
Tόhoku Math. Jourri.
21(1969), 152-157.
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1. Introduction. The purpose of this paper is to study the σ-weak
continuity of homomorphism of von Neumann algebra. For the σ-weak
continuity of homomorphism of von Neumann algebra, we have many results
that have been shown recently. In this paper, we shall show the following:

Let M be a properly infinite von Neumann algebra with the separable
predual M#, then any homomorphism it from M onto a von Neumann algebra
N is σ-weakly continuous.

Moreover, we shall show some results by using the above fact. Before
going into the discussions, the author wishes to express his hearty to
Prof. M. Fukamiya and Prof. M. Takesaki in the presentation of this paper.

2. Main result. We start with the following lemma in [8] (Theorem 7
in [8]). In this paper, we shall give a simple proof of Theorem 7 in [8].

LEMMA 1. Let M be a σ-finite, properly infinite von Neumann algebra,
then any *-homomorphism n from M into a σ-finite von Neumann algebra
N is σ-zveakly continuous.

PROOF. From Theorem 5 in [8], we have the following decomposition
of 7t -it — 7tx 0 τt2 where τtγ is the σ-weakly continuous part of it and n2 is
the singular part of n. If π is not σ-weakly continuous, then the singular
part τr2 of π is not zero. Therefore, we assume that n is singular and derive
a contradiction. Since π is singular, there exists a normal faithful positive
linear functional ψ on N such that (̂•ψ ) = φ is a singular positive linear
functional on M. Then, from the characterization of a singular positive linear
functional in [9] and the σ-finiteness of M, we can find a family {en}n=i of

oo

countable orthogonal projections in M such that 1 = ]P en and <p(en) = 0 for
n=l

all n. Since 0 = φ(en) = M Y X O = ψ{ *(*»)) and Ψ i s faithful, τt{en) = 0.
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Therefore, there exists a family [en}n=i of countable orthogonal projections
oo

such that Σ en — 1 and π(en) — 0 for all n.
π = l

Now, since M is properly infinite, there exists in M a family [pn}n=i of
orthogonal projections such as pn ~~ 1. Take a partial isometry vn such that
v%vn — pn and vnv% = 1 for each w. Define the family {gn}n=i of orthogonal

/n \

projections by qn = v* ΠΓ eA \vn .

Let ίnί)Γ=i be an increasing sequence of positive integers, then we have

/n1+I \ / n<+, \

Hence E ? n , ^ Σ «*> ^d * ( έ ϊ .) ^*f Σ ek) = πll-Σ,ek) = π(l)Φθ.
k=l

Therefore n V^qnΛ Φ 0. On the other hand 7t(qn)=π(vn)^i^27t(ek)\ 7t(vn)=0.
\i=i / U=i /

Next, let {rn}~=1 be a countable set of all rational numbers. For each real
number 5, we can choose an infinite subsequence {rn(}Γ=i of {rn}~=i such that,
for each positive integer /, we have 0 < \rUi—s\ < 1/i and n3 < ^ for every
j < i. Now, let us correspond to s the index set {rii}Z=i of the above
sequence {rnt}jl!. Then if s Φ s for real numbers 5 and s\ {nt}Π {n'i} is at
most a finite set where {nt} and {n'i} are corresponding index sets of s and
s' respectively, because {rnt}Γ=i and {rWt/}Γ=i converge to s and 5' respectively.

00

Therefore, if we set qs = ^qnt for a real number s where {Πi}T=i is an index
ί = l

set corresponding to s, we get τt(qs) Φ 0 and τc(qs qr) = 0 if s Φ s>. Hence the
family [π(qs) s € R} where R is the set of all real numbers is a family of
orthogonal non-zero projections of N with the power of continuum c. But, N
is σ-finite, this is a contradiction. Therefore, n does not admit the singular
part, hence π is σ-weakly continuous. This completes the proof of Lemma 1.

Next, we shall need a result due to T. Okayasu [4].

LEMMA 2. (The Polar Decomposition Theorem). Let A be a C*-algebra
with the identity 1, then any isomorphism n (not necessary ^-preserving)
from A onto a von Neumann algebra M has the decomposition: n = nx O7r2,
where π1 is an inner automorphism of M and τt% is a *-isomorphism from
A onto M.
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By Lemma 2, we have

LEMMA 3. Let M and N be von Neumann algebras acting on Hubert
spaces H and K respectively. If any ^'homomorphism from M onto N is
σ-weakly continuous, then any homomorphism π from M onto N is σ-weakly
continuous,

PROOF. Since τr(M) = N, by the Rickart's theorem, the kernel τt-\O) of
it is a uniformly closed two-sided ideal, hence the quotient algebra M/π:~ι(ϋ)
is a C*-algebra. Let 8 be the canonical mapping from M onto M/π:~ι(ϋ),
then δ is a ^-homomorphism. Let π be the mapping from M/π~\0) onto N
which is induced canonically by τr> then if is an isomorphism from M/π~ι(ϋ)
onto N. Therefore, by Lemma 2, we have the following decomposition of
7?: 7r = ηj 1 o 7r2 where ίτrι is an inner automorphism of N and 7r2 is a

"^-isomorphism from M/π:~ι(ϋ) onto N, whence we have: 7t = 7foS=7f1o(7r2oh).
Since ττx is the inner automorphism of N, it is σ-weakly continuous. Further-
more, since, by the assumption, 7r2 o δ is a "^-homomorphism from M onto Ny

it is σ-weakly continuous. Therefore, π is σ-weakly continuous. This
completes the proof of Lemma 3.

COROLLARY. Let M be a σ-finite, properly infinite von Neumann
algebra, then any homomorphism n from M onto a σ-finite von Neumann
algebra N is σ-weakly continuous.

By using the above results, we can show the main result.

THEOREM I. Let M be a properly infinite von Neumann algebra
acting on a Hilbert space H and having the separable predual M#, then
any homomorphism n from M onto a von Neumann algebra acting on a
Hilbert space K is σ-weakly continuous.

PROOF. T O prove Theorem I, we may suppose, by Lemma 1 and
Lemma 3, that n is a ^-homomorphism. At first, we shall show that the
cardinal number of the set of all projections in M is not larger than c. For
each non-zero projection e in M, there exists a normal state ψ on M such
that supp (ψ-) :g e, and so, for any family {eλ}λeA of mutually orthogonal
projections in M, there exists a family {ψλ}λ^A of normal states on M such
that supp(ψλ) ίg e\ for each λ<=Λ. Since {eλ}λζA is mutually orthogonal, we
have: if λ, μ eA and λ Φ μ, | | γ λ -ψv | | = \\ψλ\\ + ||ψvll = 2. Let {<pn}Z=1 be a
countable dense subset of Λf#, then, for each λ € Λ, there exists an element
φnχ in {φn}~=1 with | |ψ λ —φ n λ \ < 1/2. Furthermore, for two distinct λ and
μ of Λ, ψnλΦφn . Therefore, we see that any family of mutually orthogonal
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non-zero projections in M is at most countable and M is a σ-finite von
Neumann algebra. Since M is σ-finite, for each non-zero projection e in M,
there exists a normal state -ψ e on M with supp (ψe) = e, and it is clear that,
for two distinct projections e and f in M, ψe Φ ψf. That is, the cardinal
number of the set of all projections in M is not larger than the cardinal
number of M#. Now, since M# is separable, the cardinal number of M* is
C Therefore, the cardinal number of the set of all projections in M is not
larger than c.

Next, we shall show that N is a σ-finite von Neumann algebra. If
otherwise, the cardinal number of the set of all projections in JVwill be
exactly larger than c. In fact, we can take a family [ea}aζA of orthogonal
projections in N where A is the index set with the cardinal number β which
is exactly larger than χo> because N is supposed not to be σ-finite. Then,
the cardinal number of the set of all subsets of {e«}Λ€4 is exactly larger than
c, and so the cardinal number of the set of all projections in N will be
exactly larger than c. Therefore, if N is not a σ-finite von Neumann algebra,
then the cardinal number of the set of all projections in N is exactly larger
than the continuum cardinal number c. But, for each projection p in N,
there exists a projection e in M such that n{e) = p (Theorem 3.2 in [10]).
As we have proved above, the cardinal number of the set of all projections
in M is not larger than the continuum cardinal number c. Therefore, we
have a contradiction, and so N is a σ-finite von Neumann algebra.

By the above argument, M and N are σ-finite von Neumann algebras.
Therefore, by Lemma 1, if n is any *-homomorphism from M onto JV, then
π is σ-weakly continuous. Furthermore, by Corollary of Lemma 3, even if
π is not "^-preserving, n is σ-weakly continuous. This completes the proof
of Theorem I.

REMARK 1. The above result has some applications in the reduction
theory ([7]). Besides we can show the following Theorem Π.

Following the notation in J. Glimm [3], let M be a von Neumann
algebra, Z be the center of M and X be the spectrum of Z. If ζ e X, let

fI(ζ) be the uniform closure of the set j Σ ^ t f ί ; n is a positive integer, at is

an element of M and zt is a central element with ZιA(ζ)=0r where zt

A is the

Gelfand representation of zt. Then I(ζ) is a uniformly closed two-sided
ideal in M, and the quotient algebra M(ξ)=M/I(ξ) is a C*-algebra. However,
it has not yet been certain whether M(ξ) is a von Neumann algebra or not.
In the remaning part, we shall show that M(ξ) is not necessary a von
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Neumann algebra.

Let 7tζ be the canonical mapping from M onto M(ξ). Then, for ξ € X,
τtζ~ι(0)πZ = {2<=Z;2Λ(f) = 0} where TΓ^^O) is the kernel of τrζ. Therefore,
7tζ is σ-weakly continuous if and only if the set {ξ} is a closed and open
set in X, and nζ is σ-weakly continuous for all ξ € X if and only if Z is an
atomic abelian von Neumann algebra. By considering the above argument,
we have the following result.

THEOREM II. Let M be a properly infinite von Neumann algebra with
the separable predual M* and the center Z wich is non-atomic. Then there
exists an element ξ of the spectrum X of Z for which M(ξ) is not a von
Neumann algebra.

PROOF. Since Z is non-atomic, there exists an element ξ of X such that
7tζ is not σ-weakly continuous. If M(ζ) is a von Neumann algebra for such
an element ξ, then τtζ is a *-homomorphism from M onto a von Neumann
algebra M(f), and, by Theorem I, πζ must be σ-weakly continuous this is
a contradiction. Therefore, M(ξ) can't be a von Neumann algebra, which
completes the proof.

We may construct a von Neumann algebra which satisfies the condition
in Theorem II. Let H be a countably infinite dimensional Hubert space,
B{H) the von Neumann algebra of all bounded operators on H and L°°(0,1)
a von Neumann algebra of all essentially bounded functions under the
Lebesgue measure μ on the open interval (0,1). As B(H) is properly
infinite and L°°(0,1) is a finite von Neumann algebra, the W^-tensor product
M=L°°(0,ΐ)®B(H) is a properly infinite von Neumann algebra (p. 3.40 in [6])
and the center Z of M is Z/°°(0,1)® CH where CH is the von Neumann algebra
of all scalar multiples of the identity operator on H. Therefore, Z is a
non-atomic abelian von Neumann algebra. Since the Hubert space L2(0,1)®H
is separable, the predual M* of M is separable.

REMARK 2. Prof. M. Takesaki kindly communicated me that Theorem I
in the present paper may be applied to show the statement that: if H is
a countably infinite dimensional Hubert space, then the quotient algebra
B{H)/C{H) is not a von Neumann algebra where B(H) is the von Neumann
algebra of all bounded operators on H and C(H) is the uniformly closed
two-sided ideal of all completely continuous operators on H. In fact, B(H)
is a properly infinite von Neumann algebra and the canonical mapping π
from B(H) onto B(H)/C(H) is not σ-weakly continuous (cf.[ll]).
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