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is introduced to get the bilinear formulism, based on which, the soliton solutions and Riemann theta function
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1. Introduction

It is important to investigate the integrability of nonlinear evolution equation (NLEE), which can be regarded

as a pretest and the first step of its exact solvability. There are many significant properties, such as bilinear
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form, Lax pairs, infinite conservation laws, infinite symmetries, Hamiltonian structure, Painlevé test and bi-
linear Bicklund transformation that can characterize integrability of nonlinear equations. Although there have
been many methods proposed to deal with the NLEEs, e.g., inverse scattering transformation [I]], Darboux
transformation [2]], Béicklund transformation(BT) [3]], Hirota method [4]] and so on. By using the bilinear form
for a given NLEE, one can not only construct its multisoliton solutions, but also derive the bilinear BT, and
some other properties [4]-[7]. Unfortunately, one of the key steps of this method is to replace the given NLEE
by some more tractable bilinear equations for new Hirota’s variables. There is no general rule to find the trans-
formations, nor for choice or application of some essential formulas (such as exchange formulas). During the
early 1930s, Bell proposed the classical Bell polynomials, which are specified by a generating function and ex-
hibiting some important properties [8]]. Since then the Bell polynomials have been exploited in combinatorics,
statistics, and other fields [IT]-[13]]. However, in recent years Lambert and co-workers have proposed an al-
ternative procedure based on the use of the Bell polynomials to obtain parameter families of bilinear Backlund
transformation and lax pairs for soliton equations in a lucid and systematic way [8]]-[T0]. The Bell polynomials
are found to play an important role in the characterization of integrability of a nonlinear equation.

Recently, there has been growing interest in studying the variable-coefficient nonlinear evolution equa-
tions (NLEEs), which are often considered to be more realistic than their constant-coefficient counterparts in
modeling a variety of complex nonlinear phenomena under different physical backgrounds [[14]. Since those
variable-coefficient NLEEs are of practical importance, it is meaningful to systematically investigate com-
pletely integrable properties such as bilinear form, Lax pairs, infinite conservation laws, infinite symmetries,
Hamiltonian structure, Painlevé test, bilinear Bicklund transformation, symmetry algebra and construct various
exact analytic solutions, including the soliton solutions and periodic solutions. For describing the propagation
of solitonic waves in inhomogeneous media, the variable-coefficient KP-type equations have been derived from
many physical applications in plasma physics, fluid dynamics and other fields [[13} [16].

In this paper, we will focus on a generalized variable-coefficient Kadomtsev-Petviashvili (vc-KP) equation

with nonlinearity, dispersion and perturbed term

[ + hi (v, sy, + ho(y, Duuy] + h3(y, Duoy + ha(y, Dy, + hs(y, Duay + he(y, Huy + hy(y, hu, =0, (1.1)

where u is a differentiable function of x, y and ¢, h;(y,?) i = 1,...,7 are all analytic, sufficiently differentiable
functions, may provide a more realistic model equation in several physical situations, e.g. in the propagation
of (small-amplitude) surface waves in straits or large channels of (slowly) varying depth and width and nonva-
nishing vorticity. Eq. (I.I) can reduce to a series of integrable models or describe such physical phenomena
as the electrostatic wave potential in plasma physics, the amplitude of the shallow-water wave and/or surface
wave in fluid dynamics, etc [16]-[19]. Obviously, Eq. (LI) contains quite a number of variable-coeflicient KP
models arising from various branches of physics, e.g. the KdV, cylindrical KdV, KP, cylindrical KP, generalized
cylindrical KP and non-isospectral KP equations etc. Some currently important examples are given below:

e The celebrated, historic Korteweg-de Vries (KdV) equation [11 20]

u; + 6uusy + uz, = 0, (1.2)



has been found to model many physical, mechanical and engineering phenomena, such as ion-acoustic waves,
geophysical fluid dynamics, lattice dynamics, the jams in the congested traffic etc.

e The Kadomtsev-Petviashvili (KP) equation [21]]
(u; + 6uuz, + uzy), + Uz, = 0, (1.3)

where 0y = =1, has been discovered to describe the evolution of long water waves, small-amplitude surface
waves with weak nonlinearity, weak dispersion, and weak perturbation in the y direction, weakly relativistic
soliton interactions in the magnetized plasma and some other nonlinear models.

e The cylindrical KdV equation [22]

1
U, + 6uuszy, + uz, + z—tux =0, (1.4)

was first proposed by Maxon and Viecelli in 1974 when they studied propagation of radically ingoing acous-
tic waves. And its counterpart in (2+1)-dimensional, the cylindrical KP equation [24} and generalized

cylindrical KP equation [[17, [26]

2
g,
(uy + 6uuzy + usy), + t—zouzy * e = 0, (1.5)
30’% 1
(u; + ho(tyuuz, + hi(Duzy), + [f () + yg(O)uay + r(Huyy, + 7 Y + 2= 0, (1.6)

with o-% = +1, have also been constructed to describe the nearly straight wave propagation which varies in a

very small angular region [17], [24]-[26]].

e The KP equation with time-dependent coeflicients [18]]
(ur + utty + uzy)  + p3(Duy + pa(Huay = 0, (1.7)

models the propagation of small-amplitude surface waves in straits or large channels of slowly varying depth
and width and nonvanishing vorticity.

e Jacobi elliptic function solutions and integrability property for the following variable-coefficient KP equation
(ur + hi(uuy + hy(Dusy), + h3(uay + 6ha(Bu, = 0, (1.8)

have been presented in Ref. [27].

e The following equation
(ur + hi(Ouux + hoy(Duzy), + h3(Ouay + ha(Ouzy = 0, (1.9)

can be used to describe nonlinear waves with a weakly diffracted wave beam, internal waves propagating along
the interface of two fluid layers, etc [19]].

e Non-isospectral and variable-coefficient KP equations read [28]]

(u; + unty + u3y), + auy, + buy + cuyy + duyy, + eury = 0, (1.10)

Uy + hy(uzy + 6y + 307207 1yy) + ha(uy — oxuy — 2007 uy) — ha(xuy + 2u + 2yuy) = 0, (1.11)



where a, b, ¢, d, e are functions of y, t, and h; (i = 1,2, 3) are functions of z. Bilinear representations, bilinear
Bicklund transformations and Lax pairs for non-isospectral KP equations (ILIQ) and (I.IT) are systematically
investigated, respectively, in Refs. [28].

As we well known, the KdV, cylindrical KdV, KP, cylindrical KP, generalized cylindrical KP and non-
isospectral KP equations belong to the integrable hierarchy of KP equation. In recent years, a large number
of papers have been focusing on Painlevé property, dromion-like structures and various exact solutions of
NLEE [29]-[48]]. But their integrability, to the best of our knowledge, have not been studied in detail. The
existence of infinite conservation laws can be considered as one of the many remarkable properties that deemed
to characterize soliton equations. Under certain constraint conditions, the variable-coefficient models may be
proved to be integrable and given explicit analytic solutions. The corresponding constraint conditions on Eq.

(L) in this paper, which can be naturally found in the procedure of applying the Bell polynomials, will be
hy = cohyel " 9 hy = he + 0, Inhyh;", hs = 3ahy, dyhy = dyhy = hy = 0, (1.12)

where ¢y and « being both arbitrary parameters.

The main purpose of this paper is extend the binary Bell polynomial approach to systematically construct
bilinear formulism, bilinear Backlund transformations, Lax pairs and Darboux covariant Lax pairs of the gen-
eralized ve-KP equation (I.1)) under conditions (I12). To our knowledge, there have been no discussions about
Eq. (LI) under the conditions (IL12). Based on its Lax equations, the infinite conservation laws of the equation
will be constructed. By using the bilinear formula, the soliton solutions and Riemann theta function periodic
wave solutions are also presented.

The structure of the present paper is as follows. By virtue of the properties of the binary Bell polynomials,
we systematically construct the bilinear representation, Béacklund transformation, Lax pair and Darboux covari-
ant Lax pairs of the generalized vc-KP equation (IT)) in Secs. 2-4, respectively. By means of its Lax equation,
in Sec. 5, the infinite conservation laws of the equation also be constructed. In Sec. 6, based on the bilinear
formula and the recently results in Ref.[31] [52], we present the soliton solutions and Riemann theta function
periodic wave solutions of the generalized vc-KP equation (L) under the conditions (L12) with ¢y = 6. And
we also discuss the influence of inhomogeneity coeflicients on solitonic structures and interaction properties
for physical interest and possible applications by some graphic analysis. Finally, a limiting procedure is pre-
sented to analyze in detail, the relations between the periodic wave solutions and soliton solutions. And some
introductions of multidimensional Bell polynomials and Riemann theta function wave are given in Appendix

A, B, respectively.

2. Bilinear representation

In this section, we construct the bilinear representation of Eq. (II)) by using an extra auxiliary variable instead

of the exchange formulae.



Theorem 2.1. Using the following transformation
u= 121" (n f), (2.1
the generalized ve-KP equation (1) can be bilinearized into
9Dy, Dy, Dy) = [DyD; + 1D} + h3D + haD Dy + hsD} + (hg + 8, In hih3" )0, + hs0, = 61f - f =0, (2.2)

where d,f + f = 0.f* = 2ffo, Ouf - f =0y f> = 2ff,, 6f - £ =02, and 6 = §(y, 1) is a constant of integration.

Proof. To obtain the linearization of Eq. (L), a new variable g is introducing(q is called a potential field)
u = c(Hqox, (2.3)

where c=c(?) is a function to be determined. Substituting Eq. (Z3) into Eq. (LI}, one can write the resulting

equation of the form

q2x,t + h1q5x + Ch2q2xq3x + h3q3x + h4q2x,y + hSCIx,Zy + (h6 + 61‘ In C)q2x + h7qu = 07 (24)

where we will see that such decomposition is necessary to get bilinear form of Eq. (II). Moreover by the

integration of Eq. (Z.4) about x, one obtains
E(q) = qu + (qax + 3¢5,) + h3qax + haquy + hsqay + (he + &, In hihy g + hagy = 6, (2.5)

by choosing the function c(¢) = 6h1h§' and using the formula (A7), where § = §(y, 1) is a constant of integra-

tion. Based on the formula (A7), Eq. (2.3) can be rewritten as the following form
E(q) = Pu(q) + 11Par(q) + h3P2(q) + haPoy(q) + hsPay(q) + (he + 8, In hihy g + hagy = 6. (2.6)
Finally, according to the property and changing the variable
g=2Inf & u=cO)qa = 12h1h;'(n f),, 2.7

Eq. (2.8) produces the same bilinear representation 2 (Z.2) of the generalized vc-KP equation (). O
The formula (2.2)) is a new bilinear form, which can also reduce to the ones obtained in Refs. [4] [7, 21]
241 251 [49. 50] by choosing the appropriate coefficients #; (i = 1,...,7).
(1).Ifh; =0(i =3,4,5,6,7),h; = 1 and h, = 6, Eq. (IT)) becomes the constant coeflicient KAV equation.

The corresponding bilinear form (2.2) reduces to
[D.D, + D{1f - f =0, 2.8)

which is also obtained in Refs. [4, [7} 49, [30], respectively.
(ii). In the case of h; = 0 (i = 3,4,6,7), hy = 1, h, = 6 and hs = +1, Eq. (II) reduces to a general KP

equation. The corresponding bilinear form (2.2) becomes

[D.D, + D} £ D31f - f =0, (2.10)



which is also researched in Refs. [4] 211, [49]], respectively.
(iii). Assuming that h; = 0 (i = 3,4,7), hs = 30'3/t2 and hg = 1/2¢, Eq. (ILT) becomes the cylindrical KP
model [24} [23]. The corresponding bilinear form (2.2) reduces to

[D.D; + D} + 30/ D} + (he + 8, Inhih3")d,1f - f =0, (2.12)

with o is an arbitrary constant, which is a new bilinear formulism for the cylindrical KP model.

3. Bilinear Biacklund transformation and associated Lax pair

In this section, we construct the bilinear Bicklund transformation and the Lax pair of the generalized vc-
KP equation (I.I). Bilinear Biicklund transformation is useful in constructing solutions and also serves as
a characteristic of integrability for a given system. In the following, we derive a bilinear Biacklund for the
generalized ve-KP equation (L)) by using the use of binary Bell polynomials.

Theorem 3.1. Suppose that f is a solution of the bilinear equation 22) under the conditions (L12), i.e., the
coefficients h; (i = 1,2,5,6,7) satisfy hy = cohlefh""”, hs = 3a*hy, hy = 0, then g satisfying

(D*+aDy - A)f - g =0,

|Di + hy (D} = 3aD.Dy + 3AD,) + hsDy + haDy + 7| f - g = 0, (3.1)

is another solution of the equation .2), where co, a are arbitrary parameters and y = y(y, 1) is an arbitrary

function. So the system (31 is called a bilinear Bicklund transformation for the generalized ve-KP equation

(C.D.

Proof. Suppose the following expressions
g=2Ing, ¢ =2Inf (3.2)
are solutions of Eq. (2.3), respectively. The condition from the Eq. (2.3) can be changed into

E(q') = E(q) =(q" = @+ 1(q" = @ax + 311(q" + 92:(q" — @)2x + h3(q" — @)2x + ha(q" — @)y

+hs(q' = q)ay + (he + 0 Inhihy ' )(q' = @)« + ha(q’ — q)y = 0. (3.3)
In order to obtain such conditions, the following new auxiliary variables are introduced
v=(q-9)/2=In(f/g), w=(q"+q)/2=1n(fg), (3.4)
then we can change Eq. (3.3)) into the following form

E(q) - E(q) =E(w + v) — E(w — V) = Uy + h(Ugy + 6w 02x) + havoy + havyy
+ hsvy, + (he + 8, Inhyhy Y, + hyv,

=0x [Z(v) + M %5, (v, )] + Z (v, w) = 0, (3.5



where
Z (v, w) = 3hy Wronskian[#%5,(v, ), Z (V)] + h3voy + havyy + hsvay + (he + 0;1n hlhgl)ux + hyvy.

To rewrite Z (v, w) as % -polynomials in form of x-divergence form and to change Eq. (3.3) into some

conditions, one can introduce a new constant
%X(U’ (l)) + agy(v7 a)) = /L (36)

where @ = a(t) is an function of ¢ and A is an arbitrary constant. By virtue of the Eq.(3.6), Z(v, w) can be

changed into

R, w) = 3 AWa=a" |hswrey + (2hs = 30°h)vsvry + 30> hivagvy [+hsvaethavey+ (he+0; In by vt hyvy,

3.7
which is equivalent to the following form
K (v, w) = 0y [(3h1/l +h3)%(v) = 3am %y (v, w) + h4%(v)] , (3.8)
by taking
hs = 2hs — 3’y = 3&*hy, he+d;Inhihy' =0, hy; =0,
namely,
hy = cohied ™ hs = 32hy, hy = 0. (3.9)
Then, using Egs. (3.6)-(3.8), we obtain the following system
P (v, w) + a¥ (v, w) — A =0,
0, 2() + 0, I | %4:(v, @) = 303, (v, ) + 34 W)| + 32, w) + )] = 0. (3.10)

By virtue of property (A.6), Eq. (3.10) yields to the bilinear Bicklund transformation (3.I) with ¥ = y(¢) is an

arbitrary function. 0
Bicklund transformation (3.I)) can be used to construct exact solutions for the generalized ve-KP equation

(LI). Next, using the system (3.10), we will derive Lax pairs of the equation (L.I).

Theorem 3.2. Under the conditions (L12)) and cy = 6, the generalized vc-KP equation (LI) admits a Lax pair

(L1 + QO = Yoy + anfry + (el "o — 2y = 0, (3.11a)
@+ LW = Y + 4hps, — haa ™ Yo, + (Ohuel "o+ 32+ hy ) s,
+ (3husel "ot — 31007 uyel ot — hya el Mo 1 pya™t A)y = 0, (3.11b)
where u is a solution of the equation (L1).

Proof. Linearizing the Eq. (3.10) into a Lax pair, we introduce a Hopf-Cole transformation v = Iny. Using
(A-R) and (A.9), one obtains

%(U) = l//x/lyb, %X(U, a)) = ({ax t+ l//2x/lyb, %y(va a)) = {xy + lﬁxy/‘/’a
D) =Yy, D) =Y/, D5V, w) = 3qahx /Y + Y3 [,



by means of which, Eq. (3.10) is then changed into the following form with A and y

(L) + ad)Y = Yoy + ary + (qor — DY = 0, (3.12a)
(0, + L)W = Yy + 4, — haa "o + (6h1 Gy + 3+ h3) Yy

+ (3M1g3x = Bh1aqay — haa ™ qo + haa™ Ay = 0, (3.12b)

which is equivalent to the Lax pair (311d) and (3.L1B), respectively, by replacing g2y with ueJ s, O
Corollary 3.3. Using the conditions (12) and cy = 6, the Lax pair (3.11a) and (B.11D) of the generalized

ve-KP equation (L) is equivalent to the following Lax pair

(L1 + ad ) = Yo, + iy + (ued " — Dy = 0, (3.13a)
@+ Lo = g — dhiay — (el " = Th 2= hy) g, + hatry = (el " + 30y uyel M)y = 0,
(3.13b)

where u is a solution of the equation (L.1).

The formulas 3.1), (G 11a) and B.11B) are new bilinear Bicklund transformation and Lax pair, respec-
tively, which can also reduce to the ones obtained in Refs. [TI],[4!,[17]-[20], [24]-[27].,[129],[50] by choosing
the appropriate coefficients h; (i = 1,...,7). Without loss of generality, taking co = 6, then c(¢) = = e,

(i). Assuming that @ = h; = 0 (i = 3,4,5,6,7),and h; = 1, hp = 6, Eq. (I.I) becomes the general KdV

model. The corresponding Biicklund transformation (3.I) reduces to

(D2-Df-g=0,

[D,+D§+3ADX]f.g=0, (3.14)
which is studied in Refs. [4][50]. The corresponding Lax pair (3.11a) and (3.11B) reduces to

(L4 +ady)W = Yoe + (= DY = 0, (3.15)

O+ LW =+ W3 +3Qu+ )Yy + 3uy =0, (3.15b)

where u is a solution of the equation (II). The lax pair (3.13a) and is investigated by Lax, Ablowitz
and co-workers in Refs. [ 20]], respectively.

(ii). Forh; = 0 (i = 3,4,7), and h; = 1/f*, hy = 6/1*, hs = 30'%/1‘2, he = 1/2t, Eq. (I.T) becomes the
cylindrical KP equation [24] 23]. The corresponding formula (3.1)) reduces to

(D} + oDy — A)f - g =0,

|D: +1/7 (D} = 300D, Dy + 3AD,) + | f - g = 0, (3.16)
which is a new one and not obtained in Refs. [24] 23]]. The corresponding Lax pair (3.11a) and (3.11B) reduces
to

(L1 + @O = Yoy + oy + (Nt = Dy = 0, (3.17a)
(O, + LW = Y, + 4/ Py + (6u Vi + 3/1/t2) Uy + (3ux Vi/i = 30007 u, «/E/tz) Y =0, (3.17b)



where u is a solution of the equation (I_I). The lax pair (3.17a) and (B.I7b) is a new one, which is not studied
in Refs. [24]23]].

(iii). In the case of by = 1/, hy = 6/2, hs = f() + yg(1), ha = r(t), hs = 302/, he = 1/21, hy = 0, Eq.
(L) becomes a generalized cylindrical KP equation [17} 26]]. The corresponding formula (3.1) reduces to

(D2 + 09Dy — Df -g =0,

[D, +1/2 (Di — 309D, D, + 3/1Dx) +(f +yg)D, + rD, + y] f-g=0, (3.18)
which is also a new one and not obtained in Refs. [17,26]. The corresponding Lax pair (3.11a) and G.11B)
reduces to

(L + @O = Yoy + ooty + (Nt — D)y = 0, (3.19a)
(0 + LW = Wy + 4/ PP, — 0 (O, + |6u NI/ 2+ 30/ + () + yg(1) | v
+ [Buc V2 = 30007 uy Vi = o5 r(Du Nt + 05 (02| w = 0, (3.19b)
where u is a solution of the equation (LI). The lax pair (3.19a) and (3.19D) is a new one, which is not obtained
in Refs. [17]26].
@{v). If hy = fo(0), hy = fi(1), hs = gz(t), he = 6f(1), h; = 0 (i = 3,4,7), Eq. (I.I) becomes a variable-
coeflicient KP equation [27]. The corresponding formula (3.1)) reduces to
(D> +0oDy — Df -g =0,

[D, + 1/ (D} = 300D,Dy + 3AD,) + (f + yg)Dy + rDy + y] f-g=0, (3.20)

which is also a new one and not studied in Ref. [27]. The corresponding Lax pair (3.11a) and (3.11B) reduces

to
(L + ad )W = Yoy + 180N \BHOWy + (el /0% — 2y = 0, (3:21a)
@+ LW = i + Af(0s, + (6f2(Duel TN 4 3£,0))
+ (30ue U =3 01501/ 303 uyel T -)y = 0, (3.21b)

where u is a solution of the equation (I.I)). The lax pair (3.21a) and (3.21D) is a new one, which is not obtained

in Refs. [27].
(v). Suppose h; = hi(t) (i = 1,2,3,5), h; = 0(j = 4,6,7), Eq. (II) becomes a generalized variable
coeflicient KP equation 18} [19] 29]]. The corresponding formula (3.I) reduces to

(D} +aDy - A)f - g =0,
|Di + hy (D} = 3aD.Dy + 3AD;) + hsDy + | f - g =0, (3.22)

which is also a new one and not obtained in Refs. [18],[19,[29]]. The corresponding Lax pair (3.11d) and (3.11D)

reduces to
(L1 + a0y = o + \Vhs /3y + (w— Dy =0, (3.23a)
(0, + LW = Y, + dhysy + (6hu + 3 A+ hs) v, + (3h1ux -3h \/h5/3h16;1uy) Y =0, (3.23b)



where u is a solution of the equation (I_I). The lax pair (3.23a) and (3.23h) is a new one, which is not obtained
in Refs. [[18] [T9][29].

Starting from Lax pairs and Darboux transformation, the soliton-like solutions of the generalized vc-KP

equation (LT can be established.

4. Darboux covariant Lax pair

Theorem 4.1. Using the associated Lax pair (3.12a)-(3.12D) and assuming that the parameter A is independent
of variables x, y and t, the generalized vc-KP equation (1) admits a kind of Darboux covariant Lax pair as

follows

(L +ady)p = Ap, L = 0 + o (4.1a)

@O+ Drcov)d =0, Drcoy = 43> — hya ' 0> + (6h1Gox + h3) Oy + 31 Gax — 3MAGsy — haa ' Goxs  (4.1b)
whose form is Darboux covariant, namely,

T(L +ad )T~ = (L + ad,)(@, (4.2a)

T+ Zocon)@T ™" = 0+ Lr.con@, (42b)
with'q = q + 21n ¢, under a certain gauge transformation
T=¢dp ' =0, —0, 0 =0d,Ing. (4.3)

The integrability condition of the Darboux covariant Lax pair ({&1a) and @.ID) precisely gives rise to Eq. (L)

in Lax representation
[0; + Zcov, 2+ @dy] = [Grs + M1 (Gax + 3G5,) + h3qox + haGy + hsqoyle = 0, 4.4

if one chooses 0yhs = he + 0;In hlhgl, O0yhy = h7 = 0. The equation &2 is equivalent to equation 2.3, which
implies that Lax equations {@1a) and @1B) is also a Lax pair for the generalized ve-KP equation (IL1).
Proof. Let ¢ be a solution of the Lax pair (3124d). The following transformation (&3] change the operator

Zi(q) + ad, — A into a new one as follows

T(L(q) + ady — DT = 2@ + ady - A, (4.5)
which admitting the following form

L@ = LG =q+bq), with ag=21ng. (4.6)
Using transformation (€.3)), one should look for another one % cov(g), which satisfies the following form

Zcovo = L cov(q = q + Ag). 4.7)

10



Let ¢ be a solution of the following system

(L +ad)p =9, L =8+ g,

0+ Drcov)p =0, Lrcoy = 4102 + b10% + brd, + bs,

(4.8a)

(4.8b)

with b; (i = 1,2, 3) are undetermined functions. To determine b; (i = 1,2, 3), one can show that (@3) change

0; + 25 cov into the following form
T©0, + Lrco)T ™" =0, + Drcov, Lrcoy = 4183 + 018 + by, + b,
with Zj (j=1,2,3)and Zcov are determined by
b;=bj(q)+ab;=bj(g+nq), j=1,2,3.
Using (£.3) and (.9), one has

Aby =0, Aby = 1200, + bl,x + O’bl,x,

Abs = 12h 09y + 12000 + 01y + by + 207y
By virtue of @.I0), one should just express b; i = 1,2,3 in the following form
?b\j = <%i[(q’ Qx, Qy, q2x, qua q2y, e )7 J = 17 2’ 37

and satisfies

AHG = Hi(q+ DG Gx + D Gy + Ay ) = HH(q. G Gys - +) = Abj,

where A v n,y = 20Y' 0 Ing, ny,ny = 1,2,.. ., and Ab; can be solved by Eq. (@.11).
Direct calculation shows that

by = c1(y, ),

by using Eqgs.(@.I1)-@.I3), where c¢|(y, ) being an arbitrary function about y and 7.
Using Eq.(@.13), one has

by = A = 6 4 Nq + g 0 + g DGy + - = 1200 = 6h1AGyy.
It implies that we can determine by up to an arbitrary constant c;(y, f), namely,
by = H5(qax) = 6h1gax + e2(3, 1),

where ¢, (y, f) being an arbitrary function about y and ¢.

By means of Eq. (£.84), one obtains
@3 = —Q0 4y — (0 + 07)y.
Using Egs.(@.14), (4.16) and (.17 into Eq. I1), one has
Abz = 6h 0o — 6oy + 210 = 3h1Ag3y — 3hia@Agyy + €1 Ay,

11

4.9

(4.10)

A.11)

4.12)

(4.13)

(4.14)

(4.15)

(4.16)

4.17)

(4.18)



which can be verified that the third condition
MG = TG 0q + TG g 0qx + TG g DGy + -+ = Db, (4.19)
can be satisfied by choosing

by = H4(q, 4 Ay Q2xs Gxys G2y, @3xs -+ ) = 313 — 3haqyy + c1(y, Dgax + ¢3(y, 1), (4.20)

where c3(y, f) is an arbitrary function of y and .

Taking c;(y, 1) = —a ' hy, c2(y, 1) = h3, c3(y, 1) = 0 in Eqs.(@.14), @EI6) and (@20), we obtain the Darboux
covariant evolution equation (1) by using (£.3a), (£.3b).

Through a tedious calculations of the Lie bracket [0, + Z cov, 9271\ + ady], one obtains the Eq.@2) by
choosing d,h4 = he+0;In hlhgl, Oyhy = h7 = 0. [l

From above, we can investigate the higher ones by using the same method
Lrocov(@ = 4m 30 + 51 -+ by, 5=5,6,7,---, (4.21)

which can obtain other new ones of the Eq. (I.I).

5. Infinite conservation laws

In this section, we derive the infinite conservation laws for the generalized vc-KP equation (II) by using the
binary Bell polynomials.

Theorem 5.1. Under the conditions (L12), the generalized vc-KP equation (L) admits an infinite conserva-
tion laws

Tt Iux+ %y =0, n=1,2,.... (5.1)

The conversed densities .7, s are obtained as follows

1 1
S = == —gel ",
1 1 1

Ao Lo+ oy = BT il ).

! n
j]‘l“’l:__ fnx'f‘a’a_]jnv‘f' %jnfi > n:2’3""’ (52)

2 . X 5y

i=1

and the first fluxes g, s are obtained as follows

/1 = h]flyzx - 6h1a6;1f207 + h3f1 - 6h1f12,

fz =hSrox — 6h1a’f13;1f1,y — 6h106;1f3,y — 120 A S + h3 S5,
I =h [fn,zx -6 Z I Ips1-k — 2 Z I, jkzjlq] - 6ha (3;1fn+1,y + Z IO Iky
=1 Ky +hs tky=n =1

+h3 I, n=3,4,.... (5.3)
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and the second fluxes ¢ s are obtained as follows
g] = 6/’1]0’]2 + h4f1 + hSa;]fLy,

%2 = 3/110’%12 + 6h1af3 + h4f2 + hsﬁ;]fz,y,

Gp =30 Y Iy i+ OM@Iyr +hady + hsd Ty n=2,3,. .
k=1

5.4)

Proof. Changing (3.3) into the divergence form and using (3.3), one can rewrite Z (v, w) into a new form

X, w) = [BA+ h3)v, = 3hiavvy ], + [-3hiaway + havy],y.

which is equivalent to the following form

woy + vi +av, —A4=0,

O([us] + Oy [vsy + 3hiveway + vl + BMA + h3) vy = 3hiavyw, |

+ 0y |30 + havy + hsvy = 3mad| =0,
by using the fact 0,(v,) = 0,(vy) = vy.
Using the relationship (3.4) and the following new function
1= (g = 4:)/2,
one obtains
Uy =1], Wx =(x + .
By using (3.8) into (5.6), Eq. (3:3) can be changed into a Riccati-type equation
Gox + Ny + 1% + a/('i;lny -2 =0,

which is a new potential function about ¢, and a divergence-type equation

N+ 0y [h1 (nzx - 2773 - 6@7]6;177}, + 6827]) + h3n] + 0y [3h1m]2 + hyn + hsﬁglny - 3hla.92] =0,

in which one can obtain Eq. (5.10) by virtue of the equation (5.9) and take A = &°.

Introducing the following series
n=¢&e+ Z cﬂn(q: qxs q2xs " ')8_’1»
n=1

into Eq. (3.9) and collecting the coeflicients of &, one can get the formulas (3.2) for .7,.

In addition, substituting the expression (3.11)) into Eq. (3.10), one obtains

0

- 0 o 3 o 2
Z Sni€ "+ 0y {h1 {Z St =2 (Z fns"] — 6¢g [Z fns”] + 483} + h3 [Z S +e
n=1 n=1 n=1 n=1

n=1

—6ha [(i fng"’) [6;' i J,,,ye‘”]} - 6h1a/e(9;1 i fn,ys_”}
n=1 n=1 n=1

o 2
+ 0y {3h1a/ [(Z fne”] + 282 S
n=1

n=1

=0,
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(5.5)

(5.6)

5.7

(5.8)

(5.9)

(5.10)

5.11)

+ hy [Z S + s) + hs [3x1 Z Iy "+ sx)}
n=1 n=1

(5.12)



from which one can obtain the infinite conservation laws (3.1))
Ini+ Inx+ %y =0, n=1,2,....

In Eq. (3), the conversed densities .7, s are obtained by recursion formulas (5.2), and the first fluxes _#,, s and
the second fluxes ¥ s, respectively, are obtained by (5.3) and (3.4) through a cumbersome calculation. (I

From above, one concludes that the first fluxes _¢#,’s (5.3) and the second fluxes ¢ s (5.4) can be introduced
from u, and the formula .%,; + Z, + %,, = 0,(n = 1,2,...) implies that infinite conserved densities of the
generalized vc-KP equation (II) can be obtained by using {.%,,n = 1,2,...,}. Using Egs. (&2), &3) and
(5.4, one can easily obtain .#,, _#, and %,. And the generalized vc-KP equation (L) can be expressed in the

form of the first equation for conservation law (3.1)).

6. Soliton solution and Riemann theta function periodic wave solution

Under the conditions (I.I2) and ¢y = 6, we can discuss the solutions of the generalized vc-KP equation ()
by using the bilinear form (2.2)). The following subsections are independent to each other, and the parameters

are also independent.

6.1 Soliton solution

Theorem 6.1. Assuming 6=0, under the conditions (L12) and cy = 6, the generalized vc-KP equation (L)

admits a N-soliton solution as follows

u =121 (n f),
N N
f=Texp| > pmi+ D pipiAil, ©.1)
p=0,1 =1 1< j<i<N

3]11!412!4?(/‘1‘_ﬂj)z_hs(lli"j_ﬂjvi)z
3]11!4‘?!4?(/‘1‘+ﬂj)2_h5(lli"j_ﬂjvi)z

while 1, v are the parameters characterizing the j-th soliton, ZTSK[S[V is the summation over all possible pairs

wheren; = pjx+vjy—(h1p;+h3pj+h4vj+h5p]‘.1v?)t+cj and exp(A;j) = (1<j<i<N),
chosen from N elements under the condition 1 < j <i < N, and },,— | denotes the summation over all possible
combinations of p, pj = 0,1, j=1,2,...,N).

Proof. Substituting (6.1)) into the bilinear form (2.2)) yields

N N N
% [— (0 = P + I + hav; + sty Vi), D (0= Pkss Y (0= )Y,
p=0,1p'=0,1 j=1 J=1 J=1
N N
X exp [Z(Pj P+ Y oy + pﬁp})A;,-) -0, 6.2)
=1 1<j<i<N

in which the bilinear operator & is given by Eq.(2.2) with § = 0. Let the coefficient of the factor

exp[inj+2 z": nj), (6.3)
=1

Jj=m+1
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on the left hand of (6.2) be .%, it follows that

7=> > %(pp)@[ Z(p, P + hapt + hyv; + hsii;'v)), Z(p, p,)y,,Zm, ov;

p=0,1p"=0,1
N
X eXp[ Z (pipj + pﬁp})Au] =0, (6.4)
1<j<i<N
where the coeflicient (o, p’) denotes that the summations over p and p’ performed under the following condi-
tions
L-pj if 1<j<m,
pi=1pj=1, if m+1<j<n, (6.5)
p;=0, if n+1<j<N.

By introducing a new variable

w | =pj—p}, (6.6)
one obtains the following equality
N m 1 m n n n
exp| > (owj +pipA|= ) 5(1+w,»w,-)A,,-+Z DA+ > D Ay (6)
1<j<isN 1<j<i<N i=1 j=m+1 1<j<i<N j=m+]

On account of @;, @, = +1 and the relations

@(/’l]ﬂ; + /’l3,uj + /’l4Vj + hsﬂj_‘]Vj,,uj, Vj) = @(—h]ﬂ; - /’l3,uj - /’l4Vj - /’lS,Lt;]Vj, —Mj, —Vj) ,
9 (hl(ﬂ? - ,u;) + h3(ui — ) + ha(vi = vj) + hs(u; ' v — ﬂj_']Vj):,Uj - M, Vj— Vi)

exp(A;j) = - S 3 5 » > (6.8)
@(_hlwi + ) = ha(pi + pg) = ha(vi + vj) = hs(u Vi + 15 vi), i + L vi + Vj)
one obtains
O | 9 (hl(.u? - ﬂ;) + h3(ui — ) + ha(vi = vj) + hsu; v — N;]Vj)uuj - Mi, V) — Vi)
Z 5(1+W[wj)A[j =- 3 3 = = wWiw ;.
1<j<isN -@(_hl(ﬂ; ) = ha(pi + pg) = ha(vi +vj) = hs(u vi+ 1 vi), i + fjs vi + Vj)
(6.9)

Substituting Egs. [©.6)-(6.9) into Eq.(€.4) yields

F = 42%2 ij(hl,u +hg,uj+h4vj+h5p] Vi) Zwl,uj,ijvl

y==1 Jj=1 j=1

x ]_[ D (i} = 113) + ha(us = ) + haCvi = vi) + hs(uy 'vi = 15"V ), = i v = vi) @i = 0, (6.10)

J<i
where &7 = .o7(exp(A;j)) is independent of the summation indices @; (i = 1,2,...,N). If we can verify the
identity (€.10) for & = 1, N = 1,2,..., then (&.1) is the solution of Eq. (II). Using the bilinear form (2.2)),

one can rewrite (6.10) as follows

T,
FNL, V1 M2, V2, - o5 NS VN)

4 2
= Z{ Zw,wj(hl,u +h3,u,+h4v,+h5,ul v + hi [ijvj) +h3[ijpj)

w==+1 i,j=1 J=1 J=1

2y N
+hy Z @@ ;v + hs {Z wjvj] } 1_[ [3h1/1i2/1?(w[y[ - wj,uj)2 — hs(u;v; - ,ujv[)z] =0. (6.11)

j=1 j=1 Jj<i
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Fn(1, Vi, W2, V2, . . ., N, V) is a symmetric and homogeneous polynomial, and is also an even function of ;,

v;(j=1,2,...,N). Suppose (i1, v1) = (12, V), then we have the following relationship

IV, - s V) = 8GhpS—hs?V?) [_[ 3111;11;1/(,11 1) + hs(uyv; — y/v%)“] T2 (U3, V3o - - lNs VN)-
(6.12)
For o7 = 1,n = 1, 2, the identity (&.11)) is easily verified. Let’s assume that the identity hold for N — 2, uti-
lizing the relationship (G@.12), it is seen that j\N(,u], 2, ..., y) can be the factor by a symmetric homogeneous

polynomial as follows

T, Vis - s VYY) = ]_[(3;11,1, —hsplv )]_[ |3t} = 13y + hs(uai ij,)] TNV s s V).
- " (6.13)
According to the degrees of Egs.(@.11) and (&.13)), ﬁN(,u], Yi,..., My, Vy) must be zero for &7 = 1, n > 2, and
the identity is proved. Hence, the expression (6.1) is the N-soliton solution of the generalized vc-KP equation
(TID. O
Based on the Theorem 6.1, one can easily obtain the following corollary.

Corollary 6.2. For the case N = 1, the one-soliton solution of the generalized vc-KP equation (1) can be

written as follows:

u= 121" [In(1 + €M), , (6.14)

where 7 = px + vy — (hy® + hapt + hgv + hs='v?)t + c. For the case N = 2, the following expression
u=12hh3' [1n(1 +el +eh + e"'“h“‘n)]xx, (6.15)
with m; = pix + viy = (hie) + hapi + havi + hspi; 'vhr+ ¢ i = 1,2, e = S —poY hsGuvatian ) g ripeg

3 (2 —hs (i va—povy )2
the two-soliton solution for equation (LT).

Based on the soliton solutions obtained by the Hirota’s method, we present some figures to describe the
propagation situations of the solitary waves. Figures 1 and 2 show the pulse propagation of the fundamental
soliton along the distance (x, y)-surface with suitable choice of the parameters in Eq.(6.14). In Figures 3 and 4,
we choose the same value of ¢; and p, but different vy and v,. In this case, the phases of the two solitons are

the same and two sets of parallel solitons are obtained via Eq.(&.13).

(@) (b) ()

Fig. 1. (Color online) Propagation of the solitary wave for the generalized ve-KP equation (ILI) via expression (6.14)

with parameters: =1, hzz—sechz(t), hy =-1,hs =1,hs =2, u=1,v=2and c = —1. (a) Perspective view of the wave.
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(b) Overhead view of the wave. (c¢) The corresponding contour plot.

Fig. 2. (Color online) Propagation of the solitary wave for the generalized vc-KP equation (L) via expression (6.14)
with parameters: /; = ¥, h2=—sech2(t), hy =t,hy =y, hs =2, u=1,v=2and ¢ = —1. (a) Perspective view of the wave.

(b) Overhead view of the wave. (¢) The corresponding contour plot.

Fig. 3. (Color online) Evolution plots of the two solitary waves for the generalized vc-KP equation (II) via expres-
sion (6.15) with parameters: h; = 1, ha=sech®(r), hy = 1, hy = —1, hs = 1, m=1Lv=3 =2, vy=4andc; =c¢, =0.

(a) Perspective view of the wave. (b) Overhead view of the wave. (¢) The corresponding contour plot.

20

Fig. 4. (Color online) Evolution plots of the two solitary waves for the generalized vc-KP equation (L) via expres-
sion (6.15) with parameters: i = 1, h2=sech2(t), h=1h=-1h=t,uy=1,vi=2,up=2,vo=-2andc; = ¢, =0.

(a) Perspective view of the wave. (b) Overhead view of the wave. (¢) The corresponding contour plot.

6.2 Riemann theta function periodic wave solution

Using a multidimensional Riemann theta function, in Refs.[31} [52]] we proposed two key theorems to systematically con-
struct Riemann theta function periodic wave solutions for nonlinear equations and discrete soliton equations, respectively.

Using the results in Ref.[31]], we can directly obtain some periodic wave solutions for the generalized vc-KP equation (L)
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(see details in Appendix: B).

Considering the conditions (I12)), we consider the following bilinear form when § is nonzero constant in Eq.(2.2)
LDy, Dy, D)f - f = (DuDy + DY+ h3D? + hyD Dy + hsD? = 6) f - f = 0. (6.16)

Let now consider the Riemann theta function

9E = DE )= Y rnTmmEn, (6.17)
nezN
where the integer value vector i = (1,7, ...,ny)" € ZV, complex phase variables &€ = (£, &,...,&y)! € ZV, and —iT is

a positive definite and real-valued symmetric N X N matrix.
Theorem 6.3. Assuming that 9(¢, 7) is a Riemann theta function for N = 1 with & = kx + ly + ot + &, the generalized vc-KP

equation (1) admits a one-periodic wave solution as follows

u= 1213 IndE, 1), (6.18)
where
b -b b -b
» = 1422 2d12 o= 2011 1421 ) (6.19)
apdy — apndy) apdy — apndy)
with

+o0 +00 +o
y):ezri'r, ap = Z 16n27r2ky)2"2, ap = Z WZMZ’ ay = Z 471_2(2”_ ])Zky)211272n+l,

400 +o00
arn = Z L = Z (256 n*n*k* — 1612k = 16han*n*ki — 16hsn*n*2) 9,
o - 7
b, = Z (16hm4(2n — D** = 4hy 20 — DK — dhan®2n — 1%kl — 4hsn*(2n — 1)212) ol (6.20)

and the other parameters k, , T and € are free.

Proof. In order to obtain one-periodic wave solutions of Eq. (I.I), we consider one-Riemann theta function #(¢,7) as N = 1

+00

17(5, T) — Z eninz‘r+27rin§, (621)

n=—oo

where the phase variable ¢ = kx + Iy + wt + & and the parameter Im7 > 0. According to the Theorem A in Appendix (see

details in Ref.[31]), k, /, w and ¢ satisfy the following system

+00
Z P4nmik, dnril, Anmiw)e? ™ = 0, (6.222)

n=—oo

+00
Z LQrin — Dk, 27i(2n — DI, 27i(2n — Dw)e?r-2m+hmit — o (6.22b)

n=—oo

Substituting the bilinear form .Z (6.16) into system (6.22a)), (6.22b)) yields

+00

Z (l6n27r2koo — 256h n* ikt + 16hsn* 1%k + 16hyn* 2kl + 16hsn* 2% + 6) 2T = 0, (6.23a)
1o 2
Z (47r2(2n — D’k — 16k, 7% @2n — D + 4hsn®(2n — 12> + dhyn® Qn — 1%kl + 4hsn®(2n — 1)*P + 5) e =2 brit _

(6.23b)
The notations are the same as the system (0.20), the system (6.23a), (6.23b) is simplified into a linear system for the

frequency o and the integration constant ¢, namely,

a  dap (& by
— . (6.24)
ay;  an 6 by
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Now solving this system, we get a one-periodic wave solution of Eq. (L)
u=12m 1" Ind(E, 1),

which provided the vector (o, )" It solves the system (6.24) with the theta function ¥(&, 7) given by Eq.(&21). The other
parameters k, [, T and ¢ are free. ]
Theorem 6.4. Assuming that (&, &, T) is a Riemann theta function for N = 2 with & = kix + Ly + w;t + & (i = 1, 2), the

generalized ve-KP equation (LI) admits a two-periodic wave solution as follows
u=u+ 120 15" 0 Ind(E, &, T), (6.25)
where the parameters i, Wy, ug and 6 satisfy the linear system
H(w, m,10,6)" = b, (6.26)
with
H = (lj)axas b= (b1,b2,b3,by)", hy = Z 47 2n - 0;, k)2n; — 0T (n),

(n1,n2)€Z?

h = Z 4% (2m — 61, kY(2n, — 09T (n), hy = — Z 16h7*2n - 6,, k) J(n),

(n1,m)eZ? (n1.np)€Z?

iy = Z Ji(n), b = Z [16h7* 2n — 61, k)* — dhyr*(2n — 61, k) — dhur*2n - 6, k)(2n - 6, 1)
(n1.n2)€2? (ny.10)€Z2
— 4hs7*(2n - 61, 1)°| T(n),

n2+n =012 n3+(ma=622  nyny+(nmy—0))(ny-67)
| ¢

7T
12 3 , 1=

Ji(n) =9 M2 o =2 j=1,2,3,4. (6.27)

, P2 =¢€

and 6; = (6!,6%)", 61 = (0,0)", 6, = (1,0)", 63 = (0, 1), 64 = (1, )", i = 1,2,3,4, the other parameters ki, l;, T;j and &
(i, j = 1,2) are free.
Proof. To obtain two-periodic wave solutions of Eq. (I.I), we consider two-Riemann theta function (&, &,,7) as N = 2
9, p,m) = Y emTmmmem), (6.28)
nez?
where the phase variable & = (¢,,&)T € C?, & = kix+ Ly + wit +&,i = 1,2, n = (n,n)T € Z2, and —iT is a positive

definite and real-valued symmetric 2 X 2 matrix which can take the form

T T2
, Im(711) >0, Im(722) >0, 711722 — 712 <0. (6.29)
T2 T2
By considering a variable transformation
u=uy+ 120 h3' 2 In (&, &,7), (6.30)

and integrating with respect to x, the .£ becomes the following bilinear form
Z(D,.D,.D)f - f = (DD, + D+ hyuoDt + hsD? + hyD.Dy + hsD? = 8) f - f = 0. 6.31)
According to the Theorem B in Appendix (see details in Ref.[31]]), k;, o; and &; (i = 1,2) satisfy the following system

Z Z ri(2n — 0,, k), 21i2n — 6,,1), 21i(2n — 6;, »)) HTO -G+ _ (6.32)

nez?
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where 6 = (6!,6)", 6; = (0,00, 6, = (1,0)", 63 = (0, )", 6, = (1, )", i = 1,2,3,4.
Substituting the bilinear form Z 631 into system (6.32)) yields

Z [4ﬂ2<2n -0, kY2n — 0;, ) — 16k, 7°2n — 6, k) — 16huon* 2n — 0;, k)* + 4> (2n — 0, k)*

nez?

+4hyr(2m = 01, k)(2n = 01, 1) + 4hsw* (2m — 6, 1) + 6| N TOOmOOrnl — 0= 1,234, (6.33)

The notations are the same as the system (6.27), Eqs.(6.33)) can be written as a linear system about the frequency w,, w,,

up and the integration constant ¢, namely,

hiy hia iz hig (@] by
hat hyy hpz hyg 05 by
= . (6.34)
hyi hy hsz hyg Uy bs
hyy  hyy  hiy hy 0 by

Now solving this system, we get a two-periodic wave solution of Eq. (LI)
u=uy+ 1201053, In 9y, &, T),

which provided the vector (w1, wa, tg, §)”. It solves the system with the theta function $(¢, &, T) given by Eq.(6.28)).
The other parameters k;, [;, 7;; and &; (i, j = 1,2) are free. Od

We now present some figures to describe the propagation situations of the periodic waves. Figure 5 shows the prop-
agation of the one periodic wave via solution (G.I8). Figure 6 shows the propagation of the degenerate two-periodic wave
via solution [@.23). And Figures 7 and 8 show the propagation of the asymmetric and symmetric two-periodic waves via

solution (6.25)).

(@) ) (o)
407 40] o
4 201 420 “ o]
T0p08 a2 | 07 04 06 48 1 115845040401 oz 05708 1 T ey 20| oz pa o 5] 1
201 2] 20
(d) (e) (@))

Fig. 5. (Color online) A one-periodic wave of the generalized ve-KP equation (L) via expression (6.I8) with pa-
rameters: by = 1, hy = 1, h3 =2, hy =4, hs =6,k =1,/ =2, 7 =iand ¢ = 0. This figure shows that every one-periodic
wave is one-dimensional, and it can be viewed as a superposition of overlapping solitary waves, placed one period apart.

(a) Perspective view of the real part of the periodic wave Re(u). (b) Overhead view of the wave, the green lines are crests
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and the red lines are troughs. (c¢) The corresponding contour plot. (d) Wave propagation pattern of the wave along the x

axis. (e) Wave propagation pattern of wave along the y axis. (f) Wave propagation pattern of wave along the 7 axis.

-1-08-06-04-02 0 0.2 0.4X0.6 08 1 -1-08-06-04-02 0 0.2 D.4y0.6 08 1

(d) (e) (N

Fig. 6. (Color online) A degenerate two-periodic wave of the generalized ve-KP equation (ILI) via expression
with parameters: hy = 1, hp, =2, h3 =4, hy =6, hs = 8, ki =1, =1, ko =L = -1, 1y =i, 70 = 050, 700 = 2i
and &; = & = 0. This figure shows that degenerate two-periodic wave is almost one-dimensional. (a) Perspective view
of the real part of the periodic wave Re(u). (b) Overhead view of the wave, the green points are crests and the red points
are troughs. (c) The corresponding contour plot. (d) Wave propagation pattern of the wave along the x axis. (e) Wave

propagation pattern of wave along the y axis. (f) Wave propagation pattern of wave along the f axis.
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Fig. 7. (Color online) An asymmetric two-periodic wave of the generalized ve-KP equation (L) via expression

(6.25) with parameters: hy = —1,hy =2, h3 =4, hy =6,hs =8,k =01, =1,k =1, =03, 7y =1, 712 = 0.5, 70 = 2i
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and €, = & = 0. This figure shows that the asymmetric two-periodic wave is spatially periodic in three directions, but it
need not to be periodic in either the x, y or ¢ directions. (a) Perspective view of the real part of the periodic wave Re(u).
(b) Overhead view of the wave, the green points are crests and the red points are troughs. (c¢) The corresponding contour
plot. (d) Wave propagation pattern of the wave along the x axis. (¢) Wave propagation pattern of wave along the y axis. (f)

Wave propagation pattern of wave along the ¢ axis.
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Fig. 8. (Color online) An symmetric two-periodic wave of the generalized vc-KP equation (I.I) via expression
with parameters: iy = —1,hy =2, h3 =4, hy =6, hs =8, ki = 1,1, =2, ky =3, 1, =4, 111 =i, 712 = 0.51, 79 = 2i and
&) = & = 0. This figure shows that the symmetric two-periodic wave is periodic in three directions. (a) Perspective view
of the real part of the periodic wave Re(u). (b) Overhead view of the wave, the green points are crests and the red points
are troughs. (c¢) The corresponding contour plot. (d) Wave propagation pattern of the wave along the x axis. (e) Wave

propagation pattern of wave along the y axis. (f) Wave propagation pattern of wave along the ¢ axis.

6.3 Asymptotic property of Riemann theta function periodic waves

Based on the results of Ref. [31]], the relation between the one- and two- periodic wave solutions (6.18), (6.23) and the one-
and two- soliton solutions (6.14)), (6.15) can be directly established as follows.

Theorem 6.5. If the vector (w,8)" is a solution of the system (©24) for the one-periodic wave solution ©I8), we let

u v c+nt

= l=7=, €= — (6.35)
2ni 2ni 2ni
where u, v and c are given in Eq.(6.14). Then we have the following asymptotic properties
6 — 0, 2ni& > n+ntr, HET) > 1+€T, when 9 — 0. (6.36)

It implies that the one-periodic solution (6.18) converges to the one-soliton solution (6.14) under a small amplitude limit,

that is (u, 9) — (uy, 0).
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Proof. By using the system (6.20), a;;, b;, i, j = 1,2, can be rewritten as the series about @

2 on?

an =32n2k(pz+4p8+9p'8+~~+n 9 +) ap =1 +2(p2+p8+p'8+~~~+p2"2 +)
ary = 87r2k(y) +99° + 25913 + -+ 20— 1)2p¥ 2 4 ) ar = 2(@ + @ PP )
by =327 (1674 7°K* = hsk® = hakl = hsl?) 9” + (256m 7°k* = 4h3k® — 4hakl — 4hsP) 9" + -
+ (160 72K — sk = bkl — hsiPB) 9™+ -],
by = 87 (4 7°k* = hsk® = hakl = hsP®) @ + (324 7°k* = Ohsk® — Ohakl — 9hsP) 9 + -

+ (4h1 (2n = D*72K = hy(2n — DHE = ha(n — 12kl — hs(2n — 1)212) Gt S ] . (6.37)

With the aid of Proposition C in Appendix, we have

0 1 0 0 27k 2 0 0
Ap = , A= , Ay = , As = , A3 =A4 =0, ,
0 0 8%k 2 0 0 27k 2
0 3272, 0
B, = By = . Bs= . Bo=By=B,=0, ..., (6.38)
8121, 0 7212 Ay

where A = 4/1171'2](4 - l’l3k2 — hykl — /’lslz, Ny = 16/’1171'2](4 - l’l3k2 — hykl — /’lslz and Az = 36/’117T2k4 - l’l3k2 — hykl — /’l5lz.
Substituting the system (6.38) into formulas (D7), one can obtain
—k71A1 8k71A1 89k71A1 + 9k71A3

X(): N X2= ,X4=— 5 X1=X3=0, (639)
0 3277 A 32077

From (D.2), one then has

o =—k'A + 8k A 9% — (89K Ay + 9K A9t + o(p*),

8 = 3217 A 9% — 3207 A0 + 0(ph), (6.40)
which implies by using relation (6.33)) that
§ =0, 2miov — —(hyp® + hape + hyv + hsp™'v?), when o — 0. (6.41)

In order to show that one-periodic wave (6.18) degenerates to the one-soliton solution (6.14) under the limit p — 0, we first

expand the periodic function (¢, 7) in the form of
9E ) =1+ (62711'_6 " e—2m’§)p + (e4ni§ " e-4m‘§) U (6.42)
Using the transformation (6.33)), one has

ﬂ(§,1)=l+eg+(e'g+ezé' g)2+(e'2-g+e3§ g)6+~--—>l+eg, when ¢ — 0,

E: 2 — T = px + vy + 2miot + c. (6.43)
Combining Egs.(6.41)) and (6.43), one deduces that

E—> ux + vy — (hy + hsp + hgv + hspm V)t + ¢, when ¢ — 0,

2nié — n + 7, when ¢ — 0. (6.44)
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With the aid of Eqgs.(6.43) and (6.44)), one can obtain
HE) - 1 +¢", when p — 0. (6.45)

From above, we conclude that the one-periodic solution (6.18) just converges to the one-soliton solution (6.14) as the
amplitude p — 0. U
Theorem 6.6. If (w;, wy, uy, 8! is a solution of the system (6.26) for the two-periodic wave solution (6&.23), we take

i Vi Ci + T Ap
- L=, &= R ==, i=12, 6.46
YUomit Y 2nmi & 27i e 27i ! ( )

where p;, vi, ¢i, i = 1,2, and Ay, are given in Eq.(6.15). Then we have the following asymptotic relations

ug — 0, 6 >0, 2ni& —» n; +nryy, i=1,2,

&, E,T) = L+ el + P+ M ywhen o) 0, — 0. (6.47)

It implies that the two-periodic solution (6.25) converges to the two-soliton solution (6.15) under a small amplitude limit,
that is (u, 91, 92) = (u1,0,0).

Proof. The proof is similar to the one of Theorem 6.5. 0

7. Conclusions and discussions

In this paper, under the conditions (I.12), we have systematically researched integrability features of the generalized vc-
KP equation (I.I), which is an important model of various nonlinear real situations in hydrodynamics, plasma physics
and some other nonlinear science when the inhomogeneities of media and nonuniformities of boundaries are taken into
consideration. Using the properties of the binary Bell polynomials, we systematically construct the bilinear representation,
Bécklund transformation, Lax pair and Darboux covariant Lax pair, respectively, which can be reduced to the ones of
several integrable equations such as KdV (L2), KP (L3), cylindrical KdV (L4), cylindrical KP and generalized cylindrical
KP (L3) equations etc. Based on its Lax equation, the infinite conservation laws of the equation also can be constructed.
Using the bilinear formula and the recent results in Ref. [31}[52]], we have present the soliton solutions and Riemann theta
function periodic wave solutions of the vc-KP equation (II). And we are also able to choose different parameters and
functions to obtain some solutions, and also analyze their graphics in Figures 1-4 and 5-8, respectively. Finally, a limiting
procedure is presented to analyze in detail, the relations between the periodic wave solutions and soliton solutions. In
conclusion, the generalized vc-KP equation (L)) is completely integrable under the conditions in the sense that it
admits bilinear Bécklund transformation, Lax pair and infinite conservation laws. And the integrable constraint conditions
on the variable coeflicients can be naturally found in the procedure of applying binary Bell polynomials. The results

presented in this paper may provide further evidence of structures and complete integrability of these equations.
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Appendix A: Multidimensional Bell polynomials

In the following, we simply recall some necessary notations on multidimensional binary Bell polynomials, for details refer,

for instance, to Lembert and Gilson’s work [8-10].

Suppose f=f(x, xa,...,x,) be a multi-variables function in C*, the expression as follows
Yn|X| ..... nrx,(f) = Yn| ,,,,, n,(ﬁpn PRI ﬁrXr) = 6_/52: e 52:61, (Al)
is called muliti-dimensional Bell polynomials, where fj, ., . ;x = c'ii‘l ~--é)i’, O<lL<m,i=1,2,...,r). Taking n = 1, Bell

polynomials are presented as follows

n!

T D)=Vl ) = 2 S g ;ksk’

Yo(f) = foo Youf) = fc+ f20 Vo) = fox + 3fcfox + fiae (A2)

To make the link between the Bell polynomials and the Hirota D-operator, the multi-dimensional binary Bell polyno-

mials can be defined as follows [9]

Doy W ) = Yo ()] . (A3)
julm s bl i odd,
Sy xpdrr =
{wlm 44444 Ly, L+ +1 is even,
2 3
@x(v, ‘U) = Uy, %x(v, w) =V, + Wy, @x,t(uy w) = Uy Up + Wy Q/Sx(v, ‘U) = U3 + 3wa2x FUL o, (A4)

which inherit the easily recognizable partial structure of the Bell polynomials.
To find the relationship of %/-polynomials and the Hirota bilinear equation Dj! - - - D' F - G [4]), one should investigate

the following identity[9]]
DYix1omry @ =IF/G, 0 =InFG) = (FG)'D}! ---DI'F - G, (A.5)

where F and G are both the functions of x and #. In case of F = G, Eq. (A.3) can be changed into

0, ny +---+n, is odd,
F2D!--.D'F-F=%(0,qg=2InF) = (A.6)
Py (@), ni+---+n, is even.

By using and the following structure

Pr(q) = oy Pii(@) = qus Par(q) = qax + 345, Pox(@) = Gox + 15¢02qux + 15¢3, . ... (A7)

= g/n]xl AAAAA nrxr(vs v+ q)|1/=lnF/G,w=lnFG

n ny r
= > Z~~~Z]_[(;?)Pz,x. ,,,,, P C)) (RSN ()} (A3)

ni+otnp=even 11=0 =0 i=0
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Multidimensional Bell polynomials admits the following key property

Yn|X| ..... nrx,(v)luzlnw = wnm] ,,,,, nrxr/‘/L (A9)

It implies that the Hopf-Cole transformation v = Iny, that is, ¢ = F/G is a linear transformation of %, ., (v,w). By

using (A.8) and (A.9), one can then construct the Lax system of the nonlinear equations.

Appendix B: Riemann theta function periodic wave

Based on the results in Ref. [31]], we consider one-periodic wave solutions of nonlinear evolution equation (NLEE). Then

Riemann theta function reduces the following Fourier series in n

+00

ﬁ(%, T) — Z ezrinz'r+2ninE, (Bl)

n=-—co

where the phase variable € = kx; + Ix, + - - - + pxy + of + € and the parameter Im(7) > 0.
Theorem A.(Ref.[51]) Assuming that 9(E,7) is a Riemann theta function for N = 1 with & = kx| + Ix, + -+ + pxy + ot + £

and k, 1, - - -, p, w, € satisfy the following system

Z L (4nnik, 4nril, - - -, dnmip, 4nmio) 2T = 0, (B.2a)
n=—o0o
Z & (2ri2n = Dk, 27miQn — DI, -+, 27i(2n — Dp, 27i(2n — Do) =240t — . (B.2b)
n=—oo

Then the following expression
u = up + ad'y InE), (B.3)
is the one-periodic wave solution of the NLEE.
Let us now consider the case when N=2, the Riemann theta function takes the form of

,0(%, T) — ﬂ(%l, EZ’ T) — Z elri('m,n)+2ni(E,n), (B4)

nez?
where n = (n;,m)" € 72, & = (£1,5) € C2, & = kix; + [ixy + -+ + pixy + wit + &,i = 1,2, and —it is a positive definite

whose real-valued symmetric 2 X 2 matrix is

T T2
T= , Im(r;)) >0, Im(13) >0, 7,720 — 12 < 0. (B.5)

Tz T2
Theorem B.([31]]) Assuming that 9(E,, E,, 7) is one Riemann theta function with N = 2, & = kix) + lixy + - - + piXy + 0;t +

g, i=1,2andk;, l;, ---, pi;, w;, & (i = 1,2) satisfy the following system

Z L Qri2n — 0,,k), 21i(2n — 0,1y, - -, 27i(2n — 0;, p), 27mi(2n — 0;, ®)) KT OO+ _ () (C.1

neZ?

where 8; = (0,02)",0, = (0,0)", 0, =(1,0)", 8;=(0,1D", 0,=(,1)7, i=1,2,3,4. Then the following expression
u = up + ady IndE,;, &), (C.2)

is the two-periodic wave solution of the NLEE.
Finally, we present a key proposition to investigate the asymptotic property of periodic waves. We write the system

(6.24) into power series of

=Ag+ A1+ A+, (D.1)
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w

=Xo+ X190+ X0 + -, (D.2)
C
by

=By+Bip+Byp*+ - . (D.3)
by

Substituting Eqs.(D.I)-(D.3) into Eq.(6.24) leads to the following recursion relations
A()X() = B(), A()X,l + Aanfl + -0+ A,,X() = B,l, n> ], ne N, (D4)

form which we then recursively get each vector X;,i = 0,1,--- .
Proposition C. ([31]])) Assuming that the matrix A, is reversible, we can obtain
n
Xo=A;'Bo, X, = A (B,l - ZA,-B,”], n>1, neN. (D.5)

i=1

If the matrix Ay and A, are not inverse,

Ao , A= , (D.6)

we can obtain

(1)_ p(2) T (1) 2 T
X, = 2808 B X, =( 2 ~(By—A2X0)"? B
82k 0 ’ 82k 1 ’ ’

(Bt =Xy AiXui) = (Buar =525 A1) ® !
Xn = ( ( 1 2ip ) Sngk +1 -2 — ) B (Bn+] - Z:’ZZ Aan—i)(l) , n2 2’ ne Nv (D7)

where o'V and o' denote the first and second component of a two-dimensional vector a, respectively.
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