
 Open access  Book Chapter  DOI:10.1007/978-3-540-69507-3_26

On the (High) Undecidability of Distributed Synthesis Problems — Source link 

David Janin

Institutions: University of Bordeaux

Published on: 20 Jan 2007 - Conference on Current Trends in Theory and Practice of Informatics

Topics: Undecidable problem, Decidability, Decision problem and Arithmetical hierarchy

Related papers:

 Distributed reactive systems are hard to synthesize

 Uniform distributed synthesis

 Synthesizing distributed systems

 Nondeterministic controllers of nondeterministic processes.

 Information Tracking in Games on Graphs

Share this paper:    

View more about this paper here: https://typeset.io/papers/on-the-high-undecidability-of-distributed-synthesis-problems-
4t9qadgpd5

https://typeset.io/
https://www.doi.org/10.1007/978-3-540-69507-3_26
https://typeset.io/papers/on-the-high-undecidability-of-distributed-synthesis-problems-4t9qadgpd5
https://typeset.io/authors/david-janin-4z3pmcndx7
https://typeset.io/institutions/university-of-bordeaux-3ftv4yiu
https://typeset.io/conferences/conference-on-current-trends-in-theory-and-practice-of-ufg00g0o
https://typeset.io/topics/undecidable-problem-qr4vtse3
https://typeset.io/topics/decidability-wemkaasb
https://typeset.io/topics/decision-problem-1lmzk2ay
https://typeset.io/topics/arithmetical-hierarchy-20ncwfx2
https://typeset.io/papers/distributed-reactive-systems-are-hard-to-synthesize-vt2sdmgqbe
https://typeset.io/papers/uniform-distributed-synthesis-37nskc26s3
https://typeset.io/papers/synthesizing-distributed-systems-4rymov2k5k
https://typeset.io/papers/nondeterministic-controllers-of-nondeterministic-processes-xotkq7sywc
https://typeset.io/papers/information-tracking-in-games-on-graphs-53nqywfgx7
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/on-the-high-undecidability-of-distributed-synthesis-problems-4t9qadgpd5
https://twitter.com/intent/tweet?text=On%20the%20(High)%20Undecidability%20of%20Distributed%20Synthesis%20Problems&url=https://typeset.io/papers/on-the-high-undecidability-of-distributed-synthesis-problems-4t9qadgpd5
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/on-the-high-undecidability-of-distributed-synthesis-problems-4t9qadgpd5
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/on-the-high-undecidability-of-distributed-synthesis-problems-4t9qadgpd5
https://typeset.io/papers/on-the-high-undecidability-of-distributed-synthesis-problems-4t9qadgpd5


HAL Id: hal-00306387
https://hal.archives-ouvertes.fr/hal-00306387

Submitted on 25 Jul 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

On the (high) undecidability of distributed synthesis
problems
David Janin

To cite this version:
David Janin. On the (high) undecidability of distributed synthesis problems. SOFSEM, Jan 2007,
Czech Republic. pp.320–329. hal-00306387

https://hal.archives-ouvertes.fr/hal-00306387
https://hal.archives-ouvertes.fr


�✁ ✂✄☎ ✆✄✝✞✄ ✟ ✠✁✡☎☛✝✡☞✌ ✝✍✝✂✎ ✏✑ ✡✝✒✂✓✝✌✠✂☎✡
✒✎✁✂✄☎✒✝✒ ✔✓✏✌✍☎✕ ✒

✖✗✘✙✚ ✛✗✜✙✜
✢✣✤✥✦ ✧ ★✩✪✫✬✭✮✪✯✰ ✱✬ ✤✲✭✱✬✣✳✴ ✦ ✧

✵✶✷✧ ✸✲✳✭✮ ✱✬ ✹✣ ✹✪✺ ✰✭✣✯✪✲✩ ✧
✻✼✵✵ ✽✾✶ ✧ ✿✣✹✬✩✸✬ ✸✬✱✬✴ ✧ ✻✭✣✩✸✬

❀❁❂ ❃❂❄❅❁❆❇❃ ❈❉❇

❊❋●❍■❏❑❍ ▲ ✿▼✬ ✱✪✮✯✭✪✺✳✯✬✱ ✮◆✩✯▼✬✮✪✮ ❖✭✲✺✹✬P ◗✷✷❘ ✪✮ ❙✩✲❚✩ ✯✲ ✺✬ ✳✩✱✬✼
✸✪✱✣✺✹✬ ❯ ❱✳✭ ❖✳✭❖✲✮✬ ▼✬✭✬ ✪✮ ✯✲ ✮✯✳✱◆ ❲✳✭✯▼✬✭ ✯▼ ✪✮ ✳✩✱✬✸✪✱✣✺✪✹✪✯◆❯
✻✲✭ ✯▼ ✪✮ ✧ ❚✬ ✸✲✩✮✪✱✬✭ ✱✪✮✯✭✪✺✳✯✬✱ ❳✣P ✬✮ ◗❨❘ ✧ ✣✩ ✪✩❩✩✪✯✬ ✫✣✭✪✣✩✯ ✲❲ ❬✬✯✬✭✮✲✩
✣✩✱ ✥✬✪❲ P✳✹✯✪❖ ✹✣◆✬✭ ❳✣P ✬✮ ❚ ✪✯▼ ❖✣✭✯✪✣✹ ✪✩❲✲✭P ✣✯✪✲✩ ◗✷✾❘ ✧ ✪✩ ❚▼✪✸▼ ❬✩✳✬✹✪
✣✩✱ ✥✲✮✩✬✭ ❭✮ ✱✪✮✯✭✪✺✳✯✬✱ ✮◆✩✯▼✬✮✪✮ ❖✭✲✺✹✬P ✸✣✩ ✺✬ ✬✩✸✲✱✬✱ ✣✩✱ ✧ ❚▼✬✩
✱✬✸✪✱✣✺✹✬ ◗✷✷✧ ❪ ✧ ❫❘ ✧ ✳✩ ✪❲✲✭P ✹◆ ✮✲✹✫✬✱ ◗❨❘ ❯
❴✬ ❩✭✮✯ ❖✭✲✫✬ ✯▼✣✯ ✬✫✬✩ ✯▼✬ ✮✪P❖✹✬ ❖✭✲✺✹✬P ✲❲ ✮✲✹✫✪✩❳ ❵✼❖✭✲✸✬✮✮ ✱✪✮✼
✯✭✪✺✳✯✬✱ ❳✣P ✬ ❚ ✪✯▼ ✭✬✣✸▼✣✺✪✹✪✯◆ ✸✲✩✱✪✯✪✲✩✮ ✪✮ ✳✩✱✬✸✪✱✣✺✹✬ ❛

Σ
0

1

✼✸✲P❖✹✬✯✬❜ ❯
✿▼✪✮ ✱✬✸✪✮✪✲✩ ❖✭✲✺✹✬P ✧ ✬❝✳✪✫✣✹✬✩✯ ✯✲ ✯❚✲ ❖✭✲✸✬✮✮ ✱✪✮✯✭✪✺✳✯✬✱ ✮◆✩✯▼✬✮✪✮
❚ ✪✯▼ ❲✣✪✭✹◆ ✭✬✮✯✭✪✸✯✬✱ ✻❱✼✮❖ ✬✸✪❩✸✣✯✪✲✩ ❚✣✮ ✹✬❲✯ ✲❖ ✬✩ ◗❨❘ ❯ ❴✬ ❖✭✲✫✬ ✯▼✬✩
✯▼✣✯ ✯▼✬ ✮✣❲✬✯◆ ✸✣✮✬ ✪✮

Π
0

1

✼✸✲P❖✹✬✯✬ ❯ ❞✲✭✬ ❳✬✩✬✭✣✹✹◆✧ ❚✬ ✬✮✯✣✺ ✹✪✮▼ ✣ ✸✲✭✼
✭✬✮❖✲✩✱✬✩✸✬ ✺ ✬✯❚✬✬✩ ❵✼❖✭✲✸✬✮✮ ✱✪✮✯✭✪✺✳✯✬✱ ❳✣P ✬ ❚ ✪✯▼ ❞✲✮✯✲❚ ✮❙✪ ❭✮ ❚✬✣❙
❖✣✭✪✯◆ ✸✲✩✱✪✯✪✲✩✮ ◗❡❘ ✣✩✱ ✹✬✫✬✹✮ ✲❲ ✯▼✬ ✣✭✪✯▼P ✬✯✪✸✣✹ ▼✪✬✭✣✭✸▼◆❯ ❩✩✣✹✹◆✧ ✱✪✮✼
✯✭✪✺✳✯✬✱ ❳✣P ✬✮ ❚ ✪✯▼ ❳✬✩✬✭✣✹

ω
✼✭✬❳✳ ✹✣✭ ✪✩❩✩✪✯✣✭◆ ✸✲✩✱✪✯✪✲✩✮ ✣✭✬ ✮▼✲❚✩ ✯✲

✺✬ ▼✪❳▼ ✹◆ ✳✩✱✬✸✪✱✣✺✹✬ ❛
Σ

1

1

✼✸✲P❖✹✬✯✬❜ ❯

❢ ❣❤✐❥❦❧♠♥✐♦❦❤
♣✜ qr✙s t✗t✉✈ ✇ ①✉ sq②✚③ qr✉ ②✜✚✉④✙✚✗⑤✙⑥✙q③ ⑦⑧ qr✉ ✚✙sq✈✙⑤②q✉✚ s③✜qr✉s✙s t✈⑦⑤⑥✉⑨
✗s ✙✜q✈⑦✚②④✉✚ ⑤③ ⑩✜②✉⑥✙ ✗✜✚ ❶⑦s✜✉✈ ❷❸❸❹ ❺ ❻r✙s t✈⑦⑤⑥✉⑨ ④✗✜ ⑤✉ sq✗q✉✚ ✗s ⑧⑦ ⑥⑥⑦① s ❼

❽ ✙✘✉✜ ✗ ❾❿➀➁➂❿➃➄➁➅❾ ➆➂➇➈ ❿➁➅➇➁➄➂➅ ➉➊✜✙q✉⑥③ ⑨✗✜③ s✙q✉s ✙✜q✉✈④⑦✜✜✉④q✉✚ qr✈⑦②➋r
✗ ➋✙✘✉✜ ✜✉q①⑦✈➌ ① ✙qr s⑦⑨ ✉ st ✉④✙➊✉✚ ➋⑥⑦⑤✗⑥ ✙✜t②q ④r✗✜✜✉⑥s ✗✜✚ ➋⑥⑦⑤✗⑥
⑦②qt②q ④r✗✜✜✉⑥s➍ ✗✜✚ ✗ ➎ ➏➐➃➆➏ ➀➑ ➅➇❿➒ ➇➆➁❿➐➓ ⑦⑧ ✉➔t✉④q✉✚ ④⑦✈✈✉④q ✗✈④r ✙q✉④→
q②✈✉ ➣s ➋⑥⑦⑤✗⑥ ⑤✉r✗✘✙⑦✈s ➉✚✉➊✜✙✜➋ ✗ s✉q ⑦⑧ ⑨ ✗tt✙✜➋s qr✗q ⑨✗t ➋⑥⑦⑤✗⑥ ✙✜t②q
s✉↔②✉✜④✉s q⑦ ➋⑥⑦⑤✗⑥ ⑦②qt②q s✉↔②✉✜④✉s s✗③ ✙✜ ↕✙✈sq ➙✈✚✉✈ ➉↕➙➍ ⑦✈ ✉✘✉✜
➛⑦✜✗✚✙④ ➜✉④⑦✜✚ ⑦✈✚✉✈ ➉➛ ➜➙➍ ➝⑦➋✙④➍ ✇ ✙s qr✉✈✉ ✗ ❾❿➀➁➂❿➃➄➁➅❾ ➑ ➂➐➎➂➆➞ ➉✗
s✉q ⑦⑧ ⑨ ✗tt✙✜➋s ✇ ⑦✜✉ t ✉✈ s✙q✉ ✇ qr✗q ⑨ ✗ts s✉↔②✉✜④✉s ⑦⑧ ⑥⑦ ④✗⑥ ✙✜t②qs q⑦
s✉↔②✉✜④✉s ⑦⑧ ⑥⑦ ④✗⑥ ⑦②qt②qs➍ ①r✙④r ➂➅➀➄➏➁❿➓➎ ➎ ➏➐➃➆➏ ➃➅➈ ➆➟❿➐➂ ➀➆➁❿➀➒ ➅➀ ➁➈ ➅
➎ ➏➐➃➆➏ ➀➑ ➅➇❿➒ ➇➆➁❿➐➓ ➠

➡ ✙qr ✗ st ✉④✙➊④✗q✙⑦✜ ⑥✗✜➋②✗➋✉ ✗s s✙⑨t⑥✉ ↕➙ ✇ ⑦✜ qr✉ ✗✈④r✙q✉④q②✈✉ ✚✉➊✜✉✚ ⑤③ q①⑦
✙✜✚✉t✉✜✚✉✜q s✙q✉s ① ✙qr ✙✜✚✉t ✉✜✚✉✜q ➉➋⑥⑦⑤✗⑥➍ ✙✜t②q ④r✗✜✜✉⑥s ✗✜✚ ➉➋⑥⑦⑤✗⑥➍ ⑦②qt②q
④r✗✜✜✉⑥s ➉s✉✉ ↕✙➋②✈✉ ❸➍ ✇ qr✙s t✈⑦⑤⑥✉⑨ ✙s ➌✜⑦①✜ q⑦ ⑤✉ ②✜✚✉④✙✚✗⑤⑥✉ ❷❸❸❹ ❺



�✜✗⑥③✁ ✙✜➋ ⑩✜②✉⑥✙ ✗✜✚ ❶⑦s✜✉✈ ➣s t✈⑦⑦⑧ ✇ ⑦✜✉ ④✗✜ ⑦⑤s✉✈✘✉ qr✗q ① ✙qr ✈✉✗④r✗⑤✙⑥→
✙q③ ④⑦✜✚✙q✙⑦✜s ➉↕➙ ➋⑥⑦⑤✗⑥ st ✉④✙➊ ④✗q✙⑦✜s ✉ss✉✜q✙✗⑥⑥③ sq✗q✙✜➋ qr✗q s⑦⑨✉ t✈⑦t✉✈q✙✉s
✉✘✉✜q②✗⑥⑥③ ⑦ ④④②✈➍ qr✉ ✚✙sq✈✙⑤②q✉✚ s③✜qr✉s✙s t✈⑦⑤⑥✉⑨ ✙s

Σ0
1

→④⑦⑨t⑥✉q✉ ✙✜ qr✉ ✗✈✙qr→
⑨✉q✙④✗⑥ r✙✉✈✗✈④r③✇ ✙ ❺✉ ❺ ✙✜q✉✈→✈✉✚②④✙⑤⑥✉ q⑦ qr✉ r✗⑥q✙✜➋ t✈⑦⑤⑥✉⑨ ⑦⑧ ❻②✈✙✜➋ ➛✗④r✙✜✉
➉❻➛ ➍ ❺

✂ ✄ ✂ ☎
✆ ✝ ✞ ✟ ✠ ✡

☛ ✟ ✠ ✞ ✟ ✠ ✡
☞ ✌✍ ▲ ✎ ▲ ✏✩ ✳✩✱✬✸✪✱✣✺✹✬ ✣✭✸▼ ✪✯✬✸✯✳✭✬

➡ ✙qr s✗⑧✉q③ ④⑦✜✚✙q✙⑦✜s ➉↕➙ ➋⑥⑦⑤✗⑥ st✉④✙➊④✗q✙⑦✜ ✉ss✉✜q✙✗⑥⑥③ sq✗q✙✜➋ qr✗q s⑦⑨ ✉
⑤✗✚ t✈⑦t✉✈q✙✉s ✜✉✘✉✈ ⑦④④②✈ ✇ ✗⑥⑥⑦① ✙✜➋ qr②s ✙✜➊✜✙q✗✈③ ⑤ ✉r✗✘✙⑦✈s➍ ⑦✜✉ ⑨✗③ ④⑦✜→
✑ ✉④q②✈✉ ➉✗⑥qr⑦②➋r qr✉ q①⑦ ➌✙✜✚s ⑦⑧ t✈⑦⑤⑥✉⑨ s ✗✈✉ ✜⑦q ✚②✗⑥➍ qr✗q qr✉ ✚✙sq✈✙⑤②q✉✚
s③✜qr✉s✙s t✈⑦⑤⑥✉⑨ ✙s

Π0
1

→④⑦⑨t⑥✉q✉ ✙✜ qr✉ ✗✈✙qr⑨✉q✙④✗⑥ r✙✉✈✗✈④r③❺
➛⑦✈✉ ➋✉✜✉✈✗⑥⑥③✇ ⑦✜✉ ⑨✗③ ✗s➌ ①r✗q ✙s qr✉ ✈✉⑥✗q✙⑦✜sr✙t ⑤✉q①✉✉✜ qr✉ ✉➔t✈✉s→

s✙✘✉✜✉ss ⑦⑧ qr✉ ➋⑥⑦⑤✗⑥ st ✉④✙➊④✗q✙⑦✜ ⑥✗✜➋②✗➋✉ ➉s✗③ ① ✙qr ✙✜ ↕➙ ⑥⑦➋✙④ ⑦✈ ✉✘✉✜ ① ✙qr✙✜
➛ ➜➙ ⑥⑦➋✙④ ① ✙qr ⑨⑦✈✉ ✗✚✘✗✜④✉✚ ✙✜➊✜✙q✗✈③ ④⑦✜✚✙q✙⑦✜s➍ ✗✜✚ qr✉ ④⑦⑨t⑥✉➔ ✙q③ ⑦⑧ qr✉
✈✉s②⑥q✙✜➋ ✚✙sq✈✙⑤②q✉✚ s③✜qr✉s✙s t✈⑦⑤⑥✉⑨ s ❺ ♣✜ qr✙s t✗t✉✈ ✇ ①✉ ➋✙✘✉ ✗✜ ✗✜s①✉✈ q⑦ qr✙s
↔②✉sq✙⑦✜ ❺

✒✓✔✕ ✖✗✘✙✚✛✘
➡✉ ➊✈sq t✈⑦✘✉ qr✉ ⑧⑦⑥⑥⑦① ✙✜➋ ✈✉➊✜✉⑨ ✉✜q ⑦⑧ ⑩✜②✉⑥✙ ✗✜✚ ❶⑦s✜✉✈ ➣s ✈✉s②⑥q ❼
✜✢✗✣✖✗✤ ✥✦ ✧➈ ➅ ★✩➑ ➂➐➇➅➀➀ ➂➅➆➇➈ ➆➃❿➏❿➁✪ ❾❿➀➁➂❿➃➄➁➅❾ ➀✪➓➁➈ ➅➀❿➀ ➑ ➂➐➃➏➅➞ ❿➀

Σ0
1

✩
➇➐➞➑ ➏➅➁➅ ➅➟➅➓ ✫ ❿➁➈ ✬ ➆❿➂➏✪ ➂➅➀➁➂❿➇➁➅❾ ➎ ➏➐➃➆➏ ➀➑ ➅➇❿➒ ➇➆➁❿➐➓ ✭ ➄➓❿➟➅➂➀➆➏ ➏✪ ✮➄➆➓➁❿➒ ➅❾
k
✩➏➐➇➆➏ ✯✰✩➑ ➂➐➑ ➅➂➁❿➅➀ ✱
✲✉➔q ✇ ①✉ t✈⑦✘✉ qr✗q ❼

✜✢✗✣✖✗✤ ✳✦ ✧➈ ➅ ★✩➑ ➂➐➇➅➀➀ ➀➆✬ ➅➁✪ ❾❿➀➁➂❿➃➄➁➅❾ ➀✪➓➁➈ ➅➀❿➀ ➑ ➂➐➃➏➅➞ ✫ ❿➁➈ ✯✰ ➀➑ ➅➇❿✩➒ ➇➆➁❿➐➓ ❿➀
Π0

1

✩➇➐➞➑ ➏➅➁➅✱
➜✙✜④✉ qr✉ s✉q ⑦⑧ ➊✜ ✙q✉ sq✗q✉ ➉⑦✈ ✉✘✉✜ ④⑦⑨t②q✗⑤⑥✉➍ ✚✙sq✈✙⑤②q✉✚ t✈⑦➋✈✗⑨ s ✙s

Σ0
1

→✚✉➊✜✗⑤⑥✉ ✇ qr✙s ✈✉s②⑥q ✗⑥s⑦ ✙⑨t⑥✙✉s qr✗q ❼
✴✣✖✣✚✚✓✖✵ ✥✦ ✧➈ ➅➂➅ ➅✶ ❿➀➁ ➀➆✬ ➅➁✪ ❾❿➀➁➂❿➃➄➁➅❾ ➀✪➓➁➈ ➅➀❿➀ ➑ ➂➐➃➏➅➞ ➀ ✫ ❿➁➈ ❾❿➀➁➂❿➃➄➁➅❾
➀➐➏➄➁❿➐➓➀ ➃➄➁ ➓➐ ➇➐➞➑ ➄➁➆➃➏➅ ➐➓➅➀ ✱

➡✉ sq②✚③ qr✉✜ ✈✉⑥✗q✙⑦✜sr ✙ts ⑤ ✉q①✉✉✜ ⑨⑦✈✉ ➋✉✜✉✈✗⑥ ✙✜➊✜✙q✗✈③ ④⑦✜✚✙q✙⑦✜s ⑧⑦✈
✚✙sq✈✙⑤②q✉✚ s③✜qr✉s✙s t✈⑦⑤⑥✉⑨ s ✗✜✚ ⑥✉✘✉⑥s ⑦⑧ qr✉ ✗✈✙qr⑨✉q✙④✗⑥ ➉⑦✈ qr✉ ✗✜✗⑥③q✙④✗⑥➍
r✙✉✈✗✈④r③❺ ➛ ⑦✈✉ t✈✉④✙s✉⑥③✇ ①✉ sr⑦① qr✗q ❼
✜✢✗✣✖✗✤ ✷ ✦ ✯➐➂ ➅➟➅➂✪ ❿➓➁➅➎ ➅➂

n ≥ 1 ✸ ➀➐➏➟❿➓➎ ❾❿➀➁➂❿➃➄➁➅❾ ➀✪➓➁➈ ➅➀❿➀ ➑ ➂➐➃➏➅➞ ✫ ❿➁➈
➁✫ ➐ ✹➐➂ ➞ ➐➂➅✺ ➑ ➂➐➇➅➀➀➅➀ ➆➓❾ ✫ ➅➆✻ ➑ ➆➂❿➁✪ ➇➐➓❾❿➁❿➐➓➀ ✹❿➓ ➁➈ ➅ ➀➅➓➀➅ ➐✬ ✼ ➐➀➁➐✫➀✻ ❿ ✽ ✾✿✺
➐✬ ➂➆➓➎ ➅

[0, n + 1]
✹➂➅➀➑ ✱ [1, n]

✺ ❿➀
Π0

n

✩➇➐➞➑ ➏➅➁➅ ✹➂➅➀➑ ✱ Σ0
n

✩➇➐➞➑ ➏➅➁➅✺ ✱
➡ ✙qr ⑨⑦✈✉ ④⑦⑨t⑥✉➔ ✙✜➊✜✙q✗✈③ ④⑦✜✚✙q✙⑦✜s ❼

✜✢✗✣✖✗✤ ❀ ✦ ✧➈ ➅ ❾❿➀➁➂❿➃➄➁➅❾ ➀✪➓➁➈ ➅➀❿➀ ➑ ➂➐➃➏➅➞ ✫ ❿➁➈ ❁❂➇➈ ❿ ❿➓➒ ➓❿➁➆➂✪ ➇➐➓❾❿➁❿➐➓
✹➐➂ ➞ ➐➂➅ ➎ ➅➓➅➂➆➏ ➑ ➆➂❿➁✪ ❿➓➒ ➓❿➁➆➂✪ ➇➐➓❾❿➁❿➐➓✺ ❿➀ ➈ ❿➎➈ ➏✪ ➄➓❾➅➇❿❾➆➃➏➅ ✹

Σ1
1

✩➇➐➞➑ ➏➅➁➅✺ ✱



� ✗✚✓✛✗✁ ✂✣✖✄✘
❻r✉s✉ ✈✉s②⑥qs ✗✈✉ ✗④r✙✉✘✉✚ ⑤③ t✈⑦✘✙✜➋ ✗✜✗⑥⑦➋⑦②s sq✗q✉⑨ ✉✜qs ⑧⑦✈ ☎→t✈⑦ ④✉ss ✚✙s→
q✈✙⑤②q✉✚ ➋✗⑨ ✉s ❷✆ ❹ ❺ ❻r✉s✉ ➋✗⑨ ✉s ✗✈✉ ✗ ✘✗✈✙✗✜q ➉① ✙qr ✙✜➊✜✙q✉ ⑤ ✉r✗✘✙⑦✈s➍ ⑦⑧ ⑩✉→
q✉✈s⑦✜ ✗✜✚ ❶✉✙⑧ ➣s ⑨②⑥q✙t⑥✗③✉✈ ➋✗⑨ ✉s ① ✙qr t✗✈q✙✗⑥ ✙✜⑧⑦✈⑨✗q✙⑦✜ ❷❸✝❹ ✙✜q⑦ ①r✙④r
✚✙sq✈✙⑤②q✉✚ s③✜qr✉s✙s t✈⑦⑤ ⑥✉⑨ s ④✗✜ ⑤✉ ✉✜④⑦✚✉✚ ✗✜✚ ✇ ✙✜ ⑨⑦sq ✚✉④✙✚✗⑤⑥✉ ④✗s✉s ❷❸❸✇
✞ ✇ ✟❹ ✇ ②✜✙⑧⑦✈⑨ ⑥③ s⑦⑥✘✉✚ ❷✆❹ ❺

� ☎→t✈⑦ ④✉ss ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉ ✙s ✉↔②✙✘✗⑥✉✜q q⑦ ✗ ☎→s✙q✉ ✚✙sq✈✙⑤②q✉✚ s③✜qr✉s✙s
t✈⑦⑤⑥✉⑨ ① ✙qr ⑧✗✙✈⑥③ ✈✉sq✈✙④q✉✚ st✉④✙➊④✗q✙⑦✜ ❺ ♣✜ ⑧✗④q ✇ qr✉ ➋⑥⑦⑤✗⑥ st ✉④✙➊ ④✗q✙⑦✜ ✙✜ ✗
✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉ ✙s ✙⑨t⑥✙④✙q⑥③ ✉✜④⑦✚✉✚ ✙✜q⑦ ➉❸➍ qr✉ ✚✉s④✈✙tq✙⑦✜ ⑦⑧ t ⑥✗③✉✈s t⑦ss✙⑤⑥✉
⑨⑦✘✉s ✗✜✚ ➉☎➍ ✗✜ ✙✜➊✜✙q✗✈③ ④⑦✜✚✙q✙⑦✜ st ✉④✙⑧③ ✙✜➋ qr✉ ✗⑥⑥⑦①✉✚ ✙✜➊✜✙q✉ ⑤ ✉r✗✘✙⑦✈s ❺

♣✜ ⑥⑦➋✙④✗⑥ q✉✈⑨ s ✇ ⑨ ⑦✘✉s ✗✈✉ st✉④✙➊✉✚ ⑤③ ②✜✙✘✉✈s✗⑥⑥③ ↔②✗✜q✙➊✉✚
k
→⑥⑦ ④✗⑥ ⑧⑦✈→

⑨②⑥✗s ❺ ➡ ✙qr ✈✉✗④r✗⑤✙⑥✙q③ ④⑦✜✚✙q✙⑦✜ ✇ ✙ ❺✉ ❺ ①r✉✜ ✜⑦ ✙✜➊✜✙q✉ ⑤ ✉r✗✘✙⑦✈ ✙s ✗⑥⑥⑦①✉✚ ✇ ✗
2
→t✈⑦ ④✉ss ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉ ✙s qr②s ✗ ⑧✗✙✈⑥③ ✈✉sq✈✙④q✉✚

2
→s✙q✉ ✚✙sq✈✙⑤②q✉✚ s③✜qr✉→

s✙s t✈⑦⑤⑥✉⑨ ❺ ❽✉✜✉✈✗⑥
2
→s✙q✉ ✚✙sq✈✙⑤②q✉✚ s③✜qr✉s✙s t✈⑦⑤ ⑥✉⑨ s ① ✙qr ✗✈⑤✙q✈✗✈③ ➝❻➝

st✉④✙➊④✗q✙⑦✜ ✗✈✉ ✜⑦q ➌✜⑦①✜ q⑦ ⑤✉ ✈✉✚②④✙⑤⑥✉ q⑦
2
→t✈⑦④✉ss ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉s ❷✆ ❹ ❺

❻r✉ ⑤✉sq ➌✜⑦①✜ ✈✉✚②④q✙⑦✜ ✙s q⑦ ✗✚✚ ✗ qr ✙✈✚ t✈⑦ ④✉ss qr✗q t⑥✗③s qr✉ ✈⑦⑥✉ ⑦⑧ ➉✗✜
✗②q⑦⑨ ✗q⑦✜ q✈✗✜s⑥✗q✙⑦✜ ⑦⑧ ➍ qr✉ ✉➔q✉✈✜✗⑥ ➉➝❻➝ ⑦✈ ✉✘✉✜ ➛ ➜➙➍ st ✉④✙➊ ④✗q✙⑦✜ ❷☎❹ ❺

❻r✙s ⑨ ✗➌✉s ⑦②✈ ②✜✚✉④✙✚✗⑤✙⑥✙q③ ✈✉s②⑥q ✙✜ qr✉ ✈✉✗④r✗⑤✙⑥✙q③ ④✗s✉ sq✈⑦✜➋✉✈ qr✗✜
⑩✜②✉⑥✙ ✗✜✚ ❶⑦s✜✉✈ ➣s ✈✉s②⑥q ❷❸❸❹ ❺

♣✜ ➛⑦r✗⑥✙➌ ✗✜✚ ➡✗⑥②➌✙✉① ✙④✁ ➣s ①⑦✈➌ ❷✆ ❹ ✇ qr✉ ✚✉④✙✚✗⑤✙⑥✙q③ ⑦⑧ ☎→t✈⑦ ④✉ss ✚✙s→
q✈✙⑤②q✉✚ ➋✗⑨✉s ①✗s ✗⑥s⑦ ⑥✉⑧q ⑦t✉✜ ❺ ➙②✈ ✈✉s②⑥qs sr⑦① qr✉③ ✗✈✉ ✜⑦q ✚✉④✙✚✗⑤ ⑥✉ ✉✘✉✜
① ✙qr qr✉ s✙⑨t⑥✉sq ✙✜➊✜✙q✗✈③ ④⑦✜✚✙q✙⑦✜s ❺

✠ ✡☛♥☞✌❥❦♠❤❧
� ①⑦✈✚ ⑦✜ ✗✜ ✗⑥tr✗⑤✉q

A
✙s ✗ ⑧②✜④q✙⑦✜

w : ω → A
①✙qr t✈✉➊➔→④⑥⑦s✉✚ ✚⑦⑨ ✗✙✜ ❺

➡ r✉✜
dom(w)

✙s ➊✜ ✙q✉ ✇ ①✉ s✗③
w

✙s ✗ ➊✜✙q✉ ①⑦✈✚ ✇ ⑦qr✉✈① ✙s✉ ✇
w

✙s ✗✜ ✙✜➊✜✙q✉
①⑦✈✚ ❺ ❻r✉ s✉q ⑦⑧ ➊✜✙q✉ ①⑦✈✚s ➉✈✉st ❺ ➊✜✙q✉ ✜⑦✜ ✉⑨tq③ ①⑦✈✚s➍ ⑦✜ ✗⑥tr✗⑤✉q

A
✙s

① ✈✙qq✉✜
A∗

➉✈✉st ❺
A+➍ ✇ qr✉ s✉q ⑦⑧ ✙✜➊✜✙q✉ ①⑦✈✚s ✙s ① ✈✙qq✉✜

Aω
✇ qr✉ s✉q ⑦⑧ ➊✜✙q✉

⑦✈ ✙✜➊✜✙q✉ ①⑦✈✚s ✙s ① ✈✙qq✉✜
A∞

❺ ❻r✉ ✉⑨tq③ ①⑦✈✚ ✙s ① ✈✙qq✉✜
ǫ
❺ ❻r✉ ④✗q✉✜✗q✙⑦✜ ⑦⑧

✉✘✉✈③ ①⑦✈✚
u ∈ A∗

✗✜✚ ✉✘✉✈③ ①⑦✈✚
v ∈ A∞

✙s ① ✈✙qq✉✜
u.v

❺
❽ ✙✘✉✜ q①⑦ s✉qs

A
✗✜✚

B
✇ ①✉ ①✈✙q✉

πA

⑦✈
π1

➉✈✉st ❺
πB

⑦✈
π2

➍ qr✉ t✈⑦ ✑ ✉④q✙⑦✜
⑧✈⑦⑨

A × B
⑦✜q⑦

A
➉✈✉st ❺ ⑧✈⑦⑨

A × B
⑦✜q⑦

B
➍ ❺ ❻r✉s✉ ✜⑦q✗q✙⑦✜s ✗✈✉ ✉➔q✉✜✚✉✚

q⑦ ✗✜③ s②⑤s✉q ⑦⑧
A × B

✗✜✚ ①⑦✈✚s ⑦✜
A × B

❺ ❽ ✙✘✉✜
P ⊆ A × B

➉✈✉st ❺
w ∈

(A × B)∞
➍ ✇ ①✉ ✗⑥s⑦ ①✈✙q✉

P [1] = πA(P )
✗✜✚

P [2] = πB(P )
➉✈✉st ❺

w[1] = πA(w)✗✜✚
w[2] = πB(w)

➍ ❺ ❽ ✙✘✉✜
w ∈ (A + B)∞

✇ ①✉ ✗⑥s⑦ ①✈✙q✉
πA(w)

➉✈✉st ❺
πB(w)

➍
qr✉ ①⑦✈✚ ⑦⑤q✗✙✜✉✚ ⑧✈⑦⑨

w
⑤③ ✚✉⑥✉q✙✜➋ ✗⑥⑥ ⑥✉qq✉✈s ✜⑦q ✙✜

A
➉✈✉st ❺ ✜⑦q ✙✜

B
➍ ❺

♣✜ qr✉ s✉↔②✉⑥ ✇ ①✉ ① ✙⑥⑥ ②s✉ ⑥✗✜➋②✗➋✉s ⑦⑧ ✙✜➊✜✙q✉ ①⑦✈✚s ✗s ✙✜➊✜✙q✗✈③ ✗④④✉tq✗✜④✉
④⑦✜✚✙q✙⑦✜s ❺ ➡✉ ➊✈sq ✈✉✘✙✉① r✉✈✉ qr✉ ✚✉➊✜✙q✙⑦✜ ①✉ ① ✙⑥⑥ ②s✉ ❺
✍ ✗✎✕✔✛✔✣✕ ✥ ✏✑✓✖✔✛✵ ✓✕✁ ✂✗✓✄ ✒✓✖✔✛✵ ✓✣✕✁ ✔✛ ✔✣✕ ✔✕✖✗ ✦ ✘➅➁

L ⊆ Aω
➃➅ ➆

➏➆➓➎➄➆➎ ➅ ➐✬ ❿➓➒ ➓❿➁➅ ✫ ➐➂❾➀ ✱ ✘➆➓➎➄➆➎ ➅
L

❿➀ ➇➆➏ ➏➅❾ ➆ t✗✈✙q③ ④⑦✜✚✙q✙⑦✜ ✫➈ ➅➓ ➁➈ ➅➂➅
➆➂➅ ➀➐➞ ➅ ❿➓➁➅➎ ➅➂➀

m
➆➓❾

n ∈ IN
✫ ❿➁➈

m ≤ n
➆➓❾ ➀➐➞ ➅ ➑ ➂❿➐➂❿➁✪ ➞➆➑➑ ❿➓➎ Ω : A →

[m, n]
➀➄➇➈ ➁➈ ➆➁

L = {w ∈ Aω : lim inf Ω(w) ≡ 0(2)} ✸ ❿✱➅✱
L

❿➀ ➁➈ ➅ ➀➅➁ ➐✬ ❿➓➒ ➓❿➁➅



➀➅✮➄➅➓➇➅➀ ✫➈ ➅➂➅ ➁➈ ➅ ➏➅➆➀➁ ➑ ➂❿➐➂❿➁✪ ➁➈ ➆➁ ➐➇➇➄➂➀ ❿➓➒ ➓❿➁➅➏✪ ➐✬ ➁➅➓ ❿➀ ➅➟➅➓ ✱ ✘➆➓➎➄➆➎ ➅
L

❿➀ ➆ ①✉✗➌ t✗✈✙q③ ④⑦✜✚✙q✙⑦✜ ✫➈ ➅➓ ➁➈ ➅➂➅ ❿➀ ➆ ➑ ➂❿➐➂❿➁✪ ➞➆➑➑ ❿➓➎ Ω : A → [m, n]➆➀ ➆➃➐➟➅ ➀➄➇➈ ➁➈ ➆➁
L

❿➀ ➞ ➐➂➅➐➟➅➂ ➂➅➀➁➂❿➇➁➅❾ ➁➐ ➀➅✮➄➅➓➇➅
w ∈ Aω ➀➄➇➈ ➁➈ ➆➁

Ω(w)❿➀ ➆➓ ❿➓ ➇➂➅➆➀❿➓➎ ➀➅✮➄➅➓➇➅ ➐✬ ➑ ➂❿➐➂❿➁❿➅➀ ✱
�➓ ➃➐➁➈ ➇➆➀➅➀✸ ❿➓➁➅➂➟➆➏

[m, n]
❿➀ ➇➆➏ ➏➅❾ ➁➈ ➅ ✈✗✜➋✉ ➐✬ ➁➈ ➅ ➑ ➆➂❿➁✪ ➇➐➓❾❿➁❿➐➓ ✱

✁ s✗⑧✉q③ ④⑦✜✚✙q✙⑦✜ ❿➀ ➆ ➑ ➆➂❿➁✪ ✹➐➂ ✫ ➅➆✻ ➑ ➆➂❿➁✪✺ ➇➐➓❾❿➁❿➐➓ ✫ ❿➁➈ ➂➆➓➎ ➅
[0]

✹➈ ➅➓➇➅
✫ ❿➁➈

L = Aω
✺ ➆➓❾ ➆ ✈✉✗④r✗⑤✙⑥✙q③ ④⑦✜✚✙q✙⑦✜ ❿➀ ➆ ➑ ➆➂❿➁✪ ✹➐➂ ✫ ➅➆✻ ➑ ➆➂❿➁✪✺ ➇➐➓❾❿➁❿➐➓

✫ ❿➁➈ ➂➆➓➎ ➅
[1]

✹➈ ➅➓➇➅ ✫ ❿➁➈
L = ∅

✺ ✱

✖✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉s ❷✆❹ ✗✈✉ st ✉④✙✗⑥ ➌ ✙✜✚ ⑦⑧ ⑨②⑥q✙t⑥✗③✉✈ ➋✗⑨✉s ① ✙qr t✗✈q✙✗⑥ ✙✜⑧⑦✈→
⑨ ✗q✙⑦✜ ❷❸✝ ❹ ✉➔q✉✜✚✉✚ q⑦ ✙✜➊✜✙q✉ t⑥✗③s ① ✙qr ✗ ④⑦⑦t✉✈✗q✙✜➋ ⑩✈⑦ ④✉ss q✉✗⑨ t⑥✗③✙✜➋
✗➋✗✙✜ sq ✗ ②✜✙↔②✉ ✂✜✘✙✈⑦✜⑨ ✉✜q t⑥✗③✉✈ ❺
✍ ✗✎✕✔✛✔✣✕ ✳ ✏✍ ✔✘✛✖✔✄✙✛✗✁ ☎✓✤ ✗ ✆ ✖✗✕✓✘✗ ✦ ✁ ➐➓➅✩✝ ➂➐➇➅➀➀ ✹➁✫ ➐ ✝ ➏➆✪➅➂➀✺
➎ ➆➞ ➅ ➆➂➅➓➆ ❿➀ ➆ ✮➄➆❾➂➄➑ ➏➅ G = 〈P, E, T, e〉

✫ ❿➁➈ ➀➅➁ ➐✬ ✝ ➂➐➇➅➀➀ ➑ ➐➀❿➁❿➐➓➀ P ✸ ➀➅➁
➐✬ ✞➓➟❿➂➐➓➞ ➅➓➁ ➑ ➐➀❿➁❿➐➓➀ E ✸ ➀➅➁ ➐✬ ➑ ➐➀➀❿➃➏➅ ➁➂➆➓➀❿➁❿➐➓ ➞ ➐➟➅➀

T ⊆ P ×E ∪E×P➆➓❾ ❿➓❿➁❿➆➏ ➑ ➐➀❿➁❿➐➓ e ∈ E
✱

✟❿➟➅➓
n

➐➓➅✩✝ ➂➐➇➅➀➀ ➎ ➆➞ ➅ ➆➂➅➓➆➀
Gi = 〈Pi, Ei, Ti, ei〉

✬ ➐➂
i ∈ [1, n]✸ ➆ s③✜→

④r✈⑦✜⑦②s ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉ ✗✈✉✜✗
G

➃➄❿➏➁ ✬ ➂➐➞ ➁➈ ➅ ➏➐➇➆➏ ➎ ➆➞ ➅ ➆➂➅➓➆➀
G1 ✸

✱ ✱ ✱ ✸ Gn ✸❿➀ ➆ ➎ ➆➞ ➅ ➆➂➅➓➆
G = 〈P, E, T, e〉

✫ ❿➁➈
P =

∏
i Pi ✸ E =

∏
i Ei ✸ e = (e1, · · · , en)➆➓❾ ➀➄➇➈ ➁➈ ➆➁ ➁➈ ➅ ➀➅➁ ➐✬ ➞➐➟➅➀

T
➀➆➁❿➀➒ ➅➀ ➁➈ ➅ ✬ ➐➏ ➏➐✫ ❿➓➎ ➇➐➓❾❿➁❿➐➓➀ ✭ ✬ ➐➂ ➅➟➅➂✪

u ∈ P
➆➓❾

v ∈ E

✠ ✝ ✩➞➐➟➅➀ ✭
(u, v) ∈ T

❿✬ ➆➓❾ ➐➓➏✪ ❿✬ ✬ ➐➂ ➅➟➅➂✪
i ∈ [1, n]✸ (u[i], v[i]) ∈ Ti ✸

✠ ✞ ✩➞➐➟➅➀ ✭ ❿✬
(v, u) ∈ T

➁➈ ➅➓ ✬ ➐➂ ➅➟➅➂✪
i ∈ [1, n]✸ (u[i], v[i]) ∈ Ti

✱

➙⑤s✉✈✘✉ qr✗q qr✉✈✉ ✙s ✗ ②✜✙↔②✉ ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉ ✗✈✉✜✗ ⑤②✙⑥q ⑧✈⑦⑨ qr✉ ⑥⑦ ④✗⑥
✗✈✉✜✗s

G1
✇ ❺ ❺ ❺ ✇

Gn

①✙qr ⑨ ✗➔✙⑨ ✗⑥ s✉q ⑦⑧ ✂✜✘✙✈⑦✜⑨ ✉✜q ⑨⑦✘✉s ❺ ❻r✙s ✗✈✉✜✗ ✇ ① ✈✙qq✉✜
G1 ⊗ · · · ⊗ Gn

✇ ✙s ④✗⑥⑥✉✚ qr✉ ⑧✈✉✉ s③✜④r✈⑦✜⑦②s t✈⑦✚②④q ⑦⑧ qr✉ ➋✗⑨ ✉s
G1

✇ ❺ ❺ ❺ ✇
Gn

❺
➙⑤s✉✈✘✉ qr✗q ✗✜③ ⑦qr✉✈ ✚✙sq✈✙⑤②q✉✚ ✗✈✉✜✗

G
⑤②✙⑥q ⑧✈⑦⑨ qr✉ s✗⑨ ✉ ⑥⑦ ④✗⑥ ➋✗⑨✉s ④✗✜

✑②sq ⑤✉ s✉✉✜ ✗s ✗ s②⑤➋✗⑨ ✉ ⑦⑧ qr✉ ⑧✈✉✉ t✈⑦✚②④q ⑦⑤q✗✙✜✉✚ ⑤③ t⑦ss✙⑤⑥③ ✚✙s✗⑥⑥⑦① ✙✜➋
s⑦⑨✉ ✂✜✘✙✈⑦✜⑨ ✉✜q ⑨⑦✘✉s ❺ ➡✉ s✙⑨t⑥③ ①✈✙q✉

G ⊆ G1 ⊗ · · · ⊗ Gn

q⑦ ✚✉✜⑦q✉ qr✗q ❺
♣✜ ❷✆ ❹ ✇ ✗ ⑨ ⑦✈✉ ➋✉✜✉✈✗⑥ ✜⑦q✙⑦✜ ⑦⑧ ✚✙sq✈✙⑤②q✉✚ ① ✙qr ➆➀✪➓➇➈➂➐➓➐➄➀ ⑨⑦✘✉s ✙s ✚✉→

➊✜✉✚ ❺ ❻r✉ ✗✚✚✙q✙⑦✜✗⑥ ✉➔t✈✉ss✙✘✉✜✉ss ➋✗✙✜✉✚ ① ✙qr ✗s③✜④r✈⑦✜ ✙s⑨ ✙s ✜⑦q ②s✉✚ ✙✜ qr✙s
t✗t✉✈ ❺ ➜✙✜④✉ ①✉ ✗✈✉ ✉ss✉✜q✙✗⑥⑥③ ✉sq✗⑤⑥✙sr✙✜➋ ⑥⑦①✉✈ ⑤⑦②✜✚s ✈✉s②⑥q ✇ qr✙s ⑧✗④q ⑨✗➌✉s
sq✗q✉⑨ ✉✜qs ✉✘✉✜ sq✈⑦✜➋✉✈ ❺
✍ ✗✎✕✔✛✔✣✕ ✷ ✏✑ ✚✓✵✘ ✓✕✁ ✘✛✖✓✛✗✡ ✔✗✘✗ ✦ ✟❿➟➅➓ ➆ ➁✫ ➐ ➑ ➏➆✪➅➂ ➎ ➆➞ ➅ ➆➂➅➓➆

G =
〈P, E, T, e〉✸ ➆ sq✈✗q✉➋③ ✬ ➐➂ ➁➈ ➅ ✝ ➂➐➇➅➀➀ ➑ ➏➆✪➅➂ ✹➂➅➀➑ ✱ ➆ sq✈✗q✉➋③ ✬ ➐➂ ➁➈ ➅ ✞➓➟❿➂➐➓✩
➞➅➓➁ ➑ ➏➆✪➅➂✺ ❿➀ ➆ ➞ ➆➑➑ ❿➓➎ σ : P+ → E

✹➂➅➀➑ ✱ ➆ ➞ ➆➑➑ ❿➓➎ τ : E+ → P
✺ ✱

✧➈ ➅ ➑ ➏➆✪ ❿➓ ❾➄➇➅❾ ➃✪ ➀➁➂➆➁➅➎ ❿➅➀
σ

➆➓❾
τ ✸ ✫ ➂❿➁➁➅➓

σ ∗ τ ✸ ❿➀ ❾➅➒ ➓➅❾ ➁➐ ➃➅ ➁➈ ➅
➞ ➆✶ ❿➞ ➆➏ ✫ ➐➂❾

w ∈ (P + E)∞
➀➄➇➈ ➁➈ ➆➁

w(0) = e
➆➓❾✸ ✬ ➐➂ ➅➟➅➂✪

i ∈ dom(w)✫ ❿➁➈
i > 0✸ (w(i−1), w(i)) ∈ T

➆➓❾✸ ➎ ❿➟➅➓ w′ = w(0) · · ·w(i−1)✸ ❿✬
w(i−1) ∈ P➁➈ ➅➓

w(i) = σ ◦ πP (w′)
➆➓❾ ❿✬

w(i − 1) ∈ E
➁➈ ➅➓

w(i) = τ ◦ πE(w′)
✱

✁ ➑ ➂➐➇➅➀➀ ➀➁➂➆➁➅➎✪
σ

❿➀ ✜⑦✜ ⑤⑥⑦ ④➌✙✜➋ ✫➈ ➅➓ ✸ ✬ ➐➂ ➅➟➅➂✪ ➇➐➄➓➁➅➂ ➀➁➂➆➁➅➎✪
τ ✸ σ∗τ ∈

(P + E)∗.E ∪ (P + E)ω
✱



✟❿➟➅➓ ➆➓
n
✩➑ ➂➐➇➅➀➀ ➎ ➆➞ ➅ ➆➂➅➓➆

G ⊆ G1⊗· · ·⊗Gn ✸ ➆ ✝ ➂➐➇➅➀➀ ➀➁➂➆➁➅➎✪
σ : P+ →

E
❿➀ ➆ ✚✙sq✈✙⑤②q✉✚ sq✈✗q✉➋③ ✫➈ ➅➂➅ ➁➈ ➅➂➅ ❿➀ ➆ ➀➅➁ ➐✬ ➏➐➇➆➏ ➑ ➂➐➇➅➀➀ ➀➁➂➆➁➅➎ ❿➅➀

{σi :
P+

i → E}i∈[1,n]
➀➄➇➈ ➁➈ ➆➁✸ ✬ ➐➂ ➅➟➅➂✪ ✫ ➐➂❾

w ∈ P+ ✸ σ(w) = (σ1 ◦πP1
(w), · · · , σn ◦

πPn
(w)

✱ �➓ ➐➁➈ ➅➂ ✫ ➐➂❾➀✸ ➆ ✝ ➂➐➇➅➀➀ ➀➁➂➆➁➅➎✪ ❿➀ ❾❿➀➁➂❿➃➄➁➅❾ ✫➈ ➅➓ ➅➟➅➂✪ ➏➐➇➆➏ ✝ ➂➐➇➅➀➀
➑ ➏➆✪➅➂ ➐➓➏✪ ➑ ➏➆✪➀ ✬ ➐➏ ➏➐✫ ❿➓➎ ❿➁➀ ➐✫➓ ➏➐➇➆➏ ➟❿➅✫ ➐✬ ➆ ➎ ➏➐➃➆➏ ➑ ➏➆✪ ✱
✍ ✗✎✕✔✛✔✣✕ ❀ ✏☎✓✤✗✘ ✓✕✁ ✂ ✔✕✕✔✕✡ ✘✛✖✓✛✗✡ ✔✗✘✗ ✦ ✁ ✹✫ ➅➆✻ ➐➂ ➑ ➆➂❿➁✪✺ ➎ ➆➞ ➅
❿➀ ➆➓ ➁➄➑ ➏➅

G = 〈P, E, T, e,Acc〉
✫➈ ➅➂➅

〈P, E, T, e〉
❿➀ ➆ ➎ ➆➞ ➅ ➆➂➅➓➆ ➆➓❾

Acc ⊆
(P + E)ω

❿➀ ➆➓ ➆❾❾❿➁❿➐➓➆➏ ✹✫ ➅➆✻ ➐➂ ➑ ➆➂❿➁✪✺ ❿➓➒ ➓❿➁➆➂✪ ➇➐➓❾❿➁❿➐➓
✁ ➎ ➆➞ ➅

G
✹➂➅➀➑ ✱ ➆ ❾❿➀➁➂❿➃➄➁➅❾ ➎ ➆➞ ➅✺ ❿➀ ✫ ❿➓➓❿➓➎ ✬ ➐➂ ➑ ➏➆✪➅➂

P
✹➂➅➀➑ ✱ ✬ ➐➂

➁➈ ➅ ✝ ➂➐➇➅➀➀ ➁➅➆➞✺ ✫➈ ➅➓ ➁➈ ➅➂➅ ❿➀ ➆ ✝ ➂➐➇➅➀➀ ➀➁➂➆➁➅➎ ✪ ✹➂➅➀➑ ✱ ➆ ❾❿➀➁➂❿➃➄➁➅❾ ✝ ➂➐✩
➇➅➀➀ ➀➁➂➆➁➅➎ ✪✺

σ : P+ → E
➀➄➇➈ ➁➈ ➆➁✸✬ ➐➂ ➅➟➅➂✪ ➇➐➄➓➁➅➂ ➀➁➂➆➁➅➎✪

τ : E+ → P ✸
σ ∗ τ ∈ (P + E)∗.E ∪ Acc✸ ❿✱➅ ✱ ➅➟➅➂✪ ➞➆✶ ❿➞ ➆➏ ➑ ➏➆✪ ➆➏ ➏➐✫ ➅❾ ➃✪

σ
❿➀ ➅❿➁➈ ➅➂ ➒ ➓❿➁➅

➆➓❾ ➅➓❾➀ ❿➓ ➆ ➑ ➐➀❿➁❿➐➓ ➐✬ ➑ ➏➆✪➅➂
E ✸ ➐➂ ❿➀ ❿➓➒ ➓❿➁➅ ➆➓❾ ➃➅➏➐➓➎➀ ➁➐

Acc
✱

� ✁ ♦✂♦❤✌✄ ☛❤❧ ☎♠☛✄♦✆✐♦✂♦❤✌✄
♣✜ ⑦✈✚✉✈ q⑦ t✈⑦✘✉ ⑥⑦①✉✈ ⑤⑦②✜✚s ✈✉s②⑥qs ✙✜ ✜✉➔q s✉④q✙⑦✜ ✇ ①✉ ✈✉✘✙✉① ✙✜ qr✙s s✉④q✙⑦✜
qr✉ ✜⑦q✙⑦✜s ⑦⑧ ➊✜ ✙q✉ ✗✜✚ ✙✜➊✜✙q✉ q✙⑥✙✜➋s ❷❸✇ ✝❹ ❺
✍ ✗✎✕✔✛✔✣✕ ✞ ✏✜✔✚✔✕✡✘✗ ✦ ✘➅➁

{n, s, w, e}
➃➅ ➁➈ ➅ ✬ ➐➄➂ ➇➆➂❾❿➓➆➏ ❾❿➂➅➇➁❿➐➓➀ ➐✬ ➁➈ ➅

➑ ➏➆➓ ✱ ✟❿➟➅➓ ➆ ➒ ➓❿➁➅ ➀➅➁ ➐✬ ➇➐➏➐➂➀
C

✫ ❿➁➈ ➆ ❾❿➀➁❿➓➎➄❿➀➈ ➅❾ ➇➐➏➐➂
#

➇➆➏ ➏➅❾ ➁➈ ➅ ➃➐➂❾➅➂
➇➐➏➐➂✸ ➆ q✙⑥✉ ❿➀ ➆ ➞ ➆➑➑ ❿➓➎

t : {n, s, w, e} → C
➁➈ ➆➁ ➆➀➀❿➎➓➀ ➁➐ ➅➆➇➈ ➇➆➂❾❿➓➆➏

❾❿➂➅➇➁❿➐➓ ➆ ➇➐➏➐➂ ➐✬
C

✫ ❿➁➈ ➁➈ ➅ ➆❾❾❿➁❿➐➓➆➏ ➂➅✮➄❿➂➅➞ ➅➓➁ ➁➈ ➆➁
t(s) 6= #

➆➓❾
t(w) 6=

#✸ ❿✱➅ ✱ ➇➐➏➐➂
#

✫ ❿➏ ➏ ➐➓➏✪ ➃➅ ➄➀➅❾ ➁➐ ❾➅➒ ➓➅
East

➐➂
North

➃➐➂❾➅➂➀ ✱

☞ ✌✍ ▲ ✟ ▲ ✏ ❩✩✪✯✬ ✮✬✯ ✲❲ ✯✪✹✬✮
✟❿➟➅➓ ➆ ➒ ➓❿➁➅ ➀➅➁

S
➐✬ ➁❿➏➅➀ ✹➀➅➅ ✯ ❿➎ ➄➂➅ ★✺ ✸ ➆ q✙⑥✙✜➋ ❿➀ ➆ ➑ ➆➂➁❿➆➏ ✬ ➄➓➇➁❿➐➓

m : ω×ω → S
➀➄➇➈ ➁➈ ➆➁

dom(m) = [0, M−1]×[0, N−1]
✬ ➐➂ ➀➐➞ ➅

(M, N) ∈ ω×ω✫➈ ➅➓
m

❿➀ ➆ ➒ ➓❿➁➅ ➁❿➏❿➓➎ ➐➂
dom(m) = ω × ω

✫➈ ➅➓
m

❿➀ ➆➓ ❿➓➒ ➓❿➁➅ ➁❿➏❿➓➎ ✸ ➀➄➇➈
➁➈ ➆➁ ✭ ✬ ➐➂ ➆➏ ➏

(i, j) ∈ dom(mσ)✸ N/S
→④⑦⑨t✗q✙⑤✙⑥✙q③ ❼ ❿✬

(i, j + 1) ∈ dom(m)
➁➈ ➅➓

m(i, j)(n) = m(i, j + 1)(s)✸ E/W
→④⑦⑨t✗q✙⑤✙⑥✙q③ ❼ ❿✬

(i + 1, j) ∈ dom(m)
➁➈ ➅➓

m(i, j)(w) = m(i + 1, j)(e)✸ E
→⑤ ⑦✈✚✉✈ ④⑦✜✚✙q✙⑦✜ ❼

(i + 1, j) /∈ dom(m)
❿✬ ➆➓❾ ➐➓ ➏✪

❿✬
m(i, j)(e) = #✸ ➆➓❾

N
→⑤ ⑦✈✚✉✈ ④⑦✜✚✙q✙⑦✜ ❼

(i, j + 1) /∈ dom(m)
❿✬ ➆➓❾ ➐➓ ➏✪ ❿✬

m(i, j)(n) = #
✹➀➅➅ ✯ ❿➎➄➂➅ ✠ ✫ ❿➁➈ ➇➐➏➐➂ ➃➏➆➇✻ ➀➁➆➓❾❿➓➎ ✬ ➐➂ ➁➈ ➅ ➃➐➂❾➅➂ ➇➐➏➐➂

#
✺ ✱

☞ ✌✍ ▲ ✡ ▲ ✏ ✯✪✹✪✩❳
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C

➆➓❾ ➆ ➀➅➁
S

➐✬
➁❿➏➅➀ ✫ ❿➁➈ ➆ ❾❿➀➁❿➓➎➄❿➀➈ ➅❾ ➁❿➏➅

t0 ∈ S
✭ ✹✄✺ ➁➈ ➅ ➑ ➂➐➃➏➅➞ ➐✬ ➒ ➓❾❿➓➎

M
➆➓❾

N
➆➓❾

➆ ➒ ➓❿➁➅
M × N

✩➁❿➏❿➓➎
m

➀➄➇➈ ➁➈ ➆➁
m(0, 0) = t0

❿➀
Σ0

1

✩➇➐➞➑ ➏➅➁➅✸ ✹★✺ ➁➈ ➅ ➑ ➂➐➃➏➅➞➐✬ ➒ ➓❾❿➓➎ ➆➓ ❿➓➒ ➓❿➁➅ ➁❿➏❿➓➎
m

➀➄➇➈ ➁➈ ➆➁
m(0, 0) = t0

❿➀
Π0

1

✩➇➐➞➑ ➏➅➁➅✸ ➆➓❾ ✹✠✺
➁➈ ➅ ➑ ➂➐➃➏➅➞ ➐✬ ➒ ➓❾❿➓➎ ➆➓ ❿➓➒ ➓❿➁➅ ➁❿➏❿➓➎

m
➀➄➇➈ ➁➈ ➆➁

m(0, 0) = t0
➆➓❾ ➐➓➅ ➎ ❿➟➅➓

➇➐➏➐➂ ✸ ➀➆✪ ✈✉✚ ✸ ➐➇➇➄➂➀ ❿➓➒ ➓❿➁➅➏✪ ➐✬ ➁➅➓ ❿➀
Σ1

1

✩➇➐➞➑ ➏➅➁➅ ✱

☎ ✁❦✆☛❥❧✄ ✐✝✞ ✟❥❦❦ ✠✄ ✡ ☎♠☛✄♦✆✐♦✂♦❤✌✄

❻r✉ ✜⑦q✙⑦✜ ⑦⑧ ↔②✗s✙→q✙⑥✙✜➋ ✚✉➊✜✉✚ ⑤✉⑥⑦① ✗✜✚ ✉✜④⑦✚✉✚ ✙✜q⑦ ⑦✜✉ t✈⑦ ④✉ss ➋✗⑨✉ ✙s
✉ss✉✜q✙✗⑥ ⑧⑦✈ ⑦②✈ ✉✜④⑦✚✙✜➋ ➉✙✜ qr✉ ✈✉⑨ ✗✙✜✙✜➋ s✉④q✙⑦✜s➍ ⑦⑧ q✙⑥✙✜➋s ✙✜q⑦ ☎→t✈⑦④✉ss
✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉s ❺
✍ ✗✎✕✔✛✔✣✕ ☛ ✏☞✙✓✘✔✌✛✔✚✔✕✡✘✗ ✦ ✁ ✬ ➄➓➇➁❿➐➓

m : ω×ω → S
❿➀ ➆ ↔②✗s✙→q✙⑥✙✜➋ ✹➀➅➅

✯ ❿➎ ➄➂➅ ✍✺ ✫➈ ➅➓ ❿➁ ➀➆➁❿➀➒ ➅➀
N/S

✩➇➐➞➑ ➆➁❿➃❿➏❿➁✪ ➆➓❾
N

✩➃➐➂❾➅➂ ➇➐➓❾❿➁❿➐➓ ➐➓ ➅➟➅➂✪
➇➐➏➄➞➓ ✸ E

✩➃➐➂❾➅➂ ➇➐➓❾❿➁❿➐➓ ➐➓ ➅➟➅➂✪ ➏❿➓ ➅✸ ➆➓❾
E/W

✩➇➐➞➑ ➆➁❿➃❿➏❿➁✪ ➐➓ ➁➈ ➅ ➒ ➂➀➁
➏❿➓➅ ✱

☞ ✌✍ ▲ ✎ ▲ ✏ ❝✳✣✮✪✼✯✪✹✪✩❳
♣q ⑦④④②✈s qr✗q ✇ ⑧⑦✈ ✉✘✉✈③ ➊✜✙q✉ s✉q ⑦⑧ q✙⑥✉s

S
✗✜✚ ✙✜✙q✙✗⑥ q✙⑥✉

t0 ∈ S
✇ qr✉✈✉ ✉➔ ✙sqs

✗ ⑦✜✉ t✈⑦ ④✉ss ➉q①⑦ t⑥✗③✉✈➍ ➋✗⑨✉
GS,t0

qr✗q ✉✜④⑦✚✉s ✗⑥⑥ ↔②✗s✙→q✙⑥✙✜➋
m : ω×ω → S✗s ✜⑦✜ ⑤⑥⑦ ④➌✙✜➋ sq✈✗q✉➋✙✉s ⑧⑦✈ t⑥✗③✉✈

E
❺

✍ ✗✎✕✔✛✔✣✕ ✏ ✏☞✙✓✘✔✌✛✔✚✔✕✡ ✡✓✤✗✘✗ ✦ ✟❿➟➅➓ ➆ ➒ ➓❿➁➅ ➀➅➁ ➐✬ ➇➐➏➐➂
C ✸ ➆ ➒ ➓❿➁➅ ➀➅➁

➐✬
C
✩➇➐➏➐➂➅❾ ➁❿➏➅➀

S
➆➓❾ ➆➓ ❿➓❿➁❿➆➏ ➁❿➏➅

t0 ✸
➏➅➁

GS,t0 = 〈P, E, T, i〉
➃➅ ➁➈ ➅ ➁✫ ➐ ➑ ➏➆✪➅➂➎ ➆➞ ➅ ➆➂➅➓➆ ❾➅➒ ➓➅❾ ➃✪ ✭

✠ P = ({e, n} × S × {Proc})∪{⊥} ✸ E = ({e, n} × S × {Env})∪{∗}
➆➓❾

i = ∗ ✸
✠ T

❿➀ ➁➈ ➅ ➀➅➁ ➐✬ ➆➏ ➏ ➑ ➆❿➂➀ ➐✬ ➁➈ ➅ ✬ ➐➂➞
((d, t, P roc), (d, t′, Env)) ∈ P × Env➀➄➇➈ ➁➈ ➆➁✸ ❿✬

d = e
➁➈ ➅➓

t′(w) = t(e)
➆➓❾ ❿✬

d = n
➁➈ ➅➓

t′(s) = t(n)
➆➓❾

t′(e) = #
❿✬ ➆➓❾ ➐➓ ➏✪ ❿✬

t(e) = #
✹✝ ➂➐➇➅➀➀ ➞ ➐➟➅➀✺ ➑ ➏➄➀ ➁➈ ➅ ➀➅➁ ➐✬ ➆➏ ➏ ➑ ➆❿➂➀➐✬ ➁➈ ➅ ✬ ➐➂➞

(∗, (x, t0, P roc))
➐➂

((x, t, Env),⊥) ➑ ➏➄➀ ➆➏ ➏ ➑ ➆❿➂➀ ➐✬ ➁➈ ➅ ✬ ➐➂➞
((d, t, Env), (d′, t, P roc)) ∈ E × P

➀➄➇➈ ➁➈ ➆➁✸ ❿✬
d = e

➁➈ ➅➓
d′ ∈ {e, n}

➆➓❾ ❿✬
d = n

➐➂
t(e) = #

➆➓❾ ➁➈ ➅➓
d′ = n

✹✞➓➟❿➂➐➓➞ ➅➓➁ ➞ ➐➟➅➀✺ ✱
❻r✉ ✙✜q②✙q✙⑦✜ ⑤✉r✙✜✚ qr ✙s ✚✉➊✜✙q✙⑦✜ ✙s qr✗q t⑥✗③✉✈

E
④r⑦⑦s✉s ✗⑥⑦✜➋ ✗ ①⑦✈✚

⑦⑧ qr✉ ⑧⑦✈⑨
ei.nω

✗✜✚ ✇ ⑧⑦✈ ✉✘✉✈③ t✈✉➊➔
ei.nj

⑦⑧ qr✙s ①⑦✈✚ ✇ t⑥✗③✉✈
P

✗✜s①✉✈s ⑤③
④r⑦⑦s✙✜➋ ✗ q✙⑥✉ ⑧⑦✈ t⑦s✙q✙⑦✜

(i, j)
❺ ➜✙✜④✉ t ⑥✗③✉✈

E
④r⑦⑦s✉s ①r✉✈✉ q⑦ q②✈✜ qr✉ ⑧② ⑥⑥

s✉q
ω×ω

✙s t⑦q✉✜q✙✗⑥⑥③ ④⑦✘✉✈✉✚ ❺ ♣q q②✈✜s ⑦②q ✇ ✗s t✈✉④✙s✉⑥③ sq✗q✉✚ ✙✜ ✜✉➔q ➝✉⑨⑨✗ ✇
qr✗q t⑥✗③✉✈

P
✜⑦✜ ⑤⑥⑦④➌✙✜➋ sq✈✗q✉➋✙✉s ✑②sq ✚✉➊✜✉ ✗⑥⑥ ↔②✗s✙→q✙⑥✙✜➋s ❺



�✗✤✤✓ ✥ ✏☞✙✓✘✔✌✛✔✚✔✕✡✘ ✓✕✁ ✘✛✖✓✛✗✡ ✔✗✘✗ ✦ ✯➐➂ ➅➟➅➂✪ ➓➐➓ ➃➏➐➇✻ ❿➓➎ ➀➁➂➆➁➅➎ ✪
σ : P+ → E ✸ ❿➓ ➎ ➆➞ ➅

GS,t0 ✸
➁➈ ➅➂➅ ❿➀ ➆ ➄➓❿✮➄➅ ✮➄➆➀❿✩➁❿➏❿➓➎

mσ : ω × ω → S
➀➄➇➈

➁➈ ➆➁ ✬ ➐➂ ➆➏ ➏
(i, j) ∈ ω×ω ✸ (i, j) ∈ dom(mσ)

❿✬ ➆➓❾ ➐➓ ➏✪ ❿✬ ➁➈ ➅➂➅ ❿➀ ➇➐➄➓➁➅➂ ➀➁➂➆➁➅➎ ✪
τ : E+ → P

➀➄➇➈ ➁➈ ➆➁
π1 ◦ πP (σ ∗ τ) = ei.nj

➆➓❾
π2(πP (σ ∗ τ)(i + j)) = mσ(i, j)✹✫ ❿➁➈ ❿➓ ➑ ➆➂➁❿➇➄➏➆➂✸ mσ(0, 0) = t0

✺ ✱
✁➐➓➟➅➂➀➅➏✪✸ ✬ ➐➂ ➅➟➅➂✪ ✮➄➆➀❿✩➁❿➏❿➓➎

m
➀➄➇➈ ➁➈ ➆➁

m(0, 0) = t0
➁➈ ➅➂➅ ❿➀ ➆ ➓➐➓

➃➏➐➇✻ ❿➓➎ ➀➁➂➆➁➅➎✪
σm

❿➓ ➎ ➆➞ ➅
Gm,t0

➀➄➇➈ ➁➈ ➆➁
mσm

= m
✱

✝ ➂➐➐✬ ✱ ✂③ ④⑦✜sq✈②④q✙⑦✜ ✇ ✙✜ ✉✘✉✈③ t⑥✗③✇ t⑥✗③✉✈
E

➣s q✗s➌ ✙s q⑦ ④r⑦s✉ ✇ ✗q ✉✘✉✈③ sq✉t ✇ ✗
✚✙✈✉④q✙⑦✜

e
⑦✈

n
✗✜✚ ✇ ①r✉✜ ✚✙✈✉④q✙⑦✜

n
r✗s ⑤✉✉✜ ④r⑦s✉✜ ✇ ⑦✈ ①r✉✜ qr✉ ✂✗sq ⑤⑦✈✚✉✈

✙s ✈✉✗④r✉✚ ✇ q⑦ ④r⑦⑦s✉ ✈✉t✉✗q✉✚⑥③ ✚✙✈✉④q✙⑦✜
n
❺ ♣q ⑧⑦ ⑥⑥⑦① s qr✗q ✉✘✉✈③ ➉⑤⑥⑦ ④➌✙✜➋ ➍

sq✈✗q✉➋③ ⑧⑦✈ t⑥✗③✉✈
E

qr✗q ✗✘⑦✙✚s t⑦s✙q✙⑦✜
⊥

④✗✜ ⑤✉ ✚✉s④✈✙⑤✉✚ ⑤③ ➉❸➍ ④r⑦⑦s✙✜➋
s⑦⑨✉

(i, j) ∈ ω × ω
✗✜✚ ➉☎➍ t⑥✗③✙✜➋ qr✉ s②④④✉ss✙✘✉ ✚✙✈✉④q✙⑦✜s ✚✉s④✈✙⑤ ✉✚ ⑤③ qr✉

①⑦✈✚
ei.nj

→ t✈⑦✘✙✚✉✚ t⑥✗③✉✈
P

✚⑦✉s ✜⑦q ④✈✉✗q✉ qr✉ ✂✗sq ⑤⑦✈✚✉✈ ❺
�➋✗✙✜ sq t⑥✗③✉✈

E
✇ t ⑥✗③✉✈

P
➣s sq✈✗q✉➋③ ✑②sq ✗⑨⑦②✜qs q⑦ ④r⑦⑦s✉ ✇ ⑧⑦✈ ✉✘✉✈③

(i′, j′) ≤x (i, j)
✗ q✙⑥✉

ti′,j′
❺ ♣q sr⑦②⑥✚ ⑤ ✉ ④⑥✉✗✈ qr✗q qr✙s ④r⑦✙④✉ ✙s ✙✜✚✉t✉✜✚✉✜q

⑧✈⑦⑨
(i, j)

➉④r⑦s✉✜ ⑤②q ⑤③ t⑥✗③✉✈
E

⑤②q ②✜➌✜⑦①✜ q⑦ t⑥✗③✉✈
P
➍ s⑦ ①✉ ④✗✜ ✚✉➊✜✉

mσ(i′, j′) = ti′,j′
❺

❻r✉ ⑧✗④q qr✗q
mσ

✙s ✗ ↔②✗s✙→q✙⑥✙✜➋ ✙⑨⑨✉✚✙✗q✉⑥③ ⑧⑦⑥⑥⑦① s ⑧✈⑦⑨ ➋✗⑨✉
GS,t0

✚✉➊→
✜✙q✙⑦✜ ❺ ❻r✉ ④⑦✜✘✉✈s✉ t✈⑦t✉✈q③ ✙s ✗⑥s⑦ ✙⑨⑨✉✚✙✗q✉ ❺

�➙⑤s✉✈✘✉ qr✗q ✇ ✙✜ ➋✗⑨ ✉
GS,t0

✇ t ⑥✗③✉✈
P

④r⑦⑦s✉s q⑦ ✚✉➊✜✉ ✗ q✙⑥✙✜➋ ⑤⑦②✜✚✉✚ ✙✜
qr✉ ✂✗sq ✚✙✈✉④q✙⑦✜ ⑤③ ④r⑦⑦s✙✜➋ qr✉ ➊✈sq q✙⑥✉

t
s②④r qr✗q

t(e) = #
❺

✄ ☎❤❧✞♥♦❧☛✆ ♦✂♦✐✝ ❥✞✄♠ ✂✐✄ ✡ ✌❥❦♠❤❧ ♥☛✄✞✄

✜✢✗✣✖✗✤ ☛ ✏✞✓ ✟✗✛✵ ✓✓✘✗✗ ✦ ✧➈ ➅ ➑ ➂➐➃➏➅➞ ➐✬ ➒ ➓❾❿➓➎ ➆ ✫ ❿➓➓❿➓➎ ❾❿➀➁➂❿➃➄➁➅❾ ➀➁➂➆➁✩
➅➎✪ ❿➓ ➆ ★✩➑ ➂➐➇➅➀➀ ❾❿➀➁➂❿➃➄➁➅❾ ➎ ➆➞ ➅ ✫ ❿➁➈ ➀➆✬ ➅➁✪ ➇➐➓❾❿➁❿➐➓ ❿➀

Π0
1

✩➇➐➞➑ ➏➅➁➅ ✱
✝ ➂➐➐✬ ✱ ✠ ⑥✉✗✈⑥③✇ s⑦⑥✘ ✙✜➋ ✗ s✗⑧✉q③ ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉ ✙s

Π0
1

❺ ♣q ✈✉⑨✗✙✜s q⑦ t✈⑦✘✉ qr✗q
✙q ✙s ✗⑥s⑦

Π0
1

→r✗✈✚ ❺ ♣✜ ⑦✈✚✉✈ q⑦ ✚⑦ s⑦ ✇ ①✉ ✉✜④⑦✚✉ qr✉ ✙✜➊✜✙q✉ q✙⑥✙✜➋ t✈⑦⑤⑥✉⑨ ✙✜q⑦
✗ s✗⑧✉q③ ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉ ❺

➝✉q
S

⑤✉ ✗ ➊✜✙q✉ s✉q ⑦⑧ q✙⑥✉s ✗✜✚ ⑥✉q
t0 ∈ S

⑤✉ ✗ ➋✙✘✉✜ ✙✜✙q✙✗⑥ q✙⑥✉ ❺ ❻r✉ ✙✚✉✗
✙s q⑦ ⑤②✙⑥✚ ✗ ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉

G
⑧✈⑦⑨ qr✉ ⑧✈✉✉ t✈⑦✚②④q

GS,t0 ⊗ GS,t0

①✙qr s✗⑧✉q③
④⑦✜✚✙q✙⑦✜ ✙✜ s②④r ✗ ①✗③ qr✗q t ⑥✗③✉✈

E
④r✉④➌s qr✗q ➉❸➍ ✙⑧ ✗ ✚✙sq✈✙⑤②q✉✚ sq✈✗q✉➋③

σ1 ⊗ σ2
✙s ✜⑦✜ ⑤⑥⑦ ④➌✙✜➋ qr✉✜

σ1 = σ2
✇ ✗✜✚ ➉☎➍ ✗ ✚✙sq✈✙⑤②q✉✚ sq✈✗q✉➋③ ⑦⑧ qr✉ ⑧⑦✈⑨

σ ⊗ σ
✙s ① ✙✜✜✙✜➋ ✙⑧ ✗✜✚ ⑦✜⑥③ ✙⑧ qr✉ ↔②✗s✙→q✙⑥✙✜➋

mσ : ω ×ω → S
✙s ✗⑥s⑦ ✗ q✙⑥✙✜➋ ⑦⑧

ω × ω
✇ ✙ ❺✉ ❺ ✙q s✗q✙s➊✉s qr✉

E/W
→④⑦⑨t✗q✙⑤ ✙⑥✙q③ ④⑦✜✚✙q✙⑦✜ ⑦✜ ✗⑥⑥ ⑥✙✜✉s ❺

❻r✙s ✙s ✚⑦✜✉ ✗s ⑧⑦ ⑥⑥⑦① s ❺ ➡✉ ➊✈sq ✗ss②⑨ ✉ ✇ ① ✙qr⑦②q ⑥⑦sq ⑦⑧ ➋✉✜✉✈✗⑥✙q③✇ qr✗q
✉✘✉✈③ t⑦s✙q✙⑦✜ ✙✜ ➋✗⑨ ✉ ➋✗⑨ ✉

GS,t0

✙s ➉❸➍ ✉➔q✉✜✚✉✚ ① ✙qr ✗ ✜✉① ⑤✙q ✘✗⑥②✉ qr✗q ✙s
t⑦s✙q✙⑦✜✉✚ ⑤③ ✂✜✘✙✈⑦✜⑨✉✜q t⑥✗③✉✈ ➣s ➊ ✈sq ⑨ ⑦✘✉ ✗s ✉➔t⑥✗✙✜✉✚ ⑤✉⑥⑦① ✗✜✚ ➉☎➍ ✗⑥s⑦
✉➔q✉✜✚✉✚ ✙✜ s②④r ✗ ①✗③ qr✉ ⑥✗sq q①⑦ q✙⑥✉s

t
➉④②✈✈✉✜q➍ ✗✜✚

t′
➉t✈✉✘✙⑦②s➍ ④r⑦s✉✜ ⑤③

t⑥✗③✉✈ ⑩✈⑦ ④✉ss ✗✈✉ ✈✉✗✚✗⑤⑥✉ ✙✜ ✂✜✘✙✈⑦✜⑨ ✉✜q t⑦s✙q✙⑦✜ s ❺
✂✜✘✙✈⑦✜⑨ ✉✜q ⑨⑦✘✉s ✙✜ qr✉ t✈⑦✚②④q

GS,t0 ⊗ GS,t0

✗✈✉ qr✉✜ ✚✉➊✜✉✚ ✗s ⑧⑦ ⑥⑥⑦① s ❺
↕✈⑦⑨ qr✉ ✙✜✙q✙✗⑥ t ⑦s✙q✙⑦✜

(∗, ∗)
t⑥✗③✉✈

E
⑨⑦✘✉s q⑦ ✗ t⑦s✙q✙⑦✜ ① ✙qr ✗✜ ✗✈⑤ ✙q✈✗✈③ t✗✙✈

⑦⑧ ⑤✙q ✘✗⑥②✉s ➉⑦✜✉ ⑦✜ ✉✘✉✈③ s✙✚✉➍ ✇ ✗✜✚ ✇ ✗④④⑦✈✚✙✜➋ q⑦ qr✉s✉ ✘✗⑥②✉s ➉qr✗q ✈✉⑨✗✙✜✉✚
②✜④r✗✜➋✉✚ ⑥✗q✉✈ ⑦✜ ➍ ❼



❸❺ ① ✙qr ⑤✙q ✘✗⑥②✉s
(0, 0)

✇
(0, 1)

⑦✈
(1, 0)

❼ t ⑥✗③✉✈
E

t⑥✗③s qr✉ s✗⑨ ✉ ✚✙✈✉④q✙⑦✜s ✙✜
⑤⑦qr ⑥⑦④✗⑥ ➋✗⑨ ✉s ✗✜✚ ④r✉④➌s t✈⑦ ④✉ss sq✈✗q✉➋③ ✉↔②✗⑥✙q③✇

☎ ❺ ① ✙qr ⑤✙q ✘✗⑥②✉s
(1, 1)

❼ t ⑥✗③✉✈
E

✚✉⑥✗③s ⑤③ ⑦✜✉ sq✉t qr✉ ✲⑦✈qr q②✈✜ ✙✜ qr✉
s✉④⑦✜✚ ⑥⑦ ④✗⑥ ➋✗⑨ ✉ ✗✜✚ ✇ ✗⑧q✉✈ qr ✙s q②✈✜ ✇ ✈✉t✉✗q✉✚⑥③ ④r✉④➌ qr✗q

t′1(e) = t2(w)①r✉✈✉
t′1

✙s qr✉ �t✈✉✘✙⑦②s✁ ④r⑦✙④✉ ⑦⑧ q✙⑥✉s ⑨ ✗✚✉ ⑤③ t⑥✗③✉✈
P1

✗✜✚
t2

✙s qr✉
�④②✈✈✉✜q✁ ④r⑦✙④✉ ⑦⑧ q✙⑥✉s ⑨ ✗✚✉ ⑤③ t⑥✗③✉✈

P2
❺

⑩ ⑥✗③✉✈
E

⑨⑦✘✉s q⑦
(⊥,⊥)

✙⑧ ✗✜③ ⑦⑧ qr✉s✉ ④r✉④➌s ⑧✗✙⑥s ⑦✈ ✙⑧ ✗✜③ ⑦⑧ qr✉ ⑩✈⑦ ④✉ss
t⑥✗③✉✈s ④r⑦⑦s✉s ✗ q✙⑥✉ qr✗q ④⑦✜q✗✙✜s qr✉ ⑤⑦✈✚✉✈ ④⑦⑥⑦✈

#
❺

❻r✉ ① ✙✜✜✙✜➋ ④⑦✜✚✙q✙⑦✜ ⑧⑦✈ qr✉ ⑩✈⑦ ④✉ss q✉✗⑨ ✙s q⑦ ✗✘⑦✙✚ t⑦s✙q✙⑦✜
(⊥,⊥)

❺ ❻r✙s
✙s ✗ s✗⑧✉q③ ④⑦✜✚✙q✙⑦✜ ❺

➝✉q qr✉✜
σ1 ⊗ σ2

⑤✉ ✗ ✚✙sq✈✙⑤②q✉✚ ① ✙✜✜✙✜➋ sq✈✗q✉➋③ ⑦✜ s②④r ✗ ➋✗⑨ ✉ ❺ ✂③
④r✉④➌✙✜➋ ✉↔②✗⑥✙q③ ① ✙qr ⑤✙q ✘✗⑥②✉s
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mσ➉s✉✉ ➝✉⑨⑨✗ ❸➍ ✇ ⑦✜✉ ④✗✜ ④r✉④➌ qr✗q ①r✉✜ ⑤✙q ✘✗⑥②✉s ✗✈✉

(1, 1)
✂✜✘✙✈⑦✜⑨ ✉✜q ✚⑦✉s

✙✜✚✉✉✚ ④r✉④➌ ✂ ✂➡→④⑦⑨t✗q✙⑤✙⑥✙q③❺ ♣q ⑧⑦ ⑥⑥⑦① s qr✗q
mσ

✙s ✗ q✙⑥✙✜➋ ✇ ✙✜➊✜ ✙q✉ ⑤③ qr✉
s✗⑧✉q③ ④⑦✜✚✙q✙⑦✜ ❺

✠⑦✜✘✉✈s✉⑥③✇ ⑧⑦✈ ✗✜③ ✙✜➊✜✙q✉ q✙⑥✙✜➋
m

s②④r qr✗q
m(0, 0) = t0

⑦✜✉ ④✗✜ ④r✉④➌
qr✗q

σm ⊗ σm

✙s ✗ ① ✙✜✜✙✜➋ ✚✙sq✈✙⑤②q✉✚ sq✈✗q✉➋③❺
➡✉ ④⑦✜④⑥②✚✉ ✗tt⑥③✙✜➋ ❻r✉⑦✈✉⑨ ✝ ❺

�

✜✢✗✣✖✗✤ ✏ ✏� ✗✓✓✢✓✄ ✔✚✔✛✵ ✓✓✘✗✗ ✦ ✧➈ ➅ ➑ ➂➐➃➏➅➞ ➐✬ ➒ ➓❾❿➓➎ ➆ ✫ ❿➓➓❿➓➎ ❾❿➀➁➂❿➃➄➁➅❾
➀➁➂➆➁➅➎ ✪ ❿➓ ➆ ★✩➑ ➂➐➇➅➀➀ ❾❿➀➁➂❿➃➄➁➅❾ ➎ ➆➞ ➅ ✫ ❿➁➈ ➂➅➆➇➈ ➆➃❿➏❿➁✪ ➇➐➓❾❿➁❿➐➓ ❿➀

Σ0
1

✩➇➐➞➑ ➏➅➁➅ ✱
✝ ➂➐➐✬ ✱ �➋✗✙✜ ✇ ④⑥✉✗✈⑥③✇ qr✙s t✈⑦⑤⑥✉⑨ ✙s

Σ0
1

❺ ♣q ✈✉⑨ ✗✙✜s q⑦ t✈⑦✘✉ qr✗q ✙q ✙s
Σ0

1

→r✗✈✚ ❺
♣✜ ⑦✈✚✉✈ q⑦ ✚⑦ s⑦ ✇ ①✉ ✉✜④⑦✚✉ ✙✜q⑦ ✈✉✗④r✗⑤✙⑥✙q③ ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉s qr✉ ➊✜✙q✉ q✙⑥✙✜➋
t✈⑦⑤⑥✉⑨ ❺

❻r✉ ✉✜④⑦✚✙✜➋ ✙s s✙⑨ ✙⑥✗✈ q⑦ qr✉ ✉✜④⑦✚✙✜➋ ✙✜ qr✉ t✈⑦⑦⑧ ⑦⑧ ❻r✉⑦✈✉⑨ ✞ ✉➔④✉tq
qr✗q ➉❸➍ t⑥✗③✉✈

E
✜⑦① ✗⑥⑥⑦① s t⑥✗③✉✈s

P1
✗✜✚

P2
q⑦ t⑥✗③ q✙⑥✉s qr✗q ④⑦✜q✗✙✜s qr✉

⑤⑦✈✚✉✈ ④⑦⑥⑦✈
#

✗✜✚ ➉☎➍ qr✉ ① ✙✜✜✙✜➋ ④⑦✜✚✙q✙⑦✜ ⑧⑦✈ ⑩✈⑦ ④✉ss q✉✗⑨ ✙s q⑦ ✈✉✗④r ✇ ✗q
qr✉ ✉✜✚ ⑦⑧ ✉✘✉✈③ ⑥⑦ ④✗⑥ t⑥✗③✇ ✗ q✙⑥✉

t
①✙qr

t(n) = #
❺

➙⑤s✉✈✘✙✜➋ qr✗q t⑥✗③✉✈
P

①✙⑥⑥ ⑧⑦✈④✉ qr✉ ✂✗sq→⑤⑦✈✚✉✈ ⑤③ t⑥✗③✙✜➋ ✗ q✙⑥✉
t
①✙qr

t(e) = #
⑨✗➌✉s ✙q ④⑥✉✗✈ qr✗q qr✉✈✉ ✙s ✗ ① ✙✜✜✙✜➋ ✚✙sq✈✙⑤②q✉✚ sq✈✗q✉➋③ ✙✜ qr✉ ✜✉①

➉✈✉✗④r✗⑤✙⑥✙q③ ➍ ✚✙sq✈✙⑤②q✉✚ ➋✗⑨ ✉
G

✙⑧ ✗✜✚ ⑦✜⑥③ ✙⑧ qr✉✈✉ ✙s ✗ ➊✜ ✙q✉ q✙⑥✙✜➋
m

s②④r
qr✗q

m(0, 0) = t0 �

✄ ☎ ♦✐✝ ♦❤ ☛❤❧ ☛✆❦✆✞ ✐✝✞ ☛❥♦✐✝✝ ✞✐♦♥☛ ✂ ✝ ♦✞❥☛❥♥✝✝
❻r✉ ✈✉⑥✗q✙⑦✜sr✙t ① ✙qr qr✉ ✗✈✙qr⑨ ✉q✙④✗⑥ r ✙✉✈✗✈④r③ ✙s ✗④r ✙✉✘✉✚ qr✈⑦②➋r qr✉ ⑦⑤s✉✈→
✘✗q✙⑦✜ qr✗q ✇ ⑤③ ⑩⑦sq ➣s ❻r✉⑦✈✉⑨ ✇ ✉✘✉✈③ ⑥✉✘✉⑥ ⑦⑧ qr✉ ✗✈✙qr⑨ ✉q✙④✗⑥ r✙✉✈✗✈④r③ r✗s
✗ ④⑦⑨t②q✗q✙⑦✜✗⑥ ✙✜q✉✈t✈✉q✗q✙⑦✜ ⑤③ ⑨✉✗✜s ⑦⑧ � ⑥q✉✈✜✗q✙✜➋ ❻②✈✙✜➋ ➛✗④r✙✜✉s ❷✞❹
✉➔q✉✜✚✉✚ ① ✙qr ✙✜➊✜✙q✉ ✈②✜s ✗✜✚ ①✉✗➌ t✗✈✙q③ ✗④④✉tq✗✜④✉ ④⑦✜✚✙q✙⑦✜s ❺
✜✢✗✣✖✗✤ ✟ ✦ ✯➐➂ ➅➟➅➂✪ ❿➓➁➅➎ ➅➂

n > 0✸ ➆ ➏➆➓➎➄➆➎ ➅
L ⊆ Σ∗

❿➀
Π0

n

✩❾➅➒ ➓➆➃➏➅ ✹➂➅➀➑ ✱
Σ0

n

✩❾➅➒ ➓➆➃➏➅✺ ❿✬ ➆➓❾ ➐➓ ➏✪ ❿✬ ❿➁ ❿➀ ❾➅➒ ➓➆➃➏➅ ➃✪ ➆➓ ✁ ➏➁➅➂➓➆➁❿➓➎ ✧➄➂❿➓➎ ✼ ➆➇➈ ❿➓➅ ✫ ❿➁➈
❿➓➒ ➓❿➁➆➂✪ ✫ ➅➆✻ ➑ ➆➂❿➁✪ ➇➐➓❾❿➁❿➐➓ ✫ ❿➁➈ ➂➆➓➎ ➅

[0, n − 1]
✹➂➅➀➑ ✱ [1, n]

✺ ✱



✝ ➂➐➐✬ ✱ ✂③ �❻➛ ①✉ ⑨✉✗✜ r✉✈✉ �❻➛ ①✙qr ②✜✙✘✉✈s✗⑥ ✗✜✚ ✉➔ ✙sq✉✜q✙✗⑥ sq✗q✉s ⑦✜ ⑥③
➉✜⑦ ✜✉➋✗q✙⑦✜ sq✗q✉s➍ ❺ �❻➛ ✗✈✉ ✉➔q✉✜✚✉✚ ① ✙qr ✙✜➊✜✙q✉ ✈②✜s ➉① ✙qr ✙✜➊✜✙q✗✈③ ④⑦✜✚✙→
q✙⑦✜s➍ ✙✜ qr✉ ⑧⑦⑥⑥⑦① ✙✜➋ s✉✜s✉ ❼ ✗ ④⑦⑨t②q✗q✙⑦✜ q✈✉✉ ⑦⑧ ✗✜ �❻➛ ✙s ✗④④✉tq✙✜➋ ✙⑧ ✉✘✉✈③
➊✜✙q✉ ⑤✈✗✜④r ✉✜✚s ✙✜ ✗✜ ✗④④✉tq✙✜➋ ④⑦✜q✈⑦⑥ sq✗q✉ ✇ ✗✜✚ ✇ ⑧⑦✈ ✉✘✉✈③ ✙✜➊✜✙q✉ ⑤✈✗✜④r✉s ✇
qr✉ ④⑦✈✈✉st⑦✜✚✙✜➋ ✙✜➊✜✙q✉ s✉↔②✉✜④✉ ⑦⑧ ④⑦✜q✈⑦⑥ sq✗q✉s s✗q✙s➊✉s qr✉ ✙✜➊✜✙q✗✈③ ④⑦✜→
✚✙q✙⑦✜ ❺

�tt⑥③✙✜➋ ❷✞ ❹ ✇ ①✉ ➌✜⑦① qr✗q sq✗✜✚✗✈✚ �❻➛ ➉① ✙qr ✈✉✗④r✗⑤✙⑥✙q③ ④⑦✜✚✙q✙⑦✜s➍
④✗tq②✈✉ qr✉ ⑥✉✘✉⑥

Σ0
1

⑦⑧ qr✉ ✗✈✙qr⑨ ✉q✙④✗⑥ r✙✉✈✗✈④r③❺ ✂③ ✚②✗⑥✙q③✇ �❻➛ ①✙qr s✗⑧✉q③
④⑦✜✚✙q✙⑦✜s ➉r✉✜④✉ ✙✜➊✜✙q✉ ✈②✜s➍ ④✗tq②✈✉ qr✉ ⑥✉✘✉⑥

Π0
1

❺
↕⑦✈ r✙➋r✉✈ ⑥✉✘✉⑥s ✇ qr✉ t✈⑦⑦⑧ ✙s ⑤✗s✉✚ ⑦✜ qr✉ ⑦⑤s✉✈✘✗q✙⑦✜ qr✗q ✗⑥q✉✈✜✗q✙⑦✜ ✗⑥⑥⑦① s

✗ ⑨ ✗④r✙✜✉ q⑦ ➉❸➍ ➋②✉ss qr✉ ✗✜s①✉✈ ⑦⑧ ✗✜ ⑦✈✗④⑥✉ ✗✜✚ ✇ ✗q qr✉ s✗⑨ ✉ q✙⑨ ✉ ✇ q⑦ ➉☎➍
sq✗✈q ✗ ④⑦⑨t②q✗q✙⑦✜ ⑦⑧ qr✉ ⑦✈✗④⑥✉ ➉⑦✈ ✙qs ④⑦⑨t⑥✉⑨ ✉✜q➍ qr✗q ④r✉④➌s qr✉ ➋②✉ss✙✜➋
✙s ④⑦✈✈✉④q ❺ ✂③ ④⑦✜sq✈②④q✙⑦✜ ✇ s✙✜④✉ ✜⑦ ✗④➌✜⑦① ⑥✉✚➋⑨ ✉✜q ✙s ✉➔t ✉④q✉✚ ✇ qr✉ ✈✉s②⑥q✙✜➋
✙✜➊✜✙q✗✈③ ④⑦✜✚✙q✙⑦✜s ✗✈✉ ①✉✗➌ ✙✜ qr✉ s✉✜s✉ ⑦⑧ ➛⑦sq⑦① s➌✙ ❷� ❹ ❺ ⑩⑦sq ➣s ❻r✉⑦✈✉⑨
✉✜s②✈✉s s②④r ✗ ④⑦✜sq✈②④q✙⑦✜ ④✗tq②✈✉s ✇ ⑥✉✘✉⑥ ⑤③ ⑥✉✘✉⑥ ✇ qr✉ ✗✈✙qr⑨ ✉q✙④✗⑥ r✙✉✈✗✈④r③❺
�

✜✢✗✣✖✗✤ ✕ ✏✜✢✗ ✂✗✓✄ ✓✓✘✗✗ ✦ ✯➐➂ ➅➟➅➂✪ ❿➓➁➅➎ ➅➂
n > 0✸ ➁➈ ➅ ➑ ➂➐➃➏➅➞ ➐✬ ➀➐➏➟❿➓➎

★✩➑ ➂➐➇➅➀➀ ❾❿➀➁➂❿➃➄➁➅❾ ✫ ➅➆✻ ➎ ➆➞ ➅ ✫ ❿➁➈ ✼ ➐➀➁➐✫➀✻ ❿ ➂➆➓➎ ➅
[0, n − 1]

✹➂➅➀➑ ✱ [1, n]
✺ ❿➀

Π0
n

✩➇➐➞➑ ➏➅➁➅ ✹➂➅➀➑ ✱ Σ0
n

✩➇➐➞➑ ➏➅➁➅✺ ✱
✝ ➂➐➐✬ ✱ ➉s➌✉q④r ➍ ✁tt✉✈ ⑤⑦②✜✚s sr⑦②⑥✚ ⑤✉ ④⑥✉✗✈ ❺ ♣q ✈✉⑨✗✙✜s q⑦ t✈⑦✘✉ qr✉ ⑥⑦①✉✈
⑤⑦②✜✚ ❺ ❻r✉ ⑨ ✗✙✜ ✙✚✉✗ ✙s q⑦ ✉✜④⑦✚✉ ✙✜q⑦ ➉① ✙✜✜✙✜➋➍ ✚✙sq✈✙⑤②q✉✚ sq✈✗q✉➋③ qr✉ ➉✗④→
④✉tq✙✜➋➍ ✈②✜s ⑦⑧ �❻➛ ❺ ❻r✙s ④✗✜ ⑤✉ ✗④r✙✉✘✉✚ ✗s ⑧⑦⑥⑥⑦① s ❺

�q ➊ ✈sq s✙➋rq ✇ qr✉ q✙⑥✙✜➋ ✉✜④⑦✚✙✜➋ ✚✉➊✜✉✚ ✙✜ qr✉ t✈✉✘✙⑦②s s✉④q✙⑦✜ ⑧✗✙⑥s q⑦ ✗tt⑥③
r✉✈✉ s✙✜④✉ ✗ q✙⑥✙✜➋ ⑦✜ ⑥③ ✉✜④⑦✚✉ qr✉ ✈②✜ ⑦⑧ ✗ ➓➐➓ ➆➏➁➅➂➓➆➁❿➓➎ ❻➛ ➉s✗③ ① ✙qr ❻➛
④⑦✜➊➋②✈✗q✙⑦✜s ✉✜④⑦✚✉✚ ⑤③ ⑨✉✗✜s ⑦⑧ ✉✗sq ④⑦⑥⑦✈s ⑦⑧ q✙⑥✉s ✙✜ ✗ ⑥✙✜✉➍ ❺

✂⑦①✉✘✉✈ ✇ ✙✜ qr✙s ✉✜④⑦✚✙✜➋ ✇ s⑦⑨✉r⑦① ✗s ✙✜ ✗ s⑦⑥✙q✗✙✈✉ ✚⑦⑨ ✙✜⑦ ➋✗⑨ ✉ ✇ qr✉ t✈⑦→
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↕✈⑦⑨ qr✉ ✉✜④⑦✚✙✜➋ ⑦⑧ qr✉ ✙✜➊✜✙q✉ q✙⑥✙✜➋ t✈⑦⑤⑥✉⑨ ✙✜ qr✉ t✈⑦⑦⑧ ⑦⑧ ❻r✉⑦✈✉⑨ ✞ ✇
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