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Abstract We give a necessary and sufficient condition for positive Borel measures such that
the Dirichlet problem, with zero boundary data, for the complex Monge—Ampere equation
admits Holder continuous plurisubharmonic solutions. In particular, when the subsolution
has finite Monge—Ampere total mass, we obtain an affirmative answer to a question of Zeriahi
et al. (Complex Var. Elliptic Equ. 61(7):902-930, 2016).

Mathematics Subject Classification 53C55 - 35J96 - 32U40

1 Introduction

Bedford and Taylor [3] proved the existence of plurisubharmonic solutions of the Dirich-
let problem for the complex Monge—Ampere equation in a strictly pseudoconvex bounded
domain 2 in C". The solution is continuous or Holder continuous provided that the data is
continuous or Holder continuous, respectively. In their subsequent fundamental paper [4] they
developed pluripotential theory which becomes a powerful tool to study plurisubharmonic
functions. Later, applying pluripotential theory methods the weak solution theory has been
developed much further by Cegrell [6,7] and Kotodziej [18,19]. The continuous solution is
obtained for more general right hand sides in [19], in particular for L?-density measures,
p > 1, as an important class. Recently, Guedj et al. [15] showed that the solution is Holder
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continuous, which is the optimal regularity, for such measures, under some extra assump-
tions. Finally, the extra assumptions were removed in [2], [8]. However, there is still an open
question to find a characterisation for the measures admitting Holder continuous solutions to
the equation. If one requires only bounded solutions, then Kotodziej’s subsolution theorem
[16] gives such a criterion.

Letg € PSH(Q)NCY* () with 0 < « < 1, where C%% () stands for the set of Holder
continuous functions of exponent « in Q. Moreover, we assume that

¢=0 on 9. (1.1)

Given such a function ¢ we consider the set of positive Borel measures on 2 which are
dominated by the Monge—Ampere operator of ¢, namely,

M(p, Q) := {u is positive Borel measure: u < (dd“p)" in Q}. (1.2)

For measures in this set we also say that ¢ is a Holder continuous subsolution to . Let
€ M(gp, ) and consider the Dirichlet problem for 0 < o’ < 1,

ue PSH(Q) NC%(Q)
ddu)" =, (1.3)
u=0 on 0JRQ.

The following problem [11, Question 17] was raised by Zeriahi.

Probelm 1.1 Can we always solve the Dirhichlet problem (1.3) for some 0 < o’ < 1?

When ¢ is merely bounded subsolution, the subsolution theorem in [16] has provided a
unique bounded solution. Thus, to answer Zeriahi’s question it remains to show the Holder
continuity of the bounded solution. Our main result is the following:

Theorem 1.2 Let 1 € M(¢p, Q). Assume that the Holder continuous subsolution ¢ has finite
Monge—-Ampére mass on , i.e.,

/ (dd°p)" < + 0. (1.4)
Q

Then, the Dirichlet problem (1.3) is solvable.

We actually obtain a necessary and sufficient condition for a measure in M (¢, 2) with
finite total mass such that the Dirichlet problem (1.3) is solvable. Using this characterisation
(Theorem 2.5) we can reprove the results from [2], [8], [15] in the case of zero boundary.
We also show in Corollary 2.13 that there are several class of measures which satisfy the
assumptions of the theorem. Charabati [9] has studied very recently Problem 1.1 for these
measures.

There is a strong connection between Problem 1.1 and the Holder continuity of weak
solutions to Monge—Ampere equations on a compact Kihler manifold (X, w). Namely, the
characterisation [10, Theorem 4.3] (see also [20]) says that a positive Borel measure on (X, w)
is the Monge—Ampere measure of a Holder continuous w-plurisubharmonic function if and
only if it is dominated locally (on local coordinate charts) by the one of Holder continuous
plurisubharmonic functions. On the other hand, Dinh—Nguyen [12] has found another global
characterisation for this problem by using super-potential theory [13]. This characterisation
has been used in [22] to generalise the result obtained previously by Pham [21]. Our necessary
and sufficient condition can be considered as the local analogue of [12]. It may possibly be
used to give a local proof of the results in [21,22].
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2 A general characterisation

Let Q be a strictly pseudoconvex bounded domain in C". Let p € C?(Q) be a strictly
plurisubhamonic defining function for Q = {p < 0}. The standard Kéhler form in C" is
denoted by B := dd°|z|>. Without of loss generality we may assume that

dd°p>pB on Q. 2.1

In this section we will prove a general characterisation of measures in M (g, 2) which
are Mong-Ampere measures of Holder continuous plurisubharmonic functions. To state our
result we need definitions and properties related to the Cegrell classes. The class & := £y (£2)
is defined by

{v € PSHNL™®(Q) : 11151Q v(z) =0, and /(ddcv)” < +oo} . (2.2)
7= Q

We will also work with a subclass of &, namely,

& = :v €& / (ddv)" < 1’. (2.3)
Q

The following basic properties of £y and &) which will be used later, and we refer the readers
to [6,7] for detailed proofs.

Proposition 2.1 We have

(a) The integration by parts holds true in Ey; if u, v € &y, so does u + v.
(b) Letu € &. Let v e PSH N L*(2) be such that lim,_, 3o v(z) = 0, and v > u. Then,
v e & and

/(dd"v)" 5/(ddcu)". 24
Q Q

(¢) Letu,v € &). Then, max{u, v} € &) and max{u, — s} € & for every s > 0.
(d) Foruy,...,u, € & the Cegrell inequality reads as follows.

/dd”ul A AddCu, < </ (ddful)"y...(/ (ddcu,,)"y. (2.5)
Q Q Q

In what follows we always denote for p > 0

1
P
- 1lp = (/ |- |pdV2n> and || - [loo == sup|- |, (2.6)
Q Q

where d 'V, is the Lebesgue measure in C”. The constant C > 0 will appear in many places
below, we understand that it is a uniform constant and it may differ from place to place.

Lemma 2.2 Let v be a positive Borel measure on Q2 and let 0 < o < 1. Then,

/ (u —v)dv
Q

/ lu —v|dv < Cllu —v||§ Vu,veg(’). (2.8)
Q

<Cllu—v[¢ Vu,ve&) Q.7

if and only if

Here, the constant C > 0 is independent of u, v.
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Proof The sufficient condition is clear. To prove the necessary condition we first have that
lu — v| = (max{u, v} — u) + (max{u, v} — v).

Since u, v € &), so max{u, v} € &). Hence we apply (2.7) twice to get the desired inequality.
O

For a general positive Borel measure v it defines a natural functional

v(w) ::/ w dv
Q

for a measurable function w in 2. We introduce the following notion which is probably a local
counterpart of the one in Dinh—Sibony [13] and Dinh—Nguyen [12] for positive measures.

Definition 2.3 The measure v is called to be Holder (or a-Holder) continuous on 5(’) if there
exists 0 < a < 1 such that

[v(u —v)| = ‘/ (u — v)dv
Q

<Cllu—v|{ Vu,v eé'(’), 2.9)
where the constant C > 0 is independent of u, v.

Thanks to Lemma 2.2 we can verify the Holder continuity of a positive Borel measure v
by using either (2.7) or (2.8). The following properties are consequences of the definition.

Lemma 2.4 Let v be a-Hélder continuous on E(’), then we have

() & C L'(dv);
(b) if u < v, then p is also a-Holder continuous on &);
(¢) v is a Radon measure, and v vanishes on pluripolar sets in Q.

Proof The property (a) is obvious. The property (b) follows from (2.8). Lastly, since
CX(Q) C & NCYUR) — & N COQ) (see [7, Lemma 3.1]) it follows that v is a Radon
measure. Next, let K C €2 be a compact pluripolar set. Let G ; be a decreasing sequence of
compact sets in €2 satisfying

00
0
Gjr1 CGj and ﬂGj =K.
j=1

Let hg; denote the relatively extremal function of G ;. By a theorem of Bedford-Taylor [4]
we have

o
cap(Gj, Q) :/Q(dd"h*aj)" and h*G,- =—1 on Gj.

Hence,

1= o
v(K) < fQ I, ldv < C[cap(G;, )] ™ ( fQ |hzj|dv2n) :

where the second inequality used the fact that v is «-Ho6lder continuous on 56. Since h"&j /!

h% = 01in £, then the right hand side tends to 0 as j — oo. Thus, v vanishes on pluripolar
sets in 2. 0

Let us state the announced above characterisation for measures in M (¢, €2).
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Theorem 2.5 Let i be a positive Borel measure such that 1 < (dd€)" foro € PSH(2)N
C%(Q) and ¢ = 0o0n 0, where 0 < o < 1. Assume that u has finite total mass. Then,
w is Holder continuous on & if and only if there exists u € PSH(Q) N CO""/(S_Z), where
0 < & <1, satisfying

dd‘w)" =p, wup, =0.

Remark 2.6 One should remark that the Holder exponent of u on &) is often different from
the ones of ¢ and u.

Let us prepare ingredients to prove the theorem. The following lemma will be its necessary
condition.

Lemma 2.7 Let ¢ € PSH(Q) N C%(Q) be such that ¢ = 0 on 32, where 0 < a < 1.
Assume that

/(ddfga)" < +00.
Q
Then, the measure v := (dd“p)" is Holder continuous on &),

Remark 2.8 On a compact Kihler manifold (X, w) this is an analogue of Dinh—Nguyen [12,
Proposition 4.1] for w-plurisubharmonic functions. The difference is that in the local setting
one needs to deal with the boundary terms which do not appear in the compact manifold. We
succeed to estimate these terms by using the Cegrell inequality (2.5).

Proof Denote 8 = dd€|z|* and
Sk := (dd @)* A g7

Our goal is to show that there exists 0 < & < 1 such that for w, v € &)

[ 1w =is, < i - i

We proceed by induction over 0 < k < n. For k = 0, the statement obviously holds true
with op = 1. Assume that this holds for integers up to k < n. For simplicity let us denote

S = (dd @)k A prF1.

The induction hypothesis tells us that there is 0 < o < 1 such that
/Q|w—v|S/\f5§C||w—v||‘f". (2.10)
We need to show that there exists 0 < ax41 < 1 such that
/Q(w —v)dd9 AS < Cllw —v|{*! (2.11)

for every v, w € 86 and w > v (the general case will follow as in the proof of Lemma 2.2).
Indeed, without loss of generality we may assume that

lw—v|; > 0.

Otherwise, the inequality will follow directly from the induction step (2.10). Let us still
write ¢ to be the Holder continuous extension of ¢ onto a neighbourhood U of 2. Consider
the convolution of ¢ with the standard smooth kernel x, i.e., x € C2°(B(0, 1)) such that
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x(@) = x(|z]) = 0, supp x CC B(0, 1) and [, x (z)dV2, = 1. Then, we observe that for
zeU,

ws(2) —@(2) = fB(o 1)[tp(z —80) — @)X ()d Va2, (¢) < C8%, (2.12)
and
3 gs Cll¢llso
92,07 (z)| < 52 (2.13)
We first have

/(w —v)dd“p A S < '/ (w—v)ddps N S
Q Q

. 2.14
+‘/(w—v)dd‘(<p5—<p)/\5‘ (2.14)
Q
=11+ I.
It follows from (2.10) and (2.13) that
c
I < ||<ﬁ||oo/( _)SAB
(2.15)
_ Cligll
<l = vl
The integration by parts in & gives:
[ wddss =) 15 = [ 05 - oaawns
@ @ (2.16)
- / (ps —@)d°w A S.
aQ
Notice that d“w A S is a positive measure on €2 with total mass is
/ dd°w A S < + 0. (2.17)
Q

This finiteness of the integral is obtained as follow. By (2.1) it is clear that the defining
function p € &y and dd“p > . Therefore

/ dd‘wn S < / ddw A (dd@)* A (dd€p) 1.
Q Q
The Cegrell inequality (2.5) gives us that the right hand side is less than

—k—1

( / <dd0w)"); < f (dcl%p)”)H ( / (ddfp)") "¢
Q Q Q

asw € &) and ¢ € &. Notice that here the constant C is independent of w. Hence, using
(2.12), we get that

‘/ (gog—(p)dcw/\S‘ SC(SO‘/ dd“w A S. (2.18)
IQ Q

Similarly,
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/ dd“v A S < + o0, (2.19)
Q

‘/ (ps — @)dv A S‘ < C(S“/ dd°v A S. (2.20)
Q Q
Finally, using (2.12), (2.16), (2.17), (2.18), (2.19) and (2.20) we are able to finish the estimate

L <

/ (ps —@)ddvAS
Q

/ (ps — @)dd“w A S‘ +
Q

+U (sﬂa—w)dcw/\S‘—i—‘/ ((pg;—(p)dcv/\S‘
a0 a0

< C8§“ (/ dd"w/\S—i-/dd"v/\S)
Q Q

< Cé§.
Thanks to (2.17) and (2.19) we have

(2.21)

‘/(w—v)dd”go/\S‘s‘/ (pddchS‘+
Q Q

= Clglloo

From this inequality we can assume that 0 < ||w — v|; < 1/100. Combining (2.14), (2.15)
and (2.21) we have

pddv A S‘
Q

/ (w — v)dd e ”‘p”‘” lw — v % + Co°.
Therefore, the proof of (2.11) is completed if we choose
% oo
S=lw—=vly, @y =—.
3
Thus, the lemma is proven. m]

The measures which are Holder continuous on &} satisfy the volume—capacity inequality,
which is the content of the next proposition. This inequality plays a crucial role in deriving
the apriori uniform estimate and stability estimates for the solutions to the Monge—Ampere
equation.

Proposition 2.9 Assume that v is a-Hélder continuous on &) with finite total mass on Q.
Then, there exist uniform constants a1 > 0 and C > 0 such that for every compact set
KcQ

w(K) < Cexp <_°“1> . (2.22)
[cap(K, Q)]

Proof First, we prove that for v € PSH N L®(R) and lim;_, 3o v(z) = 0 satisfying
fQ (ddv)" < 1, there exist uniform constants «; > 0 (small) and C > 0 such that

v(v < —5) < Ce ™ Vs > 0. (2.23)

Indeed, put vy := max{v, — s}. Then

v(v<—s—1):/ dvf/ vy — v|dv. (2.24)
{fv<—s—1} Q
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Since vy, v € £ and v is a-Holder continuous on &, the right hand side is bounded by

C (/ g — vldV2n> ‘ (2.25)
Q

Since 0 < vy — v < Ljy<—g}|v| < Lya—sje™ %Y /arp for an > 0 (to be determined later), we
have

1
/ lvs —vldVa = — e~ 2Vd Vs,
Q a2 Jv<—s}
i e—azv—az(v+s)dvzn (2.26)
ar Jo
28

/ eizadezn .
(2% Q

The last integral is uniformly bounded for 2«; > 0 small enough thanks to [19, Lemma 4.1].
Combining (2.24), (2.25) and (2.26) we get that

IA

IA

v(v < —s — 1) < Ce %%,
Hence, we obtained (2.23) for a1 = ooy with oy > 0 small enough.
To finish the proof of the proposition we use an argument which is inspired by the proofs
in [1]. Let K C €2 be compact. Since v vanishes on pluripolar sets (Lemma 2.4) we may

assume that K is non-pluripolar. Let 4} be the relative extremal function of K with respect
to Q. Since K C 2 is compact, it is well-known that

lim h%(¢) =0.
¢ 1 90 K( )
By [[4],Proposition 5.3] we have

" i=cap(K, Q) = / (dd°h)" > 0.
Q

Let 0 < x < 1. Since the function w := hTK satisfies assumptions of the inequality (2.23),

we have
_1 1—
v(h}’}<—1+x)=v<w< +x>§Cexp<—M).

T T

Let x — 0%, we obtain

v < —1) < Cexp (_“11> . 2.27)
[cap(K, )]

Since hx = h outside a pluripolar set, we have
v(K) <vhg =—1) =v(hy =—1) <vhy <—1. (2.28)

We combine (2.27) and (2.28) to finish the proof. O

We can follow the proofs in [14], [15] and [17], to derive the stability estimate for the
measures which are well dominated by capacity.
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Proposition 2.10 Suppose that 1 = (ddcu)_” forue PSH(2)N C%Q) and satisfies the
inequality (2.22). Let v € PSH(2) N C%Q) be such that u = v on Q. Then, there exist
constants C > 0 and 0 < ay < 1 independent of v such that

sup(v —u) <C (/ max{v — u, O}d,u) : . (2.29)
Q Q

Proof It readily follows from the one of [15, Theorem 1.1] with obvious adjustments. O

We proceed to the proof of Theorem 2.5. Let © € M(gp, Q) with u(2) < +oo. The
theorem asserts that p is Holder continuous on 5(’) if and only there exists u € PSH(2) N

C%(9),0 < o’ <1, solving
(dd‘w)" =, u, =0.
First, we see that the sufficient condition follows from Lemma 2.7 applied for ¢ := u.
It remains to prove the necessary condition. By Proposition 2.9, the measure y satisfies the

volume~—capacity inequality (2.22). Therefore, using Kotodziej’s result [19, Theorem 5.9] we
solveu € PSH(Q) N CO(Q),

ddu)" =, gy =0. (2.30)

The existence of the Holder continuous subsolution assures that the solution u is Holder
continuous on the boundary. To see this, we get by the comparison principle [4] that

¢p<u=<0 on Q. (2.31)
Let us denote for § > 0 small
Qs ={z€Q:dist(z,0Q) > 8}; (2.32)
and for z € Qs we define
us(z) = sup u(z+¢), (2.33)
[¢1<é
1
i52) = — | u@+dVan (@), (2.34)
0218 Ji¢|<s

where o7, is the volume of the unit ball.

Lemma 2.11 There exist constants co = co(¢) > 0 and §9 > 0 small such that for any
0 <6 < do,

us(z) < u(z) + cod” (2.35)
for every z € 925, where « is the Holder exponent of ¢.
Proof Fix a point z € 992;. It follows from (2.31) and (2.33) that

us(z) —u(z) < —¢(2).
Choose ¢o € C", ||¢o|l = §, such that z + g € 9<2. Then, ¢(z + ¢o) = 0, and

—9(@) =9+ %) — @)
<cp 8%

for0 <8 < &y as<peC0’“(S_2). O
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The following result follows essentially from [2, Theorem 3.3, Theorem 3.4].

Lemma 2.12 Fix 0 < a4 < 1. Then, we have for every § > 0 small,
/ lits — u|d Vo, < C8*4. (2.36)
Qs
Proof First, we know from the classical Jensen formula (see e.g [15, Lemma 4.3]) that

[ lis — uldVa, < c(sz/ Au(z). (2.37)
Qa5 Qs

Since both p and — dist(z, d2) are defining functions of the C 2 bounded domain, we have

— p(2) = c1 dist(z, 92) for some uniform constant ¢; > 0 depending on p and 2. Hence,
Qs C {/O(Z) < —618}.

Put 261 = ¢16. Then,

/ Au(z) 5/ Au(z). (2.38)
Qs {p<—281}

We may also assume that {p < —§;} has smooth boundary. Then, we have for a fixed
O<oayg <1,

/ Au(z)
{p<=251}

<62 / (—p —81)* "™ Au(z)
{p<—d1}
=c, 51*(27014)/ (—p — 81)2_“4ddcu A :Bn_l (2.39)
{p<—31)
=, 87 / udd(—p — 81)%"% A g1
{p<—=d1}

+ ¢ 8]7(27114)/ (—u)d(—p — 51)2—014 A lgn—l,
{o=—=41}

where we used the integration by parts for the third equality, and ¢, is a constant depends
only on n.

Next, we are going to get a uniform bound for the last two integrals in (2.39). We compute
dd“(—p — 81)"* = 2 — ag)(1 —ag)(—p — 1) *dp A d°p (2.40)
— @ —a)(—p — &) " ddCp. '

It is clear that

/ Ul(=p — 81 dp Adp A B < cuunoo/ oIV, (241)
{p<—4d1} {p<0}

The integral on the right hand converges as 0 < a4 < 1. Similarly,
f lul(=p — 80! ddp A B! < cnunooupnoof dVap.  (242)
{p<—4d1} {p<0}

Therefore, by (2.40), (2.41) and (2.42) the first integral

/ udd(—p — 81>~ A "1 < C. (2.43)
{o<—51}
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We continue with the second one.

f (= u)d (—p — 61> A g7
{p=—61}
=Q2—a) (—u)(—p — 8! dp A g
{p=—51)

< C||u||oo||p||oof dpnp!
{p=—361}

(2.44)

- cuunoonpnoo/ ddep A g,
{p<0}

Combining (2.38), (2.39), (2.43) (2.44), and then substituting § = 281 /c; we conclude that
/ Au(z) < C5~ @),
Q5

Hence, using this and (2.37) we get that

/ lus —uldVay < [ lus — uldVay, +2||u||oo/ dVoy
Qs Qs QE\QZE

< C8* 4 Cé.
We thus completed the proof of the lemma. O
We are in the position to complete the theorem.

Proof (End of the proof of Theorem 2.5) It follows from Lemma 2.11 and #i5 < us that

P max{iis — cod%, u} on Qg, (2.45)
u on 2\ Qs,
belongs to PSH(2) N C%($2). Notice that
/(ddcﬁ)” < / (ddu)" = n(Q) < + oo.
Q Q
By applying Proposition 2.10 for & and u, there is 0 < ap < 1 such that
%)
sup(u —u) < C <f max{i — u, O}du)
@ @ (2.46)

@
§C</ |ﬁ—u|du> .
Q

Since 1 < (ddp)", it follows from Lemma 2.7 that 1 is Holder continuous on &£j. Moreover,

where ¢ = [(2)]"/". Therefore, there is 0 < a3 < 1 such that
~ L
1=l < € u@ 5 i - i
Q

By Lemma 2.12 and (2.45) the right hand side is controlled by
C§* (247

@ Springer



8 Page 120f 15 N. C. Nguyen

for a fixed 0 < 4 < 1. Hence, using Lemma 2.11, (2.46) and (2.47),
sup(its — u) < sup(i — u) + cod*
Qs Q
< C§%,

where o5 = min{w, apa3as}. Thanks to [15, Lemma 4.2] we infer that

sup(us — u) < C8%
Qs

for 0 < 8 < 8o. Thus the proof of the Holder continuity of u in Q is completed. O
Let us now complete the proof of the main theorem.

Proof of Theorem 1.2 Since © € M/(p, Q) and fQ dd¢p)" < +oo, it follows from
Lemma 2.4 and Lemma 2.7 that 1 is Holder continuous on &). By Theorem 2.5 there exists
ue PSH(Q)NC"(),0 <a < 1,solving

dd°w)" =dp, up,, =0.
Thus, the proof is completed. O

Next, we give the following simple consequence of the main theorem. This result is also
partially proved by another way in [9, Theorem 3.6].

Corollary 2.13 Let u € M(p, 2). Assume that i has compact support in 2. Then Dirichlet
problem (1.3) is solvable.

Proof Let p be the defining function as in (2.1). Assume that K := supp © CC 2 and we
fix a small constant § > 0. There exists A > 0 large enough such that Ap < ¢ — § in the
neighbourhood ' CC Q of K. Set

¢(2) = max{g(z) — 8, Ap(2)}.

We easily see that ¢ = ¢ — § on Q' and ¢ = Ap near the boundary 92, and ¢ is Holder
continuous in 2 with the same exponent of ¢. Therefore,

< (dd°¢)" and /(ddcgﬁ)” < +00.
Q

The finiteness of the integral is followed from the Chern—Levine—Nirenberg inequality and
C2-smoothness near the boundary of @. Using Theorem 1.2 we can solve the Dirichlet
problem (1.3) for u. ]

It is obvious that the Lebesgue measure d V5, is 1-Holder continuous on 5(’). Then, we have
the following general result which contains previous results in [2], [8], [15] for the zero
boundary case.

Corollary 2.14 Let v be Holder continuous on ). Let 0 < f € L?(Q2,dv), p > 1. Then,

W= fdv is Holder continuous on 5(’). In particular, if © € M(@, ), the Dirichlet problem
(1.3) admits a unique solution.
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Proof The case n = 1 is classical, so we assume that n > 2. It is sufficient to show that fdv
is Holder continuous on 6’6. Assume that u, v € 6’6 and u > v. Consider the triples
m—Dp+1 m—Dp+1

n—1 T(m—-1(p-1)

q1,92,93) = <(n —Dp+1,
and
([(u — oy ] £ (- v)%> .

Then, the generalised Holder inequality for

I |
—+—+—=1
a @ g

gives us that

1/q1
Lw=vsav = ([a-orra) " unig,me- o, e

Since v is Holder continuous on 56, there is 0 < « < 1 such that

/ lu —vldv < Ju —v|. (2.49)
Q

Therefore, to end the proof, we need to verify that the first factor of the right hand side in
(2.48) is uniformly bounded. Indeed, by the Holder inequality we have

1 1
[ £av = 1Ay GOV

where 1/p + 1/q = 1. Hence, fdv satisfies the volume-capacity inequality (2.22). By
Kotodziej’s theorem [19, Theorem 5.9] there exists v € PSH(R2) N %) satisfying
(ddy)' = fdv, Y, =0and

1¥lloo < C (I1flLrav), 2.v). (2.50)
By an estimate of Btocki [5] we have
/Q (= )" @ddeyy" < Yl /Q @ddvy". @51)

The right hand side under controlled as v € 8(’). It follows from (2.48), (2.49), (2.50) and
(2.51) that

/ —v)fdv < Cllu—v||{®.
Q
Thus, the corollary follows. O

Finally, we emphasise that several interesting examples of positive Borel measures for
which one can solve the Dirichlet problem (1.3) are given in Charabati [9] (see also [21],
[22]). In particular, the class of Hausdorff-Riesz measures of order 2n —2+¢ with0 < ¢ < 2
in ©. By Theorem 2.5 such measures are Holder continuous on &). On the other hand we can
prove directly this result.
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Lemma 2.15 Let (4 be a Hausdorff-Riesz measure of order 2n — 2 4+ ¢ with0 < ¢ < 2 in
Q, i.e., for every B(z,8) C Q

1(B(z,8)) < C822F¢, (2.52)

where 0 < § < 8o small. Assume that . has finite total mass. Then, p is Holder continuous
on &),
0

Proof By classical potential theory we solve ¢ € SH(2) N coe(Q) satisfying

Ap=du, ¢,q =0.

The Holder continuity follows from (2.52) (see e.g. [10, Remar_k 4.2]). Let us still write w
for its Holder continuous extension onto a neighbourhood U of Q2. Let w, v € é‘(’) and w > v.
‘We need to show that

/(w —w)Ag < Cllw —v]¢
Q

for some 0 < o’ < 1. We can write Ag = ndd g A "~ in the sense of measures. Define
@s is the convolution of ¢ with the standard smooth kernel, then we have as in (2.12) and
(2.13) that

lps (2) — @(2)] < C8%,

Cliell
[Aps(2)] < Too .
From this point the proof goes the same as the one in Lemma 2.7 with the closed positive
current S = " 1. O
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