj = 0 for all j = my + 1, m, the proof is just. Really, for
any z € G, according to Theorem 1.1, (3.23) and (3.24), we have

"

B,
(3.25) P 2 G Pl ey = €6,
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where
n(“”jl)X if there is at least one v, € Fgl,)c
’ for some i = 1,k, k < mq;
; if there is at least one
(326)  Buuo=1 (mw)' "}, 7 € TEAI D,
for some j = 1,k, k < my;
. (3)
1, if v, € I‘Lk
for all j =1, m.

On the other hand, according to the “three-point” criterion [5, p. 100], we see
that L := 0G is @Q-quasiconformal for some @) > 1. Let z € L* be arbitrary
fixed and R =1+ 1. According to Lemma 2.2 and (2.2), we obtain:

d(z,L) = d(t, L) = n~>,
(3.27) 5o .
[Pn(2)] 2 0B, ||Pn||£p(h7L)7 zeG .

Combining (2.2), (3.25) and (3.27), from Lemma 2.3, we obtain the proof.
Now, we consider the general case. Let \; = 2 for some i = 1,m; and a; > 0
for some j = my + 1, m. Cauchy integral representation for a region G gives:

1 d¢

P, = — P, (() ——, z € Gg.

(0= [ PO 725 2

Replacing the variable 7 = ®((), multiplying the numerator and determinator
Yi 1

of the integrant by [, [¥(r) — ¥(w;)|* |¥'(7)|? , according to the Holder

inequality, we get:

(3.28)
1 4
e L=
LRIV,

T2 Jioer U(r) - U(w)]

=

! 1 RE I ARG
= /lT_RHIﬁf(T)\If(wm [P (W) ['(7)] lar]

j=1

. / /()73
=TT () = W) () = ()l

|dr|
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5 ([ moror |d§|)%

\I]I
y / _ [0 (7)] ar]
=R T [W(r) — @ (wy)[7 7 [0 (r) — T (w)]?
j=1
1
- %Jn,l X Jn,27
where
I = HPnHllp(h,LR) ,
\I//
In,2 = / — [¥'(7)] |d7|
= () = W) () = )]
j=1
Then, from Lemma 2.4, we have:
(3.29) 1P (2)] 2 Jn - Jna 2 NPallgynpy - Tn2s 2 € Ly w=3(2).

In order to estimate the integral J, 2, taking into account the estimation for
the [¥/] (2.1), we get

|’ (7)] |d|
(330) Jn,2 = o m
P /F I1 19(7) = w(w) D 1 (7) — W(w)|?
_ (ij;g) <3
where
331 Ji, ;:/ ¥ ()l ld7] Li=T,m.
’ i 11 () - U (w;)[ D (U (7) — W (w)|?
_ |0/ (r)] |d7] o
Lﬂmﬂwwqu”wmwww i)

since the points w; := ®(z;) are distinct.
It remains to estimate the integrals J(F,) for each i =1, m.
For simplicity of the our next calculations, we assume that:

1
(3.32) 1=1,2ymi=1, m=2; z21=-1, o=1;R=1+ —.
n
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In addition to the previously notations, we introduce the following: Lr =
L}E ULy, where L, == {2 € Lr:Imz >0}, L, := {z € Lr: Imz < 0}; Let
w?; = {w = Re? : 0= @}, 2E € U(wg), let’s set: 2z, g € Ly such that
din = |2 — zig| and (& € L* such that d(z9 g, L2NL*) := d(z.p, LF); 2 ==
{C el :|¢—z|= cid(zi,LR}, sz = {C €LY |C—zirl= Cid(ziyR,LR},
wfR = @(ziR) lfR(sz, 27 )-denoted the arcs, connected the points sz with

zlﬂ;, respectively and ‘l;tR‘ = mesl;tR(sz,zliz), 1 = 1,2. Let 2o be taken as

an arbitrary fixed point on LTdistinct from z; and zz (or on L™ subject to
the chosen direction). For simplicity, without loss of generality, we assume that
20 = 2}, (20 = 2z ). We denote: Elllj; ={C€ Lgr:|¢— 2| <cadir}, E%Iﬁz: =

{C € Lp: Cldl,R < |C - Zl| < ‘lfR‘}’ E12:Ii2 = {C S L%{ : |< — 22| < CQdQ,R},
E;; = {C € L% :cadop <|C—22] < ’l;R’}, and F;; = @(E;i), i,7 =
1,2.

Taking into consideration these designations, (3.31) can be written as:

X

; - W' (7)] |dr]

3.33 Ly ~
(333 ’ Z_/F (W (7) — @ (w;) |V B (7) — W (w)|
. Z J(F;';;g).

ij=1

So, we need to evaluate the integrals J(F;I%) for each 4,5 =1, 2.
Let be

(3.34) [Pl =: 1P ()], 2" € L=L'U L2

and let w’ = ®(2’). There are two possible cases: point 2z’ may lie or L', or L2.
1) Suppose first that 2/ € L. In this case, from Lemma 2.2 and Lemma 2.1,
we have:
1.1) If 2/ € EP®, then

(3.35) J(FE) + J(FLR)
_ / V(1) |dr]|
Flrurty [U(r) — W (w) | [ 0(r) — B ()
|7 — w7 Jdr]
_ w1|'h(qfl)/\1 |T o w’|q/\1
|dr]

Flpuryy [min {7 —wi];|r — w|}]
< piD@=Dx

A
s
5

C

’11‘

PN
S—

(71(@=1)+@ 1 —A1+1
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for y; > 0, and

(3.36) J(FLE) + J(FUg)

/ [W(7) — W(w)| D |/ (7)) |dr|
FlAUF: [W(r) — ¥ (w)*

|7- _ w1|(_W’1)(q—1)A1+)\1—1 |dT|
<
- /Fl +UFL T

|7- _ w/|¢1/\1

< pMm+D@=1)X

for —1 <~; <0;
1.2) If 2’ € Ey™, then

(3.37) J(FSE) + J(FPhR)
:/ |9'(7)] |dr|
Flgurty [W(r) = @ (wn) [0 (r) - w(w)|?
< |T*w|Al 'dr|
= JRtuRD —w |'vl(q 1)A1+gA1

< |dT|
- Jrr *uFllR |7. —wy |V1 g—1)A1+g 1= 1+1

< pritle-DHM

for all v; > —1;
1.3) If 2/ € B, then

(3.38) J(Fy )+ J(Fy'R)
_ W' (7)] |dr]|
FLEORSE (W) = W (w) Y () - ()

@' (7)| |dr|

<

B /F puFyy min {|U(7) — W(wy)|; |¥(1) — \I;(w/)|}71(q—1)+q
jd7|

=

/1+uFlm1n{|7-_w1| = /|}['Y1(¢I*1)+q]A1*A1+1

< n(’)’l +1)(q 1))\1

for v; > 0 and

(3.39) J(Eyd) + J(Fyr)

)

_ / () — W) ()]
FLEURL, |U(7) — W(w)]?
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. / ;o wl|(*’h)(qfl)+)\1*1 |dr|
~ JEbpuRly | — ™™

- ]

- JEbturby min{|r —w ;|7 — w’|}['“(q*1)+q”17A1Jr1

j n(’)’l +1)(g—1)A1

for -1 < v, <0
1.4) If 2/ € EY*, then
(3.40)  J(Fyd)+ J(FyR)
/ W' (7)] |dr|
FruRke [W(r) — W (wy) | [W(r) — W(w))?
/ W' (7)] |dr|
FiuRky [min {[W(r) — W(wi)]; [W(r) — @ (w)|}] @Dt

PN

| —wni|M 7 dr]
- /FF [min {7 — w3 |7 — w2
< pODE=DM
for v, > 0, and
(3.41) J(Fy) +J(Fyg)

_ / (W (r) — W(w)| T 10 ()] |dr|
FlruRy s

[W(r) — W (w)]*

< jdr]

 Jegurty min{jr — w7 —wf DTN
< DDA

for —1 < v; < 0. Combining the relations (3.35)-(3.41), we obtain:

(3.42) J(ED) + J(Flg) < nDa—Dh

2) Now, suppose that 2’ € L2. In this case, according to (2.1):
2.1) If 2/ € E}®, then

JEEE) + J(Fg)

- /()] Jdr|
FRiuREy [W(T) — U (ws) |27 [W(r) — W(w))?

_ / d(¥(7), L) |dr|
F2hurzg [ (r) — W (ws)| "2V (U (7) — W(w)| (|7] - 1)

|d|
= (q—1)—1
Frg dyy W () — @(w)|* (|7 — 1)
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jdr|
+
/ fr Ay TR () = ) (|7 - 1)

for all v5 > —1. The last two integrals are evaluated identically, therefore, we
evaluate one of them, say the first. When 7 € Ff’;: for the |U(1) — U (w')| we
obtain:

[U(1) — U(w')] tmax{|\ll( — U(ws)l;

7) - 2|}

= |U(7) — ¥(wa)| = }\IJ(T) — z;}”‘b .

Then,
2,4+ |d|
J(FLR) j 7’L/27+ y2(g—1)+g—1
Frn ‘\I/(T) o Z;‘ e
< r|
-n GotD—1D
Ff,’g ‘\I/(T) o z;“ 12 l+a;
o |
on =
R e —wf| T
(v2+1)
n IYJZrQQ (¢—1) (Lz:;i) (q 1) > 1,
=4 nlnn, (zj:;i)(q 1) =1,
n, Cotlg-1) <1,
if v5 > 0, and

J(Fog) = n/ W (r) — \I/(w2)|(*’72)(¢171) o
B ’\P(T),Z;-‘ﬁ

[
n '
F2,+ _ w;’ | lajalg

=
1,R |7'
q—1
Tias g—1
nitez, Tras > 1,
=< q=1 _
=4 nlon, oz 1,
Pl
n, Tra; <L,

if =1 < 5 <0, and so, in this case we get:

p TR D Gt )5

’ 1+as

(3.43) JFED) +J(Fg) 2% nlnn, Gatl (g —1) =1,
5 1

n, —(1122) (g—1) < 1.

2.2) If 2/ € E3*, then
JECR) + J(Fig)
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_ / d(¥(r), L) |dr|
FEgORE [0 (r) = O (wn) 27D W (r) = ()| (|| - 1)
dr
=n 2 2 v2(q—1) q—1
FEgurty [W(T) — W(wy) [ [U(7) — ¥ (w)]|
forall 74 > —1. When 7 € Ff,’;: for the | ¥ (1) — ¥ (w')| we obtain: |¥(7)—U(w’)]
= |\IJ(T) —zF ‘ , and analogous to previous case, we get:

|d7]

J(F2h) < n/
R = -1 -1
P U(r) = W) 2 [W(7) - 2|
|dT|
j n 24 72(0*1)+q71
Fiop |\I/(7') —z;r| IT+ag
|d|
=n 2,4 y2(a=D) g
Fl,R T*’ll_);_| 1tag
(g—1)
TR R S S S
=4 nlnn, %4’(]71:1,
n, B ra-1< 1,
if 75 > 0, and

, [0 (7) — U (ws)| 7720V |ar|
J(FEE) 2n —
P2 |W(7) — 25 |

|dT|
=n 2,+ +19-1
Fl,yR ’\II(T) — 29 ‘

/ |d7|
=n —
FiL ’7’ — wﬂq

2
ni~t g >2,
<< nlnn, ¢=2,
n, q < 2,

if —1 <74 <0. So, in this case we have:

Fo(g—1) +q—1 %(q—l)

n 1oz v Tras +q > 2,
(3.44) J(FYR) +J(FUR) 2% nlun, Bl 4 g=2,
n, 72121-1;21) ta< 2.

2.3) If 2/ € E¥*, then
(3.45) JFE) + J(Fyg)
_ / |V (7)] |dr|
FruRzy [U(T) = (w2 W (r) — W(w)|
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<n/ |dr|
TR () — )2 () — ()T
2,R 2

|dr

n/ v2(g—1) q—1
Fo [W(T) = W(wg) [ [ () — ¥ (w)]
Therefore, we

for 79 > 0. The last two integrals are evaluated identically.
evaluate one of them, say the first. For 7 € FQQIJ{ and 2’ € Ef’i, we have:

W (r) = W(w')] = [(r) = 2 |;

1
1 1 1+a
|U(7) — U(ws)| = dayr = |Z2,R - Z;‘ ez - (—) .
n

Then
dr
J(F;’;{) = n/2 + -||- 'Y|2(Q*1)+Q*1
Fsr "I’(T) — 2y ’
y2(g—1) _
|dr| n e L g >,
y2(a=1) 4 q T ~vo(g—1)
<n tre * / ﬁi n itez “hm, q=2,
ot ‘T*’LUQ ‘ p2la—1) 44
Fir n ez ) q<2,

and so, for v, > 0 we obtain:

y2(g—1) 1
n ttez 4 ’ q > 2)
2,+ 2,— r2(a=1) 44
J(F27R)+J(F2,R)j n 1te2 + lnn, q:2,
v2(a=1) 4 4
n ez T , q<?2.

For —1 <, <0 we get:
JESR) + J(Fyg)
-/ [9(7) = W(wy) 7D |9 (7)) |dr
FypUF s

@ (7) = W(w)

<o | r] / jdr
<n — =n R ————
E (1) — W(w)|? F2E (1) — 25 |
2,R
\dr] nd, q>2,
jn/ﬁj nlnn, q=2,
i ’T — Wy ’ n, q<?2.
2R
Then, in this case we have:
nwif;zl)*‘q_l, q>2,
(3.46) JE) +I(Fyg) 24 n'Ha n, q=2,
wz(qfl)_i_l
n 1tez q<2.
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2.4) If 2/ € E3™, then for 74 > 0
(3.47) ﬂ@@
/ W/ (7)] |dr|
B2 [0 (7) — W (wp)[ "2 |0 (7) — W (w)|?

<_JL_/ |dT|
Tdpemt Jrzg [w(r) — w(w)

nwlf;;) teml > 9,
= n1+%§;) / __ldrl — =< n”?f;;)—i-l Inn, ¢=2
|7_ - w/|q d2(g—1) +1 ’ ,
Fyr n ttez ) q<2
and
2,—
(3.48) J(FZR )
- (7)) dr]
_ —1
Fa [W(r) = W (o) TV 0 (7) = W (w)?
n / |dT]
= T
dy' ™" Jrz () = ()
j n1+w%5rq;2l) / |dT| 1
| () — W (w)|""
0
Fz,R
n7§$1;21>+q,17 q>2,
(a=1) d _
= 7’Ll+wi~{+q“‘2 / % =< nW?TaQI)Jrl Inn, q=2,
Fyp I —w| d2la=1) g
n 1tez , q<2.

Case of z' € By~ is absolute identically to the case 2’ € Ey'~.
If -1 <5 <0, then

U(r) — W(wz)| 2D |/ (7)) |dr|
3.49 JF“’:/ |
( ) ( Q,R) F;’; |\I/(T)—\I/(w/)|q
b / dr| / A7l o
2 (] = 1)9 (7] = 1)q
" B2
and

7Y — U(wy)| T2 1w (1) |dr
(3.50)  J(FZq) = /F L \I]|(\I/(l|)—\1/(w/)|‘l\p( ) ldr|

ni~l,  ¢>2,

|d7
=n =) = nlnn, q=2,
Fe W(r) — ()] Ny
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Combining the relations (3.43)-(3.50), we obtain:

1
ne, p<27

n'~rInn p=2

Q=

(3.51) (J2a) =

nor, p>2,

for each —1 < v, <0,

2 1
nraren tr 1<p<2+ L2

2 \3 1-1 tea?
(3.52) (J22)" =< n “rnm, =2+ 1132
nl—F, p > 2+ 1+a2

for each v5 > 0.
Combining (3.33), (3.42), (3.51) and (3.52), from (3.33), for i = 1,2;m; =
1, mo =1, we get:

b2 41
nrlte) e 1 <p <24

J < G1+DA 11 1+a2
n2 33N P +49 n ilnn, —2—}—1+&2
1-2 v
R p>24 gy

From (3.29), (3.30) and (3.31) according to (3.32) and (3.34), we have

1Pl @)
= ||Pn||z:p(h,L) "2
LS o1
2 N Pallz, n, 1) Z (Jn2)
i=1
m 2 1
) @
< NPally, 1y DD (TFD))
i=1 j=1
2 i3 )
j ||P HL i (Zn(’v +1)(qq DX, Z n‘yqi’i+; )1+1>
= i=mi+1
= HPnHLp(h,L)
Fitl T
mi ~ Z nritted) p(1+ai)a 1 < p < 2 + 1+o¢ B
an:lm 4] = )
1_,
i=1 (nlnn)l i p72+1+o¢ )
nl*;, p>2+ 1+o¢’
and the proof is completed. ([
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