
On the Homogenization of Quasilinear Divergence 
Structure Operators (*). 

~.  FUSCO - G. MOSCARIELLO 

S u m m a r y .  - We study the homogenization o/ second order quasilinear operators o] the ]orm 

A~u = - -  d iva (X,u ,  Du) 

in Sobolev spaces H~, ~ (p > 1). An explicit formula o] the homogenized operator is given. 

1 .  - I n t r o d u c t i o n . . .  

In  this paper we s tudy the homogenization of a family of quasilinear operators 

(1.1) 
u~//~'~(~) p > l ,  

where a($, u, ~) is periodic in $ and verifies suitable growth conditions, e > 0. 
Indeed we prove tha t  the solutions u, of the problems 

A,u = l 
(1.2) / 
converge in the weak topology of H10'~(TJ) to a function Uo which is the solution of 
the problem: 

--  div b(u, D~t) = ] 

e H~,'(~) 

and a(x/e, u,,  Du~) converge to b(uo, Duo) in the weak topology of L ~', with p ' =  
= p / ( p -  1). Moreover the matr ix  b(u, ~) is given by  an explicit formula. 

(*) Entrata in Redazione 1'8 settembre 1984. 
(*) Indirizzo degli A.: Dipartimento di Matematica, UniversitY, Via Mezzocannone 8, 

80134 Napoli. 
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The study of the homogenization of a family of linear elliptic operators 

goes back to DE GIORGI-SPAGNOL0 ([16]), but many different proofs of the main 
results have been given by several authors ([1], [2], [3], [4], [10], [13], [17], [20]). 
On the other hand, the homogenization of a family of variational integrals 

(1.3) 

has been studied by MAI~CELLI~I in [9] and by CARB0~E-SBoR])0~E in [5], using 
the techniques of F-convergence introduced by De Giorgi. However a direct proof 
of the homogenization of the functionals (1.3) has been recently given in [7]. 

For non linear equations of the type (1.2) some homogenization results, in the 
case p -~ 2, were first given by BABUSKA ([2]) and recently extended to the case 
of systems by SVQUET ([14]) and TARTAR [18]. 

Some general results of G-convergence for non linear operators of the form (1.1), 
in the case p>2, have been recently announced by RAITu~ ([12]), although in this 
paper he is not concerned with the problem of giving a representation formula for 
the limit operator. In any case, he shows that  if p > 2 the limit operator may not 
verify the same structure conditions of the A~. However, we show here that  certain 
conditions are preserved, passing to the limit, and that  in some cases one may have 
stability results. 

We wish to thank Prof. N. S. Tl~VDI~GEl~ for his interest in this work and the 
Centre for Mathematical Analysis in Canberra for the hospitality given to one of 
the authors. 

2. - P r e l i mi na r y  l e m m a s .  

In the following Y will denote the unit cube in R ~, y an element of I7 and x an 
1 n R n  element of R ~. If / e  Ln.loc(R ) and E c is a bounded set of positive measure, 

we define: 

<?).-- me:s(E) f /(x) . 
.E 

However we shall omit the subscript E, when it is clear to which set we refer. 
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If  p > 1 and p ' = - p / ( p -  1) we shall consider the following spaces: 

1,~ H,er(]( ) ~ {u(y)~ HI'~(Y): u has the same trace on the opposite faces of Y}; 

~' {q(y) ~ 55: '( ,):  f q . D u  dy O, Vu~Hper(Y)}.  L,, ~or(Y) = = :'~ 
Y 

We recall the following lemmas about the above spaces (for a proof see e.g. [14]). 

:LENA 2.1. 11 u(y) is an element o I 1,v - ttper(Y), then it can be extended by periodicity 
to an element o1 1,v ~/~oo(R ). 

Im~L~  2.2. - 11 q(y) is an element 01 L~I D~r( Y), then it can be extended by periodicity 
to an element o] ~" L~,Io~(R ), still denoted by q, such that 

div, q(x) ~ 0 .  

In  the following we sh~ll consider the Dirichlet problems: 

(ff~) 
u e / / ~ " ( ~ )  

where f2 is a bounded open set in R ~ , / e  L~ with q > m a x { n / p , p / ( p - - 1 ) } ,  e > O, 
and a(x, u, ~) verifies the following structure conditions: 

H~) a is :Y-periodic and mensurable with respect to x. 

H~) For  any x e R  ~ u.e., any u , u ~ , u 2 e R  and ~ , $ . ~ R "  then 

i1 p > 2  

ii) (a(x, u, ~ ) - a ( x ,  n, ~), ~ - ~ ) > . 1 ~ -  ~]~ 

or, i I l < p <~ 2 

i) l a ( ~ , ~ , ~ ) - a ( x , ~ , ~ ) l < ~ ( l ~ - ~ l  + l*~-*~i) ~-~ 

jj) (a(x, u, ~) - -  a(x, u, ~.), ~ - -  ~2) > ~ I ~ - -  ~]2(1~1 + [~21) ~-2 

n 
H3) a(x,O,O) eL~'  if p > ~  or a(x ,O ,O)~L~  with q>~-~ - -~ i f  p < ~ .  

I ~ E Z ~  2.3. - We remark tha t  under the above hypothesis, using the same 
argument of [8] (theorems 8.15-8.16), one can prove uniform (i.e. not  dependent 
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on r) a priori bounds for the L ~ norm of the solutions of the problems (fir). From 
this then one can easily deduce the existence of solutions for (ff~). 

In  the next  section we will prove the convergence of the solutions of (~)  to the 
solutions of the homogenized problem 

(~ro) 
- -  d.iv b(u, Du) = ] in Y2 

u e mo"(.o) 

where b is given by: 

(2.1) b(u, ~) =fa(y, u, 1)v(y)) dy 
Y 

and v(y) is the solution of the problem: 

(2.2) 
{ fa(y, u, Dr(y)).D~(y) ay 

Y 

1,n 
~)(y) e ~ ' y  --]- H I ) e r ( ~  ) . 

= 0, V W e//;I'~IY~ - - D e r  x - - /  

Using the above assumptions on a it  is straightforward to prove tha t  problem (2.2) 
(in which u is fixed) has a unique solution. So b(~t, ~) is well defined. 

We state now some lemma about  the structure properties of b. 

L E n A  2.4. 

tb(~, $)I<o[1 + [ul + I~1], -~ 

~h~re ~ ~ ~(~, ~, p, Ila(Y, O, 0)1I~,). 

P~ooF. - Let  us fix (u, ~) and denote by v(y) the corresponding solution of (2.2). 
Then by i) or j) we get: 

(2.3) la( , o, o)ayl<#f(  § + ]Dv(y)l)'-' c~y. 
Y Y 

On the other hand, using ii) or jj) and the fact tha t  v(y) is a solution of (2.2) we 
have: 

Y Y 

= b(~, ~1.~ +f(a(y, o, o ) -  a(y, ~,, o)).Z~v(y) ey- f (a(y ,  o, o), DvCy)) ay. 
Y y 
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Then, applying Young inequality to the two integrals on the left side, i) or j) and 
(2.3): 

f lD~(y)p<c(z + I~,1 + l~l) ~ (2.4) 
Y 

where e ~ e(~, fi, p, I[a(y, O, 0)]I~, ). Then, applying again (2.3), we get the proof. [] 

LEmv~A 2.5. - b(u, ~) is locally H~lder (Zipschitz if p -~ 2) with respect to (u, ~). 

PROOF. - Le t  us denote by vl and v~ the solutions of (2.2) defining respectively 
b(ul, ~) and b(u2, ~2). We shall pu t  

(2.5) ~ = 1 + lu, t + I,~1 + l~l + I~1. 

Case p > 2. - By  ii) we have 

Y Y 

+ lug- u~lf(1 + lull + lu2i + IDv~l)'-~lDv,--Dvo[ dy. 
Y 

Then, by  the Young inequMity and the estimate (2.4), we get: 

f IDv~-- Dv2p ay< c{(1 + ~P'('-~'lu~- u,p'+ (b(u2, ~) - -  b(u~, ~,), (2.6) ~1)}. 
Y 

On the other hand by i) and (2.4): 

Y 

< e(1 -F H) ' -2 ( f  (Ice1 - u2l" -F ].Dv,-- Dv~i~ ) dy) 'I~' . 
Y 

Then, using (2.6) and again Young inequality to separate the term 
(b(u~, ~2) - -  b(ul, ~1), ~ - -  ~1) we have:  

(2.7) lb(~, ~)  - b(u,, ~)l  <e(~ + ~)~'~-~-~'(1~,--  u~l + I~ - -  ~ I V  "-~ �9 

Case 1 < p<.2. - With the same argument used to prove (2.6) one can prove: 

(2.8) flDvl-- Dv~12(lDVl] -~ ]Dv2l)v-s<c{(1 ~- H){~-~)lu ~ -  u2] ~(~-~, -~ 

Y 
q- (b(u~, ~) - -  b(u,, ~), ~ - -  ~,)}. 
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But  on the other hand,  f rom j) we h~ve: 

]b(u~, ~)  - -  b(u~, ~:)I</~f(]u~-- u~ l + [Dv~-- l)v~t)~-~ dy . 
Y 

And so f rom this and f rom (2.8) the  following es t imate  comes: 

(2.9) 

We r em ark  t h a t  bo th  (2.7) and (2.9) show tha t  if p ~-- 2 then  b is Lipschitz wi th  
respect  to its arguments .  Moreover  a counter-example  given in [12] shows tha t ,  a t  
least  if p > 2, the tt61der exponents  appear ing in the ~bove est imates in general 
cannot  be  improved.  

LEI~:gA 2.6. - For any u ~ R,  ~ ,  ~2 ~ R ~ we have 

(2.10)1 

(2.1oh 

(b(u, ~) --  b(u, ~), ~ - -  ~) > ~J~-- ~]~, i! p > 2 ,  

(b(~, ~ , ) -b(~ ,  $~), ~ -  ~ ) > ~ , 1 ~ _  ~l~(~ + [~[ + I~l + I~t) ~-~ 
i] 1 < p < 2 .  

PROOF. - Le t  us denote  b y  v 1 and % the solutions of (2.2) defining respect ively 
b(u, ~)  and b(u, ~). Let  us consider u~ = v~(y) - -  ~i'Y, i ~ 1, 2. Then ~t~(y) is in 

1,~ Hp,~(Y) and so, if we extend it  b y  periodicity,  the  result ing funct ion (still denoted 
by u~) is in 1,v , H~or ) (see L e m m a  2.1). So, ff we define: 

i t  is easy to check tha t :  

+ ~ i ' x ,  i -~  1, 2 

(2.11) 

w~(x) -~ ~.x 
a (x, u, Dw:)-~ b(u, ~) 

div a (x, u, Dw:(x))-~0 

in w - -  H~o~(R~), 

~ r  n in w- -L , , , oo (R  ), 

where the  last  relat ion is p roved  using L e m m a  2.2. 
I f  p > 2 f rom ii) we get:  

Y y 
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where ~ is u Co~(Y) function, 0 < ~ < 1 .  Then, passing to the limit as e - ~ 0 ,  and 
using (2.11)~ by  the compensated compactness results of [11] we get (2.10)~. In  
the  case 1 < p 4 2  we can argue in a similar way. In  fact  f rom jj) we have 

Y Y 

Y 

Then, passing to the limit as before, and remarking tha t  f [Dw:] ~ ax < vf IDvit ~ dy, 
and using (2.4) we get soon (2.10),. [] r Y 

Finally we want  to show how in some special case the t tSlder est imate on b, 
provided by  the Lemma 2.5 can be improved. In  fact  let us suppose tha t  a = a(x, ~) 
and tha t  verifies the following assumption: 

ii) ( . ( . , # ~ ) - ~ ( ~ , ~ = ) , # ~ - ~ , ) > = 1 ~ - ~ [ = ( [ ~ , 1  + I#,/).-,.  

Then we have:  

P~OPOSITIO~ 2.7. - I] p>~2 and a(x, ~) veri/ies K2) then 

(2.:L2) lb(~,) - -  b(~=)l < c 0  + I~,] + I~,])~-% - ~,l. 

P R O O F .  - -  Let  us denote by  vl and v2 the solutions of (2.2) defining respectively 

b(~) and b(~). Then f rom K2) we get:  

[b(~l) - -  b(~)] <fir  (]Dv, I + [D%I)~-~ [Dv~-- D%[ dy 
Y 

Y 

< 

)'(f )' I(Dv~] + IV%l) "-2 (a(y, Vv~) -- a(y, D%), Dv~-- D%) < 
Y 

Y 

Then using (2.4), we easily deduce (2.12). [] 

We remark  also tha t  if a(x, 0 ) ~  0, then  we have in part icular  

(2.13) 
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since it  is easy to check tha t  in this case (2.4) reduces to 

o~l!DvJ]~, <#l~t . 

However  the following example shows tha t  if a(x, O) ~ O, in general (2.12) cannot  
be improved in order to have  an est imate of the type  of (2.13). The same example 
shows also tha t  if p r  2 and a ( x , ~ ) =  ~]~1 ~-~ ~-d(x), then  b(~) is not  equal to 
~I~[ ~-~ ,-F constant ,  as it  happens if p = 2. Le t  us take, for instance, p - -  3, n = 1 
a n d  a(x, ~) = ~[~I + d(x), where d(y) = I if 0 < y < �89 d(y) = 2 if �89 < y < 1. Of 
course a(x, ~) verifies the condition K:), while an easy calculation shows tha t :  

b(~) ---- 

�9 ~|-~ if 1 + I l> 1 

3 1 

3 .  - H o m o g e n i z a t i o n .  

Let  us prove the following homogenization result: 

Tn~ORE~Z 3.1. - I] a(x, u, ~) verifies the structure conditions tt~, tt2 and Ha, then 
/or any ] ~ Zq, with q > n/p, and any sequence (u~) o] solutions of ( ~ ) ,  with ea--> O, 
there exist a subsequenee (u~) and a ]unction uo, solution o] (fro) such that: 

(3.1) u~ --> uo weakly in HI'v(~) 

, ue ,  Du~. --> b(uo, Duo) weakly in L~.'(~). 

P~OOF. - Let  us denote by  u~ a isolution of (fie). By  l~emark 2.3 we have 
tha t  I]Du~I]~<C (with C independent  of e). Then b y  i) or j) we get  t ha t  also 
Ha(x/e, u~, Du~)I]~ 4' is uniformly bounded. So passing eventual ly to a subsequenee, 
we m a y  suppose tha t :  

a , u~, Du~ --> no(x) in w ~ L.~'(~). 

The theorem will be proved if we show tha t  

(3.3) ao(x)=b(uo,  DUo) a.e. in ~ .  

Let  us fix r e N and denote by  {Q~.}~ a par t i t ion of R" in cubes with the edges 
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equal to 2-L Then we define: Iv ---- {i: Q~c Q}, [J, ~- U Q~. For  any i let us con- 

sider < u o > ~  <uo)~,, and <Duo>~-= <Duo)Q,. Then, if ;/~,(x) is the characteristic 
funct ion of Q~,, by  the continui ty of b (see Lemma 2.5), we have if v --> ~-oo then 

(3.4) ~ Z,~(x)b(<uo>,~ , (Duo>,,)  --> b(uo(x), Duo(x)) a.e. 
i elJ, 

Moreover, f rom Lemma 2.4, we have t h a t  for any measurable set E c .(J 

So, f rom the equi-absolute cont inui ty  of the integral on the  left  and f rom (3.4) 

we deduce tha t :  

(3.5) ~, Z,.(z)b(<uo>., <D%>,.) -~ b(uo(X), ~o(Z)) in ~ ' (9 ) ,  

1,2) as v -+ § oo. I f  %~e <Duo>~.y + Hper(] 7) is the solution of (2.2) corresponding to 
(<Uo>~ , <Duo>~), then  u~,(y)= v~(y)--<Duo>,~.y m ay  be extended by  periodicity 
to a funct ion in ~ , v / R , ~  (see Lem m a  2.1). So we can define 

w~,(x) = 8u,~ + <Duo>,,.x. 

Hence by  the above definitions and Lemma 2.2 we have tha t  for any fixed i and v 

(3.6) 

w,~' -+ <Duo>,~'x 

a -~, <uo>,~, Dw~ -+b(<uo>,~, <Duo>,,) 

div, a(X , <uo>i~, Dw~)= O . 

W - -  .,,~ t o o , v u .  / 

~t  n w - -  L.,,o~ ), 

Using the periodicity of u~ and the (2.4), we have also the following est imate:  

Q~v Y 

< 0 ]~ 2-""(1 + e"2'")(1 § l<u.>,.l + ]<Duo>.l)" 
i 

where C is independent  of s and ~. Then, writing the last t e rm as an integral over/2~ 
we have:  

 3.7) f iDw:,rex< c(1 + 0 + I ol + twol)~ 
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1 Finally~ let us consider ~ ~ Co(Q~) , 0<<~7<1 and extend it by  periodicity to the 
whole R ~. 

Case p > 2. - If  ~v is any C~ function and _M~ = sup I~vl, then from i) we get: 

Qiv 

�9 ([u~--<uo};,,I + ]Du~--Dw;~])}dx < CMr 9~ l -5 CM$z:'-~)(3~/('-~)(1 t-e~2 TM) + 

Qs~ Q~ 

where the last inequality is obtained by applying Young inequality with (3 > 0 and 
the estimate (3.7). Then by the same argument used in Lemma 2.5 to prove (2.6) 
we h~ve: 

(3.9) f IDu'--Dw;~l'Vdx< 
Qiv 

< c y f f~-<~o>~I o' (~ + Ju~I + I~o,~1 + ID~I + I<~:~>1) "'`'-~,,Z~ + 
Q~:v 

f((: 1({ ) ) H-~. a ,u~,Du~ - -a  ,<~to}i,,Dw;, ,Du~--Dw~ ~ ldx=a~+b~ .  
Q~, 

But  applying again Young inequality with (3-~ and (3.7) we get: 

(3.1o) 
Q.;v 

1 On the other hand,  using the fact tha t  U e Co(Qi,) for any i, we may  write, 
integrating by parts:  

b ; =  Z. ~- 

Qlv 

�9 [ ( u s - - U o )  --  (w;~-- <Duo>i~'x)] ~x, 
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where we used also the fact  tha t  u~ is a solution of (~)  and the (3.6). The passing 
to the limit as e - ~  0, by  (3.6) we get: 

~olim b~< ~, f I(ao(X)- b(<uo>,,, <Duo>,~), D~o-- <-Duo>~,)l dx. 

So if we first pass to the limit as e --> 0, then let U converge to 1 in Lp, and then 
take the limit as v -+ -~ co, from the above formula and from (3.8), (3.9) and (3.10), 
using (3.5) we obtain: 

Ifao(X).~dx--lb(uo,D~o)'q)dx <C (M~/(~-:)8"/:~-:)-~ 8~(~-:'/(~-2)) . 
O 

So, lett ing ~ go to zero, from the arbitrariety of ~c we get (3.3). 

Case 1 < p <2.  - In  this case the proof is, with minor changes, essentially the 
same as in the previous case. So, instead of (3.8), now we have, using j): 

. i ~Ip 
Q Q~r 

Q~v 

The% using jj) we can control the last term: 

Q~v )(-: ) ) 
Qf.v 

and each of these terms is t reated as in the previous case: The first using (3.7), the 
second using j) and the Young inequality, the third as b~ before. [] 

We observe tha t  if p ----- 2, then the structure condition H~ implies tha t  for any  

ul, %e  R, ~ ,  ~I~ R ~ 

(a(x, ~1, ~1)--a(~, ~ ,  ~), $1-- ~..) > c11~1-- ~[~-- o~bl-- ~[  ~ 

and so, with the same argument used in [18], one can prove tha t  the problem (r 
has a unique solution. Moreover Lemma 2.5 and 2.6 show tha t  also b(u, ~) Verifies 
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t he  same s t ruc tu re  condi t ion.  So, also p rob lem (fro) bus a un ique  solution.  Hence  

we m a y  s ta te  the  fol lowing 

CO~O~XRu 3.2. - I] p ~ 2, under the same hypothesis of Theorem 3.1, /or any 
] e Lq with q >  hi2 we have 

~-~uo weakly in HI,~(O) as e - * 0 ,  

~ , u~, Du -* b(uo, D%) weakly in L~(D) as ~ -> 0 

where uo and u~ are the unique solutions of ('Yo) and (~) .  

A n o t h e r  case in which  (ff~) has  a un ique  solution, even u n d e r  weaker  hypo thes i s  
of ] a nd  a(x, 0, 0), is where  a(x, u, ~) does no t  depend  on u. I n  this case L e m m a  2.6 

shows t h a t  also (fro) has  a un ique  solution.  Hence  b y  t h e o r e m  3.1 we h a v e  again  

COROLLARY 3.3. -- I] a(x, u, ~) does not depend on u and verifies the structure condi- 
tions 1tl and t12 and if a(x, O) ~ L~'(~), then/or  any f ~ H-~, ~', if  u~ is the solution of 
(ff~), and u, of ('J'o): 

U~ ~ U o 

) a , Due -~ b(Duo) 

weakly in H1, ~ ~ ) ,  

weakly in Z ~ ' ( ~ ) .  
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