
O n  t h e  i n t e n s i t i e s  o f  e l e c t r o n  d i f f r a c t i o n  r i n g s

By  M. B l a c k m a n

(C o m m u n ica ted  b y  G. P .  T h o m so n ,  — R ece iv ed  14  J u n e  1 9 3 9 )

T h e  in te n s it ie s  o f  th e  rin g s  fo rm ed  w h e n  a  b e am  o f  fa s t  e le c tro n s  is s e n t 

th ro u g h  a  p o ly  c ry s ta llin e  film  w ere firs t  s tu d ie d  b y  G. P . T h o m so n  (1929) 

in  th e  case o f  th in  film s o f  go ld . T h e  in te n s it ie s  w ere fo u n d  to  fit v e ry  w ell 

(M o tt 1929) w ith  th o se  c a lc u la te d  th e o re tic a lly  on  th e  a ss u m p tio n  t h a t  th e  

L a u e  th e o ry  h e ld  fo r s c a tte r in g  o f  e lec tro n s  b y  th e  c ry s ta ll ite s . R e s u lts  

a lso  in  a cco rd a n ce  w ith  th e  th e o ry  w ere o b ta in e d  b y  M ark  a n d  W ierl (1930). 

A  re c e n t  in v e s tig a tio n  b y  O rn s te in  a n d  h is c o lla b o ra to rs  (1938) on  p o ly - 

c ry s ta ll in e  film s o f  c o p p er  a n d  s ilv e r h a v e  le d  to  re su lts  d iv e rg in g  w ide ly  

fro m  th e  th e o re tic a l in  th e  sen se  t h a t  i f  th e  (222) r in g  w ere f i t te d  to  th e  

th e o re tic a l v a lu e  th e  (111) rin g , w h ic h  is th e  s tro n g e s t, h a d  a n  in te n s ity  

to o  low  b y  a  fa c to r  o f  tw o  to  th re e .

I t  h a d  also  b een  p o in te d  o u t b y  K irc h n e r  (1932) t h a t  th e  a m o u n t o f  

s c a tte r in g  b y  a to m s  o f  th e  h e a v y  e lem en ts  (A u, Ag) is so la rg e  t h a t  th e  

L a u e  th e o ry  c an  h a rd ly  be e x p e c te d  to  h o ld , a n d  h e  d is c o u n te d  th e  s ign ifi

can ce  o f  th e  a g re e m e n t b e tw een  th e o ry  a n d  e x p e r im e n t.

I n  v iew  o f  th e  re su lts  o f  O rn s te in  a n d  h is  co-w o rkers , a  c o n sid e ra tio n  

o f  th e  th e o re tic a l a sp e c t o f  th e  s c a tte r in g  b y  sm all c ry s ta ls  seem s to  be  

n e cessa ry . I n  p a r t ic u la r  i t  is o f  in te re s t  to  find  o u t w h a t size o f  c ry s ta l  o f  

a  p a r t ic u la r  su b sta n c e  is c o m p atib le  w ith  th e  a s s u m p tio n  o f  L a u e  sc a tte r in g . 

I n  th e  follow ing th e  s c a tte r in g  is re g a rd e d  fro m  th e  p o in t o f  v iew  o f  th e  

d y n a m ic a l th e o ry  in  th e  fo rm  g iv e n  b y  B e th e  (1928). T h e  d y n a m ic a l th e o ry  

is p a r t ic u la r ly  ap p lic ab le  w h en  th e  s c a tte r in g  is la rg e , b u t  th e re  is n o  

re a so n  w h y  th e  th e o ry  sh o u ld  n o t  be  u sed  to  d iscuss th e  case w h ere  th e  

s c a tte r in g  is sm all, p ro v id in g  t h a t  i t  can  be sh o w n  t h a t  th e  a ssu m p tio n s  

o f  th e  th e o ry  s till  h o ld . W e sh a ll co n sid er th e  d y n a m ic a l th e o ry  fo r th in  

c ry s ta ls , a n d  sh a ll d iscu ss  th e  lim itin g  case w h en  i t  goes o v e r in to  th e  

k in e m a tic a l (or L au e) fo rm . I n  th is  w a y  w e o b ta in  c r ite r ia  as  to  w h e n  a  

c ry s ta l  is su ffic ien tly  sm all to  a llow  th e  L a u e  th e o ry  to  be ap p lied .

I n  ap p ly in g  th is  to  th e  s c a tte r in g  b y  p o ly c ry s ta llin e  film s, th e  re su lts  o f 

th e  in v e s tig a tio n  a re  n o t  q u ite  as  d e fin ite . T h e  d y n a m ic a l th e o ry  in  i ts  

p re s e n t fo rm  can  be ap p lie d  o n ly  to  a  p a ra lle l-s id ed  s la b ; in  a  p o ly  c ry 

s ta llin e  film  th e  e lec tro n s  e n te r in g  th ro u g h  o ne face o f  a  c ry s ta ll i te  w ill, a f te r  

re flex ion , em erge  fro m  a  face in  g en era l n o t  p a ra lle l to  th e  firs t. I t  seem s
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re a so n a b le  to  assu m e, h o w ev er, t h a t  w h ere  th e  d y n a m ic a l th e o ry  in  i ts  

p re s e n t fo rm  show s la rg e  d e v ia tio n s  fro m  th e  L a u e  th e o ry , th e se  w ill a lso  

b e fo u n d  in  a  m o re  e x a c t th e o ry .

§ 1. B e th e ’s  th eo ry . T h e  S c h ro ed in g er  e q u a tio n  fo r a n  e le c tro n  in  th e  

p e rio d ic  fie ld  o f  a  la t t ic e  ta k e s  th e  fo rm

tensities o f  electron diffraction rings 6 9

A W  +
S n h n e

~ W ~
( E + V ) ( 1 )

w h ere  8 n 2m e V /h 2 =  E v ge2ni(s' t) , a n d  V  is th e  p o te n tia l  a t  a  p o in t  in  th e

c ry s ta l.  T h e  v e c to r  g  is a  v e c to r  in  th e  rec ip ro c a l la tt ic e , i.e .

g  =  9ri b 1+ 9'2l>2 + 9r31>3, (2)

w h ere b 1? b 2, b 3 a re  th e  b asis  v e c to rs  o f  th e  re c ip ro c a l la t t ic e , a n d  gv  g2, g3 

a re  w hole n u m b e r s ; vg is w r it te n  in s te a d  o f  fo r co nven ience, a n d  th is  

c o n v e n tio n  w ill b e  u sed  w h e re v e r feasib le .

T h e  so lu tio n  o f  th e  S c h ro e d in g er e q u a tio n  ca n  be e x p re sse d  as  a  s u p e r

p o s it io n  o f  p la n e  w aves,

1F  =  E f ff«i(k«+2''g' I)J (3 )
a

w here lq, is a  v e c to r  g iv ing  th e  d ire c tio n  o f  p ro p a g a tio n  o f  a  re p re se n ta tiv e  

w av e, a n d  h a v in g  th e  m a g n itu d e  277-/A, w here A is th e  w av e-le n g th , g  is 

th e  v e c to r  d efin ed  ab ov e.

In s e r t in g  (3 ) in  (1) w e fin d  t h a t  in  o rd e r t h a t  th e  S ch ro ed in g er e q u a tio n  

sh o u ld  b e sa tisfied  a t  a ll p o in ts , th e  fo llow ing re la tio n  m u s t h o ld  b e tw ee n  

th e  a m p li tu d e s  o f  th e  w aves in  th e  c ry s ta l

f h i K% +  -  k l ) +  Z ' vo =  0 , (4 )

w here K 2 =  S n b n e E /h 2. H ' d en o tes  t h a t  th e  te rm  co n ta in in g  v0 is to  be 

o m i t te d ; k h =  k 0 +  2 n h  a n d  k h = \k h | .

T h e  re la tio n s  (4 ) show  t h a t  th e  am p litu d e s  o f  th e  w aves a re  a ll in te r 

re la te d . T h ese e q u a tio n s  can  be re d u ced  in  n u m b e r b y  consid ering  o n ly  

th o s e  w av es for w hich  th e  a m p li tu d e  is large. I t  w ill be  seen  from  (4 ) th a t ,  

in  g en era l, a  la rg e  a m p li tu d e  is o b ta in e d  o n ly  w h en  th e  L au e  co n d itio n

k l  =  K 2 +  v0 =  k 2  (5 )

ho ld s e ith e r e x a c tly  or v e ry  n e ar ly  so.

I n  figure 1, O  a n d  P  a re  tw o  la tt ic e  p o in ts  in  th e  rec ip rocal la tt ic e . P O  

re p re se n ts  th e  d irec tio n  o f th e  in c id e n t w ave m odified  b y  re fra c tio n  a n d
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7 0 M . B la c k m a n

| P O  | =  1/A, w h ere  A is th e  w a v e -le n g th  in  th e  c ry s ta l.  T h e  co n d it io n  

w h ich  w ould  g iv e  a  v e ry  la rg e  a m p litu d e  fo r th e  re fle c te d  w av e  is

a n d  h en ce  th e  d ifferen ce  | P O  | — | PH | p la y s  a n  

th e o ry . I n  B e th e ’s n o ta t io n  i t  is p u t  e q u a l to  £ /27t ; £ is called  th e  “ e x 

c ita tio n  e r r o r ” .

I n  th e  s im p le st case w h ere  w e h a v e  o n ly  o n e re fle c ted  w av e , th e  re la tio n s  

(4 ) re d u c e  to  a  s e t  o f  tw o . T h e  co n d itio n  fo r a  so lu tio n  is t h a t  th e  d e te r 

m in a n t o f  th e  coefficients o f  th e  xjr fu n c tio n s  v a n ish . I f  w e p u t  k  — Jc0 =

K  —  k h  =  e2, w h ere  k 0 a n d  k h re p re se n t a  p r im a ry  a n d  a  s e c o n d a ry  w av e  

re sp e c tiv e ly  (figure 2), th e n  e2 c an  be  sh o w n  to  d e p e n d  on  ex a n d  £. In s e r t in g  

th e se  ex p ressio n s in to  th e  re d u c e d  fo rm  o f  (4 ), a  q u a d ra tic  e q u a tio n  fo r  ex 

w ill b e fo u n d  to  re s u lt  fro m  th e  c o n d itio n  t h a t  th e  d e te rm in a n t o f  th e  

coeffic ients o f  i/r0 a n d  r/rh sh o u ld  v a n ish . T h e re  a re  h en ce  tw o  d

o f  v a lu es  o f  &0 a n d  k h .

T o  fix  th e  w av es u n iq u e ly , i t  is n e ce ssa ry  to  ta k e  th e  b o u n d a ry  c o n 

d it io n s  in to  a c c o u n t. T h ese  m a y  be  su m m e d  u p  b y  s ta t in g  t h a t  th e  co m 

p o n e n ts  o f  th e  w av e  v e c to rs  o f  th e  p r im a ry  w av es ta n g e n t ia l  to  th e  su rfa ce  

m u s t  b e th e  sam e  as  th o se  o f  th e  in c id e n t w av e. A ssu m in g  t h a t  th e  n o rm a l 

to  th e  su rface , th e  in c id e n t r a y  a n d  th e  n o rm a l to  th e  re fle c tin g  p la n es  lie 

in  th e  sam e  p la n e , w e c an  a rra n g e  fo r th e  b o u n d a ry  co n d itio n s  to  be 

sa tis fied  b y  a  c o n s tru c tio n  g iv e n  in  figure 2. T h e  v e c to r  P O  re p re se n ts  th e  

o rig in a l w av e  in c id e n t o n  th e  c ry s ta l  m o d ified  b y  re fra c tio n , i.e. ) P O  | =  1/A.

| P O  I - I  P H  1 = 0 ,

F i g u r e  1. V e c to r s  in  r e c ip r o c a l  

la t t i c e  sp a c e  fu lf il l in g  t h e  L a u e  

c o n d it io n s .

F i g u r e  2. T h e  r e p r e s e n ta t io n  in  t h e  r e 

c ip r o c a l la t t i c e  o f  t h e  “  e x c i t a t io n  erro r  ” 

£ a n d  t h e  r e so n a n c e  erro r  e.
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On the intensities of electron diffraction rings71

T h ro u g h  P  a  lin e  P N  is d ra w n  p a ra lle l to  th e  n o rm a l to  th e  su rfa ce  o f  th e  

c ry s ta l .  T h e n  th e  p r im a ry  w a v es  in  th e  c ry s ta l  a re  o b ta in e d  b y  jo in in g  

tw o  p o in ts  o n  P N  to  0 , s ince th e  v e c to rs  re p re se n tin g  th e se  w av es w ill h a v e  

th e  c o rre c t p ro je c tio n  o n  th e  su rface . T h e  s e c o n d a ry  w av es a re  o b ta in e d  

b y  jo in in g  th e  p o in ts  to  H .  T h e  a c tu a l  p o s it io n  o f  th e se  p o in ts  is d e te r 

m in e d  fro m  (4 ) b y  tra n s fo rm in g  th e  e q u a tio n  fo r  ex in to  o n e  fo r  d , w h e re  

d  is th e  d is ta n c e  f ro m  P  a lo n g  th e  lin e  P N .  I n  th is  w a y  th e  so lu tio n  fo r  th e  

se ts  o f  w av es in s id e  th e  c ry s ta l  is fix ed  co m p le te ly .

§ 2. T h e  in te n s i t y  o f  the  reflec ted  w aves . T h e  th e o ry  as  o u tl in e d  in  § 1 

c a n  b e a p p lie d  d ire c tly  to  th e  case o f  a  p a ra lle l-s id e d  s lab , b ecau se  in  t h a t  

case th e  tw o  se c o n d a ry  w av es w ill fit  to g e th e r  a t  th e  low er su rfa ce  to  

fo rm  a  s ing le  w av e  o u ts id e  th e  c ry s ta l.  T h e  d ire c tio n  in  w h ich  th e  w aves 

t r a v e l  c an  b e fo u n d  fro m  th e  co n d itio n  t h a t  th e  se c o n d a ry  w av e  o u ts id e  th e  

c ry s ta l  sh o u ld  h a v e  th e  sam e  w a v e-le n g th  as  th e  in c id e n t w ave .

T h e  ca lc u la tio n s  sho w  t h a t  co m p le te ly  d iffe ren t re su lts  a re  o b ta in e d  

(a) w h e n  th e  e le c tro n s  em erge  fro m  th e  su rface  on  w h ich  th e y  fa ll, (6) w h en  

th e y  em erg e  fro m  a  d iffe ren t su rface . C ase (a) is k n o w n  as th e  B rag g  case, 

case (6) a s  th e  L a u e  case. T h e  B ra g g  case is o f  l i t t le  im p o r ta n c e  fo r th e  

p u rp o se  o f  th is  p a p e r , a n d  w e confine o u rselves to  th e  L a u e  case.

T h is  case c a n  b e  t r e a te d  o n  lines  in d ic a te d  b y  B e th e  (1928), a n d  th e  r a t io  

o f  th e  s c a tte re d  in te n s ity  to  th e  in c id e n t in te n s ity  fo r a  film  o f  th ic k n e ss  H  

c a n  b e  sh o w n  to  be

I  =  I 0 s in 2 { A ( W 2 +1)*}/(JF2 + 1), 

w h ere  A  =  v H  (cos 01)1/2k  co s  0 2 (cos 0

a n d  0 2 a re  th o se  sh o w n  in  figure 2. T h e  suffix o f  th e  F o u r ie r  coefficient h as  

b e en  d ro p p e d  b ecau se  w e d ea l w ith  th e  case w h ere  th e re  is o n ly  one  

re flex ion . F o r  fa s t  e lec tro n s , w ith  w hich  w e a re  co ncerned, th e  B rag g  

ang le  is sm all, a n d  th e  ra t io  (cos O f  cos 02)* can , in  g en era l

u n ity . T h o u g h  th e  ang le  0 2 h as  b een  defined  in  figure 2 in  th e  p a r t ic u

w here th e  in c id e n t ra y , th e  n o rm a l to  th e  su rface  a n d  th e  n o rm a l to  th e  

re flec tin g  p lan es  lie in  th e  sam e  p la n e , th e  ab o v e  fo rm u la  h o lds  fo r fa s t  

e lec tro n s in  th e  g en era l case w ith  0 2 a g a in  th e  ang le  b e tw

o f  th e  re flec ted  w av e  a n d  th e  n o rm a l to  th e  su rface .

W e con sider firs t th e  in te n s ity  o f th e  re flec ted  w av e w hen  th e  L a u e  

co n d itio n s  a re  e x a c tly  fulfilled, i.e. £ =  0. T h e in te n s ity  w ill d ep en d  on  th e  

th ic k n ess  o f  th e  p la te  a n d  th e  d irec tio n  o f in ciden ce  re la tiv e  to  th e  n o rm al 

to  th e  surface . K e ep in g  th is  d irec tio n  fixed, th e  in te n s ity  h a s  a  p e rio d ic  

c h a ra c te r  as a  fu n c tio n  o f th e  th ic k n e ss , a n  effect firs t p o in te d  o u t b y  

E w a ld  (19x7) in  th e  case o f X -ray s . F o r  v e ry  sm all th ick n esses  i t  h as  a
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72 M. B la c k m a n

v a lu e  p ro p o r tio n a l to  H 2, r e a c h e s  a  m a x im u m  w h e n  A  =  n / 2  a

seco n d  zero  v a lu e  w h en  A  =  n.B esides  th is  th e  in te n s i ty  w ill v

c ry s ta l  is tu rn e d  o u t  o f  th e  B ra g g  an g le. E x c e p t  in  th e  reg io n  n e a r  =  n ,  

2 n , e tc ., th e  in te n s ity  w ill d ro p  s te a d ily  to  zero  a n d  th e n  go th ro u g h  a  

series  o f  s e c o n d a ry  m a x im a , th e  in te n s ity  o f  w h ic h  d ecrease  s te a d ily . I n  

th e  reg io n  n e a r  A  =  n , 2 n,etc ., th e  in te n s i ty  w ill firs t  rise  to  a  

a n d  th e n  d ecrease  to  zero . T y p ica l cu rv es  a re  sh o w n  in  figu re  3 .

F ig t jbe  3 . T h e  r e f le c te d  in t e n s i t y  a s  a  f u n c t io n  o f  £  fo r  a  t h in  p la t e  

(a) w h e n  A<^n/2, ( ) w h e n

T h is  b e h a v io u r  w ill p ro b a b ly  n o t  b e  o b s e rv a b le  in  th e  case o f  a  p o ly - 

c ry s ta ll in e  film . I t  is, h ow ev er, p ro b a b le  t h a t  th in  c o h e re n t film s, e.g. o f  

m ic a  o r  o f  m o ly b d e n ite , m a y  be  su ffic ien tly  re g u la r  to  sh o w  th e  e ffect o n  

ro ta t io n  o r w h e n  th e y  a re  b e n t. W h e n  su ch  a  th in  film  is r o ta te d  o u t  o f  th e  

p o s itio n  w h ere  i t  g ives  a  s tro n g  re flex ion  (£ =  0), i t  w ill com e in to  a  p o s itio n  

w here th e  re flex ion  is w e a k ; o n  b e in g  f u r th e r  r o ta te d  th e  v a lu e  o f  £ w ill 

ch an g e  to  o ne  fo r w h ich  th e  in te n s ity  o f  re flex ion  is a  re la tiv e  m a x im u m ,
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On the intensities of electron diffraction rings7 3

a n d  th e se  m a x im a  w ill a p p e a r  a t  re g u la r  in te rv a ls . T h e ir  p o s itio n  o n  a  

p h o to g ra p h ic  p la te  e x p o se d  d u rin g  th e  r o ta t io n  w ill d e p e n d  o n  th e  w a y  th e  

d ire c tio n  o f  th e  se c o n d a ry  w a v e  is c h a n g e d  as  a  fu n c tio n  o f  £. T h is  c a n  b e  

sh o w n  (T h o m so n  a n d  B la c k m a n  1939) to  d e p e n d  o n  £ t a n  OJk  in  th e  a b o v e  

n o ta t io n . T h e  a n g u la r  sp ac in g  o f  th e  s e c o n d a ry  m a x im a  w o u ld  b e  A t a n  O J H  

i f  A  <^n/ 2  fo r th e  case  g iv e n  in  figu re  2. I n  th e  g e n e ra l case  th e  an g le  m u s t  

b e re p la c e d  b y  a n o th e r ;  fo r th e  d e ta ils , w e re fe r  to  th e  p a p e r  b y  T h o m so n  

a n d  B la c k m a n  (1939).

I f  su ch  a  film  is b e n t  a n d  a d ju s te d  to  g iv e  re fle x io n  fro m  a  s e t  o f  p la n es , 

th e re  w ill b e  a  la rg e  p a r t  o f  th e  a re a  fo r  w h ic h  th e  in c id e n t b e a m  does n o t  

m a k e  th e  c o rre c t an g le  w ith  th e  p la n e s , i.e. £ =4= 0. T h e re  w ill b e  a  p ro g res siv e  

ch an g e  in  th e  v a lu e  o f  £ fo r  th e  p la n es  ly in g  o n  e ac h  s id e  o f  th o s e  fo r w h ic h  

£  =  0 ; in  t h a t  case th e re  w ill b e  re fle c te d  r a y s  co rre sp o n d in g  to  a ll v a lu es  o f  

£, a n d  th e se  r a y s  w ill em erg e  a t  s l ig h tly  d if fe re n t an g les  a n d  w ill h a v e  

in te n s it ie s  d e te rm in e d  b y  th e  p a r t ic u la r  v a lu e  o f  £. W e c an , th e re fo re , 

o b ta in  a ll th e  s e c o n d a ry  m a x im a  a t  o n e  s e t t in g  o f  th e  c ry s ta l,  th e  a n g u la r  

sp a c in g  o f  th e se  b e in g  p ra c tic a lly  id e n tic a l w ith  t h a t  g iv e n  ab o v e .

F o r  th in  film s (A  <̂ 7t/2) th e  e ffect becom es in d is tin g u is h a b le  fro m  

a n o th e r , d u e  to  th e  sm all size o f  th e  c ry s ta l.  W h e n  th e  th ic k n e ss  is v e ry  

sm all th e  so lu tio n  o f  th e  S c h ro ed in g er  e q u a tio n  in  th e  a b o v e  fo rm  is n o  

lo n g e r v a lid ;  th e  re a so n  is t h a t  th e  m a th e m a tic a l  p o in t  in  th e  re c ip ro c a l 

la t t ic e  sp re a d s  o u t  in to  a  re g io n  a n d  th e  re fle c te d  b e a m  c a n  sh o w  th e  

se c o n d a ry  m a x im a  g iv e n  b y  th e  L a u e  th e o ry . S u c h  cases h a v e  b e en  fo u n d  

b y  F in c h  a n d  W ilm a n  (1936) in  th e  case o f  th in  sh ee ts  o f  g ra p h ite .

I t  is h en ce  e x tre m e ly  d ifficu lt to  s e p a ra te  th e  tw o  e ffec ts e i th e r  in  a  

r o ta t io n  p h o to g ra p h  o r  in  a  b e n t  c ry s ta l  p h o to g ra p h . T h e re  is, in  a d d itio n , 

th e  q u e stio n  o f  th e  in te ra c t io n  o f  th e se  v e ry  w eak  w av es w ith  o th e r  w av es 

in  th e  c ry s ta l, a s  th e  a ss u m p tio n  o f  th e  d y n a m ic a l th e o ry , t h a t  th e  r e 

flec ted  w av es co n sid ered  a re  s tro n g e r  th a n  a ll th e  o th e rs , is n o  lon g er 

fu lfilled  .^ d t  sh o u ld  b e  po ssib le  to  o b se rv e  th e  s p lit  m a x im a  in  th e  re g io n  

A^siTT, i f  th e  film s a re  su ffic ien tly  re g u la r  in  th ic k n e ss .

T h e  size o f  th e  p e rio d s re fe rre d  to  a b o v e  is o f  som e in te re s t ,  e sp ec ia lly  

as  i t  c a n  b e  sh o w n  to  b e  o f  th e  o rd e r  o f  100 A , i.e. o f  th e  o rd e r o f  th e  

size o f  th e  c ry s ta ls  a n d  film s u sed  in  e le c tro n  d if f ra c tio n  w o rk  o n  t r a n s 

m ission  o f  e lec tro n s. T h e  firs t  m a x im u m  in  th e  s c a tte re d  in te n s ity  a t  th e  

B ra g g  ang le  (i.e. a t  £ =  0) co nsid ered  as  a  fu n c tio n  o f  o r  is re a ch e d  

fo r A  = tt/2, i.e. v H  =  t t k cos 02. T a k in g  cos d2 = 1 ,  w h ich  w ill g iv e  th e  v a lu e  

o f  H  fo r  d ire c t tra n s m issio n , w e h a v e  v H  =* fnc. N ow

* W ,  =  *nhneVw toJhi’
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74 M . B la c k m a n

w here V0i gt g is th e  a c tu a l  F o u r ie r  coeffic ien t o f  th e  p o te n tia l ,  a n d  p u t t in g  

V  in  v o lts , H  in  a n g s tro m s  a n d  ta k in g  fo r  k  a  v a lu e  100 x 108 cm .-1 

(co rre sp o n d in g  to  a n  e n e rg y  o f  3 7-5  k V ), th is  b ecom es

H
37677

( ? )

T a k in g  th e  (1 1 1 ) re flex io ns o f  go ld , s ilv e r a n d  a lu m in iu m  fo r w h ic h  th e  

v a lu es  o f  V  a re  2 4 -2 , 17-3  a n d  6-6 V * re sp e c tiv e ly , th e  v a lu es  o f  H  b ecom e 

4 5 -5 , 7 0 , a n d  1 80  a n g s tro m s  re sp e c tiv e ly . I t  is h en ce  c lea r t h a t  th e  

k in e m a tic a l th e o ry  is n o t  a p p lic ab le  to  a  p o ly c ry s ta llin e  film  o f  g o ld  o r 

s ilv e r o f  th ic k n e ss  a  h u n d re d  a n g stro m s, th o u g h  i t  m ig h t b e  in  th e  case o f  

a lu m in iu m .

I t  c an  b e  seen fro m  th e se , a s  a lso  fro m  m o re  e le m e n ta ry  c o n sid e ra tio n s , 

t h a t  i t  is th e  p ro d u c t  vH wh ic h  d e te rm in e s  w h e th e r  th e  s c a tte r in g  

o r n o t. I n  th e  case o f  th e  o u te r  rin g s , e.g. (5 3 1 ), th e  v a lu e  o f  is in  g e n e ra l 

so low  t h a t  th e  k in e m a tic a l th e o ry  o f  L a u e  c a n  b e  a p p lie d . T o  o b ta in  a  

n u m e ric a l e s tim a te  o f  th e  v a lu e  o f  H  b elow  w h ic h  th e  th e o ry  c an  be  a p p lie d  

to  a ll rin g s , w e co n sid er th e  in te n s i ty  o f  th e  s c a tte re d  w av e  (a t  £ =  0) in  th e  

case o f  th e  s tro n g e s t re flex ion  ( l l l ) . f  T a b le  1 show s th e se  v a lu es  w h e n  

th e  r a t io  o f  th e  s c a tte re d  in te n s ity  to  th e  in c id e n t in te n s i ty  is 5 a n d  1 0 % . 

T h e  e rro r  m a d e  in  th e se  tw o  cases i f  th e  k in e m a tic a l th e o ry  is a ssu m e d  is 1-9 

a n d  3*5 %  re sp ec tiv e ly .

T a b l e  1

T h ic k n e s s  o f  f i lm  (a n g s t r o m s)

E r r o r ^ --------------- ---------- - 1 ..I. ■ 1 . %

R a t io % G o ld S i lv e r A lu m in iu m

0 -05 1-9 6-5 10 2 6

0 1 0 3-5 9 14 38

A  m o re  g e n e ra l m e th o d  o f  t r e a t in g  th e  s c a tte re d  in te n s ity  is to  co n sid er 

th e  in te g ra te d  in te n s ity , i.e. th e  to ta l  in te n s ity  s c a tte re d  w h e n  th e  c ry s ta l  

is tu rn e d  re la tiv e  to  th e  in c id e n t b eam .

* T h e  d a t a  fo r  c a lc u la t in g  t h e s e  F o u r ie r  c o e ff ic ie n ts  w e r e  t a k e n  fr o m  a  t a b le  o f  

fo v a lu e s  g iv e n  b y  J a m e s  a n d  B r in d le y  (1 9 3 1 ) . T h e  m e t h o d  o f  c a lc u la t io n  is  g iv e n ,  

fo r  e x a m p le ,  b y  F r o e h lic h ,  E le k tr o n e n th e o r i e  der Metalle.

f  I n  t h e  a b o v e  w o r k  t h e  a b s o r p t io n  o f  e le c tr o n s  (d u e  t o  in e la s t ic  c o lli s io n s )  h a s  

b e e n  n e g le c t e d . T h e  a b s o r p t io n  w il l ,  o f  c o u r s e , m a t e r ia l ly  r e d u c e  t h e  i n t e n s i t y  o f  t h e  

e la s t ic a l ly  s c a t t e r e d  w a v e . T h e  s iz e s  o f  t h e  c r y s t a ls  d e d u c e d  a b o v e  w il l ,  h o w e v e r ,  

s t i l l  b e  a  r o u g h  m e a s u r e  o f  t h e  p o in t  w h e r e  t h e  k in e m a t ic a l t h e o r y  (w it h  a b so r p t io n )  

w ill  g o  o v e r  in to  t h e  d y n a m ic a l t h e o r y .
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ntensities o f  electron diffraction rings 7 5

T h e  in te n s i ty  re fle c te d  a t  a n y  s e t t in g  is

I  =  I 0 sin 2 { A ( W * + l ) i } / ( W 2 + l ) ,

w h ere  A  — v H / 2 k  c o s  d2, a n d  W = k C/v . £ is, o f  course

d ire c tio n  o f  in c id e n c e  fulfils th e  L a u e  c o n d itio n s . W h e n  th e  d ire c tio n  o f  

in c id en ce  d iffers fro m  th is  d ire c tio n  b y  a n  a m o u n t a  (in  a n g u la r  m easu re ), 

th e  v a lu e  o f  £ c a n  be  sh o w n  to  be  2 k Ocx Th e  to ta l  re fle c te

th e  c ry s ta l  is r o ta te d  w ith  a n g u la r  sp ee d  o) is

T f+°°
=  s in 2{yl(TT2 +  l ) i}/(TF2 + 1)

(*)J -  00

=  ^  J ^ " s i n M ^ ( W '2 +  l ) ' } / ( ^ +  I )  dW,  (8 )

w h ere  I 0 is th e  in te n s i ty  in c id e n t p e r  u n i t  tim e .

T h e  a b o v e  assu m es t h a t  th e  an g le  th ro u g h  w h ich  th e  c ry s ta l  c an  be  

tu rn e d  re la tiv e  to  th e  in c id e n t b e am  w h ile  g iv in g  a p p re c ia b le  re flex ion  is 

su ffic ien tly  sm all to  a llow  I 0 to  be  t r e a te d  as c o n s ta n t ; i t  is fu r th e r  a ssu m ed  

t h a t  th e  in te n s i ty  h a s  d ro p p e d  su ffic ien tly  w h e n  a  is la rg e  to  a llow  th e  

lim its  to  b e  e x te n d e d  to  in fin ity . T h is  a p p ro x im a tio n  is ju s tifie d  in  a ll th e  

a p p lic a tio n s  m a d e  h ere .

T h e  in te g ra l can  be  tra n s fo rm e d  in to

j t  = Iq^ 6 Jo J °(2a:) dX ' (9)

F o r  sm all v a lu es  o f  A  th e  B essel fu n c tio n  J0(2x )  is p ra c tic a lly  a  c o n s ta n t 

(u n ity ) , a n d  h en ce

I T =  I 0v A /K 2dco =  I 0v 2H ' / 2 k 36 o),

w h ere  H '  =  H /cos #2. T h e  in te g ra te d  in te n s ity  h as  th e re  th e  k in e m a tic a l 

f o r m ; i t  is p ro p o r tio n a l to  v 2 a n d  to  th e  v o lu m e o f  th e  c ry s ta

te n s i ty  I 0 in te rc e p te d  fro m  th e  m a in  b eam  w ill be p ro p o r tio n a l to  th e  a re a  

o f  th e  su rface .

F o r  v a lu es  o f  A  w h ich  a re  n o t so sm all, th e  v a lu e  o f  I T d e v ia te s  fro m  th e

k ir tem atica l v a lu e . I n  figure 4  th e  fu n c tio n  R { A )  =  |* J 0(2x ) d x  h as  b een
Jo

p lo tte d  as a  fu n c tio n  o f  A .  F ro m  th is  cu rv e th e  v a lu e  o f  th e  in te g ra te d  

in te n s ity  I T  can  be o b ta in e d  im m e d ia te ly ; th e  cu rv e n eed  o n ly  be m u ltip l ie d  

b y  th e  fa c to rs  g iv en  in  (9 ), th e  m o s t im p o r ta n t  o f  w h ich  is th e  te rm  v. 

T h e  c h a ra c te ris tic  fe a tu re  is t h a t  th e  cu rv e  g ives sm alle r v a lu es  th a n  w ou ld
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7 6 M . B la c k m a n

b e e x p e c te d  fro m  a n  e x tra p o la t io n  o f  s t r a ig h t  line  w h ic h  re p re se n ts  i t  fo r  

sm all v a lu es  o f  A . F o r  v e ry  la rg e  v a lu es  o f  A

rA r 00
Jq{ 2x ) d x  = d x  =

Jo  Jo

a n d  th e  v a lu e  o f  I T  beco m es

I T = I 0 v / 2 k 2 6 o), ( 1 0 )

i.e. th e  in te g ra te d  in te n s i ty  is p ro p o r t io n a l  to  v , w h ich  is one o f  th e  

c h a ra c te r is tic  fe a tu re s  o f  th e  d y n a m ic a l th e o ry  fo r th ic k  film s.

F i g u r e  4. T h e  in t e n s i t y  f u n c t io n  R ( A ) a n d  t h e  a v e r a g e d  in t e n s i t y  f u n c t io n  R ( A 0) ; 

A  a n d  A 0 h a v e  b e e n  d e f in e d  in  t h e  t e x t .  T h e  o r d in a te  is  p lo t t e d  in  a r b it r a r y  u n it s ,  

b u t  R ( A 0) fr o m  t h e  v a lu e s  g iv e n  in  t h e  a b o v e  c u r v e  fo r  R ( A ) .

T h e  p o in t  a t  w h ich  th e  v a lu e  o f  I T  d iffers a p p re c ia b ly  ( ~ 5  % ) fro m  th e  

v2 law  c a n  b e o b ta in e d  fro m  th e  cu rv e  as  w ell. T h e  v a lu es  fo u n d  w ith  d a ta  

fo r  th e  (1 1 1 ) re flex ion s o f  go ld , s ilv e r a n d  a lu m in iu m  a re  1 1 -5 , 18  a n d  46  

a n g stro m s  re sp ec tiv e ly .

I n  th e  a b o v e  co n sid e ra tio n s  th e re  a re  tw o  p o in ts  w h ich  re q u ire  fu r th e r  

in v e s tig a tio n s . T h e  firs t is t h a t  th e  th e o ry , a s  i t  s ta n d s , is a n  e x tra p o la t io n  

o f  th e  th e o ry  fo r  a n  in fin ite  l a t t i c e : w h e n  o ne  d eals  w ith  film s w h ich  m a y  

be as  l i t t le  as  te n  a to m s  th ic k , th e  re la tio n  b e tw ee n  th e  ra y s  in  th e  c ry s ta l
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as  g iv e n  b y  th e  B e th e  th e o ry  is no  lo n g er  v a lid . T h is  c a n  b e  e x p re ssed  in  

th e  fo rm  t h a t  a  p o in t  in  th e  re c ip ro c a l la t t ic e  sh o u ld  b e  re p la c e d  b y  a  reg ion , 

w h ic h  m e a n s  t h a t  th e  in te n s i ty  o f  th e  re fle c te d  w av es w o u ld  b e  ch an g e d . 

T h o u g h  i t  w o u ld  b e  im p o ssib le  to  t r e a t  th is  p ro b le m  e x a c tly , th e  e ffect o f  

a n  e x te n d e d  re g io n  in  th e  re c ip ro c a l la t t ic e  c a n  b e  in v e s t ig a te d  b y  re p la c in g  

th e  reg io n  b y  tw o  p o in ts  o f  s u ita b le  w e ig h t, a n d  c a r ry in g  th ro u g h  th e  B e th e  

th e o ry  fo r th re e  w a v es  in s te a d  o f  th e  u s u a l tw o . A n  in v e s tig a tio n  w as 

c a rrie d  th ro u g h  in  a  case w h e re  th e  v a lu e  o f  v  w as t h a t  fo r th e  (111) 

re flex io n  o f  g o ld , a n d  th e  size o f  th e  c ry s ta l  w as ta k e n  to  be  20 A . T h e  tw o  

p o in ts  in  th e  re c ip ro c a l la t t ic e  w ere  ch osen  in  w e ig h t (10 : 1) a n d  d is ta n c e , 

in  su ch  a  w a y  as  to  re p ro d u c e  th e  fe a tu re s  o f  th e  reg io n  as  fa r  a s  w as 

p o ssib le  w ith  su ch  a n  a p p ro x im a tio n . T h e  c a lc u la tio n  sh o w ed  t h a t  th e  

in te g ra te d  in te n s i ty  d iffe red  v e ry  l i t t le  (less th a n  1 % ) fro m  t h a t  fo u n d  in  

th e  case w h e re  one p o in t  in  th e  rec ip ro c a l la t t ic e  w as ta k e n  a n d  th e  w ho le 

w e ig h t a t ta c h e d  to  i t.

I n  so fa r  th e  e x te n s io n  to  th e  reg io n  o f  sm all c ry s ta ls  seem s to  be  

sa tis fa c to ry . T h e re  is, h o w ev er, a  second  fe a tu re  w h ic h  n eed s co n sid e ra tio n . 

A  c o n s id e ra tio n  o f  th e  k in e m a tic a l th e o ry  show s t h a t  w ith  th e  sm all w a v e 

le n g th s  u sed , a n d  w ith  th e  sm all c ry s ta l  size, th e re  sh o u ld  be a  n u m b e r  o f 

re fle c te d  w av es a t  e a c h  s e tt in g  o f  th e  c ry s ta l.  T h is  m u s t  s til l b e  t r u e  in  

th e  d y n a m ic a l th e o ry  fo r sm all c ry sta ls . T h ese  a d d itio n a l re flex ions w ill 

ch an g e  g re a tly  in  in te n s i ty  as  th e  c ry s ta l  is tu rn e d , a n d  w ill so m etim es a d d  

to  th e  in te n s ity  o f  th e  re flex ion  u n d e r  c o n sid e ra tio n  a n d  so m etim es re d u ce  

it .  I t  is, th e re fo re , p ro b a b le  t h a t  th e  effect w h en  a v e ra g e d  w ill be  sm all. 

A n  e x a c t  e s tim a tio n  w ill, h o w ev er, be  e x tre m e ly  c o m p lica te d , a n d  i t  is n o t  

th o u g h t  w o r th  w hile  e x te n d in g  th e  in v e s tig a tio n  in  th is  d irec tio n .

§ 3 . A p p lic a t io n  to  a  p o ly  c ry s ta llin e  f i lm .  T h e  m a in  o b je c t o f  th e  ab o v e  

in v e s tig a tio n  w as to  th ro w  som e lig h t o n  th e  in te n s ity  o f  th e  e lec tro n  

d if fra c tio n  rin g s  fro m  a  th in  p o ly  c ry sta ll in e  film . T h e  a p p lic a tio n  o f  a  

th e o ry  b a se d  o n  a p a ra lle l-s id ed  film  ca n  b e  reg a rd ed  as  ju s tified  o n ly  in  so 

fa r  as i t  can  b e  considered to  be  a  go od  a p p ro x im a tio n  to  th e  e x a c t th e o ry . 

N ow  th e  ab o v e  th e o ry  does g ive  a ll th e  fe a tu re s  o f  th e  k in e m a tic a l th e o ry  

(in  th e  sam e  w a y  t h a t  a  m o re  co m p le te  th e o ry  sh o u ld  do) w h en  th e  s c a t

te r in g  is sm all, a n d  i t  seem s re a so n a b le  to  su p p ose t h a t  w h ere th e  th e o ry  

d e v ia tes  a  g re a t d ea l fro m  th e  k in e m a tic a l th e o ry , th is  d e v ia tio n  w ill be 

re p ro d u c ed  in  th e  m o re  e x a c t th e o ry . As w ill be sho w n  below , th e  d e 

d u c tio n s  as  to  th e  d e v ia tio n s  do  seem  to  fit  in  w ith  th e  e x p er im en ta l  fa c ts .

I n  th e  a p p lic a tio n  o f  th e  th e o ry , one  h a s  to  con sider firs t how  th e  

e x p e r im e n ta lly  d e te rm in e d  in te n s itie s  o f  th e  v a rio u s  d iffrac tio n  ring s  a re

On the intensities of electron diffraction rings 77
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78 M. B la c k m a n

re d u c e d  to  s ta n d a r d  in te n s it ie s  fo r c o m p ar iso n  w ith  th e  th e o ry . T h is  is 

d o n e  b y  a d a p tin g  th e  X -ra y  fo rm u la e  (C o m p to n  a n d  A llison  1935) fo r 

s c a tte r in g  b y  a  p o ly  c ry s ta ll in e  film  to  th e  case o f  e lec tro n s. T h is  s c a tte r in g  

fo rm u la  is b a se d  o n  k in e m a tic a l c o n sid e ra tio n s , b u t  a n  e x a m in a tio n  o f  th e  

m e th o d  b y  w h ich  i t  w as o b ta in e d  show s t h a t  th e  sam e  fo rm u la  sh o u ld  

a p p ly , p ro v id e d  th e  k in e m a tic a l a to m ic  s c a tte r in g  fa c to r  is re p la ce d  b y  a  

d y n a m ic a l one.

I n  e q u a tio n  (8), f c r  ex am p le , w e h a v e  a  case in  w h ic h  th e  d y n a m ic a l 

fa c to r  D  =  v R ( A )  goes o v e r in to  th e  k in e m a tic a l fa c to r  v A  (w hich  is p ro 

p o r tio n a l to  v 2) fo r a  th in  p la te . I n  th e  case o f  a  p o ly c ry s ta llin e  film  w

sh o u ld  a g a in  e x p e c t th e  v 2 te rm  fo r su ffic ien tly  sm all c ry s ta ls ;  th e  d y n a 

m ica l fa c to r  w ill n o t  b e  D  b u t  a s u ita b le  a v e ra g e  v a lu e  D ,  as D  c o n ta in s  

th e  p a ra m e te r  A  in  w h ich  th e  an g le  b e tw ee n  th e  re fle c te d  r a y  a n d  th e  

n o rm a l to  th e  su rfa ce  e n te rs .  A n  e x a c t  c a lc u la tio n  o f  th e  a v erag e  v a lu e  

w o u ld  be v e ry  d ifficu lt a n d  w ould , in  a n y  case, b e  im p o ssib le  w ith o u t a n  

e x a c t  th e o ry . W e h a v e , th e re fo re , to  use q u a li ta t iv e  c o n sid e ra tio n s .

I n  fin d in g  th e  a v erag e  i t  is c lea r th a t ,  o th e r  th in g s  b e in g  eq u a l, su rfaces  

fo r w h ich  th e  an g le  b e tw ee n  th e  in c id e n t r a y  a n d  th e  n o rm a l to  th e  su rfa ce  

is la rg e  w ill be  less im p o r ta n t  th a n  th o se  fo r  w h ich  i t  is sm all, s ince  th e  

a re a  p ro je c te d  n o rm a l to  th e  b eam  w ill be less in  th e  fo rm er  case.*  T o  allow  

fo r  th is  th e  fu n c tio n  D (A )  (or R { A ))  h a s  b een  a v e ra g e d  o v e r th e  re g io n  

+  77-/4>#2 > — zr/4 , e q u a l w e ig h t b e in g  ass ig n ed  to  a ll an g les  in  th is  reg io n . 

I t  m a y  be re m a rk e d  t h a t  sev era l o th e r  w ay s o f  a rr iv in g  a t  th e  a v erag e  

w ere  tr ie d , a ll o f  w h ich  led  to  th e  sam e  ty p e  o f  c u rv e  a n d  g av e  p ra c tic a lly  

th e  sam e  re su lts .

T h e  av erag e d  v a lu e  o f  th e  fu n c tio n  R ( A )  is sh o w n  in  th e  u p p e r  cu rv e  o f  

figu re  4 . T h e  ab sc issa  A 0 d iffers fro m  A  in  t h a t  th e  cosine te rm  h a s  b een  p u t  

e q u a l to  u n ity .  A s is to  be  e x p e c te d  fro m  th e  m e th o d  o f  a v erag in g , th e  

a v e ra g e d  fu n c tio n  is n o t  v e ry  d if fe re n t fro m  th e  in it ia l  fu n c tio n  J?(A).

I t  w ill b e  sh o w n  below  t h a t  th is  fu n c tio n  does  re p re s e n t w ith  su rp ris in g  

success  th e  in te n s it ie s  fo u n d  b y  O rn s te in  a n d  h is  co-w o rk ers  w h e n  a  

re a so n a b le  v a lu e  is a ssu m e d  fo r th e  a v erag e  size o f  th e  c ry s ta ls , f  T h e  

co m p a riso n  fo r s ilv e r  is g iv e n  be lo w

* F o r  t h e  B r a g g  c a se  t h e  a n g le  is  a lw a y s  v e r y  la r g e  ( fo r  f a s t  e le c t r o n s ) ;  fo r  t h is  

r e a s o n  w e  a re  j u s t if ie d  in  n e g le c t in g  t h e  B r a g g  c a se  a n d  in  c o n f in in g  o u r s e lv e s  t o  t h e  

L a u e  c a se .

f  T h e  e f fe c t  o f  a b so r p t io n  h a s  b e e n  n e g le c t e d  in  t h e  a b o v e  c o n s id e r a t io n s .  A s  t h e  

in t e n s i t ie s  g iv e n  b y  e x p e r im e n t  a r e  o n ly  r e la t iv e  o n e s , t h e  fo r m u la e  u s e d  a b o v e  w ill  

s t i l l  h o ld  i f  t h e  a s s u m p t io n  is  m a d e  t h a t  t h e  in t e n s i t y  o f  e a c h  r in g  is  a f fe c te d  in  th e  

s a m e  w a y  b y  t h e  a b so r p t io n .  I n  t h e  c a se  o f  p o ly c r y s t a l l in e  f ilm s  a n d  tr a n s m is s io n  

b y  fa s t  e le c tr o n s  t h e  d e v ia t io n  o f  t h e  e le c tr o n s  in  t h e  s c a t t e r in g  is  a  f e w  d e g r e e s  a t
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Ta b l e  2. Si l v e r

On the intensities of electron diffraction rings7 9

I n t e n s i t y  f u n c t io n s

/ ---------------------- •>

T h e o r e t ic a l

R in g E x p e r im e n t a l D E

(1 1 1 ) 113 117 166 -3

(2 0 0 ) 9 3 10 5 132 -7

(2 2 0 ) 6 6 6 6 6 6 -0

(3 1 1 ) 51 4 7 -7 45-1

(3 3 1 ) 27 2 4 -2 21-1

(4 2 0 ) 2 4 2 2 -4 19-5

(4 2 2 ) 2 0 17-4 15-0

(3 3 3 ) 11 14-6 12-6

I n  th e  a b o v e  ta b le  th e  e x p e r im e n ta l in te n s i ty  re p re se n ts  th e  in te n s ity  

o f  th e  rin g s  re d u c e d  to  th e  fo rm  in  w h ich  i t  c an  be  c o m p ared  d ire c tly  w ith  

th e  th e o re tic a l  fu n c tio n . T h e  fu n c tio n  is t h a t  d e d u c e d  o n  th e  a ssu m p tio n  

o f  k in e m a tic a l s c a tte r in g  a n d  is p ro p o r tio n a l to  v \ kl. T h e  fu n c tio n  D  

(w h ich  is th e  a v e ra g e d  v a lu e  o f  D )  h a s  b een  ca lc u la te d  fro m  th e  u p p e r  

c u rv e  g iv e n  in  figure 4  w ith  th e  a ssu m p tio n  o f  a n  a v erag e  v a lu e  o f  th e  size 

H  =  5 0  A , th is  v a lu e  b e in g  chosen  b y  t r ia l .  T h e  v a lu es  o f  th e  v hkl w h ich  a lso  

e n te r  in to  th is  c a lc u la tio n  a re  th e  sam e  as  th o se  u sed  to  find  th e  v a lu es  

o f  E .  T h e  v a lu e  o f  k  is d e te rm in e d , o f  course, fro m  th e  v o lta g e  u sed  in  th e  

e x p e r im e n ts  o f  O rn s te in  a n d  h is  co-w orkers . A s th e  e x p e r im e n t g ives  o n ly  

re la tiv e  v a lu es  o f  th e  in te n s ity , th e  v a lu es  o f  D  a n d  E  a re  chosen  so as  to  

f it  th e  e x p e r im e n ta l re su lts  a t  th e  (220) rin g , w h ich  is th e  b e st  as re g a rd s  

a c c u ra c y  o f  m e asu re m e n t. I n  d ecid in g  on  c ry s ta l  size th e  m a in  w e ig h t h a s  

b e en  g iv e n  to  th e  firs t  few  rin g s , a s  th e  p h o to m e tr ic  e s tim a tio n  is m u ch  

m o re  a c c u ra te  fo r th e  p ro m in e n t rin g s  a n d  as th e  s u b tra c tio n  o f th e  h e a v y  

b a c k g ro u n d  is a t te n d e d  b y  less e rro r th a n  in  th e  case o f th e  w eak er ring s. 

N o co rre c tio n  h a s  b een  a p p lie d  for th e  e ffect o f  th e  h e a t  m o tio n ; th is  

c o rre c tio n  w ou ld  be q u ite  im p o r ta n t  fo r th e  w eak er rin g s  a n d  th e  th e o re tic a l 

in te n s it ie s  w ou ld  h a v e  to  be red u c ed . A s th e  e x p e r im e n ta l a cc u ra cy  is, 

h o w ev er, o n ly  + 1 5 % , i t  is h a rd ly  w o rth  w hile  in c lu d in g  th e  h e a t  co r

re c tio n .

T a b le  3 g ives a  co m p ariso n  for th e  case o f  copper, th e  e x p e r im e n ta l 

in te n s it ie s  ag a in  b e in g th o se  fo u n d  b y  O rn ste in  a n d  h is co-w orkers.

T h e  v a lu e  o f  th e  av erag e  size o f  th e  c ry s ta ls  o f  co p per assu m ed  ab o v e

t h e  m o s t  ( in  th e  c a se  o f  t h e  r in g s  c o n s id e r e d  h e r e );  t h e  s iz e s  o f  t h e  c r y s t a ll it e s  r e 

sp o n s ib le  fo r  d if fe r e n t  r in g s  c a n  c e r ta in ly  b e  t a k e n  t o  b e  t h e  sa m e ;  so  t h a t  t h e  

a ss u m p t io n  t h a t  th e  a b so r p t io n  a ffe c t s  e a c h  r in g  s im ila r ly  s e e m s  to  b e  ju s t if ie d .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0

2
2
 



8 0 M. B la c k m a n

w as 6 3  A , w hich  is a p p re c ia b ly  la rg e r  th a n  th e  size o f  th e  c ry s ta ls  o f  

s ilve r.

Ta b l e  3. Co ppe r

I n t e n s i t y  f u n c t io n s

T h e o r e t ic a l

R in g E x p e r im e n t a l D E

(1 1 1 ) 127 126 2 1 6

(2 0 0 ) 9 3 111 15 4

(2 2 0 ) 6 6 6 6 66

(3 1 1 ) 5 0 4 6 4 3

(3 3 1 ) 2 6 2 2 -4 19-5

(4 2 0 ) 2 6 2 1 -2 18-3

(4 2 2 ) 21 16-7 1 4 1

(3 3 3 ) 12 13-9 11-8

T h e  a b o v e  a g re e m e n t is v e ry  g oo d  o n  th e  w hole , b u t  i t  sh o u ld  n o t  be  

ta k e n  as  in d ic a tin g  m o re  th a n  th e  co rre c tn ess  o f  th e  g e n era l fo rm  o f  th e  

in te n s ity  fu n c tio n  D  w h ich  re p laces  th e  u su a l fu n c tio n  I t  w o u ld  be  o f  

som e in te re s t  i f  th e  e s tim a te  o f  th e  size o f  th e  c ry s ta ls  co u ld  be  ch eck ed  as 

well.

T h e  ca lc u la tio n  o f  th e  F o u r ie r  coefficients is b ase d  o n  th e  B o rn  th e o ry  

o f  th e  s c a tte r in g  o f  fa s t  e lec tro n s . I n  th e  e v a lu a tio n  th e  T h o m a s -F e rm i 

a to m ic  m o d el is u sed  so t h a t  th e  in d iv id u a l fe a tu re s  o f  th e  e lec tro n ic  

a rra n g e m e n t in  th e  a to m  is n e g lec ted .*  A n o th e r  fa c to r  o f  som e im p o r ta n c e  

is t h a t  th e  s c a tte r in g  o f  th e  e lec tro n s  c a n n o t b e  co n sid ered  as  sm all in  th e  

case o f  h e a v y  a to m s , so t h a t  th e  B o rn  a p p ro x im a tio n  is n o t  s tr ic t ly  v a lid . 

T h is  p o in t  h a s  b een  in v e s tig a te d  b y  H e n n e b e rg  (1933), w ho finds  d is 

c rep an c ies  fo r  m e rc u ry  a to m s  b u t  fa ir ly  g oo d  a g re e m e n t fo r s ilve r. T h e  

n u m e ric a l v a lu es  o f  th e  Vhkl a re  a c tu a lly  sm alle r b y  1 0 % , b u t  th e  re la tiv e  

v a lu es  a re  p ra c tic a lly  th e  sam e  as  be fore  o v e r th e  ra n g e  u sed .

T h e  case fo r gold  is in te re s t in g  as  a n  ex am p le  o f  a  p a r t ic u la r ly  h e a v y  

e le m en t. I t  w as th e  firs t to  b e  in v e s tig a te d  (T h o m so n  1929) a n d  th e  co m 

p a riso n  w ith  th e  th e o re tic a l v a lu es  o f  E  m a d e  b y  M o tt (1929) seem ed  to  

g ive  g o od  a g re em e n t. A  closer e x a m in a tio n  show s t h a t  th e re  is a  d is 

c re p a n c y  in  th e  sam e  sense as  t h a t  fo u n d  b y  O rn s te in  a n d  h is co-w orkers  

(1938) fo r s ilv e r a n d  co pp er. T h is  c an  be seen  in  ta b le  4 .

* T h e  m e t h o d  g iv e n  b y  B e t h e  (1 9 2 8 ) ,  u s in g  h y d r o g e n - lik e  w a v e  fu n c t io n s , y ie ld s  

13-4  V  fo r  F m  in  t h e  c a se  o f  s ilv e r , w h e r e a s  t h e  m e t h o d  u s e d  a b o v e  g iv e s  16-5  V  

a c c o r d in g  t o  T r illa t  a n d  H a u t o t  (1 9 3 8 ) .

 D
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T h e  th e o re tic a l  c a lc u la tio n s  w ere m a d e  o n  th e  b asis  o f  th e  B o rn  th e o ry . 

I t  w ill b e  seen  t h a t  th e  m o s t im p o r ta n t  rin g s  ((1 1 1 ), (200)) g iv e  a  v a lu e  

w h ic h  is to o  low  i f  th e  c u rv es  a re  f i t te d  to  th e  (220) rin g . T h e  c a lc u la tio n s  

o f  H e n n e b u rg  sh o w  t h a t  th is  d is c re p a n c y  sh o u ld  b e  e v en  g re a te r , a n d  also  

t h a t  th e  a g re e m e n t fo u n d  a b o v e  is to  som e e x te n t  a c c id e n ta l. T h e  d a ta  

g iv e n  a re  n o t  su ffic ien t to  a llow  a  d e ta i le d  co m p ariso n  to  b e  m a d e  fo r go ld , 

b u t  i t  w o u ld  seem  p o ssib le  to  fit th e  e x p e r im e n ta l re su lts  o f  T h o m so n  

(1929) w ith  a n  a v e ra g e  size o f  3 0 - 3 5  A . T h is  v a lu e  is a  re a so n a b le  one, a s 

th e  film s u se d  h a d  a  th ic k n e ss  o f 7 0  A  in  o ne  case, a n d  th e  rin g s  th e m 

selves w ere  n o t  p a r t ic u la r ly  sh a rp .

ntensities o f  electron diffraction rings 81

Ta b l e  4. Go l d

I n t e n s i t y  f u n c t io n s

R in g E x p e r im e n t a l T h e o r e t ic a l ( E )

(11 1 )1

( 2 0 0 ) /
127 15 6

(2 2 0 ) 67 6 3 -2

(31 1 )1

( 2 2 2 ) /
4 2 -2 4 3 -5

(3 3 1 ))

( 4 2 0 ) /
2 0 -8 2 0 -6

(4 2 2 )  \ 

( 3 3 3 ) /
10-2 13-9

T h e  th e o ry  as  o u tl in e d  a b o v e  c a n n o t e x p la in  th e  e x p e r im e n ta l re su lts  

o b ta in e d  b y  M ark  a n d  W ierl (1930) w ho m a d e  a  ca refu l s tu d y  o f  th e  

s c a tte r in g  in  th e  case o f  foils o f  silv er, go ld  a n d  a lu m in iu m . S ince th e  rin g s  

th e y  o b ta in e d  w ere sh a rp , th e ir  c ry s ta ls  m u s t h a v e  b een  c o m p a ra tiv e ly  

la rg e , b u t  th e y  fo u n d  good  a g re em e n t w ith  th e  th e o re tic a l fu n c tio n  , 

w h ich , o n  th e  ab o v e  th e o ry , sh o u ld  be th e  Case o n ly  fo r v e ry  sm all c ry sta ls . 

T h e ir  re su lts  fo r s ilv e r do  n o t, h ow ever, fit  in  w ith  th e  la te r  w o rk  o f  

O rn s te in , B rin k m a n , H a u e r  a n d  Tol, a n d  a t  p re se n t i t  is im possib le  to  

d ec id e  as to  th e  cause o f  th e  d isc rep an cy .

I  sh o u ld  like to  ex p ress  m y  th a n k s  to  P ro fesso r G. P . T h om so n , F .R .S ., 

fo r h is in te re s t  a n d  adv ice . I  a m  also  in d e b te d  to  D r W . C ochrane  fo r m a n y  

h e lp fu l discussions.

Su mma r y

T h e reflex ion  o f  e lec tro n s b y  a  th in  film  is ex am in ed  from  th e  p o in t o f 

view  o f  th e  d y n a m ic a l th e o ry  in  th e  L au e  case. T h e  fo rm ulae a re  u sed  to

Vol. 173. A. 6
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8 2 M . B la c k m a n

o b ta in  a  c ri te rio n  w h ich  d e te rm in e s  w h e n  th e  s c a tte r in g  is su ffic ien tly  

sm all to  a llo w  th e  k in e m a tic a l th e o ry  to  b e  a p p lie d ; i t  is fo u n d  t h a t  th is  

th e o ry  is n o t ,  in  g en era l, a p p lic ab le  to  th e  th in  film s u se d  in  w o rk  w ith  fa s t  

e le c tro n s . T h e  to ta l  in te n s i ty  s c a tte re d  fro m  a  film  w h e n  i t  is tu rn e d  

th ro u g h  i ts  ra n g e  o f  re flex io n  is a lso  fo u n d , a n d  th e  re s u lt  is u sed  to  o b ta in  

a n  a p p ro x im a te  in te n s i ty  fu n c tio n  sh o w in g  h o w  th e  in te n s itie s  o f  th e  

d if f ra c tio n  rin g s  fro m  a  p o ly c ry s ta llin e  film  w ill v a r y  w h e n  th e  s c a tte r in g  

is su ffic ien tly  la rg e  fo r  th e  k in e m a tic a l th e o ry  to  be in a p p lic ab le . T h is  

in te n s i ty  fu n c tio n  is te s te d  b y  c o m p ar in g  i t  w ith  th e  e x p e r im e n ta l in te n s i ty  

fu n c tio n  fo u n d  fo r  co p p er a n d  s ilv er. I t  is fo u n d  p o ssib le  to  o b ta in  a  g o o d  

fit w ith  v e ry  re a so n a b le  a ss u m p tio n s  as  to  th e  a v e ra g e  c ry s ta l  size.
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