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Abstract

We establish the Hodge conjecture for some subvarieties of a class of toric varieties.
First we study quasi-smooth intersections in a projective simplicial toric variety,
which is a suitable notion to generalize smooth complete intersection subvarieties
in the toric environment, and in particular quasi-smooth hypersurfaces. We show
that under appropriate conditions, the Hodge conjecture holds for a very general
quasi-smooth intersection subvariety, generalizing the work on quasi-smooth hyper-
surfaces of the first author and Grassi in Bruzzo and Grassi (Commun Anal Geom
28: 1773-1786, 2020). We also show that the Hodge Conjecture holds asymptoti-
cally for suitable quasi-smooth hypersurface in the Noether—Lefschetz locus, where
“asymptotically” means that the degree of the hypersurface is big enough, under
the assumption that the ambient variety I]J’g“rl has Picard group Z. This extends to
a class of toric varieties Otwinowska’s result in Otwinowska (J Alg Geom 12: 307-
320, 2003).
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1 Introduction

A projective simplicial toric variety [F"‘é satisfies the Hodge Conjecture, i.e., every
cohomology class in H”?(PZ, Q) is a linear combination of algebraic cycles. On the
one hand, by the Lefschetz hyperplane theorem, the Hodge conjecture holds true for
every hypersurface and p < “Land by the hard Lefschetz theorem also for p > 0%.
Moreover, by Theorem 1.1 in [3], when p = d;zl, d=2k+ 1 and [P’;"Jrl is an Oda
variety with an ample class § such that kf — f, 1s nef, where f, is the anticanonical
class, the Hodge conjecture with rational coefficients holds for a very general hyper-
surface in the linear system |f|.

The notion of Oda varieties was introduced in [2]. Let us recall that the Cox ring
of a toric variety Py is graded over the class group CI(Py), and that one has an injec-
tion Pic(Py) — CI(Py).

Definition 1.1 Let Py be a toric variety with Cox ring S. Py is said to be an Oda
variety if the multiplication morphism $* ® §* — $**% is surjective whenever the
classes @, and a, in Pic(Py) are ample and nef, respectively.

In [15] Mavlyutov proved a Lefschetz type theorem for quasi-smooth intersection
subvarieties, and moreover using the “Cayley trick” he related the cohomology of
a quasi-smooth subavariety X = X, n--nX, C IP’d to the cohomology of a quasi-
smooth hypersurface Y C IP’d” !, This allows us to prove a Noether—Lefschetz type
theorem, namely:

Theorem 2.5. Let [P’g be an Oda projective simplicial toric variety. For a very
general quasi-smooth intersection subvariety X cut off by f,,...f, such that
d+s=2(¢+1)and

Y des(f) - fy
=1

is nef, one has
Hf+1—s,f+1—S(X’ @) — l* (Hf+l—s,f+l—s(u:pd’ @))

From this one obtains the following result about the Hodge conjecture for quasi-
smooth intersections.

Corollary 2.7. If Pg is an Oda projective simplicial toric variety, the Hodge Con-
Jecture holds for a very general quasi-smooth intersection subvariety X cut off by
fis - fy such that d + s is even and Y.,_, deg(f;) — B, is nef.

Let T be the open subset of |f| corresponding to quasi-smooth hypersurfaces,
and let H* = R*z,C ®. O, be the Hodge bundle on T; here 7 : X — T is the
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tautological family on 7, and d = 2k + 1. We restrict 7** to a contractible open sub-
set U C T. The bundle H* has a Hodge decomposition

2k _ @ HPa

p+q=2k

but this is not holomorphic. On the other hand, the bundles that make up the Hodge
filtration

2k
FpHZk — @ HZk—p,p

p=0

are holomorphic; to see this one can use the period map (which in particular we
write for p = k)

PRk Grass(bk,sz(Xuo’C))

where b, = dim FkHZk(Xu ,C) for a fixed point u; € U; this map sends f € U to
the subspace FXH*(X;, C) C H*(X;,C) = H*(X X,,»©). This map is holomorphic
(see [14] and [5, Prop. 3 4]). But, by the very definition of the period map (see also

[17], Section 10.2.1 for the smooth case)
FAH o (pR2kys U,

where U, is the tautological bundle on the Grassmannian Grass(bk,HZk(Xuo, 0)), so
that the bundles F¥** are indeed holomorphic.

Pushing ahead the ideas developed in [5] and [4], let Af be a nonzero class in the
primitive cohomology H**(X,, Q)/H**(P¥*',Q), and let U be a contractible open
subset of T around f, so that sz is constant. Moreover, let A € sz(U) be the sec-
tion defined by /lf and let 1 be 1ts image in (HZk /F kHZk)(U ). One has

Proposition 1.2 The local Noether—Lefschetz loci can be defined as
Nyt i={GeU|l;=0)
where f§ = deg(f).

The following result is Theorem 1.2 in [4].

Theorem. Let P%k“ be an Oda variety with an ample class [ such that
kp — Py = nn, where p, is the anticanonical class, n is a primitive ample class, and
n € N. Let

my, = max{i €N |in < p}. )

For every positive € there is a positive 6 such that for every m > max( ,mg) and
d € [1,m8], and every nontrivial Hodge class 1 € FFHPX(U) such that
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k

k.p
codlmNAU <d— k'

for every fe€ N/1 @, there exists a k-dimensional variety V C X, with
degV < (1 + e)d. Here deg V is taken with respect to the ample divisorn, i.e.,

degV =[V] -4~

Based on this, in this paper we obtain the following result.

Theorem 4.2. Under the same hypotheses of the previous theorem, assume also
that Pic(P2%**1) = Z. Then, zf V C X, is a nonempty quasi-smooth intersection subva-
riety of[lﬂ%“for some [ € NA y» there exists ¢ € Q* such that Ay = cAy, where 4y is
the class of Vin H* Xp, Q). .

prim
In other words, 4, is algebraic.

In his paper [11] A. Dan proves a form of our Theorem 4.2 for smooth hypersur-
faces in odd-dimensional projective spaces P?**! which is not asymptotic. Although
our result is more general in two ways, as we consider quasi-smooth intersections in
toric varieties with h** = 1 (for instance, weighted or fake projective spaces); how-
ever, our result is asymptotic.

In Sect. 3 we give an extension of the notion of Gorenstein ideal to Cox rings;
this may have some interest on its own.

2 Very general quasi-smooth intersections

Let fi,...,f, be homogeneous polynomials in the Cox ring S = Clx,,...,x,]
of P{. Their zero locus V(fi,....f,) defines a closed subvariety X C P%. Let
UZ) = A" — Z(Z), where Z(X) is the irrelevant locus, i.e., Z(ZX) = SpecB, where B
is the irrelevant ideal.

Definition 2.1 [15] X is a codimension s quasi-smooth intersection if
V(fi,....f;) N U(Z) is either empty or a smooth intersection subvariety of codimen-
sion s in U(X).

This notion generalizes that of smooth complete intersection in a projective space.
For s = 1 it reduces to the notion of quasi-smoooth hypersurface, see Def. 3.1 in [1].
If we regard [P’d as an orbifold, then an intersection of hypersurfaces X, N --- N X, is
quasi-smooth When it is a sub-orbifold of PZ, see Prop 1.3 [15]; heurlstlcally, “X has
only singularities coming from the ambient variety.”

We also have a Lefschetz type theorem in this context.

Proposition 2.2 ( [15] Proposition 1.4) Let X C P”Zl be a closed subset, defined by
homogeneous polynomials f, ...f, € B. Then the natural map i* : Hi(ﬂj’azl) — H(X)
is an isomorphism for i < d — s and an injection for i = d — s. In particular, this is
true if the hypersurfaces cut by the polynomials f; are ample.
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Hence if p ;é 2 every cohomology class in HP ”(X) 1s a linear combination of
algebraic cycles. So let us see what happens when p = ==. The idea is to relate the
Hodge structure of a quasi-smooth intersection variety X = X, N --- N X, in [P’d with
the Hodge structure of a quasi-smooth hypersurface Y in a toric variety IP’d“ ! Whose
fan depends on X and X.

Proposition 2.3 Ler X = Xi N ---NX; be quasi-smooth intersection subvariety in
Pd cut off by homogeneous polynomlals fi---f;- There exists a prOJectzve simpli-

czal toric variety [P’d” Yand a quasi-smooth hypersurface Y C [P’d” such that for
;é d+s—1 d+s-3

2 T2
Hp 1d+s— l—p(Y) Hp Sy d—p(X)
prim prim
Proof One constructs I]J’”ZJrv ! via the so-called “Cayley trick”. Let L,, ..., L be the
line bundles associated to the quasi-smooth hypersurfaces X, ... X;, and so let P(E)
be the projective bundle of E =L, @ --- @ L,. It turns out that P(E)isa d + s — 1-
dimensional projective simplicial toric variety whose Cox ring is

Clxy, .oy X0 Y15 - Yl

where S = C[x, ..., x,] is the Cox ring of [F"‘é. The hypersurface Y is cut off by the
polynomial F =y,f; + --- +yf, and is quasi-smooth by Lemma 2.2 in [15]. Moreo-
ver, combining Theorem 10.13 in [1] and Theorem 3.6 in [15], we have that

p—1d+s—1—p ~ gPsd-p
Hprlrn (¥) = ROF) g5-pyp-p, = Hprlm X)

ds—1 d+s=3 .
for p # <5—, =5 as desired. m|

Here R(F) is the Jacobian ring of Y, i.e., the quotient of the Cox ring
R(F) =Clxy, ..., X, Y15 - Y1 /I (F),

where J(F) is the ideal generated by the derivatives of F, see [1].

Remark 2.4 With the same notation of Proposition 2.3, note that we have a well
defined map

¢ bl X X Bl = 1]
(Fiss) B iy + o L

Moreover, by the Noether-Lefschetz theorem NL; is a countable union of closed sets
U, C; and hence | J ¢~'(C)) is too.

We have a Noether-Lefschetz type theorem, namely,
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Theorem 2.5 Let [F"g be an Oda projective simplicial toric variety. Then for a
very general quasi-smooth intersection subvariety X cut off by f,...f, such that
d+s=2(+1)and Zf:l deg(f;) — By is nef, one has that

Hl+l—s,l+1—s(X, Q) = * (Hl+l—s,]+1—s‘(|]:|)d’ Q))

So we get a natural generalization of the Noether-Lefschetz loci.

Definition 2.6 The Noether-Lefschetz locus NL;  ; of quasi-smooth intersection
varieties is the locus of s—tuples (f;, ..., f;) such that X = X, n ... X; is quasi-smooth
intersection with f; € | ;| and H'*!1~ SR (X, Q) # i (H- Dot A(Pd Q).

Now we consider the Hodge conjecture for very general quasi-smooth intersec-
tion subvarieties in P<.

Corollary 2.7 If I]:Dg is a Oda projective simplicial toric variety, the Hodge Con-
Jjecture holds for a very general quasi-smooth intersection subvariety X cut off by
fis oo fysuch thatd +s = 2(1+ 1) and Y;_, deg(f;) — B is nef.

Proof First note that by Thereom 4.1 in [12] the projective simplicial toric variety
Pff; is Oda and since X is very general the quasi-smooth hypersurface Y is very

general as well. So applying the Noether-Lefschetz theorem one has that

h;ﬁlm(Y) h;llm”“ ’(X) or equivalently every (I + 1 — 5,41 —s5) cohomology
class is a linear combination of algebraic cycles. |

3 Cox-Gorenstein ideals

We shall need a partial generalization of Macaulay’s theorem (see e.g. Thm. 6.19 in
[18] for the classical theorem). This generalization is basically contained in the work
of Cox and Cattani-Cox-Dickenstein [7, 9].

Let S be the Cox ring of a complete simplicial toric variety Py. This is graded
over the effective classes in the class group CI(Py) and [8]

5 = H'(Py, Op_(a)).

As Op_(a) is coherent and Py is complete, each S* is finite-dimensional over C; in
partlcular S0~ C.

Lemma 3.1 For every effective N € Cl(Py), the set of classes a € CI(Py) such that
N — a is effective is finite.

Proof Since the torsion submodule of CI(Py) is finite, we may assume that C1(Py) is
free. Then the exact sequence
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0 - M — Divy(Py) — CI(Ps) - 0

splits, and we may identify CI(Py) with a free subgroup of Div;(Py), generated by a
subset {D, ..., D, } of T-invariant divisors. A class in CI(Py) is effective if and only
its coefficients on this basis are nonnegative, whence the claim follows. O

We shall give a definition of Cox-Gorenstein ideal of the Cox rings which general-
izes to toric varieties the definition given by Otwinowska in [16] for projective spaces.
Let B C S be the irrelevant ideal, and for a graded ideal I C B, denote by V(1) the cor-
responding closed subscheme of Py.

Definition 3.2 A graded ideal I of S contained in B is said to be a Cox-Gorentstein
ideal of socle degree N € CI(Py) if

1. there exists a C-linear form A € (SV)Y such that for all « € CI(Ps,)
I“={f € S*| A(fg) = O for all g € SN 7}; )
2. Ve(h=4.

Remark 3.3 Cox-Gorenstein ideals need not be Artinian. Property 2 in this definition
replaces that condition.

Proposition 3.4 Let R = S/I. If I is Cox-Gorenstein then

1. dimcRY =1;
2. the natural bilinear morphism

R*xRV"* 5 RV~ C 3)
is nondegenerate whenever a and N — a are effective.
Proof

1. From eq. (2) we see that the sequence

01" S coo

is exact.

2. Define ® : R* Xx RV % — C as ®(x,y) = A(%y), where %, y are pre-images of x,
y in S. One easily checks that this is well defined and that via the isomorphism
RN =~ k it coincides with the pairing (3). Now if x € R* and ®(x, y) = 0 for all
y € RN then A(xy) = Ofor all § € S¥*so that X € I%, i.e., x = 0. O
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Let f;. ....f,; be homogeneous polynomials, f; € S%, where d = dim Py, and each «;
is ample, and let N = ), @; — f,, where f is the anticanonical class of Py. Assume that
the f; have no common zeroes in Py, i.e., Vi (I) = Gif I = (fy, ..., f)).

In [1, 7, 9] it is shown that for each G € SV one can define a meromorphic d-form &
on Py, by letting

__GQa
fofy

where Q is a Euler form on Py. The form &; determines a class in HY(Py, ), where
w is the canonical sheaf of Py, (the sheaf of Zariski d-forms on Py), and in turn the
trace morphism Trp ! H(Py,w) — C associates a complex number to G, so we
can define A € (SV)V as

&

AG) = Trp (1)) € C. @)

Finally, we can prove a toric version of Macaulay’s theorem.

Theorem 3.5 The linear map defined in Eq. (4) satisfies the condition in Definition
3.2. Therefore, the ideal I = (f,), ... ,f,;) is a Cox-Gorenstein ideal of socle degree N.

Proof By Theorem 6 in [7] the map A establishes an isomorphism RV ~ C. Hence,
if £ € $%is such that A(fg) = O for all g € SV~%, then fg € I, which implies f € I°.
On the other hand, it is clear that A(fg) = 0if f € I*and g € SN~%. |

Another example is given in terms of toric Jacobian ideals. For every ray
p € Z(1) we shall denote by v, its rational generator, and by x, the corresponding

variable in the Cox ring. Recall that d is the dimension of the toric variety Py,
while we denote by r = #2(1) the number of rays. Given f € S one defines its

toric Jacobian ideal as
af af
J = —x, — ).
O(f) <xp] axp] xpr axpr )

We recall from [1] the definition of nondegenerate hypersurface and some properties
(Def. 4.13 and Prop. 4.15).

Definition 3.6 Let f € S(X)?, with f an ample Cartier class. The associated hyper-
surface X, is nondegenerate if for all o € X the affine hypersurface X, N O(o) is a
smooth codimension one subvariety of the orbit O(c) of the action of the torus T¢.

Proposition 3.7

1. Every nondegenerate hypersurface is quasi-smooth.
2. Iffis generic then X, is nondegenerate.

The following is part of Prop. 5.3 in [9], with some changes in the terminology.
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Proposition 3.8 Let f € S(X), and let {p,,...,p,;} C Z(1) be such that VyseeesV
are linearly independent.

Pa

1. The toric Jacobian ideal of f coincides with the ideal

¥ of of
WX, /™, X, — |].
g axﬂ] . axl’d

2. The following conditions are equivalent:

(a) fis nondegenerate;
(b) the polynomials X, %, i=1,...,r, do not vanish simultaneously on Xf;
7

(c) the polynomialsfand‘xpi dii’ i=1,...,d,do not vanish simultaneously on Xf.
Pi )

3. Ifmoreover Bis ample and f is nondegenerate, then J,(f) is a Cox-Gorenstein ideal
of socle degree N = (d + 1) — f,, where fyis the anticanonical class of[l-'”g.

4 Asymptotic Hodge conjecture

In this section we prove Theorem 4.2. Let us recall part of the notation and assump-
tions of [4]. Let P%k“ be an Oda variety with an ample Cartier class § such that
kp — Py = nn, where f; is the anticanonical class, # is a primitive ample class and
n e N

We need to define a pre-order in the group

N! ([F";k“) = Pic([P’g‘H) ® Q/numerical equivalence,

by letting @ < o’ if &' — a is an effective class.

Let X; € |p|be a quasi-smooth hypersurface in the Noether-Lefschetz locus asso-
ciated to a nontrival Hodge class A € FFH**(U). Again, its degree is computed by
intersecting with the ample class #, i.e., deg X, = [X,] - #. Let r be number of rays of
%, so that r > 2(k + 1). Assuming that n is big enough, it follows from Proposition
4.7 or Theorem 6.1 in [4] that there exists a k-dimensional subvariety V of Xf satis-
fying the following conditions:

1

o degV <26mywith0 <6 < o=t

e the graded ideals /;, and

(the number my; was defined in Eq. (1));

gh,

=0 for all he SV}, 3)
Tuby, S*!

b
E={g€5’|2/1i
i1
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coincide in degree less than or equal to (m p—2—(r—j)deg V)n for some j, with
0 <j < r. Here Tub(—) is the adjoint of the residue map, and N = (k+ 1)f — f,
is the socle degre of the Cox-Gorenstein ideal E, while

b pd
/1f = (2 /L%)
i=1

is the Poincaré dual of some rational combination of the homology cycles y; gen-

erating HZk(Xf, Q). Moreover, via the isomorphism T U ~ SP, the degree f sum-
mand E” of E is identified with the tangent space 7, N’ ,flzi/ to the Noether-Lefschetz
locus, so that E” contains the degree f part J(f)” the Jacobian ideal of f.

Lemma 4.1 The toric Jacobian ideal J(f) is contained in E.

Proof J(f) C J(f), so that Jy(f)? Cc J(f)? C EP, and since J,(f) is generated in
degree f, one has J,(f) C E. O

We denote by A, the class of V in H;’i‘m(Xf, Q). In the following theorem we

assume that Pic(P%"“) =1, i.e., that P%k“ is a (possibly fake) weighted projective
space [6, 13] (cf. [10] Exer. 5.1.13). This implies that #?(PZ¥*!) = 1 for all p.

Theorem 4.2 [f V is a quasi-smooth intersection subvariety, there exists ¢ € Q*
such that Ay = cAy.

Proof We divide the proof in three steps.
Step I: 4, # 0. For clarity, for every cohomology class of a subvariety we denote
in the cohomology of which ambient variety we consider it (so we write [V] X, and

[V]p§k+1). Since V C X is a regular embedding we have

[V])sz = /V ck(NV/Xf) = -/V [C(NV/P§k+l)/C(NXf/P§k+]|V)]k

- (6)
[8pt] = fP§k+I[V]p§k+l U &,
where E, is the component in H*¥(PZ+!) of
- JLa+4)
T 1+ [Xf]Pék“ ’
here A, ..., A, are the classes in Cl([P’g‘“) of the hypersurfaces that cut the quasi-

smooth intersection subvariety V. The claim is proved by contradiction: if [V]xf is
the restriction of a class in H"’k(ﬂj’g‘“), ie.,

— k
VI, = by,

for some b, then comparing this with (6) we obtain
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degV = my; degX,, 7

where m, is defined by &, = m, #*. But (7) cannot be true when deg X is big enough.
Step IL Let E,, and E be the Cox-Gorenstein ideals associated to 4, and 4,

respectively, as in Eq. (5). To prove the theorem it is enough to show that E = E,.
Note that I, + Jy(f) is contained in E and E,,,. Moreover, since V C X, and f is
quasi-smooth, there exist K, ... K;,; € B such that f =AK, +...A;, K, and
A, ..., A 1,K;, ... K, ) is a Cox-Gorenstein ideal with socle degree N; this will
follow from the next step, which concludes the proof.

Step III. It is enough to show that every Cox-Gorenstein ideal Z of socle degree

N containing Iy, + J,(f) also contains (A4, ..., A, , K, ... K ;). By assumption

k+1
(Aj,je{l, k41, Z % Kj,zel )cI.

Let us see that K; €T forevery j € {l,...,k+1}. Let M € Mat(r X (k + 1)) be the
matrix [x ] and K the column (K))ie(y,. 441y Let I C {1,...r} with cardinality

.....

k+1and let M , be the matrix obtalned extractlng the i € I-arrows of M. We have
that Zk+1 -K; = (MK); = (M,K);; multiplying by the adjoint of M, we get that

det(M))K; € I for all j € {1,...k+ 1}. On one hand the ideal (Z : K;) contains the
ideal

J=1,+(detM,|IC{1,...,r}, # =k +1).

Since V is a smooth complete intersection subvariety, it follows that [ is base point
free, and therefore it contains a complete intersection Cox-Gorenstein ideal .7 by the
toric Macaulay theorem, Theorem 3.5. Since J is generated in degree less than or
equal to (deg V)y, we can take 7 with the same property. It follows that

soc(J') < 2(k + 1)(deg V) — By < 2rmybn — f.

On the other hand if K; & 7 then (Z : K;) contains a Cox-Gorenstein ideal with socle
degree

N —degK; >N — B =kp —

then comparing the above two inequalities and keeping in mind that » > 2(k + 1), we
get

PRSI S
2r — 4(r—(k+1))
which is absurd. O

On behalf of all authors, the corresponding author states that there is no con-
flict of interest.

@ Springer



Sao Paulo Journal of Mathematical Sciences (2021) 15:682-694 693

Acknowledgements We thank Paolo Aluffi for useful discussions, and Antonella Grassi for developing
with the first author the foundations on which this work is based. We are very thankful to the referee for
her/his very careful reading, and the many suggestions and remarks which allowed us to greatly improve
the presentation of this paper. The first author’s research is partly supported by PRIN “Geometry of alge-
braic varieties” and GNSAGA-INdAM. The second author acknowledges support from FAPESP postdoc-
toral Grant No. 2019/23499-7.

Funding Open access funding provided by Scuola Internazionale Superiore di Studi Avanzati - SISSA
within the CRUI-CARE Agreement.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References

1. Batyrev, D.A., Cox, V.V.: On the Hodge structure of projective hypersurfaces in toric varieties.
Duke Math. J. 75, 293-338 (1994)
2. Bruzzo, U., Grassi, A.: The Noether-Lefschetz locus of surfaces in toric threefolds, Commun. Con-
temp. Math. No. 5 (2017) 1750070 (20 pages)
3. Bruzzo, U, Grassi, A.: On the Hodge conjecture for hypersurfaces in toric varieties. Commun.
Anal. Geom. 28, 1773-1786 (2020)
4. Bruzzo, U., Montoya, W.D.: An asymptotic description of the Noether-Lefschetz components in
toric varieties, arXiv:1905.01570 [math.AG]
5. Bruzzo, U., Montoya, W.D.: Codimension bounds for the Noether—Lefschetz components for toric
varieties, arXiv:2001.01960 [math.AG]. To appear in Eur. J. Math
6. Buczynska, W.: Fake weighted projective spaces, English translation of Toryczne przestrzenie rzu-
towe, Magister thesis, (2002). arXiv:0805.1211 [math.AG]
7. Cattani, E., Cox, D., Dickenstein, A.: Residues in toric varieties. Compos. Math. 108, 35-76 (1997)
8. Cox, D.A.: The homogeneous coordinate ring of a toric variety 4, 17-50 (1995)
9. Cox, D.A.: Toric residues. Ark. Mat. 75, 73-96 (1996)
0. Cox, D, Little, J., Schenck, H.: Toric varieties, Graduate Studies in Mathematics, 124. American
Mathematical Society, Providence, RI, (2011). xxiv+841 pp
11. Dan, A.: Noether-Lefschetz locus and a special case of the variational Hodge conjecture: using ele-
mentary techniques, In: “Analytic and algebraic geometry,” pp. 107-115. New Delhi, Hindustan
Book Agency (2017)
12. Ikeda, A.: Subvarieties of generic hypersurfaces in a non-singular projective toric variety. Math. Z.
263, 923-937 (2009)
13. Kawasaki, T.: Cohomology of twisted projective spaces and lens complexes. Math. Ann. 206, 243—
248 (1973)
14. Liu, K.F.,, Zhuang, X.B.: Deformations of complex orbifolds and the period maps. Sci. China Math.
63, 83-100 (2020)
15. Mavlyutov, A.: Cohomology of Complete Intersections In Toric Varieties. Pacific J. Math. 191,
133-144 (1999)
16. Otwinowska, A.: Composantes de petite codimension du lieu de Noether-Lefschetz: un argument
asymptotique en faveur de la conjecture de Hodge. J. Alg. Geom. 12, 307-320 (2003)
17. Voisin, C.: Hodge Theory and Complex Algebraic Geometry I. Cambridge University Press, Cam-
bridge (2002)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1905.01570
http://arxiv.org/abs/2001.01960
http://arxiv.org/abs/0805.1211

694 Sao Paulo Journal of Mathematical Sciences (2021) 15:682-694

18. Voisin, C.: Hodge Theory and Complex Algebraic Geometry II. Cambridge University Press, Cam-
bridge, UK (2003)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published
maps and institutional affiliations.

@ Springer



	On the Hodge conjecture for quasi-smooth intersections in toric varieties
	Abstract
	1 Introduction
	2 Very general quasi-smooth intersections
	3 Cox-Gorenstein ideals
	4 Asymptotic Hodge conjecture
	Acknowledgements 
	References


