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ABSTRACT: Using the production of a Higgs boson in association with a W boson as a
test case, we assess the impact of dimension-8 operators within the context of the Stan-
dard Model Effective Field Theory. Dimension-8-SM-interference and dimension-6-squared
terms appear at the same order in an expansion in 1/A, hence dimension-8 effects can
be treated as a systematic uncertainty on the new physics inferred from analyses using
dimension-6 operators alone. To study the phenomenological consequences of dimension-8
operators, one must first determine the complete set of operators that can contribute to a
given process. We accomplish this through a combination of Hilbert series methods, which
yield the number of invariants and their field content, and a step-by-step recipe to convert
the Hilbert series output into a phenomenologically useful format. The recipe we provide
is general and applies to any other process within the dimension < 8 Standard Model
Effective Theory. We quantify the effects of dimension-8 by turning on one dimension-6
operator at a time and setting all dimension-8 operator coefficients to the same magni-
tude. Under this procedure and given the current accuracy on o(pp — h W), we find the
effect of dimension-8 operators on the inferred new physics scale to be small, O(few %),
with some variation depending on the relative signs of the dimension-8 coefficients and on
which dimension-6 operator is considered. The impact of the dimension-8 terms grows as
o(pp — h W) is measured more accurately or (more significantly) in high-mass kinematic
regions. We provide a FeynRules implementation of our operator set to be used for further
more detailed analyses.
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1 Introduction and motivation

The particle physicist’s dream — direct detection of high-scale physics beyond the Standard
Model (BSM) — has yet to be realised. As we transition into an era of precision Higgs
measurements, an appropriate framework for testing the Standard Model (SM) is to treat
it as an Effective Field Theory (EFT). From an EFT perspective, the SM Lagrangian is
merely the first few terms in the (infinite) series:

®
L=3% 00, (1.1)
d 1

where A is the cutoff of the effective theory, cg) are the Wilson coefficients, and O((;) are

all the gauge-invariant operators at mass-dimension d involving the Standard Model fields.



The direct observation of new physics might be beyond the reach of the LHC, but
it could still manifest indirectly as contributions to the Wilson coefficients of the effective
theory. Constraining these coefficients is a powerful and general way to probe BSM models,
since any weakly-coupled high-mass state can be integrated out to give a particular pattern
of coefficient values.

The current state of the art is the classification and study of dimension-6 opera-
tors [1-4]. Several different non-redundant bases have been constructed [5-9], as have
dictionaries that allow translation between them [10, 11]. Via detailed phenomenological
studies and global fits, many of the Wilson coefficients of these operators have been con-
strained [12-39]. Some progress has also been made at dimension-8, particularly in the
gauge sector [40-42].

Representing the scale at which the new physics appears as A, one can schematically
write the amplitude for a given process as

Adim-
A~<ASM+ 126+...>, (1.2)

where Agyr stands for the Standard Model amplitude, and Agjn,.¢ is the correction coming
from the dimension-6 EFT. The leading-order correction to the cross-section, at O(1/A?),
is therefore an interference term of the form Agy X Agimg. We also have an |Agim.g|?
correction at order O(1/A%), which can be readily computed with current dimension-6
technology. However, consistent power-counting would require that, alongside |Agim.g|>
terms, we include Agy X Agim-g interference effects, where now:

Aim- Aim—
.AN<ASM—|— d 6—|- d 8—|—...). (1.3)

A2 At

In other words, Agn X Agim.g interference and | Agim_g|? terms both appear at O(1/A*), and
so naively should be given equal consideration. Given that so much progress has already
been made at dimension-6, it is natural to ask whether complementing our analyses with
dimension-8 operators can have any effect on current constraints.

The are two distinct scenarios one might consider:

1. The new physics is dominated by Agm X Adim-g, i-e. interference terms between
dimension-6 contributions and the Standard Model. This is what one would naively
expect whenever the scale of new physics is high in comparison with the elec-
troweak scale.

2. The leading effect of new physics is instead | Agim-g|2, potentially of the same order as
the Agy X Agim-g interference terms. This situation could arise due to an accidental
suppression, or indicate an underlying structure in the BSM context. For example,
the interference could be suppressed by ratios of the weak scale to the cutoff A to
some power. One way this can occur is if there is a helicity mismatch between the SM
and dimension-6 operators [43]. Another possibility is if the dimension-6 operators
are purely CP-odd and the observable is a CP-even quantity. Or, when focusing on
specific kinematic regimes, the SM content could be small and lead to the dominance
of |Agim-g|? effects on a particular experimental bin.



In each of these cases, we would like to know whether including dimension-8 operators
can significantly alter the bounds we put on the dimension-6 Wilson coefficients. It may
prove that an analysis purely at the dimension-6 level is inadequate, or that dimension-8
effects should be accounted for as a systematic uncertainty.

Constructing a complete set of effective operators at any given order is not a trivial
task. It is well known that including every operator allowed by the symmetries of the
theory results in an over-complete set: operators will be related to others via the equa-
tions of motion (EOM) and/or integration by parts (IBP). As discussed and illustrated
in refs. [44, 45], the task is facilitated by a mathematical tool known as the Hilbert series.
Given a set of objects transforming in representations of the symmetry group, the Hilbert
series generates all polynomials of the objects — incorporating the symmetry (or antisym-
metry) under the interchange of identical objects — and projects out all invariants using
character orthonormality. Hilbert series techniques have found use in a number of theo-
retical [46-62] and phenomenological [4, 44, 45, 63-67] contexts. Applied to the SMEFT,
the relevant symmetry group for the Hilbert series is the Lorentz symmetry group plus the
SU(3) ® SU(2) ® U(1) gauge groups, and the objects entering the Hilbert series are the
SM fields {Q,u®,d, L,e¢, H} plus the gauge field strengths. As character orthonormality
only strictly applies to compact groups, we work with the Euclideanized Lorentz symmetry
SO(4) = SU(2);, ® SU(2)g. Furthermore, to correctly incorporate IBP redundancies we
place all objects into representations of the conformal SO(4, 2) group instead of the Lorentz
group. The conformal representations package a field and all of its derivatives into a single
object,! and we remove the IBP redundancy from any product of objects by projecting
out the highest weight component (again via character orthonormality, with some minor
modifications due to the non-compact nature of SO(4,2) [4, 62]).

In the SMEFT it is natural to order the invariants by their mass dimension. The
output of the Hilbert series is the number of invariants at each mass dimension, and the
field content of the invariants. For example, applying the Hilbert series to the SMEFT,
one of the dimension-6 invariants is

2D*(H'H)?, (1.4)

indicating that there are two operators containing two derivatives and four Higgs fields.
What the Hilbert series does not tell us is how the various indices carried by each of
the fields should be contracted. We must manually translate the output of the Hilbert
series into a format that is useful for calculating Feynman rules, or for inputting into
computational tools such as FeynRules [68-70]. In the case of the operator in eq. (1.4),
we need to work out which fields the derivatives act on and how the Lorentz and SU(2),,
indices are contracted.

Converting the Hilbert series output into a more familiar form is one of the goals of
this paper. The full set of 993 dimension-8 SMEFT operators? is listed in ref. [4] and

!By placing scalars, fermions, and field strengths into short representations of SO(4,2) we can remove
equation of motion (EOM) redundancies [4].

2The value of 993 holds for Ny = 1, where Ny is the number of generations, counting operators and
their hermitian conjugates as separate operators. For three generations the number of dimension-8 SMEFT
operators jumps to 44807 [4]. See section 2.1 for more information.



Q| (303,55 H | (0,003, 3)
u¢ | (3,0;3,0,—2) By | (1,0;0,0,0)
| (3,0;3,0,3) Wy | (1,0;0,1,0)
L |(},001,-3) Gr| (1,0:80,0)
e | (3,0;0,0,1)

Table 1. Representations used in the Hilbert series construction. Hermitian conjugate represen-
tations have SU(2);, <> SU(2)r and all gauge representations replaced by their conjugates (when
applicable).

available in Mathematica format. While the recipe we outline in the following will work
for all operators of any mass dimension, in this paper we explicitly work out the conversion
from Hilbert series output to operators for only a subset of dimension-8 operators. It is our
hope that the recipe and examples provided will facilitate the extraction of the remaining
operators for the purposes of more general and in-depth analyses. Looking to phenomenol-
ogy for guidance, we have chosen to illustrate the procedure for operators which contribute
to pp — hW. This process is a good choice for several reasons. First, it is a relatively
clean process that can be measured at high Q?, where higher dimensional operators be-
come important [71, 72]. Second, it severely restricts the number of relevant dimension-8
operators. After translating the set of required operators, we investigate pp — h W, ex-
ploring how constraints on dimension-6 Wilson coeflicients are affected by the inclusion of
dimension-8 effects. Our analysis focusses on one specific example but in principle one can
use this technology to study many other processes, for example a Higgs boson produced
in association with top quarks, or through vector boson fusion. To this end we also make
publicly available the FeynRules implementation of this set of operators, so that future
work can extend our analysis.

2 Dimension-8 operator set

The SMEFT inputs to the Hilbert series are the matter fields {Q, u¢, d¢, L, e, H}, their her-
mitian conjugates, and the field strength tensors. We take all fermions to be left-handed
and work with combinations of the field strengths and their duals X7, = §(X* F iXH),
where X = B, W, G for hypercharge, SU(2),, and SU(3), respectively, since they have sim-
pler Lorentz transformation properties (X ~ (1,0), X ~ (0,1) under SU(2); ® SU(2)R).
We list the full set of SMEFT representations in table 1 using the convention (SU(2),
SU(2)gr; SU(3)c, SU(2)w, U(1)y). The fields are dressed with characters corresponding to
their gauge and conformal representations, and plugged into the Hilbert series generating
function. Details of the characters, and of the reduction of the polynomial produced by
the generating function to gauge and Lorentz singlets, can be found in refs. [4, 44, 45].
Weighting each operator in the output by its mass dimension, we can easily filter out the
dimension-8 operators.



As mentioned in the introduction, we have chosen to illustrate the procedure for oper-
ators that can contribute to pp — h W processes. Following the power-counting argument
in eq. (1.3), we are interested in the subset of dimension-8 operators that can interfere with
the SM contributions to pp — hW. If we take all first and second generation fermions
to be massless,? the leading-order SM pp — h W amplitudes all proceed through a single
topology: the process is initiated by a left-handed quark and an antiquark that annihilate
into a W boson, which then emits a Higgs boson. The requirement that dimension-8 oper-
ators interfere with this amplitude limits us to three types of operator:* 1.) operators that
modify the hWW vertex, 2.) operators that modify the ggW vertex, and 3.) four-point
contact operators. The relevant Feynman diagrams are shown in figure 1. Operators of
the first type are purely bosonic and involve Higgs fields, derivatives, and field strengths,
while operators of the latter two types must involve a like-chirality fermion-antifermion
pair, at most one field strength, Higgs fields and derivatives. All three operator types must
be included in order to have a correct result. We neglect modifications to the W and h
widths, and instead treat them as on-shell final-state particles.

We now extract from the Hilbert series the relevant pieces for the operators we wish to
consider. Due to the way EOM are handled in the Hilbert series machinery, its output is
always in the so-called Warsaw basis [5], where higher derivative terms are removed in favor
of operators with more fields whenever possible. Therefore, when combining dimension-8
and dimension-6 effects in later sections, we use the Warsaw basis for dimension-6. For
other advantages of the Warsaw basis, see refs. [43, 73, 74]. Focusing first on the bosonic
operators, we can group the dimension-8 operators according to the number of derivatives.
At O(DY), we find:

(H'H)*, (H'H)*(B.)?, (H'H)?B, W, 2(H'H)*(W.)?,

(HUHY(GL)?, (HVH)BLWLY (HYE) WL, (H'H)(GL)?, &

where for all operators except (HTH)* there is a corresponding hermitian conjugate oper-
ator with By, Wr, G — Bgr, Wg, Gr. At O(D?) the operators are:

2D*(H'H)3, D*(H'H B;Br), D*(H'H GLGR), 2D*(H'HW,_Wg),
D*(H'H)?By, D*(H'H (Br)?), D*(H'H (GL)?), 2D*(H'H (W.)?), (2.2)
2D*(H'H B;Wy;), D*(H'H BrW;), 2D*((H'H)*W).

The first row of operators are self-hermitian, while hermitian conjugates must be added for
the operators in the second and third rows. Finally, at O(D?) there is one operator set:

3DYH?H™), (2.3)

3 Also ignoring bottom and top quark components of the proton.

‘Here we are referring to new vertices. Dimension-8 operators can also indirectly enter pp — AW
through field redefinitions or through the relations between couplings and experimental inputs. We will
study these effects in more detail in section 4 and appendix D.
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Figure 1. Diagrams contributing to pp — hW=. The shaded circles represent integrated-out
new physics, and mark the vertices modified by the HDOs we have included in our analysis. Left:
associated production via an s-channel W boson. In this case the purely bosonic operators modify
the hWW coupling, and the contact operators modify the quark-W vertex. Right: the four-point
contact interaction that can also mediate pp — h W*.

which is self-hermitian. Moving on to the contact operators and operators that modify the
qq W vertices, the Hilbert series output for left-handed quarks is:

4D(QTQ (H'H)?),6 D(QTQ HTH W),

4D¥QIQHTH), (24)

with additional hermitian conjugates for the Wy terms. The operators with no field
strengths will impact the ggW couplings, and all sets will generate ggW h contact terms.

We could have written the fermionic operators with a generation index, leading to
a different operator for each possible generation combination, QIQg, Q;Ql, etc. In some
circumstances, adding generation indices would disrupt the antisymmetrization we must
perform when an operator contains multiple identical fermionic fields. For these operators,
there are no repeated fields, so adding generation indices would just multiply the number
of operators by NJ%. Throughout this paper we will ignore this complication and work with
Ny = 1. For operators with only two fermions, such as those in eq. (2.4), this simplification
amounts to assuming that the operator effects are universal among the fermion generations,
e.g. the coefficient for uuW h is the same as for ecW h, etc. For operators with more than
two fermions, the Ny = 1 restriction is more severe as it omits any communication between
generations, as e.g. (6211r Q1)? is allowed but (Q1 Ql)(QE Q2) is not.® This fact will play
a role when we discuss how higher dimensional operators impact the interpretation of
experimental quantities such as aem, Mz or GF in terms of theory inputs in section 4.

As we can see, the Hilbert series tells us exactly how many independent invariants
we can construct from each combination of fields, but it does not tell us how the indices
should be contracted. In the next two subsections we detail how to convert this output
into canonical phenomenological form. Readers more interested in the applications of
dimension-8 operators can skip to section 3.

"We note that our Ny = 1 restriction differs from the usual U(3)® assumption, which has complete
flavour universality and a common coupling for all four-fermion combinations. In our simplified Ny =1
framework the high-scale physics affects the four-fermion couplings only within each generation.



2.1 Operators with zero or one derivative

For operators with zero or one derivative, the process of converting the Hilbert series output
into useful phenomenological form is fairly straightforward and can be broken down into
six steps:

1. if the operator contains multiple instances of the same field (H, @, etc.), work out
the group products that are allowed given the Bose or Fermi symmetry;

2. from the properly symmetrized blocks, determine the contractions that lead to an
overall invariant for the entire operator;

3. express the contractions using the available group-theory objects, e.g. €4, for SU(2)
and (5§ or fapc for SU(3);

4. translate Lorentz contractions from SU(2);, ® SU(2)g to SO(3,1);

5. translate from the L and R field-strength combinations to the field strength X, and
its dual X s

&

impose hermiticity.

Steps 1 and 2 require picking out singlets from products of representations, thereby
dictating how the various indices need to be contracted, while steps 3 through 5 take us
from the formalism convenient for group theory to canonical operator conventions. We
emphasize that the six steps give us the form of the operators corresponding to the Hilbert
series and not the coefficient accompanying the operator, i.e. the factor c((;) in eq. (1.1).
The coefficients can only be set knowing the UV theory. Because of this ignorance of the
operator coefficient, we will completely ignore all overall numerical (and sign) factors that
appear when translating operators, subsuming them into the cg).

The conversion steps are best illustrated with an example. We will work out the steps
for this example by hand, though steps 1 and 2 can also be performed using programs such
as susyno [75]. While it is often obvious to see how the indices on an operator must be
contracted without plodding through every step, we will go through this example in full
detail so that the process can be applied in cases where inspection fails. Other examples
can be found in appendix C.

2.1.1 Example: (H'H)2B?2

Before moving on to the operator conversion, let us define our index conventions. Most
of the index manipulations will involve SU(2). We will use undotted Greek letters for
SU(2), indices, dotted Greek letters for SU(2)g indices, and Latin letters for SU(2),,.
When we convert from Lorentz SU(2);, ® SU(2) g to SO(3,1) we will also use Greek indices
for SO(3,1), though drawn from the middle of the alphabet (which should be clear from
the context). Symmetrized groups of indices will be indicated by curly braces {af} and
antisymmetric ones by brackets, [ab]. Occasionally we will find it convenient to convert
products of SU(2) doublets into triplets using Pauli matrices, which will be indicated by



upper-case Latin letters (i.e. 7/). While SU(2) doublet indices can only be contracted by
eij,6 triplet indices may be contracted by ¢!/ or the antisymmetric e;;x. As an example,
the singlet contraction of the SU(2) doublets H' and H is given by €% Hj H;. The form
€ H;r H; may seem a bit strange at first glance. It occurs because we are working with H f
(and LT, QT) as a 2 of SU(2) rather than a 2, as this makes the group manipulation simpler.
One can easily convert between the 2 and 2 forms via e: H% = eH;r. Throughout this paper
we will perform all intermediate steps using Hg, then convert to the more familiar H. g form
at the end.

Now we turn to our first example: (HTH)2B2. As the coefficient of this Hilbert series
output is 1, there is one invariant to find. The operator involves three different fields, each
of which occurs twice. As HT # H and By, are all bosonic, each block of (field)? must be
symmetric. Starting with the Higgs field and dropping the SU(3). and U(1)y entries for
brevity,

1 2
H? = (0, 0; ) = (0,0;0 @ 1)symm = (0,0;1). (2.5)

2 symm
This is telling us nothing more than H; H; contracted with €' gives zero (where i,j are
SU(2), indices). Only the symmetric combination Hy; Hjy, or H{Ql.j}, is nonzero. (H')? is
the same as H?, so we can proceed to B%:

B} = (1,0;0)% 1 = (00 1®2,0;0)symm = (0 2,0;0). (2.6)

symm

This decomposition is also straightforward: the symmetric product of two spin-1 fields
must be spin-0 or spin-2.” Multiplying the three blocks together gives:

H2(H")?B? = (0,0;1) ® (0,0;1) ® (09 2,0;0) = (0©2,0;05 1 & 2). (2.7)

Choosing the 0 from the SU(2)z, and SU(2),, products we get the one invariant promised
by the Hilbert series. Notice we have 0 & 1 @ 2 in the SU(2),, portion since there is no
(anti)symmetrization left to eliminate a piece.

The above procedure takes us through step 2. For step 3, we can focus on the Higgs
portion since that contains all the SU(2),, dependence. For SU(2), the only object available
to contract indices is €. The contraction that does not vanish is:

HE gy (HD gy €™ (2.8)

The contraction of ¢ with m and j with k is equivalent since i <> j, k <> m is symmetric,

and contracting ¢ with j gives zero. Written in a more familiar way, we have

(eHVH)? (2.9)

SWe define €'? = —€?! = €31 = —e12 = 1, following the conventions in [76].

"The reader may wonder why we are using Lorentz representations in this section after alluding to confor-
mal representations in section 1. Conformal representations package an object and all its derivatives together
and are useful for automatically incorporating IBP and EOM redundancies [4, 62]. To explicitly construct
operators for given field (and derivative) content, working with Lorentz representations is sufficient.



where we have ignored any overall factors of 2 or -1. Moving on to SU(2), By, sits in the
triplet representation, so in terms of fundamental SU(2), indices it is a symmetric tensor
Br{apy- Taking the product of two By, fields, the SU(2), invariant comes from contracting
the indices with e:

(B1)(0.0) = Br{apy Brirsye*e”. (2.10)

To convert from this format to the more familiar SO(3,1) language (step 4), our starting
point is the decomposition of antisymmetric tensors [77]:

where i, v are the usual SO(3,1) indices and undotted (dotted) «, 5 are SU(2)r, (SU(2)R)
indices. We can see that A sits in the (1,0) representation of SU(2), ® SU(2) g while B sits
in (0,1). Manipulating eq. (2.11) using the properties of € and the o matrices [76], we find

A{a,B} =27 (G“V)agXLMV, B{dﬁ’} =27 (5“”)d5 XR/“,, (2.12)

where o and ¢# are antisymmetric in SO(3,1) indices but symmetric in either SU(2)p,
or SU(2)g indices. Applying eq. (2.12) to eq. (2.10) gives:
BL{ozB}BL{'yé}EO(ﬁems =—4 (O-lw)aﬁ(o-pa)’yé €a7€ﬂ6 X BL,LLI/BLpO'
=4 TI‘(JMVUPU) BL,uVBLpU
= —2(ghPg"" — ghg"P — i €"P%) BL BLoo

= —4(BruwBY” —iBruwBi"). (2.13)
Next, we can convert® from By, to B and f?, and Hg to H%, with the net result:
Onapz = (H'H)? (B B" — i B, BM), (2.14)

again dropping overall numerical factors and subscripts.

Finally, we must impose hermiticity. Repeating the conversion steps on the hermitian
conjugate output (HTH )2B%, we get (unsurprisingly) the hermitian conjugate of eq. (2.14).
Including both Opops and OLQ po into the Lagrangian, hermiticity demands that their
coefficients are complex conjugates of each other,

L > enap2 Omane + Ciaps Okapos (2.15)

corresponding to two real coefficients instead of four. We can regroup these terms into two
separate operators involving Higgs fields and hypercharge field strengths:

Oy = (H'H)?B,,B", 0y=(H'H)*B,,B". (2.16)

Either in the form of eq. (2.15) or eq. (2.16), we see that the result of steps 1-6 is a number of
operators matching the Hilbert series output. In eq. (2.16) the two operators corresponding

8When converting between the X, r and X, X forms, the relations PO XL o =21 XEY, P X R po =

—24 X" are particularly handy.



to the outputs (HTH)QB%,R are obvious, while in eq. (2.15) they are combined into a
complex, non-hermitian operator with a complex coefficient.? In cases where there is more
than one operator with a given field content, there are more options for the operators
(and their combinations) to use. This can be seen with 2 (HTH)2W?2, which also has non-
trivial SU(2),, contractions and is presented in appendix C. These choices are inevitable
and represent a choice of basis. Note the dimension-8 CPV terms will not affect cross
sections at O(1/A*) since they have no SM piece to interfere with. We include them purely
for completeness and to show how the operator counting works at different stages of the
translation process.

The steps above carry over to operators with a single derivative. The new ingredient is
1 1.
252
erwise treated like any other bosonic object in an operator. When converting an operator
of the form D(A B C), where A, B, C are SMEF'T fields, the first conversion step is to par-

tition the derivative among the fields. This is not as automatic as it seems, since i.) we are

the derivative D, which transforms as ( 0,0,0) under the symmetry groups and is oth-

only interested in products of derivatives and fields that do not reduce by the equations of
motion, and ii.) it is often the case that we cannot apply the derivative to all fields present,
e.g. for D ABC there may be no way to make an invariant with AB D(C'). The procedure
for removing EOM-reducible terms in Hilbert series output was put forth in ref. [44]. In
short, we treat D1 (¢ a left-handed fermion) as a Lorentz (1, %) in all products. Similarly,
Dyt ~ (3,1), DXp ~ (3,%) and DXg ~ (3,2).° In terms of SU(2);, x SU(2)g indices:
Dy ~ (D¥)jasya DT~ (D¥Y), 14y DXL~ (DX1){apyra  DXr~ (DXR), (ags
and we can convert between SU(2), x SU(2)g and SO(3,1) using

Dag = Dp(0")as- (2.17)

In the manipulations above we have only shown the Lorentz part of the representations.
Once partitioned onto a field, the derivative should be thought of as a covariant derivative,
so D, DXy, etc. will carry the gauge representations appropriate to ¢, Xy, etc.

Once we know which derivative partitions are allowed, we are free to pick which one
to use since they are easily related to each other by integration by parts. For example, if
D(ABC) = D(A)BC+A D(B)C then we may pick whichever we like as our operator. Once
we have chosen how to partition the derivative, we proceed with steps 1-6 of section 2.1
to convert them into operators. There are no purely bosonic operators in the SMEFT
containing a single derivative, therefore we defer an example of an O(D) operator (involving
fermions) to appendix C.

9Said differently, the Hilbert series output dictates the number of real operator coefficients for a given
field content. Customarily, bosonic operators are written in the form of eq. (2.16), with real coefficients,
while fermionic operators are written in the form of eq. (2.15), with complex coefficients and an implicit
addition of the hermitian conjugate.

"%There is no EOM reduction for scalars at O(D), where D¢ ~ (3, 3). There is reduction at O(D?),
where D%¢ ~ (1,1).

~10 -



2.2 Operators with two or more derivatives

Operators containing two or more derivatives are trickier. The presence of derivatives
implies that we have redundancies due to integration by parts, which can shift the covariant
derivative from one field to another, and the equations of motion. We must be careful to
ensure that our final result does not contain any redundancies, but has enough flexibility
to generate (via IBP) any operator with the same fields and number of derivatives. As
before, these issues are best demonstrated with an example.

2.2.1 Example: 2 D2(HTHBLW})

Let us look at one of the classes of operators from eq. (2.2): 2 D?>(H'HB;W7p,). The Hilbert
series tells us that there are only two independent invariants for this combination of fields
and derivatives, but which two operators do we pick? At first glance there are multiple
ways of placing the derivatives,

(D,U»HT)(DMH)WL,/MBL,;;U? (DMHT)(DVH)WL,W)BL,/)V, (2 18)
H'H(D,Wy,,)(D*BY"), (D, H"YH(D,Wr,.,)BL1p,

If all operators were equal, we could just pick any two. However, this is not the case.
After picking one operator from eq. (2.18) there are some choices for the second operator
which — combined with the original operator — can transform via IBP into any of the
other D?(HTHB; W) operators, while there are other operators that will only transform
into a subset. We need to pick two operators that any of the possible D?(H tH BrWr)
operators can be reduced to by successive IBP. In order to make the right choice in this
example and in similar cases, we need to know how IBP relates all operators with a given
field and derivative content.

To systematically understand the IBP relations and their use in reducing the number
of operators, we will follow the approach described in ref. [45]. Our first step is to enu-
merate the ways to partition the derivatives, as partially illustrated in eq. (2.18). Given
our previous experience with adding indices, we can immediately recognize that i.) after
removing EOM-reducible terms, D?HT and D?H (both transforming as (1,1) under the
Lorentz group) will never admit a Lorentz singlet since all other fields only transform under
Lorentz SU(2)r, and ii.) the SU(2),, part of the index contraction is trivial, as HZTHj must
form a triplet to contract with Wy. Partitioning the derivatives all possible ways, there
are seven different operators in D?(HTHByWp). The operators are listed in table 2 with
SU(2),, indices suppressed.

The first two operators correspond to the two ways we can pair (DHT DH) > (061,00
1;0,0 @ 1,0) with B, W, D (0@ 1@ 2,0;0,1,0).'" We will stick to the SU(2); ® SU(2)r
form of Lorentz symmetry throughout to avoid translating derivatives of field strengths

11 the first operator the Lorentz indices of DHYDH are stitched together to form a singlet, as are the
indices of By, Wr. In the second operator, we pick out the (1,0) part of BLWy by contracting one index on
each field strength together, then combine that object with the (1,0) piece of DH TDH. The two operators
represent the two different ways to tie the indices of DHTDH to the indices of Br,Wy; we could collapse the
two operators to one (plus a piece looking like z1) via the Schouten identity, but the current form makes
the algebra easier.
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T (DHT)aéc(DH)ﬁg'BL{yé}WL{fn} €& caB v eon
22 | (DH)aa(DH) 35 BLivs)Wiien) LeAPedt (e07ePn 4 o)
T3 (DHT) (DBL){,Bw} 5WL{§n} € g0 € O
x4 (DHN oo H Brien (DWL){ﬁvé},B €SB B 1€ 1
75 HY (DH)qa (DBL){/B’yé},BWL{fU} €GB caB 7 (o
T6 HY (DH) a4 BL{fn}(DWL){ﬁ,Yg} P €GB caB v gon
x7 HTH(DBL){Q,BV},OQ(DWL){& 5.5 € & ca€ B S

Table 2. Operators of the type D?(HTHB.W,) where we have ignored IBP relations between
terms. We have neglected all SU(2),, indices since there is only one possible contraction.

u (DH )ag H By Wi e €€
yo | (DH g H Bray Wien) 3€¢(e77 + €2)
ys | H(DH)aa BrigyWigen €€
ya | H' (DH)as Brsy)Wien) 36¢(€77 + €)
Us HYH (DBL){apy} 6 Wiien) €€
w | HUH By (DWi) oy 0

Table 3. Operators of the type D(HTHB;W) that are gauge-invariant but sit in the Lorentz
four-vector representation. The number of operators in this class can be generated automatically
via the same procedure that projects out the number of total invariants. As in table 2, we have
suppressed SU(2),, indices.

into SO(3,1) language. When contracting indices we have made a choice of the overall
sign. Nothing will depend on this choice, but we do need to be careful to stick with this
convention.

Next, we need the set of operators with one less derivative, D(H ‘HB W) that sits in
the four-vector Lorentz representation. The group theory here follows exactly as before, ex-
cept that we are picking products in the (2, 2) representation rather than Lorentz singlets.
The single derivative can act on each of the four fields, DH' ...  HIDH .. JHTH(DB),
etc., and for the DH', DH options there are two ways to form (%, %) Working this out
generates the six D(HTH B, W) terms in table 3.

The relation between the y; — gauge invariant operators with one fewer derivative and
sitting in the four-vector Lorentz representation — and IBP is now easy to see. Contracting
any of the y; with a final derivative results in a linear combination of DQ(H "HB W)
operators making up a total derivative. Therefore, each D(y;) equation provides an IBP
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relation among the higher-derivative terms. For example:
Dys(y1) = total deriv. = D&;((DHJr)aa H BrignWirien eﬁxew) €89 ¢ad
= ((DHT)ad (DH)&; B{ﬁ'y}W{ﬁfl} + (DHT)o@ H (DBL){MV}#; WL{&]}-F

(DH)ae H Bpgsy (DW) ) €80 a0 BE

{6¢n}.6
=11 + 23 + 24, (2.19)

where we will usually have to do some index juggling to get the contractions in D(y;) to
match those of the x;. Notice that in addition to adding the derivative, we have to specify
(and stick to) a convention on how to stitch up the remaining indices. The net result of
D(y1) is that x1, x3 and x4 are not all independent, i.e. given two we can generate the third.

Following this logic, each of the other D(y;) provides a relation, or constraint, among
the x;. If each of the D(y;) were independent, this would tell us that the true number
of independent operators — including IBP relations — is #D? operators—#D operators,
#x; — #vy;, or more generally (# operators at O(D™)) — (# operators at O(D™™1)).
However, in practice, the constraint equations are often redundant, making the number of
independent constraints < #v;.

To get at the number of independent constraints, we can write the constraint equations
as a matrix with each D(y;) as a row acting on a vector of z;, and then determine its rank.
For the example here, carrying out the same manipulations as in eq. (2.19) for the rest of
the y;, we find:

x1

o
—

x2

\
—
\

NI
— o O

3
x4 | =Mip-Z=0 (2.20)
Ts5

D=
—_ Ok = O O

O O O = O =
o O = O
O R O O
— O O OoON
_ -0 O O O

Te

S =

T

The constraint matrix Migp has rank 5, indicating only five of the six IBP relations
are actually independent. Applying five constraints to seven operators leaves us with two
independent operators, in agreement with the Hilbert series counting. While tedious, this
constraint procedure can be applied to any operator type with derivatives (fermion or
bosons), including those with multiple electroweak contractions. After this treatment of
IBP relations was put forward in [45] and applied to the SMEFT, later work [4] showed
it had missed some operators by overcounting IBP relations. Revisiting the constraint
procedure here, we find that the error in ref. [45] did not lie in the method, but was due
to mathematical mistakes made when applying the method.'> When applied correctly, the
number of independent operators (after IBP) found using the constraint method agrees

2Tn particular, some of the error in ref. [45] can be traced to a faulty shortcut the authors used to deter-
mine when a full matrix/rank treatment of the constraints was necessary, while in other circumstances it was
just algebraic error. Clearly this method would benefit from automation, possibly along the lines of ref. [78].
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with the Hilbert series counting (at least at dimension < 8). The payoff of the constraint
method is that it gives us the actual form of the operators and tells us which operators are
related by IBP and which are not. For the example at hand, after row-reducing Migp we
find it can be distilled to the following relations:

x
1 —x7 =0, $2+x6—|—?720, T3 —x6 = 0,

x4 +x6+2x7=0, x5+2x6+27=0.

From these relations, we see that x; and xo are sufficient to generate all seven operators.
Thus, given a combination ¢;x;, we can IBP repeatedly (throwing away surface terms) and
collapse the sum into ¢y e 1 + €2 T2, With ceg some linear combination of the initial
¢i. We could collapse the sum into other pairs of operators, such as {z1,z3} or {xg, 7},
however there are also other pairs, such as {x4, x5}, that we could not reduce to. Choosing
{x1, 22} to span the set, reintroducing the SU(2),, indices, and performing steps 4 and 6
from section 2.1, we are left with:

Ospmapw1 = Tr(D,H' 7! DFH)(BYW o — iBI"W{ )

P P
O2pmzpw2 = Tr(DyH' ' D, H) (BZHWF; - BZHWI{f; + §BZHW£7N - 535 WE
+ %BZ“ wr - %Bﬁ“ WL”,R> , (2.21)

where, as in eq. (2.14), we have converted to H%L format.

One remaining question is the origin of the IBP relation redundancies. Combining
several of the y; and manipulating indices, we see that some combinations of the constraint
operators can be expressed as a total derivative:

Y2 +ya + %(ys —Y6) = Daa <HT H By Wieny %€7§(€a6 + 60”')) (2.22)
When we apply a final derivative, eq. (2.22) connects the constraints from D(y2), D(y4),
D(ys), and D(yg) so they are no longer independent. For the case here, we have a single
relation among the y;, so the number of independent constraints is reduced by one, from six
to five. To better understand why this occurs, notice that the operator in the parentheses
of eq. (2.22) transforms as a (0, 1) Lorentz representation. Applying D? to this combination
will always give zero, since D? has Lorentz irreducible representations (0,0) @ (1, 1), which
cannot form a singlet with (0,1). Enforcing this fact — that D? ® (0,1) = 0 — results in

relations among the O(D) operators.!?

13Technically, we are only interested in (0, 1) or (1,0) operators that are not themselves a total derivative.
The Hilbert series iteratively removes total derivative terms, as explained in [4]. In the constraint method
shown here, D™~2, D™~2 ... total derivatives all show up as relations among rows of Mipp.
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Os.it (HYH)* Osw | €1k (HTH)W”V’IWzlj,;Wﬁ’K
Os B (H'H)?B,, B Ogyi | €1k (HTH)W“”JWVJPWﬁ’K
Os i (H'H)?B,,B"™ Osnc | Oap(HTH)?GA,GMP

Os Hw B o1y (HH)(H'7'H) B, W/ Os né Sap (HYH)?G, G B

O v 5 51y (HVH)(H'+!H) B, W Osc | fape (HTH)GHAGE Gi
Os 1w 81y (HTH)2PWL W Os | fase (HIH)GHAGE GRLC
Og 6r(HYH )QWJVWN/ﬂ”vJ

Os,aw2 S v (HIT H)(H ! HYW S WM

Og 11ira S dyn (HIT H) (H ! HYW S wrM

Os.HW B2 eryic (HiT H)BLW, WieK

Og pwie | €17k (HT'H) (E””W:}]pwﬁ’K + B"”W;]pwﬁ’K)

Table 4. The 17 derivative-free operators after conversion to the standard X, X notation for the
field-strength tensors and with HT in the 2 representation.

3 Dimension-8 operators relevant for pp — h W

Having worked through a few examples, we now present the results of the operator extrac-
tion for the full set of terms listed in egs. (2.1)—(2.4).

e For the bosonic terms there are a total of 17 operators with no derivatives, corre-
sponding to the eight terms in eq. (2.1) and their hermitian conjugates, along with
the single self-hermitian term. The set is listed in table 4. As explained in section 2.1,
we have made some choices about how to display indices (e.g. triplets vs. doublets)
and what linear combinations to take to form operators with simple properties under
CP transformations. These choices constitute a choice of basis.

Table 5 contains the bosonic operators with two derivatives. There are 26 operators,
corresponding to ten terms in eq. (2.2) plus their hermitian conjugates, and the six
self-hermitian terms. Because there are derivatives, there is even more choice than
in table 4. When possible, we have opted to put the derivatives on the Higgs fields
as this makes implementing the operators into FeynRules easier.

Table 6 contains the three bosonic operators at @(D*). When forming these operators
(and all others in this section) we have ignored overall signs or numerical factors.

Finally, table 7 contains the N;=1 fermionic operators that contribute to pp—h W,
either by contributing to the ggW vertices or through direct four-point contact terms.
There are no terms with even numbers of derivatives, as operators of that sort al-
ways contain a mixed chirality fermion pair and therefore do not interfere with SM
pp — h W amplitudes. Here, H'DrH = (D*HYYH — HY(D*H).
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Os.ip (H'H)*(D,H' D'H) Og privss | €1IK (DrHYTI DY HY (WL, WES + W, wor)
Os 12 81y (HVH)(H'r! H)(D*H'77 D, H) Os,.pHWB 615 (DMHT 71D, H)BP* W,
Os,pHEB (D*H' DVH)B,,,BS Os pmivs §1 (DHT 71D, H)BroW,
O pHB2 (D*HD,H)B B,, Ospuwps | 61y (D*HIT DYH)(B,, Wi’ — B,,Wi’)
O pps (D*H'D,H)B* By, Ospuwps | 01y (DFHITIDYH) (B, W + B,,Wi)
Os.piic 0B (DHHTDVH)GﬁpG'C’B Ogprwpa | 017 (D”HTTIDVH)(BP W,/J B[ W] )
Os.pHG2 5ap (DMH'D,H)GFAGE, Og puvirps | 017 (D*H'T' DY H)(B], W,;’}/,Jr B” W)
Os prce 5ap (DMH'D, H)G’M‘AGB Os.upHEB i(H'H)(D,H' D, H)B"
Os.paw Sry (D*HT DY HYW! Wi’ Os 1ipii i(H'H)(D,H' D, H)B"
Os,pirw2 51g (D”HTDN,H)WWW,,{, Os.upiw idry (HTH)(D*H T DVHYW,],
O prvie o1y (D*H'D,, H)WPU’IWJ Os npm i0ry (HTH)(D*H' ID”H)WN]V
Os.pHw3 ersx (DMHIT DV HYW,], Wi Os HpHW? iersx (Hiv'H)(D*Hi7/ D HYWE
Og prvirsa | €105 (DMHITI DV YW, WES = WL W) | O ppavirs ieryi (Hi'H)(D*HIr/ DY H)W

Table 5. The 26 two-derivative operators after conversion to the standard X, X notation (plus
linear combinations). Factors of ¢ are included where necessary so that the operators are explicitly
self-hermitian with real coeflicients.

Osap1 | (D,H'D,H)(D"H'D*H)
Osap2 | (D, H'D,H)(D*H'D"H)
Osaps | (D*H'D,H)(D"H'D,H)

Table 6. The explicit forms of the three bosonic dimension-8 operators containing at least one
Higgs field and four derivatives. These three operators have three independent real coefficients.

The left-hand column of table 7 shows the 12 operators derived from D(QTQHTH Wr.Rr),
grouped into CP-even/odd pairs. These operators are each accompanied by a real coeffi-
cient in the Lagrangian, however one could also combine each pair, e.g. Og gw1 and (’)SQWD
into a complex operator with complex coefficient. The 8 operators on the right-hand side
correspond to D(QTQ H?(HT)?) and D3(Q'QHTH). These operators are accompanied by
real coefficients. Throughout this list we have chosen to put derivatives on the Higgs fields
whenever possible. However, while it is possible to form an invariant with three deriva-
tives on Higgs fields, Q'Q D?HTDH and QTQ DHTD?H (each with two electroweak index
contraction possibilities), the two are not independent under IBP so we cannot span the
full set of D3(QTQH'H) operators with them. Rather than choose one, QTQ D?HTDH or
Q'Q DH'D?H, we have opted for a more symmetric choice involving two derivatives on
Higgs fields and one on a fermion field.

Using table 7 one can easily write down similar operators involving right-handed
fermions. For left-handed leptons we just need to replace @@ — L since the SU(3). struc-
ture played no role; similarly, trading in @ for u., d. or e., only the SU(2),,-singlet fermion
combinations O&Ql, O&ng, OB,BQS and Og’QWl, O&le, O&QWQ, OS,QVVQ are allowed.
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Os Qw1 01 (Q16YQ) D*(H'r' H) Wy, Os,q1 i(QorQ)(H' DrH)(H'H)

Osqin | 01(QIe"Q) DM(HITH)W), | Osqa | 15 Qe Q)((D Hir/ H)(H H)+
(D 1 H)(H7 )

Os Qw2 1815 (QlovQ) (! Drrl 1) Wy, Ogqs | ieryr(Qfarr! Q)(H! D’ H)(HITK H)
Ogonia | 1010 (QIe*Q)HIDrr HY W), | Osqi | ensx(Qors! Q)(H''r/H) D (H'TK H)
Os.ows 517 (QW# Q)DH(HTH) W, Os 301 i (QTC—;MDVQ)(D2 HTH) + h.c.

Os o3 617 (Q'e¥r! Q) DH(HTH) W‘] Os302 | @ 5IJ(QTUNTIDVQ)( 2 HTTJH) + h.c.
Osqwa | 1017 (Qla"T' Q)(H' D) Wi, | Os30s i(QT(}HDVQ)(HTD?W)H) + h.c.
Ogqia | 1010 (Q1a"r  QUHIDIH) W, | Osaqu | i61(Qa"+! DYQ)(Hr/ DY, H) + h.c.

)

Os.ows | €aBc (QTé Q) DH(HTTBH) ng
Os.ows | €asc (Qle"r" Q) DH(HITPH) W,
Osowe | ieapc (QIaVT Q)(HT?”TBH) wg,
Og qiive | 1€aBC (Qtavr4Q)(Ht D”TBH) w¢

ju%

Table 7. The 20 (Ny = 1) operators involving quark, W-boson and Higgs fields that are relevant
for the phenomenological study of pp — h W=,

4 Application: pp > h W=

To investigate the effect of dimension-8 operators we focus on one process: Higgs boson
production in association with a W boson at the LHC. See refs. [79-84] for relevant
experimental results.

Combining the operators in tables 4-7 with dimension-6 operators (enumerated in ap-
pendix B), higher-dimensional terms manifest in a number of ways. Bosonic operators
directly enter into pp — hW¥ by modifying the AW W vertex, while fermionic operators
(e.g. table 7) either modify the GgW* vertex or enter as gghW=* contact terms. Addition-
ally, higher-dimensional operators introduce corrections to the SM field kinetic terms. For
instance, Og gp leads to a correction to the U(1) kinetic term, C&HB(U‘*/A‘L)BWB””, and
similarly Og gp leads to a correction to the Higgs kinetic term. To ensure that all fields
are canonically normalized we must make a set of field redefinitions. These redefinitions
lead to shifts (relative to the SM) in how couplings and masses in the Lagrangian are re-
lated to experimental inputs. The procedure to relate experimental inputs and electroweak
parameters in the presence of dimension-6 operators has been worked out in refs. [85, 86].
Dimension-8 effects can be handled by the same method, though they introduce a de-
pendence of the electroweak parameters at order 1/A* and need to be handled with care.
Furthermore, our restriction to Ny = 1 operators impacts the electroweak parameter shifts.
Specifically, this restricstion removes four-fermion contributions to G, as G is taken from
muon decay and necessarily involves communication among different generations. Remov-
ing the four-fermion contributions, the only higher dimensional operators that affect the
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interpretation of Gg in terms of theory inputs are operators that shift the coupling of
leptons to the W boson. Details of the electroweak input procedure, including the Gg
subtleties, are presented in appendix D.

After carrying out the normalization and EW input procedure, we next sketch the
Feynman rules for the ggW, hWW, and gghW vertices. We take all momenta to be
ingoing and enforce on-shell conditions on the Higgs and fermion fields, but not on the
gauge bosons. While it is possible to remove the dependence on one field momentum in
each vertex by imposing momentum conservation, we choose not to do so. To be more
compact and make the different Lorentz structures clearer, we first express the Feynman

rules in terms of form factors cs v, chwwi, cf fv[/m-:14
d(p2)
2
_ b
Wi(ps) =0(p2)7" (quvo+0qu1 23) Pru(p1) (4.1)
u(p1)
W, (p2)
h(p1) --- = (ChVVO " +cnvvi ((p2-p3)n™™ —p5 py)
+cnvva((pr-p3)n'” —pips)
W_ E3 v 1%
o ) (o1 P i) (42)
d(p2) W;j— (pa)
Zﬁ(pz)(vu (Cqqwho+Cqqwn2 (P3-P4) (4.3)
N
AN +cqqwns (1 (p3+pa)) +cqqwna (P2- (P3+Pa))
u(pl) h(pg) +p3(cquh1 pg‘i_cquhS pl1L+quWh4pl2L)

+p4(_cquh2 pg +CqqWh3 p’f +quWh4p§))) Pr, U(p2)

The full expressions for the form factors are provided in appendix E.!®

Using these vertices to calculate 6(pp — hW™) in terms of the dimension-6 or -8
coeflicients, the full expression is not particularly illuminating. However, a quick way to
see how dimension-8 effects enter and what are the most important operators is to take the
limit of large §, as that will expose differences in the high energy behavior of dimension-6
vs. dimension-8. We find, after plugging in the full expressions for the form factors:

é? % 3
&(pp — WTh) ~ < > <€2 (c8,3Q1 — €8,3Q2 + €8,3Q3 + €8,3Q4)

4608 7 sint 0 ) m%, A*
v 8570 (c))?) + O0). (4.4)

HM¥or simplicity, we neglect CP-odd operators throughout this discussion.
15While we have presented off-shell vertices, it would be interesting to explore these results using on-shell
amplitude techniques along the lines of ref. [43].
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The largest growth is linear in §, as expected from simple power-counting arguments, and
the operators that enter are a dimension-6 contact term (squared), and a combination
of D}(QTQHTH) dimension-8 terms. The fact that D3(QTQHTH) terms are the only
dimension-8 terms to appear is not surprising. Fermionic operators with fewer derivatives
contain additional Higgs fields and can only contribute to pp — h W™ if multiple Higgs
fields are set to their vevs (more vevs in the amplitude lead to weaker energy dependence).
The only dimension-6 term that contributes in eq. (4.4) is Og; =i (Qfa"r Q) (ﬁH TrTH).
However, this operator also modifies fermion couplings to W and Z bosons (through the
form factor cfsy in eq. (4.1)). Strong constraints on deviations of W and Z couplings
to fermions implies that these operators must have small coefficients, see e.g. ref. [8].
Examining eq. (4.1), we see that the D3(QTQHTH) contact terms are not tied to gqV
modifications. Thus, if we take cb?q — 0 to avoid gqV constraints, the part of &(pp —
h W) that grows with energy is controlled by dimension-8 operators alone. In this case,
the cross section contributions from |Agim.6|? are oc X—i, while those from Agyn X Agim-s are
x % — 50 there are energy regimes where dimension-8 effects are dominant at 1/A%. To
quantitatively evaluate the effects we can expect at the proton level, we turn to numerics.

As a rough estimate of the impact of dimension-8 operators, we study the rate of
pp — hWT at the LHC (y/s = 13TeV) in a scenario with a single dimension-6 operator
and all dimension-8 operators. We choose Oy as the representative dimension-6 operator
and for simplicity define cyy = 1/A2 and set all other dimension-6 coefficients to zero.
We take all dimension-8 operator coefficients to have the same magnitude, |cs;| = 1/Ag,
but leave the signs to float since there can be cancellations among different operators (see
eq. (4.4)).1° For a fixed cyw (Ag), the limit Ag — oo corresponds to no dimension-8
effects. Decreasing Ag, we add in the dimension-8 effects. For each Ag, Ag, and sign choice
for the coefficients,!” we fold the parton-level results with parton distribution functions
for a 13 TeV LHC,'® then calculate the shift in the pp — h W™ rate relative to the SM,
|Ap(pp = hWH)| = [(o(pp = hWF)ag0s — 0(pp = RWT)s1) /o (pp — KW F)su]. If we
pick the signs of all dimension-8 coefficients to be positive, the result is shown in the top
panels figure 2. In the bottom panels of figure 2 we show the result if we instead choose
signs of the dimension-8 coefficients that enhance their contributions at large /s.'?

181 we were to start with a UV theory and derive the SMEFT by integrating out heavy states, the
coefficients in front of the higher dimensional operators would be combinations of heavy particle masses
and couplings (and potentially loop factors). Rather than deal with these different components, we have
absorbed everything into the overall scales Ag and Ag. While convenient for us, this convention does obscure
the connection between the operator coefficient and the actual mass scale of new physics. For example, Ag
may be large either if the new physics scale is high or if the new physics scale is low but maps to a small
coupling coefficient of the effective operator.

17 As demonstrated in refs. [87, 88], it is possible that analyticity and unitarity requirements forbid certain
signs for higher dimensional operator coefficients. We ignore this possibility here and assume the coefficients
can have either sign.

¥ We use MSTW2008nnlo [89] parton distribution functions with factorization scale set to v/3.

¥The sign assignment is the following: C8,HD2,C8, HDHW , C8,QW3, C8,QW5, C8,3Q1, C8,3Q3, C8,3Q4 PDOSi-
tive (= +ﬁ); and cg HD,C8, HWB, C8, HW , C8, HW2, C8,Q2; C8,Q3, C8,Q4, C8, HDHW?2, C8,3Q2 negative. ~While
dimension-8 effects are larger for this choice, there is still some cancellation among terms, namely be-
tween ¢g,3Q1, €8,3Q3, 8,304 and ¢g,Qw3a, cs,Qws. Lhis sign choice should be thought of as a representative
example and not the sign choice that maximizes dimension-8 effects.
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Figure 2. Relative deviation in the inclusive cross section o(pp — hW™) at the LHC (/s =
13 TeV) from its SM value including dimension-6 and dimension-8 effects. The blue line shows
the result of including Oy as the only dimension-6 operator and without considering dimension-
8 operators. The red line indicates the deviation as a function of cyw including the maximum
possible dimension-8 effect consistent with the EFT expansion. The black dashed line shows the
result if dimension-6 and dimension-8 operator coefficients are equal, cgw = cg; (i.e. Ag = Ag).
In the top two panels the dimension-8 coefficients are all equal, while in the bottom two panels
we take their magnitudes to be equal but assign their signs to maximize their effects at high /s.
The left panels shows values of \/cgw out to the current 95% CL limit, which following the global
analysis in ref. [90] is 0.631 TeV~!. In the right panels we have zoomed in to smaller values of ¢z
to make the dimension-8 effects more visible.

The blue line in figure 2 shows the relative deviation in o(pp — h W) from the SM
value as a function of cpy, neglecting dimension-8 effects (Ag — o). The impact of
the dimension-8 operators can be seen by tracing either vertical or horizontal lines through
figure 2. Picking a value of cgw and tracing vertically upwards from the blue line intercepts
two lines with different dimension-8 scenarios. The black dashed line corresponds to the
case where dimension-6 and dimension-8 operators have the same coefficient, cyw = cg;
or A¢ = Ag. The red line denotes where Ag has been reduced such that two stringent
EFT validity conditions are met: i) the Agy X Agim.g contribution to the cross section
of O(1/A3) is greater than the quadratic dimension-8 contribution, |Agim.s|?> ~ O(1/A%);
and ii.) the SM interference with dimension-6 at O(1/A2) is larger than SM interference
with dimension-8 at O(1/A%). The first condition is independent of the dimension-6 effect,
while the latter ties the two terms together and introduces model dependence since in some
cases the interference between SM and dimension-6 operators is naturally suppressed. As
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caw decreases (Ag increases), this second condition becomes the stronger of the two,
causing the tapering in the band of dimension-8 effects. We also require the condition
Asm X Adims > |Adims|? in all calculations, which sets the maximum cpgyy value (the
right-hand edge of the plot). The results with and without the validity conditions are
shown to demonstrate the range of possible dimension-8 effects.

Comparing the top and bottom panels of figure 2, the band of dimension-8 effects is
significantly smaller when we choose all dimension-8 coefficients to have the same sign. The
origin of this difference is an accidental cancellation among the dimension-8 terms when
they have the same sign and magnitude. Specifically, the cg 301, cg303, and cg 304 terms
positively interfere with the SM amplitude, while the cg 302, cs,Qw3s, and cggws terms
interfere negatively. The coefficients cg gws and cg gws do not appear in eq. (4.4) as they
enter the cross section at O(8%), proportional to 9*/(m#, A?). Cancellations between the
O(3) and O(8") pieces are possible since the inclusive production of W h is dominantly
near threshold, where 3 ~ v? and thus the two terms are similarly sized. One may think
that an accidental cancellation in Agijn.g can be compensated by lowering Ag. However,
the |Agimg|? contribution has no such cancellation, so it overwhelms the Agas X Agim-g
piece even at relatively high Ag. Thus, the net result of the cancellation in Agj,.g and
our EFT consistency conditions is that the dimension-8 effects for the positive sign choice
are reduced to a sliver. The cancellation in Agjn.g is broken if we relax the assumption
of equal size coefficients or fixed signs. Turning on various combinations of dimension-8
couplings and adjusting their signs, we find that results similar in size and shape to the
bottom panels in figure 2 are far more common; therefore we will use these signs when
quantifying the dimension-8 effects. The net effect of the interference is positive for this
choice but negative interference is also possible, in which case the yellow band would lie
beneath the blue line.

To get an estimate of how much dimension-8 operators affect the extraction of the
dimension-6 coefficients, we return to figure 2 and trace horizontally through a fixed value
of |Ap(pp — hWT)|. Let us take |Au(pp — hW™T)| = 0.2 as an example. Extending a
horizontal line through that point in the bottom panels, we intersect the red line corre-
sponding to the maximum considered dimension-8 effects at /cgw = 1/(2.19 TeV) and
the blue line corresponding to no considered dimension-8 effects at \/cgw = 1/(2.27 TeV).
At this level of |Au(pp — W), the relative difference is quite small, < 4%. How-
ever, for Au(pp — hWT) = 0.05, the relative size of the dimension-8 effects in our
treatment is ~ 18%, roughly spanning /cpw = 1/(4.28 TeV) for no dimension-8 effects
to eaw = 1/(5.08 TeV) including maximal dimension-8 effects. To see the impact of
Ag = Ag, rather than the maximal allowed dimension-8 effect, we repeat the above proce-
dure but look for where a line of constant |Au(pp — h W™T)| intersects the dashed black line.
For |[Au(pp — Wh)| = 0.2, the intersection lies outside of the yellow band, meaning that
the Ag = Ag point lies outside our definition of EFT validity. For |Au(pp — hW™T)| = 0.05,
the intersection is at \/cgw = 1/(4.36 TeV), a 2% shift from the dimension-6 value. For
reference, ATLAS projects a Wh(— bb) precision at the HL-LHC of |Apu| ~ 0.14 [91], and
a global precision including all channels of < 10% [92]. We emphasize that our results use a
single (but representative) sign assignment and equal-magnitude dimension-8 coefficients,
and are therefore only indicative.
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Figure 3. Relative deviation in the high-mass cross section o(pp — hW* mpyw > 500 GeV) at
the LHC (y/s = 13 TeV) from its SM value including dimension-6 and dimension-8 effects. In the
left panel, all dimension-8 coefficients are taken to be positive, while in the right panel the signs of
the coefficients enhance the impact of dimension-8 operators on this cross section. The blue, red,
and dashed black lines correspond to the same scenarios as in figure 2.

To see how the dimension-8 operators affect high-scale kinematic regions, we repeat
the o(pp — h W) calculation focussing on a region of high invariant mass, mgw = v/5 >
500 GeV. The results are shown in figure 3, both for the case where all dimension-8 coeffi-
cients are positive and for the sign assignment in figure 2. Compared to the inclusive case,
the effects of adding dimension-8 operators are significantly larger and the EFT validity
conditions, which must be recalculated for this kinematic region, carve out a different shape.
The increased § also somewhat disrupts the cancellation in Agin.g for the inclusive cross
section when all dimension-8 coefficients are taken to have the same sign. Quantifying the
effect, in the mixed-sign case a measurement of |Au(pp — hW)|mpyw >500Gev = 0.2 can
be interpreted as /cgw = 1/(2.32TeV) neglecting dimension-8 operators and /cpw =
1/(3.59 TeV) including maximal dimension-8 effects (a ~ 55% difference). For Ag = Ag,
the effect shrinks to 27% (y/cgw = 1/(2.95TeV)).2

The impact of dimension-8 would be significantly smaller had we neglected the contact
terms, illustrating the importance of including all operators that can contribute to a pro-
cess. This statement is not intended to give the impression that contact terms are special,
as the fact that they are the operators with contributions that grow with § is an artifact
of our use of the Warsaw basis. In other bases, such as the SILH [93] basis, contributions
growing with § would still be present though not necessarily originating from contact terms.
The relative importance of the different operators would also be different in a scenario with
unequal coefficients.

The trends exhibited in figures 2 and 3 are not surprising: the more precisely a quantity
is measured, the more sensitive it is to higher order corrections; and direct probes of high
scales are more sensitive to higher-dimension operators. However, this is the first time
dimension-8 effects have been quantified in an LHC process using the complete set of
(N¢ = 1) dimension-8 operators.

Our analysis has assumed that only cpy is non-zero. This operator enters o(pp —
W) at O(8%), whereas other dimension-6 contributions carry different energy depen-

*For the common-sign case, /caw = 1/(3.08TeV) including maximum dimension-8 effects, and
Veaw =1/(2.54TeV) for As = As.
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dence. We have seen that cgg enters at O(s), while other operators — in particular,

operators that only contribute to pp — h W™ via normalization or electroweak inputs —

enter at @(57!). As the current bounds on cgyy, cg)Q, etc. are not radically disparate, it

is interesting to investigate the dimension-8 effects in scenarios with different dimension-6
(3)

energy dependence. The results of repeating the analysis in this section for Cpg O CHO
variations can be found in appendix F.

5 Conclusions

In this paper we have evaluated the effect of dimension-8 operators on two Higgs-boson
production cross sections, one inclusive and one in a high-Q? region. For this purpose we
have compiled a complete and non-redundant set of dimension-8 operators involving gauge
bosons and at least one Higgs boson, along with the fermionic contact operators necessary to
study h W production at the LHC. A vital tool aiding in this construction was the Hilbert
series, which tells us how many independent operators exist for each combination of fields,
accounting for possible redundancies due to the equations of motion and integration by
parts. Applied to the SMEFT, we find 17 independent operators with zero derivatives, 26
with two derivatives, 3 with four derivatives, and 20 operators involving h, W and left-
handed quarks. We have worked with the simplification Ny = 1 for the fermionic operators,
which eliminates contributions from four-fermion operators to shifts in the electroweak
input parameters.

Through a series of examples, we outlined the steps required to convert between Hilbert
series output — the number of invariants and their field and derivative content — to a
canonical, phenomenology-ready form including Lorentz and gauge indices. This set of
steps is completely general to relativistic EFTs with fields in linear representations of the
defining symmetry groups, and is based on a method first proposed in ref. [45]. The most
involved step in the translation is the imposition of IBP redundancies, which is performed
by constructing a matrix of IBP relations between the operators with all possible derivative
partitions and the operators with the same field content but fewer derivatives, and then
taking the matrix to row-reduced form. The translation procedure would clearly benefit
from automation, especially if one would like to extend it to other sets of observables (see
ref. [78] for recent progress in that direction). We have made available the complete set of
operators affecting pp — h W in FeynRules format in the hope that it will prove useful for
future analyses.

We used this framework to study the impact of dimension-8 operators on the produc-
tion of a Higgs boson in association with a W boson. This channel provides a good handle
on higher dimensional operators due to the kinematic reach of this topology. Higher di-
mensional operators contribute to the ggW vertex, hW W vertex, and ggW h contact terms.
These contributions accompany different energy dependencies in the cross section. In par-
ticular, several contact operators lead to o(pp — hW™) contributions that grow with 3.
Unlike their counterparts at dimension-6, the dimension-8 operators that impact ggWWh do
not modify the trilinear gqV coupling.

To estimate of the effects of dimension-8 operators, we studied scenarios where only
one dimension-6 operator coefficient is nonzero and all dimension-8 operator coefficients
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have equal magnitude but different sign. We quantified the uncertainty on the extracted
dimension-6 coefficient value by drawing contours of constant deviation in o(pp — h W)
and seeing where they intersected the predictions for additional dimension-6 terms and
additional dimensions 6 and 8 terms. Taking cyyw # 0 as the representative dimension-6
operator and varying the signs of the dimension-8 operator coefficients, we find the effects of
dimension-8 are typically at the percent level for the inclusive cross section at its currently
measured accuracy, growing to O(10%) once we reach |[Au(pp — hWT)| = 0.05. The
exact percentage varies depending on whether the dimension-8 effects act coherently or
if there is some cancellation among different operators. We define the maximum size of
the dimension-8 contribution by demanding EFT consistency, including the requirement
that the contribution to the cross section linear in the dimension-8 coefficients makes a
larger contribution to the cross section than the quadratic dimension-8 terms. If we focus
on high-mass kinematic regions, the effects of dimension-8 operators become much larger.
For example, for the coefficient set we use, dimension-8 operators shift the dimension-6
coefficient implied by [Au(pp = AW )1y >500Gev] = 0.2 by 55%. In order to carry out
these phenomenological studies, we performed canonical normalization and electroweak
input procedures including dimension-8 effects (see appendix D).

This study and its companion implementation in FeynRules (see appendix A) open the
possibility for experimental collaborations and theoretical analyses to assign a systematic
uncertainty to the effect of dimension-8 operators. Within the context of pp — h W™, it
would be interesting to carry out uncertainty estimates for dimension-6 operators other
than cHW,cgg, or cyg, or to more thoroughly explore the effects of correlations and
cancellations among different operators. This work also allows theoretical studies of the
interplay of dimension-8 operators with specific types of new physics, for example CP-odd
Higgs couplings at dimension-6.

Moving beyond pp — h W™, the logical next step is to extend the current FeynRules
implementation to more operators and study the impact of dimension-8 effects on Higgs
production in association with a Z boson or with top quarks. It would also be interesting
to add pure gauge dimension-8 operators (such as those in [40]) which would affect di-boson
and tri-boson production, and to relate these to the anomalous trilinear and quadrilinear
gauge couplings (aTGC and aQGC), see for example references [94, 95].

Note added. As this paper was being completed, ref. [78] appeared demonstrating a
similar method for explicitly constructing non-redundant sets of higher dimensional opera-
tors in the SMEFT and beyond. That reference includes a software package automatizing
the required steps.
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A Implementation in FeynRules

In this section we briefly discuss the implementation in FeynRules. Two .fr files are
attached to this paper as supplementary material, and will be available shortly in the
model database in their webpage (http://feynrules.irmp.ucl.ac.be). Both files contain the
operators in appendix B for dimension 6 and tables 4-7 for dimension 8. The operator
coefficients in the .fr files have the same name convention we have used in the text, e.g.
c8HD as the coefficient of Og yp. Within the files, the operators are grouped according
to whether they influence pp — h W™, and the contact operators have been split into
individual modules to speed up the code. The difference between the two files is whether or
not the canonical normalization and electroweak input procedures described in appendix D
have been carried out. The procedures are needed to consistently include dimension-
8 effects but they significantly slow down the running of the current incarnation of the
.fr files, so we have provided a version omitting that step. We have made three other
simplifications: 1.) as we are working with the Ny =1 SMEFT, there are no four-fermion
contributions to Gp, 2.) as our focus here is on h W production we have neglected the
O(A~*) difference between sin? # and sin? f7 in the coupling of Z bosons to fermions, and 3.)
we have omitted all CP-violating dimension-8 fermionic operators. We will address these
shortcuts in future versions of the .fr and plan to extend the set of translated operators to
explore pp — Zh and pp — VV. To ensure that events with these .fr include dimension-8
interference effects but not | Agim-g|?, one should generate events with the suffix NP"2 <=2.

B Dimension-6 operators

Oxn (HTH)? Oy Sy (HHYWL, W/,
Own | (HTH)D*(H'H) | Opysp (H'H)B,,, B,
Oup | (D,H'H)(H'D,H) | Oyp (H'H)B,, B,

Ouna 5AB(HTH)G;?UGEII Ouwa 5IJ(HTTIH)W;{VBMV
OHG‘ 0AB (HTH)GﬁVéEV OHWB 5IJ(HTTIH)W[L]VBNV

Onw | drs(H H)W, W, Ogé) i (Qtor Q)HDrH)
b —
OS)Q i (Qfarr! Q)(HT Drrl H)

Table 8. The thirteen dimension-6 operators included for comparison with dimension-8 effects. As
described in the text, we work with the Warsaw basis.

C Other examples

In this appendix we give two further examples to illustrate the conversion from the Hilbert
series output to EFT operators in their canonical form.
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C.1 Example: 2 (HTH)2W}?

In this example we will demonstrate the procedures for handling multiple operators and
non-trivial SU(2),, contractions. The coefficient of the Hilbert series output for the oper-
ator 2 (HTH)2 W2 indicates that we need to find two invariants. The Higgs field portion
of (HYH)? Wg is identical to the example in section 2.1.1, so the Higgs group-theory de-
composition is identical to eq. (2.5). The remaining object, Wy, is bosonic, so (Wr)? must
be symmetric. However, W, transforms under both SU(2)z and SU(2),, so there are more
ways to form a symmetrized product. Specifically, W? can be overall symmetric if it is
either symmetric in both (SU(2),SU(2),) indices or antisymmetric in both:2!

Wi =(1,0;1)m=00162,0,00 10 2)symm = (00 2,0; 05 2) + (1,0; 1)
= ((0,0;0) + (2,0;0) + (0,052) + (2,0;2)) + (1,0; 1). (C.1)

We know the Higgs part of the operators is a Lorentz singlet, so only Lorentz-singlet Wf
options can make potential invariants: (0,0;0) and (0, 0;2). Adding in the Higgs fields,

HA(HN) (WE) = ((0,0:1) @ (0,0:1)) @ (0,0;0 @ 2)
=(0,0;042)®(0,0;042),

we can pick out the two invariants. One invariant comes from the product of the SU(2),,
singlet element of (HTH)? with the SU(2),, singlet piece of W2, while the other comes
from the SU(2),, spin-2 (symmetric tensor) piece of (H'H)? with the corresponding piece
of W2.

For the product of SU(2),, singlets, the H? and (HT)? terms are contracted together,??
as are the two Wy, fields,

(eH'H)2 W}, Wit (C.2)

Similarly, to form the invariant from SU(2), 2 ® 2, we want to contract the symmetric
product of the H?, (HT)? triplets with the symmetric product of W7, triplets

(Te(H r4eH) Te(H r8eH") + A < B) (Wi, W/ + A+ B), (C.3)

where the ¢ in the H? product appears (as in eq. (C.2)) because H' is a 2 of SU(2),,. The
two terms are identical, so the operator collapses to

Te(H reH) Te(H' r8eHN) Wi, WP (C.4)

21Symmetrizing will depend on the representation we are working with; for SU(2) triplets the symmetric
combinations of X4 Vs (spin-0) are with 6“7 or the two-index symmetric tensor XYz} (spin-2), while
the antisymmetric case is the antisymmetric tensor X(4Ypy = vector, eABCX YR (spin-1). However if
we deal with SU(2) doublets, spin-0 is the antisymmetric combination ¢ x;y; while spin-1 (vector) is the
symmetric case T ;3.

22Which we can form either by inspection, or by taking the singlet product of the H? triplet and (HT)2
triplet, then simplifying via the identity T{?Tl‘;\n = 20imdj1 — i 0im.
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Technically, to form a true spin-2 representation from the product of spin-1 (triplet) rep-
resentations, we should have subtracted a piece proportional to d4g. However, as a dsp
would reduce the operator in eq. (C.3) to the form eq. (C.2), we can just absorb that contri-
bution into the coefficient of eq. (C.2). Repeating these steps for the hermitian conjugate
term (HTH)? W32 gets us terms analogous to egs. (C.2) and (C.3) but with W, — Wg.
Finally, as with the example in section 2.1.1, we can separate the real and imaginary pieces
into independent operators by considering linear combinations of the Wy and Wg forms.
Written in terms of W, W and with HT as a 2, the four operators are:

Os.nw = (HTH)QW!{VWI,HV’ 08 o = (HTH) WI W (C.5)
Os,mw2 = (HT TIH)(HT i H) W}{VWJ7MV7 Os HW?2 = (HT IH)(HT i H) W[ W
(C.6)

C.2 Example: 4 D(QTQ(H'H)?)

The goal of this example is to show how to manipulate operators with fermions and op-
erators with a single derivative. As discussed in section 2.1, the first step is to enumerate
the ways we can partition the derivative. The derivative cannot act on @ or Q' since
DQ, DQ' will transform under both Lorentz SU(2);, and SU(2) g, while the other object in
a non-trivial Lorentz representation only transforms under one of the two. The derivative
can therefore either act on H or HY, so let us begin with DH. There are no repeated
fermion fields so we do not need to worry about anytisymmetrization, and we can ignore
SU(3) since it is clear that we only want the color-singlet portion of QQT. Sticking with
just Lorentz and SU(2),, indices and grouping terms conveniently:

(Q'Q)(H DH)(H')? = <; ; 0691) <;;;0@1) % (0,0;1)

=(0,0000®161®1®2) x (0,0;1). (C.7)

This gives three terms, roughly: i.) the triplet of QTQ contracted with the HT triplet, ii.)
the triplet of H DH contracted with the HT triplet, or iii.) contracting all three triplets
with an e//%. Using SU(2),, indices the terms are:

i) (Q'Q){ary (H DH)(H")] €™ = Tr(Q'r" € Q)(H DH) Tr(H' 7 e H') 515
ii.) (Q'Q)(H DH) (a (H')] .y ™ = (Q1Q) Tr(H 7" ¢ DH) Tx(H' 77 ¢ H') 51,
iii.) (QTQ)qapy(H DH) (i3 (H)} gy e e e’ = Te(Q'r" e Q) Tr(H 77 e DH) Tr(H 7% € H')er .

Replacing DH — DH' we have three more terms (iv., v., iv.), so a total of six. However,
if we IBP on term ii.) above, we get

(QTQ)(H DH) (qpy (H')] gy €™ —

(total deriv.) — (Q'Q)(DH H) (a1 (H ){Cd}eacebd 2(QTQ)(H?)tapy (DHT HT) gye*e™,
(C.8)
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where we have ignored any terms with the derivative on the @, QT since we know they
cannot yield invariants. Since the SU(2),, indices are all symmetric, the second term is the
same as the original operator and the factor of 2 arises since differentiating either of the
HT gives the same result. Ignoring the total derivative and rearranging, we find IBP gives:

(Q'Q)(H DH) (apy (H)F gy %™ = (QTQ)(H?) (apy (H' DH') oy e“e™. (C.9)

This tells us that operatorsii.) and v.) are not independent since we can always IBP on one
to generate the other. The same manipulations work for operators iii.) and vi.), reducing
the number of independent invariants to 4. The same trick cannot be applied to operators
i.) and iv.), since if we remove the derivative from (H DH ) Bose symmetrization eliminates
the operator.?? The only surviving term in the IBP is when we shift the derivative from
one H to the other, getting us back operator i.). The 4 independent invariants are then

i) Tr(Q'o" 1 e Q)(H D, H) Tr(H' 77 e HY) 61,
ii.) Tr(Q'a" 1 e Q)(H' D, H") Tr(H 7/ ¢ H) 61,5
ii.)  (QTe" Q) Te(Hr'eD,H) Tr(H' 77 e HY) 61, or DH — DHT

iw.) Tr(Q'a" 71 e Q) Tr(H 77 e D,H) Te(H' 7% ¢ H' ) erjx  or DH — DH'

We can utilize Fierz rearrangement identities [96] to convert these into the forms shown in
table 7

D Electroweak inputs and field redefinitions

Expanded out to dimension-8, the electroweak sector of the SMEFT is a function of the
gauge couplings, the Higgs quartic and vev, and the coefficients of the dimension-6 and
-8 operators. In this appendix, we relate combinations of these inputs to precisely mea-
sured quantities. The relationships are well known in the SM, and have been worked out
previously for the dimension-6 SMEFT [34, 73, 74]. The same methods are applied here,
extended to include dimension-6-squared terms and linear dimension-8 terms as they are
the same order in 1/A. As explained in the text, we work in the Warsaw basis throughout.

Only a subset of our operators are important for setting the EW inputs. From dimen-
sion 6 they are Og, Onn, Oup, Oup, Onw, Onw B, while those from dimension-8 are Og p,
OS,HB; OS,HWB7 OS,HW; O&HWQ, OS,HD, O&HDQ. In total, the EW sector at this order is
a function of 17 inputs (13 operator coefficients, 2 gauge couplings, 1 quartic and 1 vev):

L Ly W““’—fB ,B" +(D,H"(D"H)— LA

ew,sM = =7 W 1 +(D,H")(D'H) A(HH 2>,

Lpwe= P(HTH)% CX’D (HTH)D(HTH)+A—((D HYH)(H' D*H)
CHW
A2
Lrws= 22 A4 L(H ) + CSAHB (H'H)? B, B+ KWB (HTH)(H'v"H) By, W'

+ W g YW LW 4 CfB (H'H)B,,B™ + CI}’XWB (H' 7 H)B,, W,

CSHW v 8,HW2 v
+=33 (H' H)'W,, Wi+ o (H'7'H)(H'w )W, Wk
C8,HD
A4

23That is, we go from e H; DHj to einiHj =0.

+

(HTH)Q(DMHTD“H)+68’:74D2(HTH)(HTTIH)(DMHT 'D*H). (D.1)
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We set the EW inputs using the {acy, M%, GF} scheme, i.e. we solve for the gauge
couplings and Higgs vev in terms of these observables and the coefficients of dimensions
6 and 8. To determine the Higgs quartic coupling we supplement our inputs with the
measured Higgs mass, MIQ{ However, before we can relate the EW (and Higgs) inputs to
observables calculated in the SMEFT theory, we need to bring eq. (D.1) into canonical form.

The first step is to expand the Higgs field about its vacuum expectation value. In the
presence of higher dimensional operators, the minimum of the Higgs potential is no longer
at vg but instead at

Benup | v(63 ¢k + 32 A)) — (D.2)

= 1
) ”°< TEAA 128 X2 A1
where A is the SM quartic. In unitary gauge the Higgs field is expanded as

1 0
i = V2 ((1+CH,kin)h+vT> (0:5)

where cpkin is the correction to canonically normalize the Higgs field, carried out to
O(1/AY): cpyin = %(401{5 —cHup) + 35%(3(61{17 —4epn)? —4es,up — 4cspp2). No-
tice that the 1 /A4 pieces of cpkin and vr contain dimension-8 effects and effects from
(dimension 6)2.

The next step is to canonically normalize the gauge fields: B, — (1 +CB,kin)B;u W;} —
(1 + cfyxin)W,, (barred fields are canonical). We can simultaneously redefine the gauge
couplings to compensate for these changes, g1 — g1/(1 + ¢Bxin),92 — G2/(1 + cwkin),
which has the effect that g1 B, = ngu, etc., so that renormalizable gauge interactions in
the dimension-8 SMEFT have the same form as the SM, but with barred couplings and
fields. There is one subtlety here compared to dimension 6: the factor C%v,km is no longer
universal for all W* as a consequence of Og 2. We can only rescale g once, so we must
choose whether to absorb cyy+ i, Or cys . Choosing go — g2/(1 + ¢+ yin ), the neutral
current at dimension-8 will no longer have the same form (in barred couplings and fields)
as the SM [97]. Explicitly:

2 4
(¥ (¥
CW+ kin = A%CHW + 7214 (3 ¢irw + cs.aw)
2 4
Cors 1o = oL UT (302 D.4
W3 kin = 35 CHW + 2A4( Cirw + cs,Hw + ¢8 HW?2) (D.4)

— ﬁ + ﬁ(?, 2 + )
CBkin = AQCHB A4 CHB C8,HB)-

Next, we must diagonalize the kinetic and mass terms for the neutral gauge fields.
This can be done following refs. [73, 97],

Wg’ [ X1 X cosf sinf Z#
Bu - X129 X711 —sinf cosf fl“

4
v
X11 = 1 + 87[7\14(3 C%IWB)
v v
X2 = ~ o AZCHWE — W(Q cawg(cup + caw) + 8 HWB),
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where sinf and cosf are defined in terms of v7, the barred couplings gi, g2 and other

dimension-6 and dimension-8 coefficients:
0080292< +ﬁCHWB§71§%_§% vp g1
Vi + 93 A2 gagi+gi  8AYga(g3 +g7)?
(2 cs.awB (g1 — G3) + 4cs.awa G201 (95 + §3) + deawn(caw + cup) (G — §5)—
(D.5)

92 ,_ o _
C%IWBE]T(QQ‘ — 60795 + 59%)))
4

2 - .
< vpecawB 9291 — 95 | Ur 92 "

.= g1
S1n9 = ﬁ
V91 + 9
9 4 4 92, 9 4 4
( cs, iwB(J2 — 91) — 4¢3 yp6192(91 + G2) + 4 cuwn(caw + cap) (92 — 91)—

(D.6)

A2 g @B+ 8AM GG+ 33)?

g1 ,_ o_ _
C?qwg;a(gi‘ — 63795 + 593)))-

From the diagonal form, we can read off the gauge-boson masses:

2.2 -2 6
2 _ 92V | 9Vr
miy ==t g pa (8D~ 8 HD2) (D.7)
2(-2 =2 2
v + [ _ _ _
m2Z = T(g14 %) +81{2 <CHD(9%+Q%)+4CHWB 9291> (D.8)
v?,, (—2 2
+ Te A2\ +35)(cs,ap+cs HD2

+4chwp)+ag192 (cs,awp+enws(2enp+2cuw +emp)) +4.G5 CS,HW2> .
Expanding the covariant derivative and going to diagonal form, we can extract the couplings
to the photon, Z and W bosons:

Dy =0, +i %(WJ# + W, T ) +iQeA, +igs(rs —sin?07 Q) Z,,

(D.9)

where:
(D.10)

1+c¢ ; _ _
€= go (Wi’km> (cos B X12 +sin0.X11)
1+ CW3 kin
_ _ 1+ CW# kin det(X)
9z = g2 = =
I+ cews kin / cosf Xog +sin ) Xog
. 9 (cos 0 X123 + sin X11)(cos 0 X9, — sin § Xoo)
sin“ 0y = —
det(X)

The expanded couplings are:

2

- - .. A UT§2 =
€=gy sinf— 92 cHw B cosf

4_

U 2 B o
_ 8TAg4 <2(cs,HWB+2cHWB(cHW—i—cHB))cos9—(4c&HW2+3c%{WB)sm@)
_ 92_ U%§2 _
27 cosh ' 2A2 cos20

T G2 A= oo
m@ sind cost(cs, pw p+2cuwp(caw +cnp)+cos Q(CHWB+4CS,HW2))
(D.11)

4
_ v _ _
sin?f7 =sin? 0+ 4—/@ g (sin?0—cos?0).
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The (1 + cyp= yin) /(1 + cws kin) factor in eq. (D.10) is due to the different normalizations
of W* and W3 and is cg, Hw2. As a result, sin? 0 #* sin? 6, meaning that the angle
that rotates the gauge fields to mass eigenstates differs from the angle in the covariant
derivative by O(1/A%).24

Lastly, we express the Higgs boson mass as:

,02 ’U4
MIQ_I = 2)\1}% (1 — 2)\7;\2 (3CH + )\(CHD — QCHD)) — 4)\7‘;&4 (3 CH<2 CHO — CHD)
+ GCg,H + A (Cg,HD + C&HDQ — (CHD — 2CHD)2)>> . (D.12)

We are now ready to set the EW inputs. Following [73], it is convenient to write hatted
quantities to represent those that are measured. Using {dem, Mg, Grp, Mﬁl}, we can form
the combinations:

1 .1 4
é = \V/Adem, 0 =——, sin29:2<1— 1 m’”) (D.13)

V2Gr 2

) A < M3
gl = s g2 = s )\ = AI; .
¢ S5 20

The task is now to solve for the barred input variables in terms of the hatted measured
quantities, e.g. §1(@em,M%,GF), or gl(é,é,ﬁ), with g1 — ¢1 in the limit that all higher
dimension coefficients vanish.

The Fermi constant G is set by muon decay and determines ¢ through eq. (D.13).
In the SM, muon decay comes from W-boson exchange, so Gr is the ratio of the charged-
current (coupling)? divided by the W boson mass. The effects of higher dimensional op-
erators are: i.) universal shifts to the charged-current coupling or W-boson mass, ii.)
flavor-specific shifts in the charged current (e.g. shifts in W boson coupling to e v, or pv,,),
and iii.) 4-fermion contact terms. Calculated within the dimension-8 SMEFT, we find:

Gr dms 03 6Gp1 | 070G
V2 o 8m¥, A2 A4
1 V7 6Gr1 v 0GR
=— - — — D.14
207 4+/2A4 (C&HD CSJ{DZ) A T A (D-14)

where we use 6Gp1,0G o to parametrize the non-universal contributions from fermionic
dimension-6 and dimension-8 operators. If we maintain our restriction to Ny = 1 fermion
generation operators, then there are no four-fermion contributions to muon decay, as po-
tential contributions like (L;&“TA Lg)(LI &, 74 L1) necessarily involve multiple generations.
At dimension-8, this restriction eliminates any operators of the form (HH)(L'L)?, as well

24The usual technique for coding kinetic terms into FeynRules assumes sin? 7 = sin®#. One quick fix
to compensate for the mismatch at dimension-8 is to include new operators, e.g. f’y“qu with coefficient
o (sin® 0z — sin? ).
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as operators with the Higgs fields replaced by derivatives,?> D?(LTL)2. Without the four-
fermi contributions, only operators that shift the lepton-W coupling contribute to Gp:
(’)g’; (in the notation of ref. [5]) at dimension-6, and the analog of table 7 operators with
@ — L at dimension-8. While we leave the effects of Ny > 1 on the interpretation of G
to future work, we can account for the shifts in the lepton-W coupling as follows:

5Gp = V2 (D.15)
1 32 1 .
0G 2 = 7z (ce)” — 5(2 cg,r2 +C8 4 —icgr3) |- (D.16)

As expected, 6G o Teceives contributions from (dim-6)? and from (dim-8).
Inverting eq. (D.14) defines vr (0, ¢;):

A2 A4
v =0 ( e 5GF1 + 8A4( cg,H + cg. Hp2 + 12 5G%1 —|—85GF2)> . (D.17)

Having solved for vy, we can set egs. (D.10), (D.7) equal to the measured values é, M%,
and then invert them to solve for g1, go (or some combination of them, such as sin @, cos ).

Employing shorthand sinf = 545 cosf = ¢4, ete:

X ~9 -4
é 0°s;(deawp e+ (cup+40Gr1) sy) 0]
a1 =—11 J 0 6’ _8 202
o ¢ ( + 4A2¢y, 32A4 ng % BHD2 59
82
—8¢8 HW B $99Coy—4cawn(caw +cuB) =5 2 b —Achwp(6ey+3c,;+7) 53
20
‘|‘8CHWBCHD(CQ@_2)Sgcz—C%[D(5CQé+2)Sg_25GF1CHWB(11329+2349+336,§)
_25GF1(25GF1+CHD)(6629+3C49+7) 325GF259 20)) (D.18)
~ ~2 ~4
_ e v Cé(4CHWBSé+(CHD+45GF1)Cé) Iy 3
gFSé(l_ 4% ey TR G D26y H1BCs 2y
52A
—|—8C&HWB829~C§9A+4CHWB (CHB—‘rCHw)éz+4C%IWB<—6629—3C49+7)CZA

+8CHWBCHD(62é+2)SgCé—C%{D(5CZé—2)C;+25GF1CHWB(1182é—284é+3S6é)
+20GF1(20GF1+cap)(—6co5— 30494—7)0 —|—32(5GF209 29)> (D.19)

Lastly, we can set eq. (D.12) equal to the measured Higgs mass MIQJ and invert to solve

for the quartic coupling.

M 1 02
M degn —4 (M 4
2% 5 + 4A2( H(CHD CHO 0G 1) -|-6CHU )+ A =) (Cg up —40Gp2)

A\ =

+6 (08,H +2cy 5GF1) ’02) (D.QO)

With g1, g2, vr set, we can derive all other (EW) phenomenologically necessary param-

eters such as my and sin® 6.

25 At dimension-8, only four-fermion operators with all left-handed fields are relevant.
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E Explicit form for ggW, hW W and gqW h form factors

The form factors for the ggW, h WW and ggW h vertices are listed below. In the following
we have performed the field and coupling redefinitions following appendix D, but we have
not re-expressed the couplings and vev in terms of measured EW inputs since that makes
the expressions unwieldy.

2 v
192 Ur (3
CqqV0 = \f (1+ Ag SLIZ) AL (268 Q2tcgQa—ics, Qg))

2

i ga v
_ E.1l
CqqV1 = 2\fA4( 8,3Q2 —€8,3Q4) (E.1)

c :ZgZUT 1+ vf (4dcgo—cup)+ v L (5¢ 7c +3(c —4epn)?)
hVVO 9 AA2 HO HD 8A4 8,HD — { C§ HD?2 4 HD HO

. 4v v3
chyvi =1 < AQT CHW = 1] T (4cs,mw —8 iy — CHW(4CHD_CHD))>
o3
—10g20 .
Chvva = # (c8, HDHW —1C8 HDHW?2) (E.2)
B
crrwho =1V2gavr TzQ - W (408 Q2+2cg,Q1—2ics QS—CquQ(‘lCHD CHD))

CfIWh Z—iM<CS3 1+¢83 3)
V2Gvr

CpfWh2 = —1=— G (cs.ows+icsows)
. g2 vT
crpwns = 1= (cs,3q2)
V2 A4

. g2vT
cC =—1—/{c E.3
TG A1 (C8.301) (E.3)

F Dimension-8 effects on other operators: cgb and cyn

In this appendix we repeat the analysis of section 4 in two other scenarios, one where the
only non-zero dimension-6 operator is Ogég’ and one with Ogg only. In both cases, we set
the dimension-8 operator coefficients using the mixed-sign configuration of section 4 (i.e. all
coefficients with equal magnitude, sign chosen to maximize effects at large 1/s). Expanding
the partonic cross section &(pp — h W) for large 3, these dimension-6 operators contribute
to different powers of § than Oy, so we expect the relative dimension-8 effects to differ
from O HW -

First we show the results for (91(5’22, whose coefficient cg)Q modifies 6(pp — h W) at

O(8). Comparing the domains of figure 4 with those of figures 2 and 3 we see that cgg

has a larger impact on o(pp — h W) than cyy . This is not a surprise given that c(H?’)Q
produces stronger § dependence. The dimension-8 effects are still present. For example,
at |Ap(pp — hWT)| = 0.2, the variation between the scales inferred by the dimension-6

only interpretation and the dimension-6 plus maximum dimension-8 interpretation is 3%
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Figure 4. Deviation in the inclusive (left panel) and high-mass (right panel) o(pp — h W) cross
sections at the LHC (y/s = 13 TeV) assuming the only non-zero dimension-6 operator is Og)Q and
adding in all dimension-8 operators with equal magnitude coefficients and mixed signs as in the
bottom panel of figure 2. The blue, red, and dashed black lines correspond to the same scenarios
as in figure 2. The current limit on cg)Q at 95% CL is 0.66 TeV " [90]; we have zoomed in to make
the dimension-8 contribution more visible.
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Figure 5. Deviation in the inclusive (left panel) and high-mass (right panel) o(pp — h W) cross
sections at the LHC (y/s = 13 TeV) assuming the only non-zero dimension-6 operator is Oy and
adding in all dimension-8 operators with equal magnitude coefficients and the mixed signs as in the
bottom panel of figure 2. The blue, red, and dashed black lines correspond to the same scenarios as
in figure 2. Current constraints on cy are weak, so we have zoomed in to make the dimension-8
contribution more visible.

(Anp = 3.39TeV to Axp = 3.51TeV), while for |[Au(pp = h W) |myw>500Gev = 0.2 the
difference in scales increases to 37% (Axp = 7.12TeV to Ag = 9.79TeV). In both panels,
the tapering effect at low values of the dimension-6 coupling is less pronounced than it was
in figures 2 and 3. This is due to the fact that a larger dimension-6 contribution to the
cross section means Ag can be lower before the Agys X Adim-¢ > Asm X Agim-g EFT validity
criteria is violated. The Ag = Ag line in this scenario is difficult to see because it hugs the
blue line.

Next, we repeat the exercise assuming the only dimension-6 operator is Opp, with
coefficient cgg. The results are shown in figure 5. As cyp only modifies terms in the
cross section at O(571), its impact on the cross section is very small. One might expect
that a suppressed dimension-6 piece could receive large relative dimension-8 corrections.
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However, our EFT validity requirement Agar X Adim-g > Asy X Adim-g prevents this from
happening. Notice that the majority of the Ag = Ag line lies outside of the region where
we trust the EFT. In terms of new physics scales inferred by measurements of |Apl,
|Ap(pp — hW™)| = 0.1, the new physics scale ranges from 1.15 TeV (no dim-8) to 1.24 TeV
(max dim-8), a 7% shift.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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