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ON THE HADAMARD’S INEQULALITY FOR CONVEX
FUNCTIONS ON THE CO-ORDINATES IN A RECTANGLE
FROM THE PLANE

S. S. Dragomir
Abstract. An inequality of Hadamard’s type for convex functions and convex

functions on the co-ordinates defined in a rectangle from the plane and some
applications are given.

1. INTRODUCTION

Let f : I C R — R be a convex mapping defined on the interval I of real
numbers and a, b € I with a < b. The following double inequality:

(1.1) f<“‘2”’> < bia/abf(x)dxg f(a)-;f(b)

is known in the literature as Hadamard’s inequality for convex mappings. Note that
some of the classical inequalities for means can be derived from (1.1) for appropriate
particular selections of the mapping f.

In the paper [4] (see also [5] and [9]) is considered the following mapping
naturally connected with Hadamard’s result:

H:[0,1] - R, H(t) ::ﬁflbf<tx+(1—t)“;b) da.

The following properties of H hold:
(h) H is convex and monotonic nondecreasing.
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(hh) One has the bounds

b
sup H(t) = H(1) = — /f(x)dx

t€[0,1] b—a

and

inf H(t)= H(0) = f (““’) .

te[0,1] 2

Another mapping also closely connected with Hadamard’s inequality is the following
one [5] (see also [9]):

b b
Fo 0,1 R, F(t) = (b—;a)?/ / Fltx + (1 — t)y)dady.

The properties of this mapping are the following ones:

(f) F' is convex and monotonic nonincreasing on [0, %] and nondecreasing on
1
[57 1] .

(ff) F' is symmetrical relative to the element %, that is,

F(t)=F(1—t) forallte[0,1].

(fff) One has the bounds

b
sup F(t) = F(0) = F(1) = — / F(@)da

t€[0,1] b—a

and

) 1 1 bt x4y a+b
P07 (5) = gmar [ [0 (5) ez (557)

(ffff) The following inequality holds:

F(t) > max{H(t), H(1—t)} for all t € [0, 1].

In this paper we will point out a similar inequality to Hadamard’s one that will
work for convex mappings on the co-ordinates on a rectangle from the plane R2.
We will also consider some mappings similar in a sense to the mappings H and F'
and establish their main properties.

For recent refinements, counterparts, generalizations and new Hadamard - type
inequalities, see the papers [1]-[12] and [14]-[15] and the book [13].
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2. HADAMARD’S INEQUALITY

Let us consider the bidimensional interval A := [a, b] x [c, d] in R? with a < b
and ¢ < d. A function f : A — R will be called convex on the co-ordinates
if the partial mappings f, : [a,b] — R, fy(u) := f(u,y), and f; : [¢,d] — R,
fz(v) := f(u,v), are convex where defined for all y € [c,d] and z € [a, ]].

Recall that the mapping f : A — R is convex in A if the following inequality:

(2.1) FOAz+ (1 =Xz, Ay+ (1= Nw) < Af(z,y)+ (1 =N f(z,w)

holds, for all (z,y), (z,w) € A and A € [0, 1].
The following lemma holds:

Lemma 1. Every convex mapping f : A — R is convex on the co-ordinates,
but the converse is not generally true.

Proof. Suppose that f : A — R is convex in A. Consider f, : [¢,d] — R,
fz(v) := f(x,v). Then for all A € [0, 1] and v, w € [c, d] one has:

fe(Av+ (1= Nw)

flz, v+ (1 = Nw)

fOz+ (1 =Nz, v+ (1 - ANw)
Af(z,v)+ (1= A f(z,w)
)‘fm(v) + (1 - )‘)fm(w)

IHIA

which shows the convexity of f.

The fact that f, : [a,b] — R, f,(u) := f(u,y), is also convex on [a,b] for all
y € [c, d] goes likewise and we shall omit the details.

Now, consider the mapping fy : [0,1]> — [0,00) given by fo(z,y) = zy. It’s
obvious that f is convex on the co-ordinates but is not convex on [0, 1]%.

Indeed, if (u,0), (0,w) € [0,1]? and X € [0, 1], we have:

FA(u,0) 4+ (1 = X)(0,w)) = f(Au, (1 = Nw) = A(1 = Nzw

and
Af(u,0) 4+ (1 =X)f(0,w) =0.

Thus, for all A € (0,1),u,w € (0,1), we have
S, 0) + (1 = X)(0,w)) > Af(u, 0) + (1 = A) f(0, w),
which shows that f is not convex on [0, 1]2. |

The following inequalities of Hadamard type hold:
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Theorem 1. Suppose that f : A = [a,b] X [¢,d] — R is convex on the co-
ordinates on A. Then one has the inequalities:

a+b c+d
f( b et )

b d
Al e

(2.2)

/fayder—/fbydy]

<f(a c)+f(a d)+ f(b, c)+fbd
- 4

The above inequalities are sharp.

Proof. Since f : A — R is convex on the co-ordinates, it follows that the
mapping g, : [¢,d] — R, g.(y) = f(z,y), is convex on [c,d] for all z € [a,b].
Then by Hadamard’s inequality (1.1) one has:

c d c -
ga;( ;d)édic/c gm(y)dyéwv € [a,b].

That is,

f(x,c—gd>_d_ /fxydy<f(x’c);f(x’d),xe[a,b].

Integrating this inequality on [a, b], we have:
1 b c+d
b—a/a f(x, 5 )dw
(2.3) / / f(z,y)dzdy
)
[ /fxcdx—i——/fxddw].

N)|H /-\
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By a similar argument applied for the mapping g, : [a,b] — R, gy(z) := f(z,y),

we get
d b
dic/ f(a; 7y>dy
1 b pd
(2.4 Sm/@ /c (z,y)dxdy
1
2

d d
< [ﬁ/ f(a,y)dy—i—ﬁ/c f(bvy)dy]-

Summing the inequalities (2.3) and (2.4), we get the second and the third inequalities
in (2.2).
By Hadamard’s inequality, we also have:

a+b c+d 1 b c+d
< - -
f( 2 2 )‘b—a/af<x’ 2 )dw
a+b c+d 1 d a+b
<
f( 5 g >_d_c/cf< 5 7y>dy7

which give, by addition, the first inequality in (2.2).
Finally, by the same inequality we can also state:

bia/abf(w,C)dxg f(a,c)-;f(b’c)j

s /ab PR YA (CULS (X}

d
[ Hapay < LoD

and

and J
1 f(b,c)+ f(d,b)
b,y)dy <
T /c f(b,y)dy < 5 :
which give, by addition, the last inequality in (2.2).
If in (2.2) we choose f(x) = zy, then (2.2) becomes an equality, which shows that
(2.2) are sharp. ]
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3. SOME MAPPINGS ASSOCIATED TO HADAMARD’S INEQUALITY

Now, for a mapping f : A = [a,b] X [¢,d] — R as above, we can define the
mapping H : [0,1]?> — R,

Ht, s) ::m/;/cdf<tw+(1—t)a;b,sy+(1—s)#> dudy.

The properties of this mapping are embodied in the following theorem.

Theorem 2. Suppose that f : A C R? — R is convex on the co-ordinates on
A :=[a,b] X [c,d]. Then:

(i) The mapping H is convex on the co-ordinates on [0, 1]>.

(i) We have the bounds:

1 b pd
SUpP(¢,5)cf0,1)2 H (¢, 8) = m/@ /c f(z,y)dzdy = H(0,0),

a+b c+d
2 7 2

inf o0 H (1) = ( ) — H(L ).

(iii)) The mapping H is monotonic nondecreasing on the co-ordinates.

Proof. (i) Fix s € [0,1]. Then for all o, 3 > 0 with o + § = 1 and ¢, €
[0, 1], we have:

o
(b—a)(d—c)

// (atl—I—ﬁtg)x—i—[l—(at1+ﬁt2)]a+b,

b pd a+b
:<b—a><d—c>/a/cf(“(“““‘“ 2 )
+ﬁ<t2x+(1—t2)“+b),sy+(1—s)¥)dmy
Sa. o) —c// <t1x—|— 1—1t1) ;—b sy—i—(l—s)c—;—d)dxdy
+

b d
_|_ﬁ. T —c// <t2x—|— 1—t2); sy—f—(l—s)c )dwdy

H(tl, s)+ ﬁH(t2,

H(aty + Bto,s) =

sy + (1— s)#) dxdy
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If ¢ € [0, 1] is fixed, then for all s1, s9 € [0,1] and o, 5 > 0 with o + 5 = 1,
we also have:

H(t,as1 + Bs2) < aH(t,s1) + BH(t, s2)
and the statement is proved.

(i1) Since f is convex on the co-ordinates, we have, by Jensen’s inequality for
integrals, that:

b d b d
H(t,s):bia/a [dic/c f(tx—i—(l—t)a; syt (1) )dy]dx
b d
Zbia/af<m+(1_t)a7—|—b’ﬁ/c [sy—i—(l—s)c—;d]dy)dx

1 b a+b c+d
= — 1—
— af(tw—i—( t) 5 o )dw

b
zf(E%E/QPm+u—wa;byC;d>m:

a+b c+d

By the convexity of H on the co-ordinates, we have:

b d b
H(t,s)gbia/a [dic/c f(m+(1—t)%,y)dy

d
+(1—s)-%/ f(tx—i—(l—t)a;—b,c—;d) dy] dx

1 d 1 b
Ss'd_c/c [t'm/a f(z,y)dzdy
1 b a+b
+(1—t)m£f<T,y>d$]dy

1 d 1 b c+d
.d—c/c [t.b—a/af<x’ 2 )dw

:st-m/&b/cdf(x,y)dxdy—i—s(l—t)-dic/abf<a—2|_b,y>dy
b

(1= syt —— a f(x,c+d)dx+(1—s)(1—t)-f(a;—b,c—;d>.

b—a 2
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By Hadamard’s inequality, we also have:

b
f (aTMy> < L/ f(z,y)dz, y € [c,d]

—a

and

d
f(x,c—;d> Sdic/c f(z,y)dy, = € [a,b].

Thus, by integration, we get that:

e [ () s g [ s s

bia/abf<x,#> dxgm/:/cdf(x,y)dxdy.

Using the above inequality, we deduce that

H(t,s)

and

b d
<[st+s(1—) + (1= )t + (1 —s)(1 —t)]m/ / (o, y)dzdy

1 b pd
“h-a)d—o / / fz,y)dady, (s,t) €[0,1]%
and the second bound in (ii) is proved.

(iii) Firstly, we will show that

(3.1) H(t,s)> H(0,s) for all (t,s) € [0,1]%

By Hadamard’s inequality, we have:

¢ ’ b d
H(t,s)zdic/c f(ﬁ/ [m+(1—t)%]dx,sy+(1—s)cg )dy

1 d a+b c+d
d C/cf< B 73y‘+( 3) 9 )dy (073)

for all (¢, s) € [0, 1]
Now let 0 < ¢; < to < 1. By the convexity of the mapping H (-, s) for all
s € [0, 1], we have
H(t273) - H(tl,S) > H(tl,S) - H(078) > 0.
la —t1 N 31 N
Note that, for the last inequality we have used (3.1). ]
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The following theorem also holds.

Theorem 3. Suppose that f : A = [a,b] X [¢,d] — R is convex on A. Then

(1) The mapping H is convex on A.

(ii) Define the mapping h : [0,1] — R, h(t) = H(t,t). Then h is convex,
monotonic nondecreasing on [0, 1] and one has the bounds:

b pd
sup h(t) =h(1) = m/ / f(z,y)dzdy

t€l0,1]

and

mfmw:mm:f<

a+b c+d
t€[0,1] '

2 72
Proof.

(i) Let (t1,s1), (t2,52) € [0,1]? and o, 3 > 0 with « + 3 = 1. Since f : A — R
is convex on A we have:

H(a(ty, s1) + B(t2, s2))

= H(aty + fta, as1 + Bs2)
1

T b-a)d—o)

—a)(d—
X/ab/cdf (a (tlxﬂl_tl)a;bjslyﬂl—sl)cgd)

+b +d
+ﬁ<t2$+(1—t2)a 782y+(1—32)62 ))dwdy

2
R S
=Y h-a)d—-c)
b d
b d
x//f<t1x—|—(1—tl)%jsly—i—(l—sl)c—; )dxdy
1
13-

(b—a)(d—c)
b pd
x/(l/cf<t2x—|—(1—tg)a;—b,sz—i—(l—sQ)c—gd)dxdy

= OcH(tl, 81) + ﬁH(t% 32)7

which shows that H is convex on [0, 1]
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(ii) Let ¢1,t2 € [0,1] and «, 8 > 0 with o+ 3 = 1. Then

h(atl, ﬂtg) = H(Oétl + Bty, atq + ﬂtg)
= H(a(t1, 1) + B(t2, t2))
< aH(ty,t1) + BH(t2, t2)
= ah(t1) + Bh(t2),

which shows the convexity of & on [0, 1].
We have, by the above theorem, that

h(t) = H(L 1) 2H(0,0)zf<a;b,c—;d), teo,1],

b pd
h(t) = H(t,t) < H(1,1) = (b_a)lm/ / o, y)dady, t € [0,1),

which prove the required bounds.
Now, let 0 < ¢; < t9 < 1. Then, by the convexity of h, we have that

h(te) = h(t1) _ h(t1) = h(0) _
to — 11 - t -

)

and the theorem is proved. ]

Next, we shall consider the following mapping, which is closely connected with
Hadamard’s inequality: H : [0, 1]2 — [0, oc0) given by

H(t,s)
b b pd pd
- (b—a)21(d_c)2////f(tw+(1—t)y,sz+(1—s)u)dxdydzdu.

The next theorem contains the main properties of this mapping.

Theorem 4. Suppose that f : A C R? — R is convex on the co-ordinates on
A. Then:

(1) We have the equalities:

- 1 . /1 1

H<t+—,$>:H<——t73> foralltE[O,—],$€[071]§
2 2 2

- 1 . 1 1

H(t,s+§>:H<t,§—3> foralltG[O,l],8€[07§]§

H(1—t,s)=H(t,s) and H(t,1 —s) = H(t,s) for all (t,s) € A.



Hadamard’s Inequlality for Convex Functions 785

(i) H is convex on the co-ordinates.

(iii) We have the bounds

. ~ ~ (11
lnf(t,s)e[o,l]2 H(t,s)=H <§7 5)

1 borbopd rd ety z4u
= dxdydzd
<b—a>2<d—c>2/Q/a/c/cf< 2> 2 )”“‘
SuP(¢,5)€[0,1)2 I::r(tv 3) = I;I—(Ov 0) = I::r(lv 1)

- =oa=3 a)l(d — /ab/cd f(x, 2)ddz.

(iv) The mapping H (-, s) is monotonic nonincreasing on [0, %) and nondecreasing

and

on [3,1] for all s € [0,1]. A similar property has the mapping H(t,-) for all
te0,1].

(v) We have the inequality

(3.2) H(t,s) > max{H(t,s), H(1—t,s),H(t,1—s),H(1—t,1—s)}

for all (t,s) € [0,1]%

Proof. (1), (ii) are obvious.
(iii) By the convexity of f in the first variable, we get that

%[f(tx (L=t 52+ (1= s)u) + F((1— )z + ty, 52 + (1— $)u)]

Zf<x+y,sz+(1—s)u>

2

for all (z,y) € [a,b]% (2,u) € [c,d]? and (¢, s) € [0, 1]
Integrating on [a, b]%, we get

b rb
ﬁ / / fltz + (1 —t)y,sz+ (1 — s)u)dzdy

b rb
Zﬁ//f(x;y,sz—i—(l—s)u)dxdy.
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Similarly,

%ﬂ/d/df<m,sz+(l—s)u>dzdu
> // (””y z—;u>dzdu.

Now, integrating this inequality on [a, b]? and taking into account the above
inequality, we deduce:

ﬁ(t,s)z(b_a 7 //// (”Hy z—;u>dxdydzdu

for (t,s) € [0, 1]. The first bound in (iii) is therefore proved.
The second bound goes likewise and we shall omit the details.

(iv) The monotonicity of H (-, s) follows by a similar argument as in the proof of
Theorem 2, (iii) and we shall omit the details.

(v) By Jensen’s inequality, we have successively for all (¢, s) € [0, 1]? that

I:I(t,s)
> 1
~(b—a)(d—c)?

x/(lb/cd/cdf(ﬁ/@b[m—i—(1—t)y]dy,sz+(1—s)u> ddzdu
:m/&b/cd/cdf<tw+(1—t)aT+b,sz+(1—s)u> dxdzdu
Zm/;/cdf<tw+(1—t)aTM,sz+(1—s)c—;d>dxdz

=H(t,s).

In addition, as
H(t,s)=H(1—t,s)= H(t,1—s) = H(1—t,1—s) for all (t,s) € [0,1]?,

by the above inequality we deduce (3.2).
The theorem is thus proved. ]

Finally, we can also state the following theorem which can be proved in a similar
fashion to Theorem 3 and we will omit the details.

Theorem 5. Suppose that f : A C R?> — R is convex on A. Then we have:
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(i) The mapping H is convex on A.

(ii) Define the mapping h : [0,1] — R, h(t) := H(t,t). Then h is convex,

monotonic nonincreasing on [0, %] and nondecreasing on [%, 1] and one has

the bounds:

~ - - b pd
sup 7(0) = (1) = 7(0) = = [ [ sl ey

t,€[0,1]

and

infte[o’l] il(t) = il (%)

_ (b_a);(d_c)2 /ab/ab/cd/cdf<x;y,zgu> dedydzdu.

(iii) One has the inequality:

h(t) > max{h(t),h(1 —t)} for all t € [0,1].
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