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SUMMARY

A substantial amount of data from atomic physics is required for the interpreta-
tion of radio recombination line observations. A critical review of the available
data is presented, and it is concluded that possible errors in this data are no
larger than the errors which typically occur in the observational results.

The equation of transfer for the line radiation is discussed and a convenient
linearized form is obtained. The use of this form is shown to be entirely
adequate.

The use of constant density models is discussed and it is shown that such
models cannot explain all of the observational results for line-to-continuum
ratios and line profiles. In particular, observations of high ne« lines can be
explained only in terms of models which contain extensive outer regions of
low density.

A spherically symmetric model is constructed for the Orion nebula. The
electron density N, is tabulated as a function of the distance 7 from the centre,
and the electron temperature is taken to be ¢'5 x 103°K. This model gives
agreement with the following radio observations, to within observational
errors: the total continuum flux as a function of frequency; all observed
line-to-continuum ratios; all observed line profiles. The electron temperature
is in good agreement with temperatures deduced from the relative intensities
of forbidden lines. From the success achieved with this model it is concluded
that the basic theory used for the interpretation of the recombination lines is
correct. An essential feature of the theory is the assumption that N, decreases
as 7 increases. In order to take account of other observations, having higher
angular resolution, it will be necessary to consider more complicated models,
which allow for local fluctuations in Ne.

I. INTRODUCTION

The observation and interpretation of radio recombination lines constitutes an
important branch of radio astronomy. Transitions in hydrogen have been detected
over a wide range of frequencies, from 36-5 GHz (n = 56— = 55) to 404 MHz
(n = 254->n = 253). Many of these transitions have also been detected in helium.
Although most of the observed lines are emitted in regions of ionized hydrogen
(H* regions), recent work by Ball ef al. (1970) provides convincing evidence that
certain ‘ anomalous ’ lines are due to transitions in carbon and are produced in
regions of neutral hydrogen (HO regions) lying in front of H* regions.

There has been much discussion about the interpretation of the observations.
Since the publication of the paper of Kardashev (1959), which predicted that the
lines could be observed, the most important paper on the theory of recombination
lines is that of Goldberg (1966), in which it is shown that maser action may enhance
the line intensities. Subsequently a great deal of work has been done on the develop-
ment of the basic atomic physics which is required for the precise quantitative
interpretation of the observations. The theory of pressure broadening of the radio
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lines has been developed by Griem (1967). In order to determine the amount of
maser action it is necessary to calculate the populations of highly excited states, as
functions of temperature and density, allowing for all relevant radiative and
collisional processes. Percival & Richards (1969) have developed entirely new
techniques for the calculation of cross sections for transitions between high excited
states and estimate that, at temperatures occurring in H+ regions, the calculated
rate coefficients for these transitions should not be in error by more than 20
per cent. Using these rate coefficients, Brocklehurst (1970) has calculated the
level populations and Brocklehurst & Leeman (1971) have recalculated the line-
broadening parameters; their line-broadening results are in good agreement with
the earlier results of Griem. The theory of line broadening has been further
discussed by Peach (1972) who concludes that the errors in the results of Brockle-
hurst and Leeman should be no larger than the errors in the cross-sections of
Percival and Richards.

In Sections 2—5 of the present paper we give a critical review of the basic atomic
physics data required for the interpretation of the radio recombination lines. It is
concluded that the possible errors in these data are fairly small and hence cannot
give rise to any major source of uncertainty in discussions of the interpretation of
the observations.

Attempts have been made to interpret the observed line-to-continuum ratios
assuming models of constant electron density, V,, and neglecting pressure broaden-
ing (the latest paper is that of Hjellming & Gordon 1971). It is found that large
values of N, are required (N, ~ 104 cm=3). These models cannot be entirely
correct, since at these high densities the widths of the lines due to transitions
between high quantum states would be nearly two orders of magnitude larger than
the observed widths. Brocklehurst & Seaton (1971) have considered models in
which N, decreases as a function of the distance r from the centre of a nebula, and
have obtained some encouraging results. Models of this type are discussed further
in the present paper and it is shown that, for the Orion nebula, one can obtain
close agreement with observations for line-to-continuum ratios, lines profiles, and
total continuum fluxes.

In the present paper we do not consider the interpretation of observations which
have good angular resolution. In particular, we do not consider the interpretation
of surface brightness contours obtained at radio wavelengths using interferometric
techniques, and we do not consider optical observations of doublet intensity ratios
([O 1] and [S 11]) which are sensitive to electron density. In order to obtain com-
pletely satisfactory interpretations of all of the available observations it will un-
doubtedly be necessary to consider more complicated models, which allow for
fluctuations in NV, at all values of 7 (Hjellming, Andrews & Sejnowski 1969). So far
as the interpretation of observations which do not have high angular resolution is
concerned, we believe that it is essential to allow for the systematic variation of N,
as a function of 7, but of lesser importance to allow for the purely local fluctuations
in N,. In our opinion the success obtained with the Orion model of the present paper
shows that the basic theory used for the interpretation of the recombination lines
is correct.

2. THE RADIO CONTINUUM
For thermal sources the radio continuum is due to free—free processes,
Xt 4e= Xt +e+hy. (2.1)

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System

220z 18nbny Lz uo1senb Aq £191092/6.L/2/LGL/eIo1e/Seiuw/wod dno-ojwepeoe//:sdiy wolj pepeojumod


http://adsabs.harvard.edu/abs/1972MNRAS.157..179B

FI9720NRAS. 1577 “1T79B!

No. 2, 1972 Interpretation of radio recombination line observations 181

We consider that X+ is either H* or He™; in high excitation planetaries one must
also consider the contribution from He2*, but in the present paper this contribution
is neglected.

Oster (1961) calculates the absorption coefficient for (2. 1) using classical theory,
and shows that quantum corrections are small. The expression obtained may be

written
8 mcz 3/2 2 5/2 kT 3/2 A
— 24 322 S o = T
k= NereA x(3\/(27T))(kT) Xl“{(y) (ch) (zwre)} (2.2)

where T is the electron temperature, 7, = €2/(mc?) is the electromagnetic radius of
the electron, A = ¢/v is the wavelength and In (y) is the Euler—-Mascheroni constant,
0'5772 . ... The electron density is N, = N(H*)+ N(He"). Since the free elec-
trons have a Maxwellian energy distribution the emissivity for the continuum is
given by Kirchhoff’s law,

J=«B (2.3)

where B = (2hv3/c2)/(exp (Av/kT)— 1) is the Planck function. At radio wavelengths
(Av/RT)<1 and
B = (2v?/c?) kT. (2.4)

Inserting numerical values for the constants in (2.2) we obtain
k = Ne?x 6:94 x 1078y72(104/T')3/2{4-69 + 3 log (T'/10%)—log v} (2.5)

with « in psc™l, N, in cm~3, v in GHz and T in K.
The intensity I for the continuum in a direction n is obtained on solving the
transfer equation

o = -] (2.6)

where x is a distance variable measured in the direction —f. Assuming T to be
constant, the solution for I at a point P is

Ip = B(1—exp (—7p)) (2.7)
where
Tp = f Kk dx. (2.8)

The total optical depth of a nebula, along a line of sight in the direction towards
the observer, is denoted by 7:

7; = f: K(s) ds (2.9)

where s is the distance measured from the part of the nebula closest to the observer
and o is the total length of the nebula along the line of sight. The total optical
depth is proportional to the emission measure,

E = fo N2 ds. (2.10)
0

With T constant, the observed intensity is
I = B(1—exp(—1)). (2.11)
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3. FREQUENCIES, EMISSIVITIES AND ABSORPTION COEFFICIENTS
FOR THE RADIO LINES
3.1 Frequencies

For level n of hydrogen the energy is

En = —xy/? (3.1)

where x; = hRc, R being the Rydberg constant: R = 109737:31/(1 +m/Mzg) cm™2
where m is the electron mass and My the proton mass. For highly excited states of
neutral atoms other than hydrogen, the same formula may be used with Mg
replaced by the nuclear mass M.

For the line n+m->n the frequency is » where

hv = x,{n2—(n+m)=2}. (3.2)
For #> 1 and m <n we obtain
2
hv=xl—1g(1——?£’§+...), (3.3)
giving
v ~ 6-58m(100/n)3 GHz. (3-4)

The lines are referred to as no, nf, ny, ... form = 1,2,3,....

3.2 Emissivities and absorption coefficients
The emissivity per unit volume for the line n’—># is

A ’
" hv, (3.5)

4

i = Nu

where N’ is the number of atoms per unit volume in level #»’ and A4, is the
Einstein spontaneous emission coefficient. In (3. 5), ¢, is a normalized profile factor,

[EX R (3.6)

Using the usual Einstein relations we obtain for the absorption coefficient, corrected
for stimulated emission,

2 [N, Ny Ay
KVL=;V—2|: . n]wn/‘ff " (37)

wy Wy’

where wy, is the statistical weight of level #.

The profile factors ¢, vary rapidly as functions of ». Our convention is to put
subscripts v only on quantities involving the factors ¢,. We define j and L to be
emissivities and absorption coefficients integrated over frequency:

ji = fj,,L dv, kL = J kL dv. (3.8)
Using (3.6) it follows that
W =1 k= K, (3-9)

It is convenient to express jZ and <L in terms of the corresponding coefficients
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for thermodynamic equilibrium, denoted by ¢ TE’. These coefficients satisfy the
Kirchhoff relation,

JUTE) = «I(TE) B. (3.10)
Let us put
n = bnNn(TE) (3'11)
where Ny(TE) is the number of atoms X in level # for Saha equilibrium:
B wn, B2 \3/2
N(TE) = NV (28) (2™ exp (c,/87) (3.12)

where Ny = N(X¥), (wa/2w+) = n2 and x5 = x;/n2
The emissivity for the line n’—>n is

J¥ = bw'j«(TE) (3.13)
and the absorption coeflicient is, in the notation of Goldberg (1966),
kL = bpfn,n'x(TE) (3-14)
where
b
Bu,n = (1 —bi exp (-—hv/kT))/(I —exp (—hv[kT)). (3.15)
n
Putting n’ = n +m and using the approximations
butm[bn = 1 +hv d(In by)/dE, (3.16)
exp (—mv/kT) = 1—hv[kT, (3.17)

where hv = Ep+m— En, We obtain

dlnb
Bun,n+m = 1—kT drllfnn° (3.18)

This result is seen to be independent of m. Consistent with the approximations
(3.16), (3.17) we may neglect the difference between b, in (3.13) and b, in (3.14).
Dropping subscripts # we have

jE = HE(TE), & = bBcX(TE) (3-19)
B = 1—kT d(In b)/dE. (3.20)
It is convenient to express k(' TE) in terms of the absorption oscillator strength f:
L = e ( i )3/2 2 hy
WHTE) = NN, T (2 P s exp (o) o f (3.21)
For #> 1 and m<n it is shown by Menzel (1968) that
f = nK(m) {1 +§ﬁ’+...} (3.22)
2n
where mK(m) is given in Table I. Using (3.3) we obtain
K

Inf = x; 2R x4 O(mjny®, (3-23)
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TaBLE 1
Values of mK (m)
m mK (m)
1 0-1908
2 005266
3 0°02432
4 001397
5 000906

The final result for the absorption coefficient may be written
1, (TE) = N¢Nyreao®A x exp (x,/kT )(x/kT)?21675/2 x mK (m) x (v¢,) (3.24)

where ag = 7#2/(mc?) is the Bohr radius and where it should be noted that (vé,) is
dimensionless. Inserting numerical values for the constants we obtain

1, K(TE) = NoNyx 1064 X 10712 x y=1(10%/ T)5/2 x mK (m) exp (x,/kT)(v,) (3.25)

with units as in (2.5). We have (x,/kT) = 15-79(10%/n2T); the factor exp (x,/kT)
in (3-25) is therefore close to unity and may usually be omitted.

3.3 Calculation of the departure coefficients b,

It is shown by Brocklehurst (1971) that collisional redistribution of angular
momentum is very effective for the highly excited states, and hence that b,; = b,.
The level populations IV, are calculated on solving a system of equations

KN =R (3.26)

~where N is a vector with components Ny, R, gives the number of captures per
unit volume per unit time on level #, and K is a matrix obtained on allowing for all
transitions between atomic energy levels and for ionization.

Brocklehurst (1970) has solved the equations

KON =R (3-27)

where K(0 is calculated allowing for: spontaneous emission; redistribution of
energy by electron impact and ionization by electron impact: and R is calculated
allowing for radiative recombination and three-body recombination (inverse of
electron-impact ionization). The factors b differ from unity because much of the
radiation produced in a nebula can freely escape. The calculations of Brocklehurst
have been made for the usual two cases: for Case A it is assumed that all radiation
can freely escape; and for Case B it is assumed that radiation due to transitions to
the ground state is re-absorbed. For the highly excited states there is no great
difference between the calculations for these two cases. For most nebulae it can be
assumed that Case B applies. Brocklehurst tabulates the quantities 4 and

C = —logdIn b/dn.
Putting dE, = (2x,/n3) dn we have, using (3.20) B = 1—(kT/x,)(n3[2) d(In b)/dn,
giving
log (1—B) = log (T/104)+ 3 log n—C—1-50. (3.28)

Fig. 1 shows & as a function of (Ey/y;) = —1/n? and Fig. 2 shows log (1—p) as a
function of #z; these results are for 7 = 104K and log N, = 2, 3 and 4.
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n
50 60 80 100 150 X
I [ | l

| | |
-4 -3 -2 . -1 0
104E, /X, = -(100/n)

Fi1c. 1. Values of by against 104 Enfy; = —(100/n)?, for T = 10%°K and log N, = 2, 3
and 4, with Ne in cm=3 (from Brocklehurst 1970).

20—

log (i- B)

o5 | | | !
50 100 150 200
n

F1G. 2. Values of log (1 — B) against n for T = 10%*°K and log N, = 2, 3 and 4, with
Ne in cm™2 (from the results of Brocklehurst 1970).

13
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The equations (3 .27) have been solved assuming an infinite number of quantized
levels (we shall return to this point in Section 5) and to a numerical accuracy of
o'1 per cent in (1 — f).

3.4 Absorption of radiation

At radio frequencies the intensity in the continuum is always large compared
with the intensities in the lines. From (2. 5) it is seen that the continuum absorption
coefficient « is proportional to »~2 and that the optical depth + must become large
in the limit of » small; the continuum intensity / then approaches the Planck
intensity B (see (2.7)). In practice this condition is approached only for the intensi-
ties of high n« lines. For a highly excited state the transition probability for emission
of an no photon is small compared with the total radiative transition probability.
For these reasons we would not expect the absorption of radiation to be a process
of major importance in the calculation of level populations, but some further
checks can be made.

Dyson (1969) has calculated level populations allowing for absorption of
radiation, and assuming constant-density models. This gives two cases.

(i) For models with high density and high emission measure, collisions are very
effective and absorption of radiation turns out to be of little importance.

(ii) For models with low density and low emission measure the continuum
intensity is small and again absorption of radiation is of little importance.

So long as one considers models of constant density, the case of low density and high
emission measure does not arise, since this would give unreasonably large linear
dimensions o. |

We shall consider models of variable density and we must therefore estimate
the effect of absorption of radiation in regions of low density in front of regions of
high emission measure. In (3.26) let us put

K =KO0O4+K® (3.28)

where K(0) is the matrix used by Brocklehurst (1970) and K@ allows for absorption
of continuum radiation in spectrum lines; K is proportional to the mean radiation
intensity,

J = 4% Idw. (3.29)
We assume that K@) is small and that (3.26) can be solved by iteration:
KONO = R (3.30)
KON® = R—KON©O etc. (3.31)
where (3.30) has been solved by Brocklehurst (1970). We have
®ONO), = 3 () s () ()

where «L is calculated using N(0, For a low density region in front of a high density
region of optical depth = we may use the approximation

J = 3B(1—e™). (3-33)
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For all lines except high n« lines J will be much smaller than B. Considering only
absorption in 7« lines (n’ = n+ 1) we have

_ dGy

(KONO®), = G,~Gp_y ~ - (3-34)
where
_ 47TKLJ)
Gn ( | (3-35)

It follows that the solution N® of (3.31) will differ little from the solution N(0 of
(3-30) if
d—Gﬁ—/fl—"« <I. (3-36)
n

Fig. 3 gives values of (dGp/dn)/Ry for a region with N, = 102 cm=3 in front of
regions with emission measures of 1x 107 and 2 x 107 cm=6 psc. It is seen that

o-lof —

£=2:0x10"7cm Cpsc

£:1-0x107cm €psc

| | l ] i |

-0-05

0 100 120 140 160 180 200 220
n

FiG. 3. Values of (dGu/dn)/Ry against n for a region with T = 104K, N, = 102 cm™3
in front of a region with emission E. Results for E = 1 X 107 and 2 X 107 em~— psc.

absorption of radiation never gives a perturbation larger than 8 per cent of the
processes taken into account in the zero-order approximation. We may therefore
conclude that, even for this case, absorption of continuum radiation is not an
important process.

4. LINE PROFILES

The profile factors ¢, are obtained on convoluting profiles ¢,2 for Doppler
broadening with profiles ¢, ¥ for pressure broadening:

‘?Su = f ¢v1—)v'+vo¢3 dV/ (4 I)
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where vp is the frequency of the line centre. The Doppler broadening is due to
both thermal and non-thermal motions. We assume a gaussian Doppler profile,

8P = g e (= [alv=r0)/]2} (+2)

where
o = [Mc2|(2kTp)]1/2 (4-3)

and where T'p is the ¢ Doppler temperature ’.

The pressure broadening is due to quasi-static electric fields (Stark effect) and
to collisions (impact effect). Griem (1967) shows that the impact effect is more
important than the Stark effect and that electron impacts are more important than
proton impacts. We therefore neglect the Stark effect and proton impacts. We
assume a Lorentz profile for broadening by electron impacts, giving ¢, = ¢
where

b1 =2 (r-mp+ 2y (4-4)

Brocklehurst & Leeman (1971) calculate 8 as

5 = —<oQ> N (4-5)

where Q is the total inelastic cross-section and { ) denotes an average over the
Maxwellian distribution. The results obtained may be fitted to

8 = 47(n[100)44(104/T)%1 N, Hz. (4.6)

Using a more exact theory, Peach (1972) shows that the Lorentz form (4.4) is
not strictly correct but that the use of (4.4) and (4.5) does not lead to errors
greater than about 10 per cent.

Let Av be the full width of the profile at half-maximum (¢,, = } where
v1 = vo+ $Av). The Doppler profile (4.2) gives a width (Av)? such that

(AP » {%Ii Tp }1/2
e 1009 X 1074 |\ r X —— — 4-7)
and the impact profile (4.4) gives a width (Av)! = 28. For na lines we obtain
87 < (2 (5
T R 7Y T 104/’ (4.8)
Considering the case of H na lines with 7' = 1x 104 and Tp = 2 x 104 we have
ant _ . 7.4 (ﬁe_)
(AP = 0°142(n/100) i)’ (4.9)

With N, = 10% cm™3 this gives (Av)I/(Av)? ~ 50 for 220a. Since densities of
order 10% cm=3 certainly occur in gaseous nebulae, it is clear that impact broadening
must be an important process.

Convoluting the Doppler profile (4.2) with the impact profile (4.4),

b = i H(a, %) (4.10)
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where a = ad/vg, ¥ = a(v—rp)/vo and

H(a, x) = gf

to et

R e (4-11)

is the Voigt function.

5. ACCURACY OF THE ATOMIC DATA

In various discussions of the interpretation of the radio recombination lines
it has been suggested that discrepancies between theory and observations might
be due to errors in the atomic data which have been used. The accuracy of these
data has been discussed in the preceding sections of the present paper, but there
is one further point which must be checked.

The highly excited states are perturbed by other particles, and as the quantum
number n# becomes sufficiently large it is no longer permissible to assume the
existence of quantized states of the free atom. As a first approximation, we may
consider that there is some value 74 of n such that quantized states exist for # <,
but not for n>n,. The value of n, will, of course, depend on 7" and N,. The level
populations N, calculated assuming an infinite number of quantized levels will
be accurate only for n<ny,.

From the work of Griem (1967) it follows that collisions will be more important
than the Stark effect in perturbing the quantized states. In order to estimate the
value of n; we compare the time taken for an electron to complete a Bohr orbit
with the mean time between collisions. The orbit time is

Py = 27|V (5.1)

where 7y, is the radius of the orbit and v, the electron velocity. The time between
collisions is

€ = 1/(0Q) No). (5-2)

Since the quantized state will certainly not exist if a collision occurs before the
electron can complete one orbit, we take

Py~ €y for n = mny (5-3)

Using the Bohr theory of the hydrogen atom it may be shown that 2, ~ 1/v,,
where v,,, is the frequency of the n« line. Using (4.5) we obtain ¢, = 1/(m(Av)I)
where (Av)! is the line width due to impact broadening. The condition (5.3) is
therefore equivalent to

(Av)|v,, ~ 1|7 for n = ng. (5-4)

From observations of the lower n« lines, which are not significantly broadened by
electron impacts, one obtains (Av)P[v ~ 1074 The observed widths of the high na
lines never exceed about 2x (Av)P. For the impact widths we therefore obtain
(Av)I /v S1074. From (4.8) and (5.4) it therefore follows that (n/ng)74 S7x 1074
giving n So-3n, for the regions in which the observed lines are formed. From
this result it may be concluded that there will not be any large error in the level
populations calculated assuming an infinite number of quantized levels.

Our general conclusion is that possible errors in the atomic data used for the
interpretation of the recombination lines are no larger than the errors which
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typically occur in the observational results. If results are calculated assuming a
particular model for the structure of a nebula, and if the difference between calcu-
lated and observed results is large compared with the probable errors in the
observations, then it must be concluded that some incorrect assumptions have been
made in constructing the model.

6. SOLUTIONS OF THE TRANSFER PROBLEM

6.1 General formulation

We shall use the term ‘ absorption of radiation ’ to mean both true absorption
and stimulated emission; both are included in the coefficients « and «,L. Although
it has been shown in Section 3.4 that absorption is not a process of major impor-
tance for the determination of the level populations, it follows from the work of
Goldberg (1966) that absorption can be of great importance for the calculation of
the intensities of the observed lines. The first step in the construction of models is
therefore to obtain a suitable approximate form for the solutions of the equations
of radiative transfer.

On solving the transfer equation (3.6) we obtain for the emergent intensity
in the continuum

I= faje—tds (6.1)
0

where s is the distance along the line of sight, measured from the part of the source

closest to the observer, and where o is the total length of the source along the line
of sight. In (6.1)

is) = j Kk(s") ds’. (6.2)
0
The intensity for line-plus-continuum is
1E+1 = [ (i) ettt ds (6.3)
0
where
450 = [ ) (6.4)
0
The intensity in the line is therefore
g
15 = [ (i et (6-)
0

6.2 Approximate expressions

We simplify (6.5) on making three approximations.

Approximation (i) is to assume |2,L| <1. Let 7, = £, % o) where vy is the
frequency of the line centre. Fig. 4 shows log (—,F) for na lines, calculated for
models which have constant electron density /N, and emission measures E = N,20.
For all cases considered =, ” is negative. It is seen that |7,”| is never larger than
0-03. Putting exp (—¢,L) = 1—¢L, (6.5) reduces to

It = f T BG4, 5 et d (6.6)
0
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Approximation (ii) is to assume j,L<j. Fig. 5 shows j,L(TE)/j for n« lines; this
ratio depends only on electron temperature and gives an upper limit for j ZJj.
It is seen that j,L<j is a good approximation for 7> 100, less good for z < 100.
Using this approximation, (6.6) reduces to

L= f (G F—jt, B} et d. (6.7)
0

Ne=10%cm™3, o =0-lpsc, £=107 cm™€psc

| ! | ] | ] ]
60 80 100 120 140 160 180 200
n

FiG. 4. Values of log (—7,,%) against n, where 7, is the line optical depth at the centre
of na lines. Results are given for three models of different density and emission measure. All
calculations for T = 1x10%°K, Tp = 2% 104°K. calculations allowing for
impact broadening; — — — calculations neglecting impact broadening.

Approximation (iii) is to assume T to be constant. Some variations in 7' may
occur but we do not expect them to be large or to have any particularly important
effects on the calculated line intensities. To simplify (6.7) we use ¢ as independent
variable: using (2.3) we obtain

Lt = f ' {J_L —Bt,,L} et dt (6.8)
0

K
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n

F1G. 5. Values of j » ,/(TE)|j against n, where j,L(TE) is the emissivity at the centre of an
na line assuming thermodynamic equilibrium, and j is the emissivity for the continuum
at the no line frequency. All calculations for T = 1 X 10%¥°K, Tp = 2 X 104K, and
neglecting impact broadening.

where

8 tKL
t,,L=j Kdes'=f S gy, (6.9)

0 0 K

We put j,L = jU(TE)b$, = BrL(TE)bg, (using (3.10)) and «, L = «L(TE)bp4,. At
constant 7', B is constant and «L(TE)/« is constant; (6.8) therefore reduces to

IL =R KL(Z‘E) 9, (6.10)
where
T ¢
Y, = ‘f {bd;,,-—f bBs, dt'} et dt. (6.11)
0 0
On integrating by parts we obtain
w=[ e -pet-e g, ar (6.12)
J 0

It should be noted that this expression is linear in the profile factor ¢,. On inte-
grating over the frequency of a line we have

1z = g0, (6.13)
where
y= f e (1 — B)(et— )} b dt. (6.14)
We may put ’
IL =T]Lg, (6.15)
where 6, is the normalized profile factor for the observed line:
fﬂ,, dv =1 (6.16)
and
0, = . (6.17)

It should be noted that we have 6, = ¢, only for models of constant density or for
lines which have negligible impact broadening.
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6.3 Discussion of the approximate expressions
Let us consider the factor

{e ™ +(1—B)et—e~")} (6.18)

in (6.12) and (6.14). First, we note that both terms, e~ and (1 —B)(e*—e™), are
always positive. Next, we consider the case that 8 = 1, so that there is no maser
action; in this case (6.18) reduces to e~ which gives a reduction in line intensity
due to absorption. Finally we consider the term (1— S)(e*—e™") which gives an
increase in line intensity due to maser action. For two reasons this term is most
important for small values of ¢, that is to say for those parts of the source closest
to the observer. The first reason is that (=t —e~7) is largest for small ¢; the line is
mased by the continuum intensity in the direction towards the observer and this
intensity is largest for those parts of the source closest to the observer. The second
reason is that low densities may be expected in the outer regions, and (1—f)
generally increases as the density decreases (see Fig. 2). We shall see later that a
third effect, the density dependence of the profile factors ¢,, may also be important
for the high lines.

6.4 Accuracy of the approximations

In order to obtain a check on the accuracy of Approximations (i) and (ii) of
Section 6.2, we expand the integrand of (6.5) in powers of ¢, to obtain

LE = [LA® +[L7® +. .. (6.19)
where

740 = [ GiE=jns et ds (6.20)
is the expression (6.7) linear in ¢, and where

2A® = - [ 48 G- iR eta (620

is a correction term quadratic in ¢,. The error introduced by using Approximations
(i) and (ii) will be small if | 2,Z| <1 where

2,1 = [LO[[LIO. (6.22)

We evaluate #,~ for a model of constant temperature and constant density. After
some straightforward reductions we obtain

AL = _{TVL fo (1 — 3Bt) et dt}/{r f;(l—ﬂt) et dt}

_ _ b1 +2(1 - B)le"— 17— §72]/72
2 { 1 +(1— ) —1—1]J* } (6.23)

The largest values of %, occur for no lines and for nebulae with large emission
measures. Considering the case of £ = 2 x 107 cm™ psc and N, ~ 10% cm™3 we
find that the largest value of #,L, #,L = 0-03, occurs at about goa. At 1100 we have
#,L = 0-02. These values are for the line centre. Away from the centre the error
will be smaller. We may conclude that, to within the accuracy of present day
observations, the Approximations (i) and (ii) of Section 6.2 are entirely adequate.
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Approximation (iii) is made as a matter of convenience and because we do not
expect temperature variations to be a factor of major importance for the interpreta-
tion of the observations; the theory can easily be generalized to the case in which
the temperature is variable.

6.5 Line-to-continuum intensity ratios

Assuming T to be constant the continuum intensity is given by (2.11) and the
line-to-continuum intensity ratios by

L IL IL  «L(TE)
T 1% T 7 (6.24)
where
Y = yl(r—e). (6.25)

The ratio JZ/I has dimensions of frequency and is usually given in units of kHz.
The factor Y is dimensionless. From (2.5) and (3.25) we obtain
«L(TE) _ N4

4
p -ﬁex 1°533 X 107 9p2 (E—%)mK(m)

3 10g L ‘1
X {4-69+£ log B—log v} kHz (6.26)

with v in GHz. In the present paper we shall assume a He/H abundance ratio of
o-10 and suppose that all the He is singly ionized ; we then have N(H+)/N, = 1/1-1.
The observers usually measure the aerial temperatures, 77, and T'¢, at the line
centre and in the adjacent continuum, and the full width of the line at half maximum
intensity, Av. Assuming a gaussian profile factor 6, for the observed line, one
obtains
I 1 (= \¥2 Ty
7=, (hTz) Av To (6.27)
For a given line, «X('TE)/x depends only on electron temperature. The observed
ratios may be analysed in one of the following ways.
(i) If the electron temperature is assumed to be known we may deduce Y.
This is such that ¥ = 1 for a nebula which is optically thin (r<1) and in TE
b=p8=r1).

(ii) We may define an effective temperature 7'* such that

L L
{I— = { (K (TE)) calculated for a temperature 7%, (6.28)
K
This is such that T = T* for an optically thin nebula in TE. If (6.2%) is also used
a further assumption is implied: that impact broadening is not important.
(1) Given a complete theoretical model of the structure of a nebula we may
calculate the ratios /Z/I and compare with the observed ratios.

7. MODELS OF CONSTANT DENSITY

It is instructive to begin by considering models of constant density although,
in view of the remarks made at the end of Section 6.2, it is evident that such models
may not be satisfactory for the interpretation of observations of real nebulae.
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7.1 Expressions for Y
From (6.14) and (6.25) we obtain, for models of constant density,

Y = b{/(r) +(1—=B)1 - A(D]} (7.1)
where /(1) = 7/(e"—1) is shown in Fig. 6. We have two limiting cases: (i) for
7<LI,

Y =b1+31-B) 7 (7<1) (7.2)

1A )
P

/(r)= v/(e"™1)

o ] | |
0 | 2 3 4

F1c. 6. The functions ¢(7) = 7/(e"— 1), and (1 — 7(7)), against .

(it should be noted that we do not assume (1—f) 7<1 since we may have

(1—B)>1); (ii) for > 1,
Y =51-p) (r>1) (7.3)

which implies that the lines are produced entirely by maser action.

7.2 Electron temperatures

It is possible to observe a number of lines, n +m—>n, all at nearly the same
frequency; thus, for example, Davies (1971) has made observations for Orion of
the lines 1100, 1388, 158y, 1738 and 186¢ all at frequencies close to 4-9 GHz. At
this frequency 7 is small and (7.2) may be assumed. As # and m increase we have
b—1 and B—1 (see Figs 1 and 2). In this limit we therefore have T*—T. Fig. 7
shows T* deduced from the observations of Davies. It is seen that 7* tends to a
value of about 10%°K, which is in satisfactory agreement with temperatures
deduced from forbidden lines (Peimbert & Costero 1969). A similar analysis has
been made by Hjellming & Davies (1970). We shall tentatively assume that
T = 10%°K for Orion. An attempt to obtain a more exact value will be described
in Section g.

7.3 Interpretation of no lines
Fig. 8 shows values of Y deduced from Orion observations of AvTy/Tg¢,
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F1c. 7. Values of T* (defined by (6.28)) against n, obtained from line observations of
Davies (1971) for Orion at frequencies close to 49 GHz.

assuming T = 10%°K. We use the data quoted byt Hjellming & Gordon (1971),
together with an additional point obtained by Pedlar (1971) for 220a.

Let us first consider the high #n« lines. In this limit we expect to have 7> 1 and
hence the expression (7.3) for Y. It should be noted that this gives Y to depend
only on electron density N,. We obtain the best agreement with observations for
N, = 2x 104 cm™3.

We now consider the lower za lines, for which we may assume 7< 1 and hence
the expression (7.2) for Y. Given N, the observations may be used to deduce =
and hence the emission measure E; the best fit is obtained with E = 2+1 x 107 cm—6
psc. The complete function Y calculated with N, = 2x 104 cm=3 and
E = 2-1x 107 cm™6 psc is shown on Fig. 8. Our results for the constant density
model are in agreement with those of Hjellming and Davies, although we differ
in the methods of analysis and presentation.

The following points should be noted. The intensities of the high lines are
determined entirely by maser action. For these lines the values of ¥ deduced from
observation are not large, and we must therefore assume a high density, N,;
with a smaller value of N, we would obtain calculated values of ¥ which would be
too large (see Fig. 2). For the lower lines the observations give Y to be significantly
greater than unity. With large values of N,, (1— B) in (7.2) is small and one must
take E to be large in order to obtain agreement with observations.

t Hjellming and Gordon quote a value of AvTL/Tc for 85« from Gordon (1970) which
is not in agreement with the value given in Gordon’s paper. Dr Gordon informs us that the
value given in the original paper is correct.
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Fic. 8. Values of Y deduced from observations of na lines in Orion, assuming
T = 1x104°K. The curve is calculated for a model of constant density,
Ne = 2 X 10% cm=3, and emission measure E = 2.1 X 107 ¢cm~% psc.

7.4 Line profiles

Let Av be the total width of a line and (Av)? the corresponding Doppler width.
From observations of the lower nx lines one obtains 7p = 2 x 104°K for Orion.
Using (4.9) and assuming N, = 2x 104 cm~3 we calculate Ay/(Av)P? ~ 100 for
220a. The observations of Pedlar & Davies (1971) show that Av/(Av)P for 220 in
Orion does not exceed 1+7. We therefore conclude that the constant density models
cannot be correct for the interpretation of the high lines.

7.5 Continuum intensities

A further reason for not accepting the model with E = 2-1 x 107 cm~$ psc,
N, = 2x 104 cm™3 is that it does not give agreement with observations for the
continuum intensity as a function of frequency.

8. MODELS OF VARIABLE DENSITY

The observed profiles show that the high na lines must be produced in regions
of low density. In a previous paper (Brocklehurst & Seaton 1971) we have suggested
that all of the line observations can be understood using models of variable density.
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In order to illustrate the ideas involved we consider a simple model containing two
regions, denoted by superscripts (1) and (2). Region (1) is closest to the observer.
We take the parameters for the two regions to be: N, = 102 cm=3 and ¢V = 2-0
psc giving EM = 2x 10* cm =8 psc; and N,@ = 10fcm3 and ¢® = o1 psc
giving E® = 107 cm=8 psc. Table II gives the continuum optical depths, (1)
and 7@, at the frequencies of na lines. It is seen that

M1 and 7O <«7O, 8.1)
TasLe II
Optical depths at frequencies of na lines for the model of Section 8, containing two regions
Line PEeY) (2
1002 0°0001 006
1400 00010 0°52
180« 0°0051 2°54
2200 0-0179 8-94

Integrating (6.12) we obtain
3y = (BB e+ (1= BD[x — e — 1 ]}

+HB8)O (D e +(x = BTN (1 +50) 7]} (8.2)
where 7 = 71 4-7®), The line to continuum ratio is

LL  «4TE)
T - i Yv (83)

where Y, = y,/(1 —e™"). Using (8.2) we obtain
Y, = (b(1=p) $,)D 7D +(b4,){£(7) +(x — B)@[1~ /(7)]} (8.4)

with /() = 7/(e"—1). We now consider two lines, 100« and 220a.
100a. The profiles ¢, and ¢, are both close to the Doppler profile ¢,2. With
<1, (8.4) reduces to

Y, = {(b(1— B)OrD +5@ +(b(x — B))®r®} D for 100w, 8.5)

From Table IT and Figs 1 and 2 we obtain (b(x — B))D+M = o-o1, b® = 1-0 and
(b(1—PB))@+@ = 0-6. It is seen that region (1) contributes less than 1 per cent of
the intensity of the 100« line.

2000, With 7> 1 (8.4) reduces to

Y, = (b(1—B) $,)07D +(b(1—B) 4,)® for 220a. (8.6)

We obtain (b(1 —B))V+M = 036 and (b(1 — B))® = o:80. It follows that 31 per
cent of the integrated 2200 line intensity comes from region (1). However, the
line profiles for the two regions are very different; using (4.9) we obtain
(AvI/AvD)D = 048 and (AvI[AvD)@ = 48-0. Thus the 2200 line formed in
region (1) has a profile similar to that of the observed line, while the line formed in
region (2) will be so broad that it will not be observed. Considering only the
contribution from region (1) we have Y = 0-36, which is comparable with the
observed value of Y for 220« in Orion.

For models of this type the formation of high n« lines may be described as
follows: the high density inner regions produce strong continuum radiation,
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together with very broad lines which will not be detected; the continuum from the
inner regions produces very effective maser action in the low density outer regions.
The lines formed in the outer regions have narrow profiles and small values of Y,
in agreement with observations.

9. A SECOND APPROXIMATION TO A MODEL FOR THE ORION NEBULA

Model C of our previous paper (Brocklehurst & Seaton 1971) was described
as a first approximation to a model for the Orion nebula; it gave agreement with the
main trends of the observational results for line-to-continuum ratios and line
profiles, but no attempt was made to adjust the parameters of the model so as to
obtain a best fit to the observations. We have subsequently constructed a more
refined model which gives agreement, to within the accuracy of the observational
results, for the following radio data for Orion A: the total continuum flux from
100 MHz to 36 GHz; all observed line-to-continuum ratios; all observed line
profiles. We describe this model as a second approximation. It does not yet come
close to a definitive model, since we do not attempt to fit to observational data
which have high angular resolution.

9.1 Description of the model

We assume the electron temperature 7 to be constant. The model is spheri-
cally symmetric and the electron density is assumed to depend only on 7, the
distance from the centre. We consider spheres of radius #;, such that ro = o and
r¢>r;-1. Within the spherical shell 7;_; <7 <7; the electron density is assumed to
have a constant value N,®. We define AE® = (Ng®)2(7;—r;—1). The total emis-
sion measure for a line of sight passing through the centre is then

E=2) AE®. (9.1)

Let ¢ be the angular radius. We assume Orion to be at a distance of 450 psc;
¢ = 1’ of arc then corresponds to r = o-131 psc.

9.2 The computer program

The coefficients b, and Cy, calculated by Brocklehurst (1970) for certain
fixed values of 7' and N, are stored on a permanent file. Values of these coefficients
for any required values of T and N, are computed using interpolation formulae.
The following data are provided as input to the computer program: the tempera-
ture 7T, assumed to be constant; the distance of the nebula; the densities N,®
within each spherical shell and the increments in emission measure AE®; a list

of lines for which calculations are required. For each line the program computes
the fluxes

$
(P = 2 [ 134 a (9-2
0
where ¢; is the angular radius of a shell, and the fluxes
bs
(F) = 2n [ Ipa ©-3

for the adjacent continuum. The Voigt function is computed using a routine
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supplied by Dr G. Rybicki, which proves to be very efficient. With eight shells
the program takes 10s, on the IBM 360/65 at University College London, to
calculate the quantities (9.2) and (9.3) for one line.

Calculations were first made with 7T = 10%°K and the density distribution
varied so as to obtain a best fit to observations. It was found that close agreement
could be obtained but that some small systematic discrepancies remained. Keeping
the same density distribution, T" was then varied and it was found that the residual
discrepancies with observations could be eliminated on taking T = g-5x 103°K.
The parameters for the model are given in Table III.

TaBLe 111
A second approximation to a model for the Orion nebula
Region N AE® ri—ri-1 ri b
i= Units 104 cm=3 Units 10% cm™6 psc psc psc ! ”
1 1°50 1:000 00044 00044 o 2
2 1:00 3°000 0°0300 0°'0344 o 16
3 050 3°000 01200 01544 1 11
4 0°20 0400 0° 1000 0°2544 1 57
5 o-10 0°150 01500 04044 3 5
6 005 0°040 01600 05644 4 19
7 0:02 0015 0-3750 0°9394 7 11
8 001 0-008 o-8oo0 1-7304 13 17

T = g-5§x10%°K.
E = 1:52 x 107 cn~3 psc for a line of sight through the centre.
Angular radii ¢; calculated assuming a distance of 450 psc.

9.3 The total continuum radio flux
The total continuum flux is

S = an [ Igas (9-4)

where the integration is over the entire nebula. Table IV gives the calculated
results and Fig. 9 compares the calculated results with observations. The observa-
tional data are taken from Hjellming & Churchwell (1969).

log &

log ¥(GHz)

F16. 9. Values of total continuum flux for Orion A. Observed values, o and 3. Calculated
results using model of Table I11,
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TaBLE 1V
Calculated total continuum fluxes for the Orion model
v S

GHz fu. (10726 Wm—2 Hz 1)

36-46 339

10°52 397
5-01 425
2470 431
142 393
0-83 319
0-61 275
0°245 158
0-10 75

9.4 The radio lines

The calculated line intensities and profiles vary with position. At high frequencies
the half-power beam widths, ¢appw, used by most observers are smaller than the
total angular size of the nebula, while at lower frequencies the entire nebula is
observed. In order to simplify the comparisons between theory and observations,
we have adopted typical values of ¢upaw as functions of frequency; the adopted
values are given in Table V. We make the further simplifying assumptions that all

TaABLE V
Values of ¢uppw assumed for Orion line observations
v $HPBW
Line GHz !
850 10°52 1°5
1090 5-0I 3
134 270 6
166 142 8
2000 0-83 12
2200 061 i5

observations are made with the centre of the beam directed towards the centre
of the nebula, and that all intensity is collected for ¢ < drpBW, none for ¢ > durEwW;

the observed flux is then
SHPBW
Fp=zn [ 1pap -5

0

(i) Line profiles. We obtain agreement with the observed profiles for the
lower hydrogen lines on taking Tp = 2 x 104°K. In discussing profiles it is con-
venient to use the frequency variable

x = ofv—vo)[vo (9.6)

where « = [Mc2/(2kTp)]V/2 (for H lines with Tp = 2x 104°K, « = 1-65 x 10%),
and to define the profile factors

f(®) = FE[BE. (9.7)

For pure Doppler broadening we then have f(x) = exp (—2).
Fig. 10 shows the computed profiles for H n« lines. It is seen that the high 7«

14
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F16. 10. Computed profiles f(x) for nx lines in Orion.

lines have very broad wings. We believe that, due to the techniques which have
been used, most observers have failed to detect these line wings, but we note
that Simpson (1970) has detected broad wings in 168x. With high gain
amplifiers used for line studies, the instrument sensitivity varies fairly rapidly as
a function of frequency. The procedure of ‘ baseline subtraction’ used by most
observers is to assume that, for |x| greater than some value xo, the observed signal
is due to the continuum alone. Over the small frequency range considered in line
work, the continuum intensity may be assumed to be independent of frequency.
The variation of signal with x, for |x| > xo, is therefore assumed to be a purely
instrumental effect; the signal for |x| > xo is therefore fitted to a polynomial in x
and the part which varies with x is subtracted from the observations in order to
obtain the ‘ observed ’ line profile. It is seen that broad line wings can easily be
subtracted away along with the baselines.

In order to compare calculated line widths with observations, we subtract
‘baselines’ from the computed profiles. In the line wings we fit f(x) to
g(x) = p/(¢? +x2?) and compare the observed profiles with

f'(®) = [f(x)—g@®)]/[f(0) —&()]. (9-8)
Fig. 11 shows that the calculated widths Av of na lines are in satisfactory agree-
ment with observations. The observation of high z« lines are of interest in providing
information about the low density outer regions. Fig. 12 shows how the computed
profile of the 220a line varies as the width, rg-77, of the outer region, with density
102 cm~3, is reduced by a factor €.
Profiles of the lines 109a, 1378, 157y and 1723, all at frequencies close to 5§ GHz,
have been measured by Churchwell (1971). Fig. 13 shows the computed profiles
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I I
20 -

10k Av/v
o

100 150 200 250
n

Fic. 11. Values of Av/v for nx lines in Orion. Observed points: 1100 (Davies 1970);
1660 (Pedlar & Davies 1971); 168 (Simpson 1970); 220c (Pedlar & Davies 1971).
Calculated results; , using model of Table I1I and ‘ baseline subtraction’ procedures
discussed in text; — — —, for Tp = 2 x 104°K and no impact broadening.

f(x)

FiG. 12. The computed profiles of 2200 when the width, rs—rv, of the outer region of the
model of Table III is reduced by a factor §.
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flx)

-0 l 2 3 4

F16. 13. Profiles for the lines 109a, 1378, 157y and 1728 at frequencies close to 5 GHz,
calculated using the Orion model of Table I11.

for these lines, and Fig. 14 compares observed and calculated line widths. Since
the procedure of baseline subtraction is somewhat arbitrary, we give two calculated
curves: one with no baseline subtraction and one with what we judge to be a
maximum baseline subtraction. The calculations are seen to agree with observa-
tions to within probable observational errors.

(ii) Line-to-continuum ratios. We first consider na lines. The line-to-continuum
ratios vary over several orders of magnitude, mainly due to the factor »2 in (6.26).
In previous comparisons between theory and observations, AvTr/T¢ has usually
been plotted on a logarithmic scale. We feel that it is better to take out the rapidly
varying factor, and we therefore consider the quantity v—2AvTL/Tc. Let (IZ/1)care
be the calculated line to continuum ratio. In order to allow for baseline subtraction,
we multiply by a factor

X = [ g s [ 1) a. 69
Using (6.27) we then have
(Av %)calc =2 (lnTz) 1/2(X LIL)calc' (9-10)
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17|
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|
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109a Maximum baseline correction
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09 | 1 1 1 | 1 l I
100 120 140 160 180

n

Fi1G. 14. Widths for the lines 109a, 137B, 157y and 1728 at frequencies close to 5 GHz
(Churchwell 1971). Calculations for the model of Table III are given for two cases, no
baseline subtraction and maximum baseline subtraction.

Fig. 15 shows the observational results for za lines in Orion (references are given
in Section 7.3), together with calculated results for T = 10%°K and ¢-5x 103°K.
The adopted values of X are given in Table VI.

TaBLE VI
Values of baseline correction factors X for the model of Table I11

Line X

850 1°00
1090 1:00
1340 0°'9I
166 0°71
2000 0°48
2200 0-27

Next we consider sets of lines (n +m)—>n all observed with the same telescope
and at nearly the same frequency. Here the main variation in line-to-continuum
ratios is due to the factor mK(m) in (6.26); we therefore consider the quantity
Av(Tr|T¢)/(mK (m)). Calculated results are compared with the observations of
Davies (1971) for 1100, 1388, 158y and 1738 in Fig. 16, and with the observations
of Churchwell & Mezger (1970) for 109, 1378, 157y and 1726 in Fig. 17.

9.5 Density distribution
We compare the density distributions for Orion obtained by different methods.
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Fi1G. 15. Values of v-2(AvTL/Tc) for no lines in Orion, with v in GHz and Av in kHz.
Calculated curves are for the model of Table III and T = 104°K and 95 X 103°K.

(i) Photographs. Osterbrock & Flather (1959) reproduce two Orion photographs
taken with the 48-inch Schmidt telescope. A short exposure shows only the bright
inner regions while a longer exposure shows much more extensive faint outer
regions. Osterbrock and Flather take the outer radius of Orion to be 24’.

Hjellming & Davies (1970) reproduce a short exposure photograph taken with
the 200-inch Mount Palomar telescope in conditions of excellent seeing. This
shows a bright central region, with radius about o-5’, containing bright filaments
having angular widths no larger than a few seconds of arc. Aller (1956) reproduces
a photograph of much longer exposure, taken with the Lick Crossley reflector,
which also shows very complicated filamentary structures.

(if) Radio brightness contours. Schraml & Mezger (1969) have observed Orion
at 15°4 GHz with ¢gppw = 2’. The assumption of spherical symmetry is seen to
be a better approximation at radio wavelengths than at optical wavelengths—this
- is doubtless a consequence of partial obscuration by dust in the optical region.
Webster & Altenhoff (1970) have made an aperture synthesis study at 27 GHz
which shows complicated structures; it is estimated that densities as large as
4'8 x 104 cm~3 occur in dense condensations.
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Fic. 16. Values of Av(TL/Tc)/(mK (m)), with Av in kHz, for lines observed by Davies
(1971) at frequencies close to 49 GHz. Calculated results are obtained using the model of
Table III and T = 10%°K and 95 X 103°K.

130 - 109a
120 T7:95x103 °K
1o
= 378 157y 1728
g X
£
3 7107 %K \
~ 90
~
R \
< L
<4 80F ] \\
70k 1
60— -
50 | 1 [ | 1 l | l 1
100 120 140 160 180 200

n

FiG. 17. Values of Av(T1/Tc)/(mK(m)) for lines observed by Churchwell & Mezger
(1970) at frequencies close to 50 GHz. Calculated results are obtained using the model of
Table III and T = 10°K and 9-5 x 10%°K.
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| | I | | I l

r

Fi1c. 18. Values of log N. against r for three models of the Orion nebula (N, in cm=3, r
in psc): (a) the model of Osterbrock & Flather (1959) from [O 11] observations; (b) the
model of Danks & Meaburn (1971) from [S 11] observations; (c) the model of the present

paper.

(iii) [O 1] and [S 11] doublet ratios. 'The ratios of the intensities of the com-
ponents of the 2D—4S doublets in [O 11], and in [S11], are sensitive to N,. In
Fig. 18 our model is compared with models obtained by Osterbrock & Flather
(1959) from [O 11] observations and by Danks & Meaburn (1971) from [S 11]
observations. At densities above 104 cm™3 the [O 11] ratios become insensitive to
N, and the densities obtained from [S 11] are therefore to be preferred.

(iv) Discussion. It was recognized by Osterbrock and Flather that their model
could not be entirely correct, since it gives a total radio flux which is much too
large, and that the explanation must be that local density fluctuations have not
been taken into account. Let us suppose that the material is concentrated into
clouds, with density N, = N,(© inside the clouds and zero elsewhere. If it is
further assumed that N,(® depends only on 7, and that the fraction of space
occupied by the clouds is independent of 7, then the [O 11] and [S 11] models give
values of N,©)(7).

From Fig. 18 it is seen that our model is not entirely correct, since it gives a
total size which is too small; this is also a consequence of the neglect of local density
fluctuations. However, our model and the [O 11] and [S 11] models give similar
general trends for the variation of N, with 7, and this leads us to believe that the
basic theory used for the interpretation of the radio observations is correct, and
that, when allowance is made for local density fluctuations, it should be possible
to construct a model consistent with all radio and optical data.
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9.6 The electron temperature
(i) Optical observations. At optical wavelengths the [O 111] ratio

[7(A 4959) +1(2 5007)]/1(A 4363)
provides the best means of determining electron temperatures. Accurate measure-

ments of this ratio have been made by Peimbert & Costero (1969) for three points
in Orion. Table VII gives values of T obtained from these measurements using the

TasLe VII

Electron temperatures T deduced from the Orion [O 111] intensity ratios of
Peimbert & Costero (1969)

(a) (b) (© (d)
A
r Al
Observed ¢ T N, T
point ‘ 103°K 104 cm™3 103°K
I o5 85 5:0 80
II o5 90 5°0 853
111 3'0 90 0°3 90

(a) The positions of the observed points are given by Peimbert & Costero (1969).
(b) Distance from centre in seconds of arc.

(¢) T calculated neglecting collisional de-excitation.

(d) T calculated allowing for collisional de-excitation, and values of N, assumed.

collision strengths of Eissner et al. (1969). Two cases are considered: (a) T is
calculated neglecting collisional de-excitation; (b) T is calculated assuming values
of N, and allowing for collisional de-excitation. These results indicate that T is in
the range 8 x 108 to g x 103°K.

(i1) Radio observations. The results of our calculations using the model of
Table IIT show that the agreement with observations is better for 7' = 95 x 103
than for T' = 1 x 104°K (Figs 15, 16 and 17). It should be noted, however, that the
only observations which are sensitive to 7" and insensitive to the structure of the
model are the line-to-continuum ratios for the high-order lines observed at higher
frequencies. The accuracy of these observations is not such as to allow a precise
determination of 7" to be made.

We may conclude that, to within the accuracy of the observations and of the
calculated collision strengths, the temperatures determined from radio and optical
data are in agreement.
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