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ON THE IMPLEMENTATION OF MIXED METHODS
AS NONCONFORMING METHODS
FOR SECOND-ORDER ELLIPTIC PROBLEMS

TODD ARBOGAST AND ZHANGXIN CHEN

ABSTRACT. In this paper we show that mixed finite element methods for a fairly
general second-order elliptic problem with variable coefficients can be given a
nonmixed formulation. (Lower-order terms are treated, so our results apply also
to parabolic equations.) We define an approximation method by incorporating
some projection operators within a standard Galerkin method, which we call a
projection finite element method. It is shown that for a given mixed method,
if the projection method’s finite element space M, satisfies three conditions,
then the two approximation methods are equivalent. These three conditions
can be simplified for a single element in the case of mixed spaces possessing
the usual vector projection operator. We then construct appropriate noncon-
forming spaces M, for the known triangular and rectangular elements. The
lowest-order Raviart-Thomas mixed solution on rectangular finite elements in
R? and R?, on simplices, or on prisms, is then implemented as a nonconform-
ing method modified in a simple and computationally trivial manner. This new
nonconforming solution is actually equivalent to a postprocessed version of the
mixed solution. A rearrangement of the computation of the mixed method so-
lurion through this equivalence allows us to design simple and optimal-order
multigrid methods for the solution of the linear system.

1. INTRODUCTION

We consider the following elliptic problem for u on the bounded domain
QcR", n=2 or 3, with boundary 8Q =T,ul,, I''nlh=2:

(1.1a) Veo+du=f inQ,
(1.1b) g=-a(Vu+bu-c) inQ,
(l.1c) u=-g only,

(1.1d) o-v=0 onl>,

where a(x) is a uniformly positive definite, bounded, symmetric tensor, b(x)
and c(x) are bounded vectors, d(x) > 0 is bounded, f(x) € L*(Q), g(x) €
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944 TODD ARBOGAST AND ZHANGXIN CHEN

HY(Q) (H*(Q) = Wk-2(Q) is the Sobolev space of k times differentiable
functions in L?(Q)), and v is the outer unit normal to the domain. Let (-, -)s
denote the L?(S) inner product (we omit S if S = Q). Assume that the
problem is coercive in the sense that there is a positive constant x such that
for any v € (L%(Q))" and w € L¥(Q),

(1.2) (@ 'v,v)+ (bw, v) + (dw, w) > &{||v|f12q) + (dw, w)}

(this immediately implies that if d =0 a.e.onaset S, then b =0 a.e.on S).
Assume also that if I'; = &, then d > 0 on some set of positive measure, so
that if v = —a(Vw + bw — ), then a generalized Poincaré inequality gives us
control over w .

Problem (1.1) is recast in mixed form as follows. Let

H(div; Q) = {v e (LXQ))": V-v e LQ)},
V={veH(iv; Q):v-v=0o0nTI5},
W = L*(Q).

Then the mixed form of (1.1) for the pair (g, u) e V x W is

(1.3a) (V.o,w)+du,w)=(f,w), YweW,

(1.3b) (a7 lo,v)-(u,V-v)+ (bu,v)=(c,v)+(g,v-V)r,, YveV.

In 1985, Arnold and Brezzi [1] showed thatif b=c=d =0,and n=2,
the mixed finite element methods for the even-order Raviart-Thomas spaces
defined over triangles are equivalent to certain nonconforming methods. In
particular, the lowest-order Raviart-Thomas space defined over triangles [21] is
equivalent to a simple modification of the P;-nonconforming Galerkin method.
This nonconforming method yields a symmetric and positive definite problem
(i.e., a minimization problem), whereas the mixed formulation is a saddle point
problem.

Marini [18] noted that the computational cost of this modification is almost
nil, if a is a piecewise constant scalar. This equivalence has been exploited to
obtain optimal L°°(Q)-error estimates for the mixed method [16]. Recently,
Brenner [4] has used the equivalence to define and analyze an optimally conver-
gent multigrid method. Chen [9, 11] has derived some nonconforming methods
that are equivalent to certain lower-dimensional mixed methods, and exploited
superconvergence properties to obtain a better approximation to the scalar vari-
able.

Analogous equivalences for problems with nonzero low-order terms or for
problems posed in higher dimensions (say n = 3) have not been shown. It is
necessary to obtain an equivalence for d # 0 to treat time-dependent, parabolic
problems. Moreover, an equivalence has not been shown for rectangular mixed
methods, even though they are used widely in practice. We consider such prob-
lems in this paper, concentrating on the case of the lowest-order Raviart-Thomas
mixed method defined over rectangles or rectangular parallelepipeds. An outline
of the paper and a summary of our results follows.

We begin in §2 with the development of a general theory on the equivalence
of mixed and nonconforming methods. Our theory is similar to, but more gen-
eral than, that developed earlier by one of the authors [11]. We generalize the
results of Arnold and Brezzi [1] in defining a nonconforming method for some

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




MIXED METHODS AS NONCONFORMING METHODS 945

finite element space M, . It is a Galerkin method with the addition of some
special projection operators, and hence we will call it a projection finite ele-
ment method. We then develop three conditions on A, that are sufficient to
imply the equivalence of the projection method to a given mixed method. In
§3 we consider the problem of constructing finite element spaces that satisfy
these three conditions. We derive a simple local criterion that guarantees the
equivalence in the case of mixed spaces possessing the usual vector projection
operator. In §84 and 5, we use this general theory to define equivalent projec-
tion methods for various mixed methods for the problem (1.3). We treat the
mixed spaces of Raviart and Thomas [21], Nedelec [19], Brezzi, Douglas, and
Marini [8], Brezzi, Douglas, Duran, and Fortin [6], and Brezzi, Douglas, Fortin,
and Marini [7] defined over triangles or rectangular parallelepipeds in R? and
R3. Our nonconforming spaces perhaps illuminate some of the relationships
between these mixed spaces. We point out that projection finite element spaces
are not necessarily unique, since two such spaces are known for the lowest-order
Raviart-Thomas space over triangles: the one defined by Arnold and Brezzi [1]
uses cubic “bubble functions” while the one defined by Chen [11] uses quadratic
bubble functions.

Then, for several sections, we restrict our attention to the lowest-order
Raviart-Thomas mixed method on rectangles. In §6, our general projection
space is shown to have a nice structure. It is a simple augmentation of a stan-
dard nonconforming Galerkin space with P;-bubble functions. These bubble
functions are orthogonal in some sense to the standard nonconforming part of
the solution. Diagonal a and a modification to the mixed method, in which
the coefficients are projected into the space of piecewise constants, allows us to
exploit this fact. We can therefore give an explicit expression for the bubble
function corrections (see formula (6.9) below), and so the method is easily im-
plemented. A trivial postprocessing of its solution recovers the mixed solution.
However, the nonconforming solution has better convergence properties than
the mixed solution in that the scalar variable is approximated to the optimal or-
der two (see §7). Alternatively, we may view the nonconforming solution as an
approximation to u obtained by a special postprocessing of the mixed solution.

This equivalence is exploited in §8 to derive optimal-order multigrid algo-
rithms for the mixed and nonconforming methods. Unlike the multigrid al-
gorithm imposed in {4] for the lowest-order Raviart-Thomas mixed triangular
finite element method, our multigrid algorithms are based on standard noncon-
forming finite element methods. The bubble functions can be handled separately
in the computations because of the orthogonality; in fact, the mixed method so-
lution can be obtained without the need to obtain multigrid approximations to
the bubble functions. The convergence of the multigrid algorithms is shown in
the appendix.

The above results will be shown explicitly in two space dimensions. We
will extend them to the three-dimensional case of mixed methods defined.over
rectangular parallelepipeds in §9, and also in an analogous way to simplices and
prisms in §§10 and 11.

Problem (1.1) arises in many practical applications. We note only that the
simple formula (6.5) given below for the calculation of the flux variable o is
very useful in calculations and in obtaining a priori estimates for the numerical
electric fields of semiconductor devices [12].
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946 TODD ARBOGAST AND ZHANGXIN CHEN

2. EQUIVALENT PROJECTION FINITE ELEMENT METHODS

To define a finite element method, we need a partition &, of Q into elements
E , say, simplexes, rectangular parallelepipeds, and/or prisms, where only edges
or faces on Q may be curved. In &, we also need that adjacent elements
completely share their common edge or face; let &, denote the set of all
interior edges (n = 2) or faces (n = 3) e of &,. We tacitly assume that
0&, # . Finally, each exterior edge or face has imposed on it either Dirichlet
or Neumann conditions, but not both.

Let V, x W, C V x W denote some standard mixed finite element space for
second-order elliptic problems defined over &, such that V-V, = W, (see, e.g.,
(6, 7, 8, 13, 19, and 21]). This space is finite-dimensional and defined locally on
each element E € &, , so let V,(E) = V,|g and W,(E) = Wj,|g . The constraint
V, C V says that the normal components of the members of ¥V}, are continuous
across the interior boundaries in 8&, . Following [1], we relax this constraint
on V, by defining

V, = {v e L*Q):v|g € V4(E) for each E € &,}.

We then need to introduce Lagrange multipliers to enforce the required conti-
nuity on ¥}, so define

Lh={/l€L2<

The mixed finite element solution of (1.3) is (g, u,) € V, x W, satisfying
(2.13) (V’O’h,w)'f'(duh,lU):(f,'LU), V'U)GW},,
(2.1b) (a7 'ay, v) — (U, V-0) + (buy,v)=(c,v)+(g,v-V)r,, YV EV,.

U e) cule € Vy-vl|e foreach e € th}.
e€0E,

It has a unique solution by (1.2). The unconstrained problem is to find
(64, Uy, Ap) € Vu x Wy x L such that

(2.2a) Y (Veon, we+ (dup, w) = (f,w), YweW,,
Ec&,

(a oy, v) - Z [(un, V-0)E — (An, v - VE)ap\0Q) + (buy, v)

(2.2b) EcE,
=(c,v)+(g,v V), VvE,
(2.2¢) Y (on-ve, Wopwa =0, Vue Ly
E€é&,

Note that g, and u, are identical in the two formulations, since (2.2c) enforces
o, €V,.

We need some projection operators. Let Py, : L*(Q) — W, denote L*(Q)-
projection: For ¢ € L2(Q),

(2.3) (¢ —Pw,p,w)=0, YweW,

Similarly let %, : L*(U,¢ys, €) — Ln be L%(U,¢ %, €)-projection. To handle
variable a(x), we introduce the weighted (L%(Q))"-projection F, : (L2(Q))"
— V, defined by

(2.4) (a (¢ -P,p),v)=0, YweV,
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MIXED METHODS AS NONCONFORMING METHODS 947

Note that each of these operators is defined locally on each E € &, or on each
e € 88, , since only V), has a continuity constraint.

We define now in an abstract sense our projection finite element method.
Let M, denote some as yet unspecified finite-dimensional finite element space
defined over &, such that the degrees of freedom of Mj|r, vanish. We seek
v, € M, — g satisfying

25) > (Pula(Vyn + bPw, v - ©)], VE)  + (dPw, v, Pw,E)
(2.5 Ec&,

=(f, Pm¢), VM,

Our goal is to define M, so that

(2.6a) o = Py la(Vyy + bPw,wy — O)],
(2.6b) un = P, Un
(2.6¢) Ay = PL, V-

The first requirement is that M, give rise to a legitimate finite element
method defined by (2.5); hence, we require that there exists a unique solu-
tion to the problem. Since (2.5) is a square linear system, uniqueness implies
existence. For uniqueness, if , € M, satisfies

> (Pula(Vuy + bPw,wn)l, VE) o + (dPw, v, Pw,&) =0, YEeM,,
Ecé&,

then we need to show that y;, = 0. Take & = y;,, note that by (2.4),

(P (aVyn), Vo) g = (@~ Py, (aVun), V)

= (a7' Py, (aVyn), Py, (aV ) g
(P, (abPw,wn), Vi) p = (@ Py, ( abg"wh'//h) avy)
= (

bPw, W Pr,(aVwy))

and then apply coercivity (1.2) to conclude that both ||97’yh(aVy/h);|(Lz(Q))n =0

and (d%w, vy, Pw,wy) = 0. The former requires that the %, -projection of
aVy, be zerooneach E € &,:

(@™ 'aVy,, v)e =0, Vv e V(E).

We therefore require of the space M, the first condition:
(C1) For ¢ e My, , if (VE,v)g =0 forall ve Vy(E) and all E € &,, and
if (dPw,&, Pw,&)=0,then {=0.
In order that (2.6c) makes sense, we require that

(C2) For £ € M,, its projection #,¢ can be uniquely defined on each
ecog,.

We can consider now the equivalence of the two schemes (2.2) and (2.5). It is
convenient to take ; as given by (2.5) and let o,, u,, and i, be given by
(2.6). We then show that (2.2) results.
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948 TODD ARBOGAST AND ZHANGXIN CHEN

By the definitions (2.6), deﬁr}itions (2.3) and (2.4), and finally integration by
parts, we see that for any v € V},,

(@ lop,v)= Y [(un, V-0)E = (4, v - VE)amoq)] + (buy, ¥)
Ec&,

= —(a”'Py,[a(Vyy + bPw,w, - ©)], v)

= > (Pwwn, V- 0)E = (Pr¥h» v - VE)arvaa] + (bPw, ¥, V)
E€&,

(2.7) == (Vun+ 0P —c,v),
Ec

=) [, V- v)e = (Wh> v - vE)arron] + (bPw, W, v)
Ec&,

= E [_(th_C, 'U)E+(Vl//h,’U)E] +(g,'U°V)r,

E€&,
=(C"U)+(85U'V)I“,;
this is (2.2b).
For (2.2a)and (2.2c), we integrate the first term on the left-hand side of (2.5)
by parts to see that for any & € M,

(2.8)
3" (Pula(Vu + bPwyn — o)), VE) p = Y [(V-0u, O — (- vE, §)ok];
Ec&, Ec&,

hence, introducing two projection operators, (2.5) becomes

Y (V-ou, Pw)e + (dun, Pwé) = Y (oh+ vE, Pr,é)opron
(2.9) Eeg E€&,
=(f,Pms), VEEM,,
where Z,¢ on OE is defined on the trace of ¢ from within E. To separate
information on 8E from that in E, we require the third condition on M), :
(C3) For any (w, u) € W, x Ly, there exist &, & € M, such that
P =w, i [A =0,
(i) { MEL =W d () { wila
Zr,é =0 Pr,ér = .

The &, gives us (2.2a) while the &, gives us (2.2c).

Since any u; and A, can arise as a solution to (2.2) by adjusting the data,
condition (C3) is also necessary for the equivalence. We have shown the fol-
lowing theorem.

Theorem 1. For a given mixed finite element method (2.1) or (2.2) such that
W, = V - V,, the projection finite element method (2.5) is well defined if, and
only if, M, satisfies (C1). Moreover, if M, satisfies (C1) and (C2), these two
methods are equivalent by the relations (2.6) if, and only if, M), satisfies (C3).
Theorem 2. Ifa given projection finite element method (2.5) with projection space
Vi, (and W, = V -V, and L, defined from V) satisfies (C1)-(C3) and the
property that for any & € My such that 1, ¢ =0,

(2.10) sup 2=Eea (V> Vel

> kpllPw,éll L2
vev (0} V2 W ILAED
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MIXED METHODS AS NONCONFORMING METHODS 949

for some x;, > 0, then V), gives rise to an equivalent mixed method (2.1) or
(2.2) for which V,, and W), satisfy the inf-sup condition (5] for the constant kj, :
Forany weWw,,
Vev,w
sup (Vov,w) 2 Kpllwllr2q)-

ver\{o} 1[l¢z2 @)y
Moreover, if (2.10) holds uniformly in h, i.e., k, = k is independent of h, then
also the inf-sup condition holds uniformly in h.

Proof. For w € W), we can choose by (C3) & € M), such that Py, & = —w
and &, ¢ =0. For this £, (2.10) is the inf-sup condition after an integration
by parts. O

3. ON THE LOCAL CONSTRUCTION OF M,

It is not yet clear whether an appropriate M, can be constructed for a given
mixed method. In this section we consider the question of how to construct
such an M, . We do not discuss problems associated with the outer boundary
of the domain, but instead concentrate on the local spaces defined on some
E € &, with edges or faces e € 08, .

We begin by noting that dimensional considerations for satisfying (C1) and
(C3) easily show the following corollary of Theorem 1, wherein M, (E) = M|
and L;,(e) = the .

Corollary 1. If a given mixed finite element method (2.1) or (2.2) (with W), =

V - V,) is equivalent to the projection finite element method (2.5) by the relations
(2.6), then, for each E € &, such that ENOQ =2,

dim(W,(E)) + ) dim(Ly(e)) < dim(M}(E)) < dim(V,(E)) + 1.
eCOE
The left-hand side of the inequality follows from (C3), and the right-hand
side from (C1). This result can be used to bound the dimension of M,(E); it
may even show that M),(E) cannot exist for some novel mixed methods.
We now localize the condition (C1) as follows:
(C1") For & e My(E), if (VE,v)g =0 forall v e V3(E), then & is constant
on E.

Theorem 3. Suppose that V, x W, is a mixed finite element space such that
Wy=V.V,, 1€ Wy(E) foreach E € &,, and 1 € L,(e) for each e € 0&,. If
M, satisfies (C1') for each E € &, and (C2), then M, satisfies (C1).

Proof. For some & € M, , suppose that (V&, v)g = 0 for all v € V,(E) and
E € é&,,and (dPw, ¢, Pw,&) = 0. We conclude from (C1’) that ¢ is constant
on each E. Since (C2) requires a unique definition of %, ¢, in fact ¢ is a
constant on all of Q. Finally, either I'| # @ or d > 0 implies that £ =0. 0O

The mixed method spaces that we consider have the property that there exists
a projection operator I1, : (H'(E))" — V,(E) such that
(3.1a) V. (Ilyv) = Py, (V- v),
(3.1b) (M) -v =%, (v -v).
We exploit this fact in the following way.
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950 TODD ARBOGAST AND ZHANGXIN CHEN

Theorem 4. Suppose that E is convex and that V,(E) x W,(E) is a mixed finite
element space such that Wy(E) =V - V,(E), 1 € Wy(E), 1 € Ly(e) for each
e C E, and there exists an operator TN, : (H'(E))" — V,(E) satisfying (3.1).
If M, (E) is a space of functions such that

dim(My(E)) = dim(W;(E)) + 5 dim(Ly(e))
eCOE

with unisolvent degrees of freedom described by

(DF1) (&, w)g for all w in a basis of Wy(E),
(DF2) (&, w)e for all u in a basis of Ly(e), for each e C OF,

and if M, (E) contains the constant functions, then M, (E) satisfies (C1'), (C2),
and (C3).
Proof. The hypotheses (DF) give (C2) and (C3), so we need only show (C1").

Let As(p) = (¢, 1)s/(1, 1)g denote a type of average of a function ¢(x) on
SCE.For e My(E),if { =& — Ag(&) and

(3.2) (V& v)e=(V{,v)e=~(,V-v)e+ Y ({,v-v)e=0
eCOE
for all v € V,(E), then we need to show that { =0.
Given any w € W,, there is some @ € V), such that V-9 = w. Solve the
problem
Ap = Ayg(D-v) in E,
Vo-v=9-v ondE,
and set v = v —[1,Vy € V,. Then (3.1) implies that v-v =0 on 9F and
V.v=w— Ape(¥-v). As a consequence, (3.2) implies that Fy, { =0.
Now for e C OF ,takeany A € L,(e) and then any ¥ € V), such that 9.v =4
on e. Solve the problem
A9 =V -0 — Ap(V - 0) + Ayp\e(B-v) inE,
Ve-v=7-v ondE\e,
Vo-v=0 one,

and again set v = 0 — I[1,Vy € V,. Then (3.1) and (3.2) imply that &, { =0

on e.
By the unisolvence of the degrees of freedom, since { € M, , we conclude
that {=0. O

4. EQUIVALENT SPACES FOR TRIANGULAR MIXED METHODS

We are now in a position to construct some nonconforming spaces that give
rise to projection finite element methods that are equivalent to standard mixed
methods. We begin by generalizing the results of Arnold and Brezzi [1] to
the known triangular methods. These mixed spaces satisfy the conditions of
Theorem 4, so it remains only to define over a triangle 7 a space M(T) of
the correct dimension and prove the unisolvence of (DF).

Let P.(E) denote the space of polynomials of total degree less than or equal
to k defined in E. We will make use of the barycentric coordinates ¢;, i =

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




MIXED METHODS AS NONCONFORMING METHODS 951

1,2, 3, defined on T to be the unique affine functions that take the value one
at vertex i, and the value zero on the opposite edge. Finally, for any edge e,
let P.(e) denote the LZ2(e)-orthogonal complement of Pi(e) in P._;(e) (i.e.,
the span of the Legendre polynomials of exact degree k).

4.1. The Raviart-Thomas spaces on triangles. These spaces [21] are defined
for each k£ >0 by

VET) = (P(T))* @ ((x, )P(T)),
WH(T) = P(T),

Li(e) = Pi(e).

First let us recall what is already known for the lowest-order space. An M,
(of dimension 4) for this space is [1, 11]

My(T) = P(T) ® By(T),
where we define B,(T) to be the span of either the P;-bubbie function,

Bi(x,y) =bi(x, y)ba(x, y)i3(x, ),

which vanishes on each edge, or the P;-bubble function,

BR(x, y)=2=3(E(x, ») +43(x, ») + H(x, 1)),

which vanishes at the two quadratic Gauss points on each edge.
For & € M), we can write £ =&, + & for & € P(T) and & € By(T), and
then the degrees of freedom for the element are normally given as the value of:

() [ &exdx;
T
(i1) ¢&; at the midpoint of each edge e C 0T .
(Note that if B,(T) = span{f3}, we may replace & by ¢ in (ii).) An equiva-
lent set of degrees of freedom can be given by the value of (i) and

(ii’) /é(x)da(x) for each edge ¢ C 9T ;

(ii) and (ii’) are equivalent since midpoint quadrature is exact for linear func-
tions. These degrees of freedom are (DF1) and (DF2), and their unisolvence is
known.

For the family as a whole, we define

mpn = {

{ve P s(T):v|e € Peyye)} if k is even,
{v € Py3(T) : vie € P(e) ® Prya(e)} if k is odd.

We first show that M,’l‘ (T) has the correct dimension. The dimension of
Pii3(T) is 1(k + 5)(k + 4), which is exactly six more than dim(W;(T)) +
3dim(Ly(e)) = (k +8)(k + 1) . For simplicity, assume that k is even; the odd
case is similar. For any & € P, 3(T), we can write that

Ex)= Y. ai ili(x)f(x)

0<i+j<k+3

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




952 TODD ARBOGAST AND ZHANGXIN CHEN

for some constants g; ;. If now ¢ € M}’f(T) , then |, € Py, (e;) implies that
o,k+3 = @o,k+2 =0, and ¢le, € Peyy(e2) impiies that ay,3,0 = dki2,0=0. On
€3, £2=1—£1,so

Eeo= Y. aijli(1-£) € Peyi(es)

0<i+j<k+3

implies that

Y (-1Ya; ;=0 and > (-Va;+ Y j(-1)"'a;;=0.

i+j=k+3 i+j=k+2 i+j=k+3

These six conditions are clearly independent, so M,’,‘(T) has the correct dimen-
sion.

Now we consider the unisolvence of (DF). Suppose that ¢ € M,f (T) has
degrees of freedom (DF) equal to zero. The (DF2) imply that on each edge
e, & is a Legendre polynomial of degree k + 1 if k is even and k + 2 if
k is odd, i.e., of odd degree. Since the odd-degree Legendre polynomials are
odd functions, traversing 07, we see that ¢ must vanish identically on the
boundary. As a consequence, we write that & = #,4,63w for some w € P(T).
Now (DF1) shows that (/,4,/3w, w)7 = 0, which finally gives that £ =0.

We remark that if & is even, we obtain the nonconforming method of Arnold
and Brezzi [1].

4.2. The Brezzi-Douglas-Marini spaces on triangles. These spaces [8] can be
defined for each £ > 1 by

VE(T) = (P(T))?,

WH(T) = Pe_(T),

LK(e) = Pi(e).
Let us define

min = {

{v e P T):vle€ Pyi(e)} if k is even,
{ve P,(T):vle € Ple)® Prale)} if kis odd.

Since dim(Py,,(T)) = 1(k+4)(k+3) is exactly three more than dim(W,(T))+
3dim(Ly(e)) = 3(k + 6)(k + 1), an argument as above shows that M,’,‘(T) has
the correct dimension. The unisolvence of (DF) is also shown as above.

5. EQUIVALENT SPACES FOR RECTANGULAR PARALLELEPIPED MIXED METHODS

We now construct some nonconforming spaces that give rise to projection
finite element methods that are equivalent to standard mixed methods defined
over a rectangle or rectangular parallelepiped R C R", n = 2 or 3. Again the
mixed spaces satisfy the conditions of Theorem 4.

For simplicity, assume that R = [-1, 1]”. We will make use of the Legendre
polynomials p,,(x;) of degree m defined on the interval [-1, 1]. Recall that
P(R) is the space of polynomials of total degree less than or equal to k defined
in R, and let Oy , »(R) denote the space of polynomials of degree less than
orequalto k in xi, ¢ in x;,and m in x3 (where m and x; are absent if
n=2).
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5.1. The Raviart-Thomas spaces on rectangles. These spaces [21] are defined
for each k£ >0 by

VE(R) = Qrsr 4 (R) X Qi k11(R),
WE(R) = Ok k(R),
L(e) = Pi(e).

We define
MF(R) = Qry2 1 (R) & Ok 142(R) = Ok x(R) ® A*(R) ® B*(R),

where
k

(5.1a) A¥(R) = { Y @i 11 (1) + a1 2Dk 2 (X)IPi(X2) @ € R} ,
i=0
k

(5.1b) B¥(R) = { Y piCxn)bi 1Dk (X2) + by 2Prsa(X2)) b € R}.
i=0

Note that dim(4*(R)) = dim(B¥(R)) = 2(k +1), so it is trivial to verify that
dim(M[ (R)) = dim(W)(R)) + 4dim(Lf(e)) .

We need to show that the degrees of freedom (DF) are independent. Assume
that the (DF) are zero for some & € M,’,‘(R) =& +&+¢5, where &) € Ok «(R),
& € A¥(R), and &; € B¥(R). By the orthogonality of the Legendre polynomi-
als, (DF1) is zero for 4%(R) and B*(R), so (DF1) implies that &, = 0. On the
two sides where x; = 1, (DF2) for B¥(R) is zero, but for 4%(R) we have

k 1
Y[ (1P (£1) + 4 2D (FD)]pi(x2)0(x2) dx, =0, Vo € P([-1, 1)),
i=0 V1

and so a; 1pxy1(E1) + a; 2pi2(21) = 0 for each i. Since the Legendre poly-
nomials are alternately even and odd, we conclude that 4, ; = a; ; = 0 for
each i, 1ie., & = 0. Similarly, on the sides where x; = +1, we conclude that
&3 =0, and so £ = 0 and we have our unisolvence.

We omit the proofs of unisolvence below, since they are similar to that given
above.

5.2. The Brezzi-Douglas-Marini spaces on rectangles. These spaces [8] are
defined for each k > 1 as

VK(R) = (P,((R))2 @ span{curl x¥*'x; , curl x; x5!},
Wy (R) = Pe_i(R),
Lij(e) = Pi(e),

where curlw = (-0w/dx,, dw/dx,). We define
M} (R) = Pi_i(R) & A*(R) @ B*(R),

where 4¥(R) and B*(R) are defined above by (5.1).
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5.3. The Brezzi-Douglas-Fortin-Marini spaces on rectangles. Also called re-
duced Brezzi-Douglas-Marini spaces [7], they can be defined for each k > 0
as

V¥(R) = {9 € Py 1 (R) : the coefficient of x5! vanishes}
x {9 € Pr,1(R) : the coefficient of xk+!

Wi (R) = P(R),

Li(e) = Pi(e).

Now we define

vanishes},

M} (R) = P.(R) & A*(R) ® B*(R).
Again, A*(R) and B*(R) are defined by (5.1).

5.4. The Raviart-Thomas-Nedelec spaces on rectangular parallelepipeds. These
spaces are the three-dimensional analogues of the Raviart-Thomas spaces on
rectangles, and they are defined [19, 21] for each k > 0 by

VER) = Qe k,k(R) % Qi kvt k(R) X Qi ke k+1(R),
Wi(R) = Qi « k(R),
Lx(e) = Ok «(e).
We define
MF(R) = Qks2,k,k(R) ® Qi k+2,k(R) @ Ok & k+2(R)
= QO «k(R) ® A*(R) ® B*(R) & C*(R),

k
SMar ;1P (61) + @15 2Ps2 (eI (5205 (%3) i 1 € R}
=0
ko k
B*(R) = {ZZP:(Xn)[bi Jo Pkt (X2) + Bi j 2Div2(X2)1pj(X3) 1 by j 0 € R} ,

C*(R) = {ZZ (x0)pi(X2)lci,j, 1Pkr1(X3) + i j2Praa(X3)] 2 G o € R}
i=0 j=0

5.5. The Brezzi-Douglas-Durdn-Fortin spaces on rectangular parallelepipeds.
These spaces [6] are the three-dimensional analogues of the Brezzi-Douglas-
Marini spaces on rectangles. They are defined for k£ > 1 by
VE(R) = (P(R))’ @ span{curl(0, 0, x**1x,), curl(0, x; x4+, 0),
curl(x¥*'x3, 0, 0, curl(0, 0, x;xi+ x5,
curl(0, x*'xk~Ix;, 0), curl(xk~"x,xi*1, 0, 0)},
Wi (R) = P_y(R),
Lk(e) = Pi(e).
We define
MF(R) = Pc_(R) ® 4(R) ® BX(R) ® CX(R),
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where

(5.22)

AK(R) = { > @i 1Pt (X0) + @i, g 2Dia(x0)10i(x2)Pj(x3) s @i j e € R} ,
0<itj<k

(5.2b)

BR)={ X piculbig apeen(0) + b s 2praa)lpy ()b € R},
0<i+j<k

(5.2¢)

CHRY={ 30 prp(x0)lch . Per (59 + €y 2Pkl s € R,

0<i+j<k

5.6. The Brezzi-Douglas-Fortin-Marini spaces on rectangular parallelepipeds.
These spaces [7] are also called reduced Brezzi-Douglas-Duran-Fortin spaces,
and they can be defined for each k >0 as
k+1 o
VE(R) = {(p € P,1(R) : the coefficient of Zxé‘“"xg vanishes}
i=0

k+1
X {(p € Piy1(R) : the coefficient of Y xf+!~/x] vanishes}
i=0

k+1
x {(p € P, 1(R) : the coefficient of i:x{‘“‘"xﬁ vanishes} ,
i=0
Wi (R) = P(R),
Li(e) = Pi(e)-
We define
MFK(R) = P,(R) ® 4*(R) ® B*(R) ® C*(R),
zs;h;)re A%(R), B¥(R), and Ck(R) are defined in the previous subsection by

6. IMPLEMENTATION OF THE LOWEST-ORDER RAVIART-THOMAS METHOD
ON RECTANGLES

We now concentrate our attention to the lowest-order Raviart-Thomas spaces
over rectangles [21] (or equivalently the lowest-order Brezzi-Douglas-Fortin-
Marini spaces [7]), since these are widely used in practice. In this and the
following three sections, let  be a planar domain, let &, be a family of quasi-
regular partitions of Q into rectangles oriented along the coordinate axes with
maximum diameter 4, and let a be diagonal. For simplicity of exposition,
assume that g is a scalar, [, =2,and g=0.

The lowest-order Raviart-Thomas spaces [21] are

Vy = {v:vlg = (ak + akx, ay +a3y), ak €R, VRe &,;

v - n is continuous at the interelement edges of &,},
W, = {w : w|g is constant, VR € &,},
L, = {u: ul. is constant, Ve € 3&,}.
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A general, equivalent, nonconforming method is defined above in §5.1 (and also
in §5.3) for the space

M, = {é:ﬂR=a}g+a§x+a§y+a}x2+a§y2, ak€R, VRe &,;
if R; and R, share an edge ¢, then /§|3R, ds = /f\aRz ds;
e e

and Eloads =0}.

RNIQ
It will prove advantageous to understand some structure and properties of M) .
Let the P;-bubble function in R € &, be defined by

u—xm2+w—ymj
hRx hz, /J°

atx. ) =4 12(

where (Xg, Yr), hrx, and hg, are the center, x-length, and y-length of R,
respectively. This bubble function vanishes at the two quadratic Gauss points
on each edge (recall that the Gauss points on [—1, 1] are at +1/v/3). Define
the nonconforming spaces

N, = {¢:§|R=a}¢+a§x+a§y+a;(x2—y2), ak €R, YRe &;;
if R; and R, share an edge ¢, then /.’§|3R1 ds = /€|3R2 ds;
e e

and Elaads = 0} ,
IRNIQ

By={€:¢lx = aibr(x. ). at€R, VREE}.

Namely, N, is a standard nonconforming space and B, is the set of P,-bubble
functions over &, .

Two-point Gaussian quadrature is exact on cubic functions. Therefore, we
can rephrase the integral continuity constraint in N, (or in M} ) to say that
on interior edges, the sum of the jump discontinuities in £ at each of the two
quadratic Gauss points is zero, and on external boundary edges, the sum of ¢
at the two quadratic Gauss points is zero.

Lemma 1. The following three relations hold.
(i) Forany Re &,, VM,(R) = Vy(R);
(1) My = N, @ By;
(iii) Forany Re &,, (VE,V{r =0, V¢ € N,(R), { € By(R).

Note that (iii) holds if “ V& ” is replaced by any constant vector, since these
are contained in VN,(R).

Proof. Relations (i) and (ii) are trivial. Relation (iii) is a type of orthogonality.
It can be seen after integration by parts,

(VE, VOr=-(85, Or+(VE-v, {or =0,

since Aé =0 and V&.v isconstant. O
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If a is not diagonal, then we cannot easily exploit (i) and (iii). That is why
we have assumed that a is diagonal. In fact, we also need that the coefficients be
piecewise constant. Fortunately, we can use a minor modification of the usual
mixed method (2.1) consisting of projection of the coefficients into the space
W), . In that case, (1) and (ii1) will prove to give us considerable computational
savings, without any loss of accuracy (see §7 or [10,14]).

We need to maintain coercivity, so explicitly assume a somewhat stronger
version of (1.2): for any v € (L*(Q))" and w € LY(Q),

(6.)  (onv,v) + (byw, v) + (dyw, w) 2 k{[vld2 0y + (drw, w)}

for some constant x > 0 independent of 4, where oy = Pw,a™', by, = Pu, b,
and d, = Py,d. (This follows from (1.2) if a and 4 are sufficiently large
compared to b, the coefficients are sufficiently smooth, and # is sufficiently
small.)

The mixed method for (1.3) is then to find (o, u,) € ¥}, x W, such that

(623) (V'Uh,w)+(dhuh,w):(ﬁ,,'lU), Vweu/h’

(62b) (ahah, 'U)—(uh, V"U)'f‘(bhllh, 'U) = (Ch9v)’ Vv € I/h’

where ¢, = Py,c and f, = Py, f. It is well known that u, approximates
u only to order one; therefore, various postprocessing techniques have been

defined to improve the approximation. Let us define the following scheme (cf.
Stenberg [22]): Find i, € M), such that in each R € &, ,

(6.3a) (@t —uy, Nr=0,
(6.3b) ((Vﬂh + byuy, — ch) + apoy, Vf)R =0, Vie M, (R).
The equivalent nonconforming projection finite element method for approx-

imating (1.1) has its coefficients modified accordingly. We find y; € M, such
that

> (o (VU + bsPu v — 1), VE) g + (dnPow, i €)
(64) Reg’h
=, <), V& e M,
Theorem S. The solutions of (6.2)~(6.3) and (6.4) have the relatiohship

(6.5) oy = —ay (V¥ + by Pw, W — ch),
(6.6) up = Pw, W ,
(6.7) Up = Y.

Proof. Since VM,(R) = V,(R), 95% 1s unnecessary in (6.4) and (6.5), and so
(6.5) and (6.6) follow from the general theory (for each fixed &, , we have fixed
coefficients). Since y, satisfies (6.3), uniqueness of i, implies (6.7). 0O

We give now a simple formula for computing the numerical flux o, from an
only slightly modified nonconforming method, (6.8) below.
Theorem 6. For each R € &, let

YR = (dpPw, Br — o) 'ABR),
wgr =1 —dyyrPw, Br.
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and on R, define

by = wrby, ¢ = ch — by fxPw, Br »
dy = wrdy,  frn = Orf
Let z, € N, be the solution of
(6.8)
Y (i (Vzn+ buPw, 20 — &), VE) g + (dnPw,zn, &) = (Jn, &), VEE Ny,
Re&,
and {, € B, be given by

(6.9) Ch(x, Y)IR = YR (fn — dnPw, z4)|R Br(x, ¥).

Then w, € My, is the solution of (6.4) if, and only if, w, = z;, + {,. Moreover,
o, at a point (x,y) € R € &, is evaluated by the formula

(6.10) on(x,y) = —a; {Vzh(x, ¥) + brPw,z4]r — &

+ yR(fn — dPw, 21)|RV Br(X , ) }.
Proof. We begin by noting that 0 < wg < 1,and wg — 1 as A — 0. In
fact, since a, d, and Q are bounded, wg > w. > 0_for some constant w,
independent of /. As a consequence, (6.1) holds with b, and d, replacing b,
and d,, respectively. Therefore, (6.8) is well posed.

We exploit the orthogonality (iii) of Lemma 1 to obtain the theorem. Let y,
be the solution to (6.4) and let y;, = z), + {, for some z, € N, and {, € B,,.
We must show that (6.8)-(6.9) hold.

Restrict to a test function £ € B, in (6.4), and use orthogonality to see that
(6.11)

(0 'V, VE) o + (dnPw, > )k = (fh — dnPw, 21> E)r, VE € Bylr, Re€ &,
Integrate by parts the first term on the left-hand side to obtain that
dPw,Cn — o 'Aly = (fr — dpPw,z4)lr ineach Re &,

since the boundary term is zero by appeal to Gaussian quadrature. It follows
from the definition of B, that {, is given by (6.9).

In (6.4), restrict now to £ € N, and use (6.9) and orthogonality to obtain
(6.8) for z,, since in each R € &,,

Pw,Wn = Pw, 2n + Pw,Cn = Pw, zn + YR (fon — AePw, 1) Pw, Br
= WrPw, zn + YRS Pw, Br.

Conversely, we obtain (6.4) from (6.8)-(6.9) and unisolvence.
Finally, from (6.5) and (6.12),

(6.13) o, = —a;l {VZ}, + bylwrPw, zp + nyhg"Wh,BR] — ¢+ VC;,} ,
and so (6.10) follows. O

(6.12)

We end this section with three remarks. First, if u, is needed, it is given
by (6.12) (recall (6.6)). However, since y;, approximates u to a higher order
of accuracy than u,, as shown in the next theorem, the use of (6.12) seems
inadvisable. Secondly, if the Lagrange multipliers for the mixed method are
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desired, they are the average value of y;, or z, on each edge. Thirdly, if R is
asquare and b=c=d =0, (6.10) is simply
(6.14) 0y =—0;,'Vz,+ 1Pw, flR(X — xR, ¥y —yr), V(x,y)€EREE,
which is the same form as in the case of triangular mixed finite elements [18,
11].

7. ERROR ESTIMATES

Denote by || - ||;.s the norm of H/(S), where we omit j if j =0 and S
if §$ = . We have the following theorem.

Theorem 7. If u and o solve (1.1), u, and o, solve (6.2), and y;, solves (6.4),
then there is a constant C independent of h such that

(7.1) Mo = oull + llu — usll < CAULSN lallwr. =y, 15115 lcl) A,
(7.2) IV-(g=an)ll < CUISN, llallwr.o@), 10ll1, lelli) 2,
(7.3) N Pw,u = usll < CUS s Nallwroo@y s 1Bllwrooay s llelln s 1d]lmr.oo o) A2,

1/2
(7.4) ( > |IVu- V!//;.H?e) S CUAL Nallwr .y s 181115 llelh) A,

REE,

(7.5) llu—wall £ CUS s ||a“W“°°(Q)a ||b||W'-°°(Q), llell ||d||W1'w(Q))h2-

Proof. Results (7.1)-(7.3) are essentially known [14]. They can be obtained by
a careful application of the techniques of Douglas and Roberts [15]. To handle
the modified coefficients, we must recognize that for s =0, 1 and 1 < j < o0,

(7.6) 1Pw, @ — dllw-s..i0) < Clldllwr . h'*.
We also use elliptic regularity to obtain that

lull < Cllfllo and ||V - ully < CllSf]h,

and a duality argument to obtain (7.3).

Results (7.4)-(7.5) follow from the use of an abstract theorem concerning
error estimates between u and y;, (see[11, Theorem 2.2]). However, a simpler
approach is to note by equivalence from (6.3) that

.7 (u=—wp, w)=(Ppu—uy,w), YweW,,
(V(u—wn) + by(u — up) + ap(o — oy), V&),
=((by=bu+c—cp+(ap—a')o,VE),, VEe My(R)and Re &,

Estimate in a straightforward way the second elliptic equation to obtain (7.4)
from (7.1) and (7.6). Use (7.7) to obtain that

lu = wallo.r < C{IV(u = wi)llo, rh + || Pw,u — upllo, r}
and then apply (7.3) and (7.4) to finish the proof. O

(7.8)

8. A MULTIGRID SOLUTION ALGORITHM

In this section we develop a multigrid algorithm for the nonconforming
method (6.4) and the mixed method (6.2). We need to assume a structure
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to our family of partitions. Let 4y and &, = & be given. For each integer
k>1,let iy =27%hy and &, = & be constructed by connecting the mid-
points of the edges of the rectangles in &;_; . In this section (and the appendix)
only, we will replace subscript A, simply by subscript k. Since the intergrid
transfer operators below do not preserve either the energy or the L2-norm, as
noted in [3], the standard argument of convergence for V'-cycles does not carry
over directly. So, only a W-cycle, full multigrid algorithm will be defined here.
Since mixed methods are designed to approximate well the flux variable o, and
since it is of primary interest in many applications, we develop the multigrid
algorithm with emphasis on the calculation of this variable. We assume in this
section that b=c=0.

With this in mind, we now take advantage of the factorization of the system
(6.4) into (6.8) and (6.11). For each k, let

@& 0= Y (of'VE, VE) +(dPme, 0,

Re&,
a@ 0 =Y (a7'VE, VL) +(@dPme 0, V& e M
Re&,
Then (6.8) asks for z, € N, such that
(8.1) Az, &) = (fi, &), VEE N,
and (6.11) asks for {; € B, such that
(82) ak(Ck 3 ¢) = (ﬁ( - dk‘ngkzk » ¢) ) V?’ € Bk'
For k=1, 2, ..., solutions to problem (8.2) can be obtained directly, since B

has no continuity constraints across element boundaries; therefore, we define a
multigrid procedure for (8.1) only.

Standard inverse estimates yield that the spectral radius of the operator &,
on N; x Ni is bounded above: there exists a constant C; independent of &
such that

(8.3) spectral radius of & on Ny x N, < Cih2.

Note that, since Ny_; ¢ Ny, these spaces are not nested. It is well known
that natural injection operators do not work for nonnested finite element spaces.
Thus, we need to introduce special intergrid transfer operators. Following [4],
we define the coarse-to-fine intergrid transfer operators I/’f-l : Ny_y = N as

follows. If ¢ € N,_; and e is an edge of a rectangle in &, then I,’(‘_lé € N,

is defined by
(8.4)
0 ifec 0Q,
1 C 2y ﬁfeida ife¢ OR forany R€ &_,,
~Ir =
|e|/e kado s { S, (€lr, +&Ir,) do} if e C ORi N IR, for some
R, R €&,

The multigrid algorithm for obtaining approximate solutions z; € N; to
problem (8.1) is given in terms of the kth-level multigrid step, defined below,
which yields the result MG(k, z¥, f;) € N; as an approximate solution to (8.1)
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from the initial guess z* € N, . Let r be a positive integer independent of k ,
which denotes the number of multigrid iterations in (ii) below. The overall
multigrid algorithm is defined sequentially for each k as follows:
(8.5a) Fork =1, 2, =MG(1, -, f,) is obtained by a direct method;
(8.5b) For k > 2, Z, is obtained recursively by
(1) Zg = II]:—I’Z\k—l s
(i) zf =MGk, 2§, fi), 1<e<r,
(iii) z, = z¥.
The multigrid step is defined for k =1 and F € N] as MG(l, -, F) = z|,

where z; is obtained directly as the solution to

a(z1,8)=(F,8), YEeN.
For k>2, ze N,,and Fe N,
(MG) MG(k,z,Fy=Sk,z,F)+C(k,Sk,z,F), F)
is calculated by means of the smoothing step

(S) S(k, go, F) = g, where m is the number of smoothing steps and the
approximation g; € Ny, j=1,2,..., m, is defined recursively from
the initial guess g; by the equations

(8i~8i-1,8) = CT M ((F, O)~a(g-1,&)), YEEN, j=1,...,m,

and the correction step

(C) Ck, gm,F)=1If_q,, where q; € Ny_y, j=0,...,p (p=2or
3), is defined recursively from gy =0 by

qj:MG(k_lyqj—l)F)) j:1"">p,
(F’ é)=(F, I,’(‘_lf)—&k(gm,l,’(‘_lf), VéENk—l-

From (6.10), the multigrid approximate solution @, to ¢ is defined in
Re & by

(8.6) Ek = —a;l {V’Z\k + VR(ﬁc - dkgawk Ek)IRVﬂR(X, y)}

The standard argument [2, 3, 4] for the convergence analysis of the multigrid
algorithm (8.5) applies here if we prove that / 11:—1 is bounded and reduces to
the natural injection on continuous bilinear functions. Although the second
fact is false, it is true after a modification of the definition of [ ,’c‘_l given in the
appendix (the modified definition is equivalent to the original on N,_;). The
first fact together with the following lemma will be shown in the appendix.

Lemma 2. If m and r in the multigrid algorithm are sufficiently large, there is
a constant C(|lallw1.=q), ldllw1.«q)) independent of k such that

172
(8.7) lzie — Zill + ( > IV(zk - ?k)lli) < Chell £
Re&
(8.8) 2k — Zell < CRENS -
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Theorem 8. If m and r in the multigrid algorithm are sufficiently large, then
there is a constant C(||allw1.(q), |d|lw.=q) such that

(8.9) llox — okl < Chell f1I,

(8.10) llo =kl < Chell 1.

Proof. Equations (6.10), (8.6), and (8.7) imply equation (8.9), since yg = &(h2)
and ||VBr|l = @’(hk"). Equation (8.10) follows with (7.1) (the bound is pro-
portional to || f|| because c=0). O

It can be seen that the total work performed in obtaining z, is O(n;) [2];
thus, the cost to compute g, is also O(ny).
Since g, belongs to

Vi={v:vlr = (ak +agx, ap +dky), aR €R, VR &},

but not necessarily to V; , following [4], we introduce the averaging operator
Ay Vk — V, . Let e be an edge of R € &, and n, be a unit outer normal to
e.ForveV,if ecoQ, then (Ayv-v)le = (v|g+v)|e; if e is the common
edge of R, and R, € &, then

(Agv - VR1)|e = %((v‘& . VR|)|€ + (Ule : VRl)lf’)'

Thus, A, restricted to V, is the identity. The next result follows from this
definition and Theorem 8.

Theorem 9. There is a constant C such that
IAcv]l < Cllvll, v € .

Moreover, under the conditions of Theorem 8, there is a constant
C(llallwr. =) Il .= )

such that

llox — Axarll < Chell f11,
llo — Akdill < Chll Sl

The final result in this section concerns y; , defined by (6.4). Recall that {;
is the solution to (8.2), and define

(8.11) Wi = 2k + -
Since yy — Wy = zx — Zx , we have the following from Lemma 2 and (7.5).

Theorem 10. If the assumptions of Theorem 8 are satisfied, then there is a con-
stant C(|lallw.<q), lldllw1.~q)) such that

1/2
v — Bl + ( Y IV - &k)n%e) < Chellfl.

Re; “
Moreover, if f € H'(Q),

vk — Wl < CRE| Sl s
lu— @il < CRE S

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




MIXED METHODS AS NONCONFORMING METHODS 963

An averaging process similar to that for g, can be defined for ¥, . The
multigrid algorithms developed in this section for the rectangular elements can
be extended to the lowest-order triangular elements and the results in Theo-
rems 8—10 remain valid.

9. EXTENSION TO RECTANGULAR PARALLELEPIPEDS

Let now Q be a polygonal domain in R3 and &, be a decomposition of
Q into rectangular parallelepipeds having maximum diameter 4 and oriented
along the coordinate axes. Again assume that a isascalar, [, =2 ,and g=0.

We consider the lowest-order Raviart-Thomas-Nedelec space [19] W, x V},
defined over &, (equivalently, the lowest-order Brezzi-Douglas-Fortin-Marini
space [7]).

Let M, be the nonconforming space introduced in §§5.4 and 5.6 above. We
obtain Lemma 1 in §6 provided that we redefine

N, = {é (E|R = ag +akx + ayy + akz + ap(x? - y?) + ab(x? - %),
ak € R, YR e &,; if R| and R, share a face e,
then /ﬁlaR, ds = /é|aR2 ds; and Elands =O},
e e 8RNI

By={¢:¢lr=apBr(x,y), aR€R, VRe &},
where now the P,-bubble function in each R € &, is

X — xg)? —yr)?  (z - zR)?
ﬁR(x,y,Z)=5_12<( h2 R) +(yh2yR) ( h2 R) >’
Rx Ry Rz
which is equal to zero at the four tensor product quadratic Gauss points on each
face.

With these modifications, we again have the equivalence between the solu-
tions of (6.2)-(6.3) and (6.4) in the sense of Theorem 5. Theorems 6 and 7
hold as well; moreover, if &, is given and each &,  is a regular refinement
of &, into eight times as many elements, then the results in §8 remain valid.

10. EXTENSION TO SIMPLICES

Let now &, be a partition of Q into simplices, and again assume that a is
a scalar, I'; = @, and g = 0. The lowest-order Raviart-Thomas-Nedelec space
V, [21, 19] defined over &, is given by
Vi={v:vlg=(ak +akx,a} +akty,a} +atz), ak €R, VE€ &,;
v - n is continuous at the interelement faces of &},
W, = {w : w|g is constant, VE € &},
L, = {u: ple is constant, Ve € 0&}.

We define the nonconforming space N, by

N;,:{é:élgzak+a§x+a%y+afgz, ageR, VE € &,;if E| and E;

share a face ¢, then /é|05, ds = /éli,gz ds; and Elpads = 0}.
e e

JENIQ
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For each E € &, let {;, i=1,2,3,4, denote the barycentric coordinates
of a point in the simplex. These functions are the unique affine functions that
take the value one at vertex i, and the value zero on the opposite face. The
P;-bubble function takes the form

Be(x,y,2)=1-20{ + B+ 5 +8), Y(x,y,z)€E.
This quadratic bubble function has vanishing integral over each face. Let
By ={¢:¢lg=agPe, ap €R}
and M, = N, @ B;,. This M, satisfies the conditions of Theorem 4 (in partic-
ular, {DF) are unisolvent).
We have an analogue of Lemma 1.
Lemma 3. The following two relations hold.
(i) Forany E € &,, VNy(E) C V4(E);
(ii) Forany E €&, (V¢, Ve =0, ¥ € Ny(E), { € By(E).

Proof. For (i), VN,(E) = (Py(E))® c V,4(E). For (ii), integrate by parts and
use that AE=0. O

To exploit this orthogonality, we will assume as in §6 that the coefficients are
projected into the space W) . So assume (6.1) and take (6.2). As an analogue
of (6.3), we define i, € M} such that on each E,

(10.1a) (#p —up, Ng=0,
(10.1b) ((Py, Vity + byup — ) + ooy, V), =0, VE € My(E).
(The existence of i, follows easily from Lemma 3).
Note that for any ¢ € M,, we can write ¢, = 2z, + {,, where z, € N
and {, € By . Then %, V&, = Vz, + %, V{, . The equivalent nonconforming

projection finite element method for approximating (6.2) is to find ), € M,
such that

> (0 (P, V¥ + buPw,wn — cn) > VE) g + (AnPw, Wi > €)
(102) i,

=(h,8), VEeM,

Then Theorem 5 holds, provided (6.5) is replaced by
(10.3) an = —a; (Py, Vn + bpPw, Wy — cn).-
Theorem 6 also holds, provided that now

YR = (dnPw, Br — @'V « Py, V Br)™!
and (6.10) is replaced by
(10.4) ay(x,y) = —a; {Vzu(x, ¥) + bpPw, z4lr — &

+ yr(fy = dnPw, 21)| P,V BR(X , )}

The convergence result in §7 also holds. In the case of equilateral simplices,
this can be seen as before since then VB,(E) C V,(E) and the projection
operator %, in (10.3) can be removed. In the general case the convergence
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result can be shown using the ideas given in [4] (that is, we show that ||<95V,, VE|
and ||V¢|| are equivalent norms for & € N, , and we use the interpolant of u
into N, as an intermediary). Finally, results analogous to those in §8 are valid.

11. EXTENSION TO PRISMS

Let now Q be of the form Q = G x [0, 1] with G c R? and &, be a
partition of Q into prisms with three vertical edges parallel to the z-axis and
two horizontal faces in the (x, y)-plane. Let £ =T X (zg,, zgp) denote such
a prism, of height hg, = zg, — zZg,. Again, ¢;, i = 1,2, 3, denote the
barycentric coordinates of a point in the triangle 7. In this section, we again
assume that a is a scalar, I, =@, and g=0.

The lowest-order prismatic space V), [20] defined over &, is given by

Vi={v:v|g = (ag +agx, a} +a}y, ag +ajz), ag €R, VE€ &,;
v - n is continuous at the interelement faces of &, },

W, = {w : w|g is constant, VE € &,},

L, = {u: ule is constant, Ve € 8&,}.

The nonconforming space N, is defined by

Nh={é:é|E =al+aix+ayy+apz+ay(x*+y*-2z%), ab eR, VE € &;
if E, and E; share a face ¢, then /é|ag1 ds = /£|352 ds;
e e

and élagds=0},
OENOQ

By ={¢:¢lg=alPr, af € R},
where the P,-bubble function takes the form

4 ZEa + ZEp 2
hTEZ<Z—_a2 >, V(x,yaZ)EE’

so that its integral over each face vanishes. Finally, M, = N, & B, .
We have Lemma 3 and the results for simplices of the last section hold also
for prisms.

Be(x,y,z)=3—-4(f2 + 62 +43) -

APPENDIX. PROOF OF LEMMA 2

We prove Lemma 2 of §8 in this appendix. Recall that here » = ¢ = 0.
From §6, note that on the kth mesh

Br=0(1), VBr=0O(h"), ABr=0(h?),
50
(A1) |yrl < Ch} and |wg-— 1| < ChE,

where C depends only on the bounds for a and 4. (In general, without
further comment, we will assume that the generic constant C' may depend on
lallwi.=q) and ||d|ly1.«(q) in this appendix.) Since ||f; — fill < ChEfIl, we
can replace f; by fi up to the second order in A . A similar statement holds
for d; and d.
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For each k, define the energy norm

€1l = (@ (&, &)Y

(This is equivalent to the H'(Q)-norm by (6.1) and a Poincaré inequality.)
Standard arguments for the error in approximating (1.1) by a nonconforming
method are easily combined with arguments to handle the projections into W}
in (8.1), so we have that

1/2
(A2) llu -zl + ( > lIVu - Vzklli) < Chll Sl

Re&,
and a duality argument can be used to show that
(A3) lu— zi|l < CRIIS -

This last result can also be derived easily from Theorems 6 and 7. Clearly, (6.9)
implies that
ISkl < ChRE(IAN + 1 Pws zill)
and then (6.8) implies that
1P, zicll < CISI-

Theorem 7 and an inverse inequality (see (A8) below) give (A3). We can derive
(A2) similarly.
For our analysis, we introduce the conforming finite element space

Ue={€e C%Q):¢lr € Qi.1(R), YR € & and &y = 0}.
Unlike the triangular case, Uy, ¢ N, . Let 2z, € U, satisfy

(Ad) a2, v) = (fi,v), Yoel.
The usual error estimate for this finite element method is
(A5) llu = Zill + hiellu = Zille < ChEILS.

For each k,let G, be
Gy =N ®{v:v|g=akxy, aR € R, VR e &};

G, contains both N, and U, . Let m; = dim(Gy). By the spectral theorem,
there are eigenvalues 0 < 4; < 4, <--- <A, and eigenfunctions ¢,, ¢,, ---,
®m, € Gy such that

(i, ¢j)=06:;; and a&(¢;,v)=42i(¢i,v), YveG.

If ve Gy, we write v = Z:’;*l ci¢; and define as in the standard case [2]

my 1/2
Hvllls, & = (Z C?if) :
i=1
The Cauchy-Schwarz inequality implies that

|a(w, v) < Hwllls wlllvlhi-s

forany s € R and v, w € G, . Note that |||v||o x = |lv]| and [[|Jv|il; x = vk -
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As mentioned in §8, we now modify the definition of I ,’(‘_l so that it behaves
well on Uy_; . So, let If | : Gy_; — Gy be defined by (8.4) and

H
E-N

(A6) Y (-1 vlr(pr.) =Y (1) 'vlr(pr.i), VRE&,

i=1 i=1

where pr ; are the vertices of R, labeled counterclockwise (i.c., so that (—1)
changes sign between the two ends of each edge of AR). As an immediate
consequence of the definition, we have the following.

Proposition 1. If £ € N,_; and v = xy, then forany Re & or &._,,

-1)¢|r(pr,i) =0,

tﬂ;;

L]
—

(—=1)'v|r(pr,:) #O.

-

i=1

i

The first result guarantees that [ ,’(‘_1 restricted to N,_; has the same defini-

tion as before. The second result guarantees that [ 1’5-1 is well defined on G, _; .
We have the following technical lemma as in [3].

Lemma 4. There is a constant C independent of k such that

(AT) CHwlk < llvllk=1 < Clwlle, Yo e CYQ),
(A8) lvlle < ChIL, Vo € G,

(A9) IE_ vl < Cllvll, Vv € Gey,

(A10) Ifv=v, YweU._,

(Al1) ITE_ Ellk < Cliéllk=1, V&€ Ny ® Ug_y,

where If_, is defined by (8.4) and (A6).

Proof. Result (A7) is trivial. The &, are quasi-uniform by construction, so
(A8) is a standard inverse inequality. Result (A9) follows immediately from
the definition of IX_|. Since Uy_, C Uy C Gy and I¥_, is well defined, result
(A10) follows trivially.

We easily obtain inequality (A11) for & € U,_; from the definition of I,’g_]
since Up_; C C%Q). Given ¢ € Ny_ ® Uy_,, define v € Ny, & Uy,
w € Ug_;, and z € H}(Q) by

G-1(&, ) =(,0), YV eEN_ 18U,

(Alz) Zzk——l(u)9 { ('U, C) VCE Uk—-l’
&k—l(z, c) ('U > C) s VC € HOI(Q)

Note that ||z||; < C|lv|| by elliptic regularity, and that £ and w are approxi-
mations to z with the usual error estimates. It follows from the earlier results
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that
15 Elle < ME_ (€ = w)lk + Cllwlli
< C[ S (€ = w)] + 1E = wlleoy + 1ENk—1]

< Clhy 1Ilé wil + 1€ lk-1]
< Clr (1€ =zl + llw = 21D + 1€llk-1]
< Clhelloll + 1Ellk-1]-

Finally, (A12) gives

1v1? = @1 (&, ©) < WEle-rllvllk-1 < Ch €Nk llv ]
and (Al1) follows. O

We are in a position to prove that the kth level iteration MG(k, g, fi),
when applied to the problem of finding z € N; such that

&k(z’é)=(j;(’é)a VéENk,

with the initial guess go is a contraction in the energy norm. Let ¢y =z~ g/ €
Ni, 1 =0,..., m, where g isdefined as in (S), the smoothing step in (MG).
Also let e € N, and é € U,_, satisfy

(A13) ag_y(e, &) = aylem, IF_ &), VYEE€ Ny,
(A14) a(é,v) = alem, If_v), Yve U,
Lemma 5. There is a constant C such that

(ALS) llemilx < Clieollx »

(A16) [llemlil2,x < Chk"m"/zlleollk,
(A17) llellx—1 < Clieollx-

Proof. Equations (A15) and (A16) are proven using the ideas in [2]. It follows
from the definition of the smoothing step (S) that

(el’f)=(e/—l’é)_Cl_lhI%&k(e[—laé)a VéeNk'
If g = Z;'-'_—kl ¢i¢; , then

e = ZC, )) [=0,...,m,

from which, and (A8) or (8.3), we have (A15). From this we can derive (A16)
as in [2, equation (3.13)].
From (A13) and (A15), we see that

~ \ k
lel2_, = ax(em, If_e) < ilemlllTF_ ellx < Cllemllllellk—1 < Clieolixllellk-1 »

which yields inequality (A17). O

Lemma 6. There is a constant C such that

lle = ellk—1 < Cm~"?leollx.
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Proof. Let fy € Gy_, satisfy
(.ﬁ)?v):&k(eMaI]]:_]v)9 V'UGGk_l.
We observe that
/ol = @x(em, If_, Jo) < lllemlll2. e E_; folllo,k < Clllemlll2, I foll,
so that
/ol < Clllemlllz, -
Let v € H}(Q) N H*(Q) solve
-V -(aVvy) +dvg=fy in Q.

Note that, from the definition of fy, (A13), and (Al4), ¢ and é are approxi-
mations to v in N,_; and U,_,, respectively. Thus, as in (A3) and (AS), we
see that

lvo — elle—1 < Chi_illfoll 5
lvo — éllx < Chi_1llfoll
and so, with (A16), we obtain
le = éllx—1 < Cherllfoll € Chiilllemlllz,x < Cm™"|legllx ,
completing the proof. O

Lemma 7. There is a constant C such that

llem — &l < Cm™'72||e|lk.
Proof. From (A14) and (A10), we have
(A18) aem—€,v)=0, VYveU._,.
By (A16), we get

Chi'm™'2||em — &|l lleoll-
Applying a duality argument to (A18), we can easily see that
llem — &l < Chyllem — €|k,
and our result follows. O

Lemma 8. There exist y € (0, 1) and an integer m > 1 in (MG), both inde-
pendent of k, such that

Iz = MGk, g0, fi)llk < 711z = golx-

Proof. We proceed by an induction argument on k. The result is trivial for
k =1, even with y = 0. Let us suppose that the lemma is true for k — 1.
Lemmas 6 and 7 and (Al1) imply that

lz = MGk, go, fi)llx = llem — IF_ Ik
< llem = ellx + I1T¢_ (e = &)llx + 1§ (e — ap) Ik
< Cm™"leollk + lle — apllx—1]-
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By (A13) and the definition of the correction step (C) in (MG), for all ¢ €

Nk—] >
ak—l(ea é) = Zlk(Z —8m > I]l((_lé)

= (fo, IF_1&) — a(&m, IE_16)

= (ﬁc s 6) 5
therefore, g; = MG(k -1, g;_1, fAk) , and the induction assumption and itera-
tion gives

lle — apllc—1 < PPllellk=1 >

since go=0.

We obtain with (A17) that
Iz —MG(k, g0, fi)lle < C[m ™ 2lleolls + 77 llelix—1] < C2(m™"7* + y7) lleollx-

If y € (0, 1) is sufficiently small, then C,y? < y/2 since p > 1, and if m is
large enough, C;m~'/2 < y/2. For such choices, we obtain the lemma. O

Lemma 8 says that if the number of smoothing steps m is large enough, the
kth-level iteration is a contraction. Let R denote the standard interpolation
operator for Uy . If v € H¥(Q), then
(A19) lv = Rev|| + hellv = Revlle < Chgllvlla.

Proof of Lemma 2. From Lemma 8, (A3), (A19), and (A11), we see that

I zk = Zelle < ¥z — IE_ Zr—t i
<y [llzx — ullx + Nl — Re_yulle + NE_y (Rie—ye = Zie—1) ]
< CY Al ANl + I1Rk—1% = Z— it llg—1]
< CY [l Il + 1Re—1u — ullx—y + |t = Zg—1 [l
+ 2=t — Zk—tllk—1]
< CY Al ANl + 1 zk-1 = Ze—1lli=1]-

Since z; — Z; = 0, iterating this expression leads to the inequality

k
. . i C3y’
2k = Zille < D Clhi a7 11 < g5 5 A

j=1
provided that r is large enough so that 2C3y" < 1. Hence,
lzk — Zille < Chell I,
which implies (8.7).
We prove (8.8) as in [17, Theorem 7.1, p. 162]. First, by (A3) and (A19),
Iz = IE_y |l < 2k — vl + Yl = Recatl) + 1T (Recte = ze=) |
S CRSN + 1Rt = zi |
< Ch|If .
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Now Lemma 8 yields that

Iz = Ziell < ¥"llze = IE_ 1 Zim
<y llze = I 2ol + M (Zmy — 2]
<Y [CRANSAN + N zk—t = Zsl]

so an induction argument yields (8.8). The proof is complete. O
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