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Abstract In this paper we propose an extension of the iteratively regularized Gauss—
Newton method to the Banach space setting by defining the iterates via convex opti-
mization problems. We consider some a posteriori stopping rules to terminate the
iteration and present the detailed convergence analysis. The remarkable point is that
in each convex optimization problem we allow non-smooth penalty terms including L'
and total variation like penalty functionals. This enables us to reconstruct special fea-
tures of solutions such as sparsity and discontinuities in practical applications. Some
numerical experiments on parameter identification in partial differential equations are
reported to test the performance of our method.
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1 Introduction

Inverse problems arise from many practical applications whenever one searches for
unknown causes based on observation of their effects. A characteristic property of
inverse problems is their ill-posedness in the sense that their solutions do not depend
continuously on the data. Due to errors in the measurements, in practical applications
one never has the exact data; instead only noisy data are available. Therefore, how to
use the noisy data to produce a stable approximate solution is an important topic.
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648 Q. Jin, M. Zhong

We are interested in solving nonlinear inverse problems in Banach spaces which
can be formulated as the nonlinear operator equation

F(x) =y, (1.1)

where F' : D(F) C X — ) is a nonlinear operator between two Banach spaces X’
and ) with domain D(F) C X. We will use the same notation || - || to denote the
norms of X and ) which should be clear from the context. Let y° be the only available
approximate data to y satisfying

Iy —yll <8 (1.2)

with a given small noise level § > 0. Due to the ill-posedness, regularization methods
should be employed to produce from y? a stable approximate solution.

When both X and ) are Hilbert spaces and F is Fréchet differentiable, a lot of
regularization methods have been developed during the last two decades, see [3,7-
9,12] and the references therein. The iteratively regularized Gauss—Newton method
is one of the well known methods and it takes the form [2]

X = = (a + F) F' () (F/ G2 (F () — 3%) + an(x? — x0),

where F’(x) denotes the Fréchet derivative of F at x, F’(x)* denotes the adjoint

of F'(x), xg := xp is an initial guess, and {«,} is a sequence of positive numbers
satisfying
o, >0, 1< <6 and Ilim «, =0 (1.3)
Opt1 n—00

for some constant > 1. When terminated by the discrepancy principle, the regular-
ization property of the iteratively regularized Gauss—Newton method has been studied
extensively, see [9,12] and references therein. It is worthwhile to point out that x,f 41
is the unique minimizer of the quadratic functional

, 2
[ = Fed) — F'ed)x — x2)||" + o | x —x0ll>  over X. (1.4)

Regularization methods in Hilbert spaces can produce good results when the sought
solution is smooth. However, because such methods have a tendency to over-smooth
solutions, they may not produce good results in applications where the sought solution
has special features such as sparsity or discontinuities. In order to capture the special
features, the methods in Hilbert spaces must be modified by incorporating the infor-
mation of some adapted penalty functionals such as the L! and the total variation (TV)
like functionals, for which the theories in Hilbert space setting are no longer applica-
ble. On the other hand, due to their intrinsic features, many inverse problems are more
natural to formulate in Banach spaces than in Hilbert spaces. Therefore, it is neces-
sary to develop regularization methods to solve inverse problems in the framework of
Banach spaces with general penalty function.
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Iteratively regularized Gauss—Newton method in Banach spaces 649

In this paper we will extend the iteratively regularized Gauss—Newton method to the
Banach space setting. Motivated by the variational formulation (1.4) in Hilbert spaces,
it is natural to use convex optimization problems to define the iterates. To this end, we
take a proper, lower semi-continuous, convex function ® : X — (—00, co] whose
sub-differential is denoted as d®. By picking an initial guess xo € D(F) N D(®) and
&y € 00 (xg), we define

X, = arg min {|| Y = F(d) = FI ey — x5 |” +a,,DgO@(x,xo)} (1.5)

where 1 < p < o0, xg = xo, and Dg, ® (x, xo) denotes the Bregman distance induced
by ® at x¢ in the direction &y. When @ (x) = ||x — xo||? and & = 0, this method has
been considered in [11] under essentially the nonlinearity condition

I(F'(x) — F')hll < k| F' () (x — DIV F (2)h )/ (1.6)

with the iteration terminated by an a priori stopping rule. It turns out that (1.6) is difficult
to verify for nonlinear inverse problems, and the restriction of ® to the special choice
may prevent the method from capturing the special features of solutions. Moreover,
since a priori stopping rules depend crucially on the unknown source conditions, it is
useless in practical applications. In this paper we will develop a convergence theory
on the iteratively regularized Gauss—Newton method in Banach spaces with general
convex penalty function ®. We will propose some a posteriori stopping rules, including
the discrepancy principle, to terminate the method and give detailed convergence
analysis under reasonable nonlinearity conditions.

This paper is organized as follows. In Sect. 2 we give some preliminary facts on con-
vex analysis. In Sect.3 we then formulate the iteratively regularized Gauss—Newton
method in Banach spaces and propose some a posteriori stopping rules. We show that
the method is well-defined and obtain a weak convergence result. In Sect.4 we derive
the rates of convergence when the solution satisfies certain source conditions formu-
lated as variational inequalities. In Sect. 5 we prove a strong convergence result without
assuming any source conditions when ) is a Hilbert spaces and ® is a 2-convex func-
tion, which is useful for sparsity reconstruction and discontinuity detection. Finally,
in Sect.6 we present some numerical experiments to test our method for parameter
identification in partial differential equations.

2 Preliminaries

Let X be a Banach space with norm || - ||. We use X'* to denote its dual space. Given
x € X and & € X* we write (§, x) = &(x) for the duality pairing. If ) is another
Banach space and A : X — ) is a bounded linear operator, we use A* : Y* — X*
to denote its adjoint, i.e. (A*¢, x) = (¢, Ax) forany x € X and ¢ € V*.

Let® : X — (—o0, oo] be a convex function. Weuse D(®) :={x € X : O(x) <
~+o00} to denote its effective domain. We call ® proper if D(®) # (. Given x € X
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650 Q. Jin, M. Zhong

we define
0Ox) ={EcX*:0@ —-OKx)—(,z—x)>0forall z € X}

which is called the subgradient of @ at x. It is clear that d® (x) is convex and closed
in X* for each x € X. The multi-valued mapping 96 : X — 2% is called the
subdifferential of @. It could happen that d® (x) = @ for some x € D(®). We set

D@00O) :={x € D(®) : 00 (x) # ?}.
For x € D(0®) and & € 9©® (x) we define
D:®(z,x) =0@)—O0Kx)—(§,z—x), Vzelk

which is called the Bregman distance induced by @ at x in the direction &. Clearly
D: B (z, x) > 0. By direct calculation we can see that

D:®(x2,x) — Dg®(x1,x) = Dg, O (x2, x1) + (§1 — &, x2 — x1) 2.1

forall x, x1,x2 € D(0©), & € 00(x), and &1 € 9O (x1).
A proper function ® : X — (—o00, 00] is said to be p-convex for some p > 2 if
there is a constant Cy > 0 such that for all x, z € X and A € (0, 1) there holds

OMz+ (1 —2x)+ Cor(l =Mz —x]P <20()+ (1 - 1O (x).

It can be shown that ® is p-convex if and only if there is a constant y > 0 such that

Iz xll < y [D:0G )] 22)

forallz e X, x € D(0®) and & € 3O (x).
For a proper, lower semi-continuous, convex function ® : X — (—o0, 0o] we can
define its Fenchel conjugate

O*(&) = sup {(§,x) —O(x)}, &e&™
xeX

It is well known that @* is also proper, lower semi-continuous, and convex. If, in
addition, X is reflexive, then & € 9@ (x) if and only if x € d®*(&). When O is
p-convex satisfying (2.2) with p > 2, it follows from [18, Corollary 3.5.11] that
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Iteratively regularized Gauss—Newton method in Banach spaces 651

D(O%*) = X*, ©* is Fréchet differentiable and its gradient VO* : X* — X satisfies

IVO* () — VO (|l < y P TIIE — gl 7T, VE 7€ X*. 2.3)

Many examples of p-convex functions can be provided by functions of the norms
in p-convex Banach spaces. We say a Banach space A’ is p-convex with p > 2 if there
is a positive constant ¢, such that Sy (¢) > cpe? forall 0 < & < 2, where

Sx(e) :==inf{2 —[lx+zll : x,z € &, [lx[l = [lzll = L and ||x — z]|| = ¢}

is the modulus of convexity of X'. According to a characterization of uniform convexity
of Banach spaces in [17], it is easy to see that, for any x¢ € X, the functional

O (x) := [lx — xoll”

is p-convex and its subgradient at x is given by 0@ (x) = pJ,(x — xo), where J), :
X — 2% denotes the duality mapping of X’ with gauge function r — ¢?~! which is
defined for each x € X by

Ty = {& € 2% 1 gl = Ix17~" and (g, x) = )7 }.

The sequence spaces 17, the Lebesgue spaces L7, the Sobolev spaces W54 and the
Besov spaces B9 with 1 < g < oo are the most commonly used function spaces that
are max{q, 2}-convex [1,4].

Given a proper, lower semi-continuous, p-convex function & on X, we can pro-
duce such new functions ®’ := © + ¥ by adding any available proper, lower semi-
continuous, convex functions ¥ to ®. In this way, we can construct non-smooth
p-convex functions that can be used to detect special features of solutions when solv-
ing inverse problems. For instance, let X = L*(£2), where £2 C R" is a bounded
domain in RV It is clear that the functional

x—>/|x(w)|2da)
2

is 2-convex on LZ(Q). By adding the function f o [x(@)] dw to the multiple of the
above function we can obtain the 2-convex function

61 (x) ::A/|x(w)|2dw+/|x(w)|dw

2 2

with small & > 0 which is useful for sparsity recovery [15]. Similarly, we may produce
on Lz(.Q) the 2-convex function

@ (x) :=,\/|x(w)|2dw+/|1)x|,

ko) 2
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where f o |Dx| denotes the total variation of x over §2 that is defined by [5]

/|Dx| 1= sup /xdiwpda) 1@ € Cé(Q; R") and lellroe) <1
2 2

This functional is useful for detecting the discontinuities, in particular, when the solu-
tions are piecewise-constant [13].

3 The method and its weak convergence

In this section we formulate the iteratively regularized Gauss—Newton method in the
framework of Banach spaces to produce a stable approximate solution of (1.1) from
an available noisy data y? satisfying (1.2). In order to capture the features of solutions,
we take a proper, lower semi-continuous, p-convex function ® : X — (—o0, 00]
with p > 2; we assume that @ satisfies (2.2) and D(F) N D(0®) # @. We will work
under the following conditions on the nonlinear operator F'.

Assumption 3.1 (a) D(F) isaclosed convex setin A" and the Eq. (1.1) has a solution
x" e D(F)N D®O);

(b) There is p > 0 such that for each x € B, (x™) N D(F) there is a bounded linear
operator F’'(x) : X — Y such that

. F(x+1t(z—x)) — F(x)
lim

tim : =F(x)(z—x), VzeB,(x"HNDF),

where Bp(xT) ={xeX:|x—xT| <ph
(c) The operator T := F'(x)is properly scaled so that ||T'|| < oté/p/y;
(d) There exist two constants Kq and K; such that

IF'(2) = F')lwll < Kollz = x 1" (Dwll + K1 | F'(x)(z = 0l w]

forallw € X and x, z € Bp(xT) N D(F).

Itis easy to see that condition (b) in Assumption 3.1 implies, forany x, z € B, @Hn
D(F), that the functionr € (0,1) — F(x +t(z — x)) € Y is differentiable and

%F(x +1t(z—x))=F'(x +t(z—x))(z—x).

The condition (d) was first formulated in [9]. In Sect. 6 we will present several exam-
ples from the parameter identification in partial differential equations to indicate that
this condition indeed can be verified for a wide range of applications. As direct con-
sequences of (b) and (d), we have for x, z € B, (x™) N D(F) that

1
IF(z) = F(x) = F'(x)(z =) < 5 Ko+ Killz = X[HF )z =2
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Iteratively regularized Gauss—Newton method in Banach spaces 653

and
3
|F(z) — F(x) — F'(2)(z —x)|l < E(KO + KDllz = x[IIF'(x)(z — x)|.

In order to formulate the method, let

0, D(F),
XD(F) (X) = [Jroo, i ;DEF;

be the characteristic function of D(F') and define
OF(x) := O(x) + xp(F)(X). (3.1

Since D(F) is closed and convex, xp(r) is a proper, lower semi-continuous, con-
vex function on X'. Consequently, ®@F is a proper, lower semi-continuous, p-convex
function on X satisfying

1
lz— x|l <y [De®rp(z,x)]?, VzeX,x € D(Of)and & € 005 (x). (3.2)

We pick &y € A* and define xo := VO7}; (&), where @}; denotes the Fenchel conjugate
of ®F and is known to be Fréchet differentiable with gradient VO : X* — X. We
have xo € D(0OF) := D(F) N D(0®) and &) € O (xp). Consequently

Xp = arg)rfréi)r; {OF(x) — (50, x)} = argxgg(nm {O(x) — (&0, x)}.

We use &y and x¢ as initial data. We then pick a sequence of positive numbers {co, }
satisfying (1.3) and define {xﬁ} successively by setting xg := xo and letting xﬁ 41 be
the unique minimizer of the convex minimization problem

min {3 = F (i) = F'G) (= xp)ll? + @ Dgy OF (x, x0)}. (3.3)

By the properties of O, xg 41 1s uniquely defined and xﬁ 41 € D(F).

Considering the practical applications, the iteration must be terminated by some
a posteriori stopping rule to output an integer ng and hence x,‘z , Which is used as
an approximate solution of (1.1). In this paper we will consider the following three
stopping rules.

Rule 3.1 Let t > 1 be a given number. We define n; to be the integer such that

| FOm) =¥ <8 < | Fap) —»°

}, 0<n <ns.

Rule 3.2 Let © > 1 be a given number. If | F(xg) — y’|| < ©8 we define ns = 0 ;
otherwise we define ns > 1 to be the first integer such that

1
5 FFGa) =y [+ | F (o) =) = w8
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Rule 3.3 Let © > 1 be a given number. If |[F(xo) — y°|| < 8 we define ns = 0;
otherwise we define ns > 2 to be the first integer such that

|,

Rule 3.1 is known as the discrepancy principle and is widely used to terminate
regularization methods. Rule 3.3 appeared first in [ 10] to deal with some Newton-type
regularization methods in Hilbert spaces. It is easy to see that Rule 3.1 terminates
the iteration no later than Rule 3.2, and Rule 3.2 terminates the iteration no later
than Rule 3.3. Most of the results in this paper are true for Rule 3.1 except the ones in
Sect. 4 concerning the rates of convergence under certain source conditions formulated
as variational inequalities; the convergence rates, however, can be derived when the
iteration is terminated by either Rule 3.2 or Rule 3.3.

In this section we show that the method together with any one of the above three
stopping rules with ¢ > 1 is well-defined. To this end, we introduce the integer 71
defined by

max {H F(xﬁls) — y‘S

F(x}_p)—y° |} < s (3.4)

/"L_p(sp

ap, < ——— < a,, 0<n<ns, 3.5)
" & — TP "

where p* is the number conjugate to p,i.e. 1/p + 1/p* = 1, the number p > 0 is
chosen to satisfy

T—1
7

yr10ruT < 3.6)

and &7 € 90F(xT) is the unique element that realizes the distance d (&, 0© r(xH)
from &g to the closed convex set 0® r(xTy in X% e

d(%, 00r(x") = 1§ — &7

Because the sequence {«o,} satisfies (1.3), the integer 715 exists and is finite. We will
show that xﬁ € Bp(xT) N D(F) for all 0 < n < ng and ng < 7is for the integer ng
defined by any one of the above three stopping rules. For simplicity of presentation,

we use the notation % := x5 — xT. We also use C to denote a universal constant that

is independent of n and § when its explicit formula is not important.

Lemma 3.1 Let X and Y be Banach spaces, let ©® : X — (—o0, o0] be a proper,
lower semi-continuous, p-convex function with p > 2, let {«,,} be a sequence satisfying

1
(1.3), and let F satisfy Assumption 3.1. If(p*)/,u + 2)/%) & — 71171 < p and

1
E:= (Ko + K)o — &7/ 7T is sufficiently small, then xﬁ € Bp(xT) N D(F) and
S P RN
b =21 < (v +2v77) g0 — £117°T, G.7)
5t 1y L fil %
1T = xD)1 < (3u+v7T) 67180 — €177 o (3.8)
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Iteratively regularized Gauss—Newton method in Banach spaces 655

forall 0 < n < ng. Moreover, ng < ng for the integer ns defined by either Rule 3.1,
3.2,0r33witht > 1.

Proof Since 7 € 30p(x7) implies x* = VO3 (£7), from the definition of xo and
(2.3) it follows that

lxo — xTll < y 7T lIE0 — ET)I77T < p.

Thus xo € B, (x™y N D(F) and (3.7) holds. In view of the scaling condition | T'|| <
1

> .
o /v we can obtain

1

1 1L
ITeoll <y 7 Tag 160 — &"17T. (3.9)
Therefore the result holds for n = 0. Now we assume that the estimates for x> have

been proved for some n < 75 and show that the estimates for xs 4 are also true. By
the minimizing property of xfl 41 We have

Iy? = Fd) — F/G8) (el — x) 1P + 2 Dy OF (x4, x0)

<y’ = F) = F'a) (" = x)lI” + o Dy OF (x, x0).
By using the identity (2.1) we have
DeyOF (x),1.x0) — DgOr(x", x0) = D1 Op (¥}, x7) — (8o — &7, x0,; —x7).
Therefore, it follows from the above inequality that

ly> = Fx)) = F' () (xp ) — x)IIP + o Des Op (x4, x7)
<Y = FG)) — F'ae) (" = x) 1P + antéo — &7, x0 ) — x7).
(3.10)

In view of the Young’s inequality ab < %a“ + }bt fora,b > 0,s > 1 and % + } =1,
we have

B 1 . "
(o — &5, x5 —xTy < =7 Ned, P + F(Vlléo —£TpP.

1
p
Combining this with (3.10) and using the p-convexity of ®f, we can obtain
1 _
1y* = Fp) = F'Gp) oy — X117 + ey Hleg i 1D?

1 X
<y’ = F(xd) — F/e) T — 2P + Famnso — &P
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By using the fact that (a + b)! < a’ + b’ fora,b > 0and 0 <t < 1, we have from
the above inequality that

1

L

s P \*
e < z
leniill <y (an)

and

e
+ (7150 — ")
(3.11)

¥ = F(xd) — F'ad)y (T = x9)

| = Fed) = Frad ey = x| = | = Fad) = Fad et = xh)

1

1 * - %\ P
+(pr anlléo — 7117 ) . (3.12)
By using ||y’ — y|| < & and Assumption 3.1 we have

) 3
” ¥ = Fa) = F e’ —x)| <8+ 5K+ K0 [ )] | )] 3.13)

Since n < 7, it follows from (3.5) that

L
8 < pléo— €17 ey (3.14)
In view of the induction hypotheses we thus have

41
< (+CE g0 — T T .

| = Fad = Fradet =)

Combining this with (3.11) gives
5 )7 = o=
lep il < (P)? yu+y? T +CE) g0 —E|7T.

Therefore, if £ is sufficiently small, then

P
—1

1
led 41l < (P*)/M +2y7 ) & — ET 17T < p.

Next we estimate || TeS ||. From (3.12) and (3.13) it follows that

il
3
[ = Fa) = F'a @y x| <8+ S(Ko+ Kn) | ey | ey
1
1 * . * 7’
+(=v" i —£717")" . (3.15)
p
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Observing that
[5° =y =Tepi | < [¥° = Fe) = Fla Gy = 20|
+|y = Fad - Fadet - )

+ (T = F &), |- (3.16)

Thus, we may use Assumption 3.1, (3.15), and the estimates on || 32 || and ||efl_H | to
derive that

1
1 * N * P
|V —y=Te, | <s+CE||TE| +CENTE, I+ (Ey” anlléo — ETI7 )p.

(3.17)

Therefore, by using the induction hypothesis on || Te® ||, the fact @, < O, 11, and
(3.14), we can obtain for sufficiently small £ that

1
e «\ 7
ITehall = (30 +y77) (Bansrligo — 1177)

We therefore obtain the desired estimates (3.7) and (3.8).
Finally we show that ns < r15. We first claim that for 0 < n < 715 there holds

1
—T

L1 -
I* =y = Tehll <8+ (y7707 +CE) llgo - £1117

1
P
oy .

In fact, for n = O this inequality follows from (1.2) and (3.9), and for 1 < n < ng
it follows from (3.17), (3.8) and (1.3). Therefore, by using Assumption 3.1 and the
estimates (3.7) and (3.8), we can obtain

[3° = Fanl < 5" =y =Tep| + |y = Fa) + Tep |
1L

<o+ (y716r +CE) I6o — €717l (I8
If ig = 0, then aeg < P8P ||&y — £7|| 77" Therefore
| Fao =y*] <8+ (y7i00u +CE) 5.
In view of (3.6) we have for sufficiently small £ that || F'(xg) — y‘S || < té.Consequently
ng = 0.

In the following we assume that 15 > 1. Observing from (1.3) and (3.5) that for
n =ngs and ns — 1 there holds

1 1 1 L
af < (Bop,)? <07 ||& — £T| 7T,
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Thus, from (3.18) we have for n = n5 and ns — 1 that

1

2
| = Fa)| <1+ CES+yrToruls.
Since u is chosen to satisfy (3.6), we have for sufficiently small £ that
|’ = F(x})| < t8 forn =isandns— 1.

Therefore, by the definition of ng we have ng < n;. O

Remark 3.1 We use OF in (3.3) to guarantee that {xﬁ} C D(F) without assuming xT
is an interior point of D(F). If xTis an interior point of D(F) so that B, " c D(F)
for a ball B, (xT) of radius p > 0, we can replace O in (3.3) by ® and define X3+1
to be the unique minimizer of the convex minimization problem

min {|| Y = Fd) = F/ ) (= x2) |7 + au Dey O (x, xo)}.

The same argument in the proof of Lemma 3.1 can be used to show that for sufficiently
small ||&y — £7|| there holds x,‘z € Bp(xT) C D(F) for all 0 < n < ng. Therefore, the
modified method is well-defined and all the results in this paper still hold.

As a byproduct of the estimates in Lemma 3.1, we can prove a weak convergence
result of our method.

Theorem 3.1 Assume that the conditions in Lemma 3.1 hold. Assume also that X is
reflexive and F is weakly closed. If the method (3.3) is terminated by either Rule 3.1,
3.2, or 3.3 with t > 1, then for any sequence {y®} satisfying ||y* — y|| < 8 with
Sk — Oask — oo, {xﬁ’gk } has a subsequence that converges weakly in X to a solution
of (1.1) in B,(x*) N D(F). If x" is the unique solution of (1.1) in B,(x") N D(F),
then xﬁa converges weakly in X to x" as § — 0.

Proof Tt follows from Lemma 3.1 that {xﬁgk } C B, (x"YN D(F). Since X is reflexive,

{x,ﬁﬁk } has a subsequence that converges weakly in X to some x € X. By using the weak
lower semi-continuity of norms in Banach spaces and the convexity and closedness

of D(F), we have X € B,(x") N D(F). Moreover, since ||F(x2’(§k) — ¥ < 218,
we have ||F(x2§k) — y|| = 0as k — oo. By the weakly closedness of F we have
F(x) = y,i.e. x is a solution of (1.1) in Bp(xT) N D(F). O

Remark 3.2 In Theorem 3.1 we only obtain the weak convergence. The proof of strong
convergence remains open in general. However, in Sect.5 we will prove a strong
convergence result when ) is a Hilbert space and ® is a 2-convex function. Moreover,
in some situations we are interested in the strong convergence in a Banach space Z in
which X can be compactly embedded, the weak convergence in X is already enough
for the purpose.
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Iteratively regularized Gauss—Newton method in Banach spaces 659

4 Rates of convergence

In this section we will derive rates of convergence for x? , to x T under certain source

conditions. In Hilbert space setting, the usual source conditions are
xo—x = (T*T) 2w 4.1

for some 0 < v < 1 and w € X. By the interpolation inequality it is easy to see that
(4.1) implies

(o —x", x = xT) < Jolllx = xTINT =DV, Y e X (4.2)

In Banach space setting, the formulation (4.1) for source conditions does not make
sense in general. However, we may use (4.2) to propose the replacement of the form

(o —&", x —xT)y < Bllx —xT I IT e = xDHY, Vxe X,

Considering the p-convexity of ®f, we may further modify this into the form

(60— &1 x —x7) < BIDpOr (e XD T ITG—xDIY, YreX (43

for some 0 < v < 1 and S > 0. We therefore obtain source conditions formulated as
variational inequalities, whose analog have already been introduced in [11]. We will
use (4.3) as our source conditions to derive convergence rates.

Theorem 4.1 Let X and Y be Banach spaces, let ©® : X — (—o00, oo] be a proper;
lower semi-continuous, p-convex function for some p > 2, let {a,} be a sequence
satisfying (1.3), and let F satisfy Assumption 3.1. If the source condition (4.3) is

1
satisfied withO < v < land if € := (Ko+ K1) ||& — £\ 77 is sufficiently small, then
for the integer ng determined by either Rule 3.2 or Rule 3.3 with t > 1 there holds

P pv
Dg’ﬁ@F(XﬁB,XT) 5 Cﬂm8]7—1+v
and thus
|| 8 — f < C 7}+v5 7‘;+v
Xps — X | <CBr P ,

where C is a constant depending only on p, vy, 0, T and v.
We will complete the proof of Theorem 4.1 by proving a series of lemmas.

Lemma 4.1 Under the same conditions in Theorem 4.1, if the source condition (4.3)
1
holds and € = (Ko + K1)||& — £\ 77 is sufficiently small, then there holds

. p=l4+vN 51
IT ) —xH <C 5+(ﬂan ’ )
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forall 0 < n < ng, where s is the integer defined by (3.5).

Proof We will use (3.10). In view of the Young’s inequality, it follows from (4.3) that

—v o p—1+4v b
o —&x0 —x") < TDg@F(x,i.Hvx )+ (BITey 1 11) 7~ .
Plugging this into (3.10) gives

p—1+v t
Iye — F(xd) — '8yl — x))1P + o Der Op (x), 1, x )
p—14+v b
<y’ = F(xd) — Fad) (" = a1 + o (BIT ey lI”) 7757

4.4
This inequality implies immediately that

Iy = Fxp) — F' ey gy —x)ll < 11y — F) — F'ep)(x" = x|
1 1
+a (BITe) 1Y)77

4.5)
In view of (3.16), we can obtain from (4.5) that

1 1
Iy —y =T Il <8+ (T — F'O)e Il +an (BITe 4 1I”) 7+
+2lly — F(b) — F'(xed) (T = xd)l.

With the help of Assumption 3.1 we then obtain

Iy —y =Tl Il < 8+3(Ko+ KX Telll + Kol INITed |
1 1
+KlE I TN +ad (BITe, 1Y)77+

(4.6)
By employing the estimate on ||ef, || from Lemma 3.1, we can obtain from (4.6) that

1 1
ITed 41l <28+ CENTEYN + CENTE, Il +ay (BITeE) 4 1I”) 7+

By using the Young’s inequality again we can derive that

Vv
ITed 41l <28+ CENTeE| + (m + CS) ITed |

1
p—l P*THV =1
+p—l+v(ﬂa" .
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Therefore if £ is sufficiently small, then we can obtain

1
p—1

s 3p s p—1+v
ITeneill = =38+ CENTE +2 (ﬁan z )

Thus, in view of o, < 6,11, if we further assume that £ is sufficiently small, then
an induction argument would show that

1

5 4p p=l+v\ p—1
[ Teyll < Fﬁ +3\BOan) »

for all 0 < n < ng if we could show that this is also true for ||Teg||. Observing that
Dgi O (x0, x1) < DetOp (x0,x7) 4+ Dgy O (x7, x0) = (89 — &7, xo — x)
1-v

< BID:Op (x0, xH] 7 || Teo]”. .7
This implies that Dy @ (xo, x7) < (BlITep|”)7 7 and consequently by the p-
convexity of @ we have

N 1
llxo —x"Il < (Bl Teoll”) P~V

Therefore

1
ITeoll < ITNlleoll < yITI (BIITeoll”) =1+ .

1

In view of || T|| < &y /y we can obtain

1
| P*}lJer p=l+v\ =T
ITeoll < (yITIB=) 7 < (ﬂao ' ) - (48)

We therefore complete the proof. O

Lemma 4.2 Under the same conditions in Theorem 4.1, if £ := (Ko + K1)|& —
1

T\ 7T is sufficiently small, then there holds

1

T +1 p=l4v\ =T
Iy =y =Tepll < (T+C5)8+C(ﬁan ! ) (4.9)

forall0 < n < ng.
Proof We will use (4.6). In view of the estimates on ||efl || given in Lemma 3.1, we
can obtain from (4.6) that

1 1
1y —y =T 4l <8+ CENTE + CENTEL (| +ad (BITed, V)P .
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Using the estimates on || Tefl |l in Lemma 4.1, the fact o, < 6,1 and the inequality
(a+b) <a' +b fora,b>0and0 <t < 1, we have

1

p—1+v =1
Hﬁ—y—T%HH56+C58+(muﬁ )

v
p—I1+v

1
% 1 1}7,1;+V =1
—1+v
+Cay BrH {8+ | Bay,
1

p—l+v p—1
<(1+CES+C (ﬁan+’; )

1
— 1
+ Cal’f—i—lﬁ p—1+v 8 p—‘erl) X

By using the Young’s inequality we have

1

1 p=l+v -1
P 11+ T 1 "N Ba !
D — v - v —_—
Ca, B7 ér < > 8+ C | Ba, .

Combining the above two estimates we therefore obtain (4.9) for 1 < n < ;. It
remains only to check (4.9) for n = 0. By using [|y® — y|| < & and (4.8), this is
obvious. O

Lemma 4.3 Under the same conditions in Theorem 4.1, there exists a positive uni-

versal constant c| such that
P
(6171 ) p—1+v
oy =Cc1 |\ ——
B

forall 0 < n < ngs, where ns is the integer defined by either Rule 3.2 or Rule 3.3 with
T> 1L

Proof If ns = 1 we must have || F (xg) — y°|| > ©4. It then follows from Assumption
3.1 and (4.8) that

1
1

p=1+v\ =1
(t—DS<[Fxo) =yl =@+ CENTeol =C (ﬁ% 3 )p .

This implies the desired estimate on «p. So we may assume that ns > 2. From the
definition of ng we have for 1 < n < ng that

w8 <max {|F(x0) — Y2 I, IF(x3_y) — y°Il}. (4.10)

By using Lemma 4.2, Assumption 3.1, and the estimates in Lemma 3.1 we have for
all 0 < n < ng that
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IFGD) =yl < 1y —y =T+ IF(x}) —y —Te|

1
1 p—1+v -1
S(TJZF +C£)8+C(,3a,, P ) +CE|Te.

In view of the estimate on || Tefl || in Lemma 4.1, it follows for 0 < n < ng that

1 p—1+v =1
IIF(x,f)—y‘SIIS(%+C6)8+C(ﬁan” ),, :

Recall that ng < 715 and o, < a;—1 < Oy, we therefore obtain from (4.10) that

1
1 p=l+v\ =1
ras(%wg)”c(ﬂan" ) . 0=n<n

Thus, if £ is sufficiently small, then we can derive that

p—1+v p—1
6§C(,Banp ) , 0<n<mng

which gives the conclusion immediately. O
Finally we prove Theorem 4.1 concerning the convergence rates of the method.

Proof of Theorem 4.1 We first consider the case ng > 1. Then for 1 < n < ns we
have from (4.4) that

p
an—1 D1 Op (), x7) < Y7 = FO_) = Flag_ Gt = x_pll?

v =T
Sy -
+on—1 (Bl Te, ") 717

Therefore, by using Assumption 3.1, the estimate on ||¢’ || in Lemma 3.1, the inequality
(a4 b)Y <2'"Y(a" +b") fora,b > 0andr > 1, we can obtain

—1

2P _p
D @p(xl, x) < —L (87 + CEP|ITed_,I17) + (BI T |”) 7T .

~ (p— Dan—
4.11)
Observing that Assumption 3.1 and the estimate on ||ef, || in Lemma 3.1 imply

I Tepll < IF(x)) — yll + CENl Tepll.

Thus, if £ is sufficiently small, then we have || Te,‘z I < 2||F(x,‘2) — y||. Since ns is
determined by Rule 3.2 or Rule 3.3, we have

IF ) — ¥l + I1F (e, _p) — y°|l < 218.
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We therefore obtain
ITep Il + 1T ep, 11l < 41 + )8

Now we can take n = ng in (4.11) to obtain

ng’

DyiOp(x) ,x) < C ( + (/35”)”‘117”)-

Qps—1

An application of Lemma 4.3 then gives the desired rates of convergence.
For the case ny = 0, we have || F(xo) — y®|| < ©8 and thus ||Teg| < 2(1 + 7)8.
We may use (4.7) to derive that

Dyt O (x0, x) < (BITeoll") =5 < C (B8") 71 .

This completes the proof. O

Remark 4.1 The similar argument can be applied to derive the rate of convergence
under the general source condition

(o—&Tx —xT) < ﬂ[DE»;-@F(x,xT)]% f M
- "\ DgiOF (x, x7)

for some index function f with suitable properties.

5 Convergence

Although Theorem 4.1 gives the rates of convergence, it does not tell whether the
method is convergent when the source condition is not known to be satisfied. In this
section we will consider the situation that X’ is a reflexive Banach space, ) is a Hilbert
space, and O is a proper, lower semi-continuous, 2-convex function satisfying (2.2)
with p = 2, and derive the convergence result without assuming any source condition.
We will use (-, -) to denote the inner product in ). In this situation, xfl 4 is the unique
minimizer of the convex minimization problem

min {1y = F() = Fa) =3I + @, DgOr(x.xo)}. (5.1)

where OF is the proper, lower semi-continuous, convex function on X defined by
(3.1) satisfying

Iz — x|l < y[D:Or(z. x)]?, Vze X, x € D@OF) and & € 90 (x).

Let ns be the integer determined by either Rule 3.1, Rule 3.2 or Rule 3.3 with 7 > 1.
We will show that x,‘ia — xTas§ — 0if
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so—§" e NI, (5.2)
where V'(T) := {x € X : Tx = 0} denotes the null space of T and
N(T)t :={& € X* : (£,x) = 0forall x € N(T)}.
We will derive the convergence result in two steps. In the first step, we consider the

noise-free iterative sequence {x,} defined by (5.1) with y® replaced by y, i.e. x,41 is
the unique minimizer of the problem

min {Ily = P = F'@in(x = 51 + @, Dy Or (3, x0) . (5.3)

We will show thatx, — x¥asn — 00. In the second step, we will consider the relation
between xfl and x,, and establish some crucial stability estimates. The definition of n
then enables us to derive the desired convergence result.

In order to achieve these two steps, we need the following simple result which plays
a crucial role in the arguments.

Lemma 5.1 Assume that X is a Banach space and Y is a Hilbert space. Let A and A
be two bounded linear operators from X to Y. For a > 0 let xo be the minimizer of
the problem

min {lly = A% + aDg, O (x, x0)]. (5:4)
xeX

and let X be the minimizer of (5.4) with A, y, xo and & replaced by A, $, %0 and
&y € 0O F (x) respectively. Then there holds

19—y — ARy — xa)|I> + @Dg, OF (Zg, Xo) < |15 — ¥II* + at(Eo — £0, Ko — Xg)
+2((A — A)xg, Axg — £4)) + 20y — Axg, (A — A)(xy — £4)),

where &, = £ + 2A*(y — Axy) € O (xq).

Proof Since x, is the minimizer of (5.4), we immediately have &, € 0©@F(xy). By
using the minimizing property of &, we have

19 — ARal” + a D OF (Ra, R0) < 119 — Axell* + @Dy O (x4, £0).
Recall that
D;; O (Ra, 0) — Dy OF (a, %0) = De, OF (Ra, Xa) + (6o — &0, Fo — Xa)
and

19 — AkglI> = lly — Axall® +2(y — Axg, § — y — ARy — Xq))
+ 19—y — AGy — xa) 1%
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Combining the above three equations we can derive that

”)A) -y - A()ea _xa)”z +aD$a@F(£a7xa) =< a(éo - gou)ea — Xq)
—2(y = Axg, § — Y — Ay — x0)) + 17 — Axg > = ||y — Axa |

Since
19 — AxglI> — Iy — Axg? = 17 — I> + 20 — v, y — Axa),
we can obtain

9 =y — A(Fy — xa)|I> + @ Dg, OF (B, Xo) < (€0 — g K — %) + 17 — ¥
+2(y — Axg, Ay — xq)).

In view of the fact w(&y — &) + 2A*(y — Axyq) = 0, by rearranging the terms we
therefore obtain the desired result. m]

5.1 Convergence of the noise-free iterations

In this subsection we will show for the noise-free iteration {x,} that x, — x' as
n — oo if & — &7 satisfies (5.2). We first confirm this convergence result under the
stronger condition

f—& =T

for some w € Y*. This is included in the following result.

Lemma 5.2 Assume that X is a Banach space, ) is a Hilbert space, and ® :
X — (—o0, 0] is a proper, lower semi-continuous, 2-convex function. Let F sat-
isfy Assumption 3.1 and let {a,} satisfy (1.3). If &g — &7 = T*w for some w € Y* and
(Ko + K1)||& — &7 || is sufficiently small, then for all n there hold

1/2
Ix, — x| < Clollan® and |T(x, —xH)| < Clwlay.

Proof Since &y—&T = T*w, the source condition (4.3) holds withv = 1and 8 = ||w|].
Thus we can apply Lemma 4.1 to obtain the estimate on || T (x, — x)|| immediately.
In order to derive the estimate on || x, — x|/, we use (4.11) which can be formulated
as

— xH2
_ MG =D

D+ Op (v, x") < + @l T Co = <.

Qp—1

By using the estimates on ||7 (x, — xT)||, (1.3) and the 2-convexity of @f, we can
obtain the desired estimate. O
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In order to derive convergence under merely the condition (5.2), we will use the
following strategy. We first find g € D(0O@F) := D(F)N D(3®) and éo € 00 Fr(Xp)
such that éo is sufficiently close to &y and éo —&" e R(T*), where R(T*) denotes the
range of T*. We then use Xo and é‘o as new initial data and define {x,} by letting X+
be the unique minimizer of the problem

min {1y = F(8) = F'(&)(x = &) |12 + an D O (x, 30) |.
xeX

According to Lemma 5.2, we have %, — x' as n — oo. In order to pass this conver-
gence result to {x, }, we need a perturbation result on {x,} with respect to &.

Lemma 5.3 Assume that X is a Banach space, ) is a Hilbert space, and ©& : X —
(—o00, 0ol is a proper, lower semi-continuous, 2-convex function. Let F satisfy Assump-
tion 3.1 and let {a,} satisfy (1.3). If

& = (Ko + K1) max{||£o — &7, 150 — £71}
is sufficiently small, then for all n there hold
e — £all < 212180 — Eoll and ||IT (xn — 20)Il < 2762?18 — &l (5.5)

Proof Using the same argument in the proof of Lemma 3.1, it follows that if £ is
sufficiently small then x;, and x,, are well-defined for all n and there hold the estimates

[Tenll + . ITe, p .
= < ClE—ET, < Cl& — &7, 5.6
llenll + Jan = &0 — &M, llenll + = = &0 — &7l (5.6)

where

eni=x, —x  and &, :=%, —x'.
In the following we will prove (5.5) by induction. Since xo = VO}.(&) and X =

Ve (éo), we have from (2.3) and the scaling condition | T|| < aé/z/y that (5.5) holds
for n = 0. Now we assume that (5.5) holds for some n and show that it also holds true
forn + 1.

Let O(x) := Op(x + x). Then & € 90 (xg — x7) and O is still a 2-convex
function. By using the definition of x,1, it is easy to see that e, := x,4+1 — xtis
the minimizer of the minimization problem

min {Ilgn — F'(xp)ell* + a, Dg, O (e, xo — xT)} , (5.7)
where
gn =y — F(xy) — F' (o) (x = xp). (5.8)
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Similarly, é,,1 := X,41 — x" is the unique minimizer of the minimization problem
min {18, — F'(&)ell? + o, Dy, e, 20 — ) |, (5.9)
eeX 0

where

Gni=y— F(Ry) — F @)™ = 3.

Let T, := F ’N (x,) and T, := F'(%,). It then follows from Lemma 5.1 and the 2-
convexity of ® that

2
~ N 2 1y
180 — 80 = Tt = 5 DI% + an (v~ nsr = x0s11])

<180 — gnl*+an (o — &0, Fns1 — Xnt1) + 20Ty — Tens1, Tn(ins1 — Fnt1))
+2(gn - Tnen+1» (T, — Tn)(xn-i-l - £n+l))-

In view of the identity ||a + b||> = ||a||* + 2(a, b) + ||b||* in Hilbert spaces, we can
write

180 — &n — Tn Gt — XnsD) |12
=180 — gnll* = 2(&n — &ns TnGugt — X)) + 1T Engt — Xng )12
+ 2(T Gpgt — Xnt1)s (T = T) Gt — Xnt1))
+ (T — T)Engt — xns D%

Therefore we can obtain

2
~ 2 S N 2 ~
17 Gt = % DI e (™ s = 501 l) = ctalbo = &0, Bt = )

+ L+ 1+ 13+ 14, (5.10)

where

Iy = 2((Ty — T)ent1. Ty(xns1 — Zn1)),

b =2(gn — Tuens1, (Tn — Tp) (Xng1 — Ens1)),

I3 =2(Gn — gn, Tu(Gns1 — Xns1)),

Iy = 2(T g1 = Ens )y (Ty — T)Ent — Xng1))-

In the following we will estimate /; for j = 1, ..., 4. With the help of Assumption
3.1, (1.3), (5.6) and the induction hypotheses, we can derive that
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1/2 +
I Tentill + llgn — Tnentill < Can’* |10 — &7,
1T Cen — 21 < Can?1lE0 — Eoll. 1Ty — Tens1ll < CEan’* 1180 — &oll.
-~ ~ A 1/2 A~
N(Tw — T)(xpg1 — Xt DIl < CENT (xp1 — Xn+D)| + C&Xn/ |Xn4+1 — Xn+1 1l
175 et = 2Dl < A+ CONT Fng1 — Zng DIl + CE* [ Xns1 — £np1

and

(T — T) g1 — Fns )|

= C(Ko+ Kn)li§o = &l (I Grrsr = S Dl + 41 = S )
Moreover, by writing
8n— &0 = (F(x) = F(&) = T, 000 — £2)) + (T, — T)en,
we can use Assumption 3.1, (5.6), and the induction hypotheses to derive that
1gn — gnll < CEan’* 1180 — &oll.
By making use of the above estimates we therefore obtain
I+ 1Bl + 5] < CEN& — &oll @ IT (st = fus DIl + @ullxngs = Zugr 1)
and
14l < CENT nt = Zn D + CEnllntt = T I
Combining these estimates on /;, j = 1, ..., 4 with (5.10) gives

IT Gt = Eng DI + ot (" ons1 — Eng1D?
2 1/2 A N
< CE|l&0 — Eollen”* 1T Kns1 — Fnr )| + nllXnst — £npill)
+ CENT (Xnt1 — Znt DI? + CEnllxn41 — Fnst I

+ anllEo — EollllXnr1 — Ens1 -
Therefore, if £ is sufficiently small, we can obtain immediately that
IT (ng1 — R DI + an (v~ xngt — Faga ID? < 4y e ligo — Eoll”.

In view of the condition «, < 6«11, we therefore obtain the desired estimates. O
Now we are ready to prove the convergence of the noise-free iteration {x,}.
Theorem 5.1 Let X be a reflexive Banach space and Y be a Hilbert space, let ® be a

proper, lower semi-continuous, 2-convex function on X. Let F satisfy Assumption 3.1
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and let {a,)} satisfy (1.3). If &g — €T € N(T)* and (Ko + K1) || & — &7|| is sufficiently
small, then there hold

T — 5t
n— 00

n— 00 \/@

Proof Let @} denote the Fenchel conjugate of ®F. It is known that D(®F) = X'™,
OF is Frechet differentiable and its gradient VOJ, : X* — X satisfies

IVORE) — VORI < y2IE —nll, VE ne X*

Let0 < € < ||& — £7| be sufﬁ01ently small. Since & is reflexive, we have
Nt = R(T*) Therefore éo é}‘ € R(T*). Consequently, we can choose So e X*
such that ||y — $0|| < € and 50 — &V e R(T*). We now define %o := VOF(EO) Then

we have xg € D(0®F) and 50 € 0O0f(Xp). Moreover

%0 — xoll = VO (o) — VORE) I < ¥21IE0 — &oll < y2e.

Since xo € B, (xT), by taking € > 0 to be small enough, we can guarantee that Xy €
B, (xTYN D(3@F). We then use such £( and & as initial guess to define {x,} as above.

Since the smallness of (Ko+K1)||&o—& || implies the smallness of (Ko+K1) ||§0—$T Il
we may use Lemma 5.3 to conclude that there is a constant C, independent of n such
that

. IT (xn — o) .
lxp — &nll + ———""= < Cyll&0 — &0ll < Csxe, Vn.

NG

On the other hand, since é‘o — &7 e R(T™*), it follows from Lemma 5.2 and (1.3) that
there exists an integer n¢ such that

1T G —xDI _

¢t
Xp — x|+ ,
[[Xn l Ja <
Consequently

T _ T
ln — xTI + 1o — x 1) < (14 Cye, Vn=ny.

Jon

Since € > 0 can be arbitrarily small, we therefore obtain the convergence result. O

5.2 Main convergence result

Although we have shown in the previous subsection the convergence of the noise-free
iteration {x,} as n — oo, our ultimate aim is to show that x,f s xTas 8 — 0 with
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the integer ng defined by either Rule 3.1, 3.2, or 3.3 with 7 > 1. We still need some
stability estimates contained in the following result.

Lemma 5.4 Assume that all the conditions with p = 2 in Lemma 3.1 hold, and assume
also that ) is a Hilbert space. If € .= (Ko + K1)||& — &7 || is sufficiently small, then
forall 0 < n < ng there hold

8

8 = xall <301+ 1) —= and [F(x)) — F(x,) — y> + vl < (1+CE,

n

where g is the integer defined by (3.5).

Proof We first prove by induction that

8
by = 53(1+V)2\/? and | T(x, —x)Il <3(1+y)8, 0=<n<hs.

n

5.11)

Since xg = xg, the estimates are trivial for n = 0. We now assume that the estimates

are true for some n < 715 and show that they are also true for n + 1. We will use the

similar argument in the proof of Lemma 5.3. By the definition of xﬁ 41» it is easy to

see that efl 4= x,‘z - xT is the unique minimizer of the problem
min {11} = F/(xDell? + o D, O e, x0 — x|,
ecX
where
@ =y —Fd) — FF(xd)(xt —xP).

Recall that e,,4+1 1= x;,41 — x¥is the unique minimizer of the~problem (5.7) with g,
given by (5.8). In view of Lemma 5.1 and the 2-convexity of ®, we can obtain

ligd — gn — F'(3) (01 — Xt DIF 4+ an(y 7 HIxS Ly — g1 D2
<1185 — gnll* + 2((F'(x3) — F'(xw))ent1, F'(x3) (ns1 — x3, 1)
+2(gn — F'(tn)ent1, (F'(xn) — F'(x2) (g1 — X5,1)). (5.12)

We can write

) — gn — F'(x)(xp 1y — xns I
= lgh — gnll* = 2(8) — gn, F' (D) (6 g — Xn ) + 1T (x4 — xag )1
+ 2T (x4 1 — Xng1). (F'(x)) = TS, — 1)
F+IF () = T4y — xas )1

@ Springer



672 Q. Jin, M. Zhong

Therefore, it follows from (5.12) that

IT Sy = X DI + oy xSy — XD < i+ o+ T3+ Jay, (5.13)

where
Ji = 2((F'(x3) — F'()ens1, F'(x2) (tns1 — x50.1)),
Jo = 2(gn — F'(c)ens1, (F () — F' (X)) (1 — x241)),
J3 = 2080 — gn, F'(X2) (X011 — Xnt1)),
Ja = 2(T 1 — X34 1)s (F'(X3) = T) (X241 — X))
In the following we will estimate J; for j = 1, ..., 4. With the help of Assumption

3.1, (1.3), (5.6), the estimates in Lemma 3.1 and the induction hypotheses, we can
derive that

IF e[|+ 1 F'endensill + lgn — F' (ndensill < Can/*1E0 — 711,
IF' (x0) (x0 — x) || < €8, 1(F'(x0) — F'(xn))en1ll < CES,

1/2
ICF' () = TY(xS, | = 3 )l < CENT (41 — xps Dl + CEY 11X — xpi

1/2
IF ) 2y = XD < (14 CONT &, — xag )l + CEa*N1x0 | = xnsal,

1/2
IF G2y — x| < (14 CONT S,y — X))l + CEap* x5, | — x|

and

I(F (xn) — F'(x2) (n1 — x5 )l

—1/2
< C(Ko+ K8, PIT (L, — xus )l + 11Xy — xasa -

In order to estimate ||gf, — gnll, we use the expressions of gfl and g, to write
) .9 § ’ ) 1e.8 / )
8 —8n =Y =y —[F(xy) — F(xn) — F (xn)(x, —xp)] + [F (x) — F (xn)]e,.

By using Assumption 3.1, the estimates in Lemma 3.1, (5.6) and the induction hypothe-
ses, we can derive that

Igs — gn — ¥° + yll < CES. (5.14)
Therefore
g — gull < (1 4 CE)S. (5.15)

@ Springer



Iteratively regularized Gauss—Newton method in Banach spaces 673

By making use of the above estimates we therefore obtain

1/2

il + 1J2] < CESUIT (41 — DIl + @’ 1xS ) — X1 1D
1/2

13l < 2+ CESUIT K, — xny DIl + a2 1x ) — xup1 )

sl < CENT 4y — X DI+ nllxl ) — xag1 1)

Combining the above estimates on J; for j = 1, ..., 4 we therefore obtain from (5.13)
that

IT (o — X DI + o (71X — X1 D2
1/2
< Q4 COSNTOL — xap ) + a0, — Xl

+ CEUT (ppy = XD + @nllp iy — Xt I
Thus, if £ is sufficiently small, we have
1T Copgr = s DI + 0y gy = 21 D? < 91+ )%8%
This together with o, 4+1 < &, completes the proof of (5.11).

By using the estimate (5.11) we have |J1| 4+ | /2] < CE82%. Thus, we may use (5.12)
and (5.15) to obtain

gd — gn — F' (D () — xngD) |l < (14 CE)S. (5.16)
Observing that Assumption 3.1, Lemma 3.1, and (5.11) imply
(T = F' () (g y — xng)|| < CES. (5.17)
We may use (5.14), (5.16) and (5.17) to obtain
Iy’ —y =TS —x)ll < 1 +CES,  0=n <y

since it is trivial for n = 0 because xS = Xp.
Finally, we can use Assumption 3.1, Lemma 3.1, (5.6) and (5.11) to derive that

IF(x3) — Fxn) — Y + 3l < IF(D) — F(xn) — F'(x) (x5 — x|
+ I[F () = T1(xS — x|
+ 1y =y = TS — x)ll
< (14 C¢&)s.
The proof is therefore complete. O

Now we are ready to prove the main convergence result.
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Theorem 5.2 Let X be a reflexive Banach space and ) be a Hilbert space, and let
O : X — (—00, 00] be a proper, lower semi-continuous, 2-convex function. Let F
satisfy Assumption 3.1 and let {«,} satisfy (1.3). Assume that xis the unique solution
of (1.1) in B,(x") N D(F). If & — £ € N(T)* and € = (Ko + K1)||&0 — &7l is
sufficiently small, then for the method (3.3) terminated by either Rule 3.1, 3.2, or 3.3
with T > 1 there holds x,‘zé —xtass— 0.

Proof We complete the proof by considering two cases. Assume first that there is a
sequence {y%} satisfying ||y%* — y|| < 8 with 8y — 0 such that nj, := ng, converges
to a finite integer n as k — co. We may assume that n; = n for all k. By Lemma 5.4
we have x,ii = x,ﬁ" — x, as k — oo. Since the definition of nj; implies

IF Qopt) = y™1I < 278,
by taking k — oo we can obtain F(x,) = y. Since x' is the unique solution of (1.1)
in Bp(xT), we have x,, = x and hence x,‘iﬁ — xTask — oo.
Assume next that there is a sequence {y%} satisfying || y%* — y| < 8 with 8y — 0

such that ny := ns, — 00 as k — oo. By the first estimate in Lemma 5.4 we have

Sk

a3t —xT < 3(14y)?

o + o, — x T

Nk
By using the definition of n; and the second estimate in Lemma 5.4 we can obtain

e < max {IF (k) = UL PG ) = v}
< (1L+ COS + max ([ F(en-1) = Il 1 F Ging-2) = 11}

By using Assumption 3.1 and (5.6) we can show that || F (x,) — y|| < 2/ T (x, — x7)||
for all n if £ is sufficiently small, and consequently

8
8 = — max{lITen—1l, ITen 21}

Since ny — o0, it follows from Theorem 5.1 and (1.3) that 6/ /e, — Oask — oo.
Moreover, Theorem 5.1 also implies that ||x,, — x¥| = 0as k — oo. We therefore
obtain again ||x,§i — x| > 0ask — 0. o

6 Applications to parameter identification problems
In this section we consider some examples on parameter identification in partial dif-
ferential equations to illustrate that Assumption 3.1(d) can be verified for a wide range

of applications. We also report some numerical experiments to test the efficiency of
our method.
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Example 6.1 We first consider the identification of the parameter ¢ in the boundary
value problem

—Au+cu=f in£2

u=g on 92 6.1

from an L2(§2)-measurement of the state u, where 2 € RY, N < 3, is a bounded
domain with Lipschitz boundary 92, f € L*(£2) and g € H3/?(3£2). We assume
¢’ e L?(£2) is the sought solution. This problem reduces to solving an equation of
the form (1.1) if we define the nonlinear operator F to be the parameter-to-solution

mapping
F:L*(2) > L*(2), F(c):=ulc)

with u(c) € H?(£2) C L*(£2) being the unique solution of (6.1). Such F is well-
defined on

D(F) := {c e LX) |lc — ¢|lp2 < yo for some ¢ > 0 a.e.}
for some positive constant yp > 0. It is well known that F has Fréchet derivative
F'(c)h = —A(c) L (hF (c)). h e L*(£2), 6.2)
where A(c) : V := HZN HO1 — L? is defined by A(c)u := —Au + cu which is an

isomorphism uniformly in a ball B, (c") € D(F) around c'. Let V' be the dual space
of V:=H>nN HO1 with respect to the bilinear form

(0. ¥) =/¢(X)1/f(X)dX- (6.3)
2

Then A(c) extends to an isomorphism from L?(£2) to V'. Since (6.2) implies for any
c,d € By(c"yand h € L*(£2)

(F'(¢©) = F'(d)) h = =A©)"" ((c = d)F'(d)h) — A(e)™" (h(F(c) — F(d))),
and since L! (£2) embeds into V' due to the restriction N < 3, we have

I(F'(c) — F'(d)hll >
<A@~ ((c = )F' (d)h) |2 + |AC) ™ (h(F(c) — F@)) Il
< Cli(c = d)F'(d)hlly: + Cllh(F(c) — F(d))llv
< Cll(c —d)F'(@dhl g1 + Cllh(F(c) = F(@d))ll 11
< Cllc = d|| 2| F'(d)hl ;2 + CIIF(¢) — F@)| 21k 12 (6.4)
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On the other hand, observing that
F(c)— F(d) = —A(d) " ((c = d)F (c)),
by using (6.2) we have
F(c)— F(d) — F'(d)(c —d) = —Ad) ™" ((c — d) (F(c) — F(d))).
Thus, by a similar argument as above,
IF(c) = F(d) = F'(d)(c = d)|12 < Cllc = d|l ;2] F(c) = F(d)]l 2.

Therefore, if p > 0 is small enough, we have || F(c) — F(d)||;2 < 2||F'(d)(c —d)| ;2
forc,d € B, (c"), which together with (6.4) verifies Assumption 3.1(d).

In order to reconstruct ¢, we choose a 2-convex function ®, an initial guess co €
D(F)N D(@®) and & € 0O (cp). By adopting Remark 3.1, we then define cle as
the minimizer of the convex optimization problem

min / lu® — F(c2) — F'(¢3)(c — )Pdx + @, Dg,O(c,co) . (6.5)
ceD(F)
2

Let ng be the integer determined by either Rule 3.1, 3.2, or 3.3 with 7 > 1. Then, by
Theorem 5.2, we have ||c,‘35 — cT||Lz(_Q) —0asé— 0.

In the following we present two numerical experiments for this example to test our
method. In these computation, we always choose ® to be nonnegative with ® (0) = 0
so that we can take ¢y = 0 and &) = 0 and consequently D¢ ®(c, cg) = O (c).

In the first numerical experiment we consider the one-dimensional problem over

the interval £2 = (0, 1) with the sought solution given by

0.5, if0.3<r=<04,
doy=110, if0.6<r<0.7,
0, elsewhere.

We assume that the inhomogeneous termis f(¢) = (1 +51)c () and the boundary data
are u(0) = 1 and u(1) = 6. Then u(c’) = 1+ 5¢. In our computation, instead of u(c’)
we use random noisy data u® satisfying ||u® —u(c") || 210,11 = & withnoise level § > 0;
we take § = 0.1 x 1073 and o, = 27". The differential equations involved are solved
approximately by a finite difference method by dividing [0, 1] into 100 subintervals
of equal length with the resulting tridiagonal system solved by the Thomas algorithm.
The convex optimization problems (6.5) is solved by a restart conjugate gradient
method [14]. The iteration is terminated by Rule 3.1, i.e. the discrepancy principle,
with T = 1.05. In Fig. 1 we report the computational results with different choices
of @. In (a) we report the result with ®@(c) = ||c||i2 for which the corresponding
method becomes the iteratively regularized Gauss—Newton method in Hilbert spaces.
Although the reconstruction tells something on the sought solution, it does not tell
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(a)n,=20 (b)n =18 (C)n,=27
1.2 ‘ 1.2 : 1.2 :
1L , 1 , 1h _ i
i
08 | 1 os} 1 osf i
06 1 osf 4 o6l i
04t 1 o4l 1 oaf E
02 1 o2t 1 o2t -
0 VA 0 L 0
0.2 ‘ 02 ‘ 0.2 ‘
0 05 1 0 05 1 0 05 1

Fig. 1 Numerical results for the one-dimensional problem in Example 6.1 with different choices of @:

a@(c) = Hc\liz;b O(c) = xucuiﬁncnﬂ with A = 0.01;¢ ©(c) = M|c\|i2+f[0.1] |Dc| with A = 0.01

more information such as sparsity, discontinuities and constancy since the result is too
oscillatory. In (b) we report the result corresponding to ® (¢) = )L||c||i2 + llcll 1 with

A = 0.01. Since ||c||;1 is non-smooth, we replace it by fol Vlel? + & withe = 1070
in our computation. It is clear that the sparsity of the sought solution is significantly
reconstructed. The reconstruction result, however, is still oscillatory on the nonzero
parts which is typical for this choice of ®. In (c) we report the result corresponding
to O(c) = )L||c||i2 + flo’” |Dc| with A = 0.01. Again we replace flO,lJ |Dc| by

f[O,l] .\/ |Dc|2.+ & with ¢ = 10’6: The reconstruction is rather satisfactory and the
notorious oscillatory effect is efficiently removed.

In the second numerical experiment we consider the two dimensional problem with
2 = [0, 1] x [0, 1]. The sought solution is

. 1, if(x—0.3)>+(y—0.7)? <0.15%,
c'(x,y) =105, if(x,y)e[0.6,0.8] x[0.2,0.5],
0, elsewhere.

We assume that u(c’) = x + v, f =&+ y)cT (x, y), and the boundary condition
g = (x + y)|s. We add noise to u(c") to produce a noisy data u® satisfying ||u’® —
u(cT)HLz(Q) = 8 with8 = 0.1 x 1073, We take a, = 27" and use u’ to reconstruct ¢’
by our method which is terminated by Rule 3.1 with 7 = 1.05. All partial differential
equations involved are solved approximately by a finite difference method by dividing
£2 into 30 x 30 small squares of equal size with the resulting linear system solved by
the Gauss—Seidel method. All optimization problems are solved by a restart conjugate
gradient method. We report the computational results in Fig. 2. In (a) we plot the exact

solution ¢, in (b) we plot the computational result corresponding to ® (¢) = ||c||%2,
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(a) Exact solution

Fig. 2 Numerical results for the two-dimensional problem in Example 6.1: a exact solution; b & (¢) =

HcHiz; ¢, dO(c) = ,\||c||i2 + [ |De| with & = 0.01 and A = 1.0 respectively

and in (c) and (d) we plot the computational results corresponding to ® (¢) = A|c]| 22 +

Jo |De| with & = 0.01 and A = 1 respectively. We replace [, | Dc| by [, /|Dc|* + ¢
with & = 107 during computation. It is clear that the reconstruction results in (c) and
(d) are much better than the one in (b). Moreover, the results in (c) and (d) indicate
that the method is rather robust with respect to A since the change of A does not affect
the reconstruction much.

Example 6.2 Let 2 C R be a bounded domain with Lipschitz boundary 9£2.

Consider the identification of the diffusion parameter a in
—div(aVu) = f in $2,

[ u=g on 052 (6.6)

from the L% measurement of u, where fe H=1(£2) and g€ HY2(582) are given. It
is well-known that for a € L°°(£2) bounded below by a positive constant, (6.6) has
a unique solution u = u(a) € H 1(£2). We assume that the sought solution a' is in
WP (§2) for some p > N with a® > vy > 0 on £ for some positive constant vy.
Thus this inverse problem reduces to solving an equation of the form (1.1) if we define
F as

F:WhP(2) = L2(2), F(a):=u(a)
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with
D(F) := {a e WhP(2):a > vyon Q}

Since WP (§2) embeds into L>°(£2), the operator F is well-defined.

This is the inverse groundwater filtration problem corresponding to the steady state
case studied in [6] in which it has been shown that F is Fréchet differentiable and
there holds

IF @) — F(a) = F'(a)(@—a)ll,2 S lla —allyip |F@ — F@l,2 (6.7

foralla,a € B, (a¥), where B, (a™) denotes the ball in W7 (§2) of radius p around
a'.

We will follow the technique in [6] to show Assumption 3.1(d). Fora, a € B, @
and h € WP (£2) we set

u=u(a), a=u@), u =F()h i =F(Qh. (6.8)
Recall that u’ is the weak solution of the boundary value problem

—div(aVu') = div(hVu) in £,
u' =0 on 4x2.

The same is true for i’. Therefore

—div(aV@' —u")) =div(hV (@ — u)) + div((a —a)Vu') in 2,
W —u =0 on d52.

Since the operator A(a) : V := H(} N H2(2) — L%*(2) defined by A(a)w =
—div(@aVw) can be extended as an isomorphism A(a) : L%(£2) — V’ so that
A@™" 1 V' — L*(£2) is uniformly bounded around a', where V' denotes the
anti-dual of V with respect to the bilinear form (6.3), from the above equation we then
have

ld' —u'll2 S 1div(@ — @) Va)ly + |div(h ¥ @ — w)]ly-. (6.9)

In order to proceed further, note that for h € WP (£2), ¢ € H& (2)and y € V,
we have

/div(hV(p)I// dx = /(ﬂdiV(hVI/f)dx < llell2div(aAVY) 2.
2 2

Recall the embedding Wlr(2) — L®(R) for p > N and the embedding

HY(2) — L1(2) for all q <2N/(N — 2). Since p > N implies 2p/(p —2) <
2N /(N — 2), we have
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div(hVY)l2 < |hAY |2 + VA - Virlg2
< lIhllellAYliz2 + IIVhIILPIIVlbIILPZg2

S Mhlwee ¥y

Therefore, forall y» € V,

/diV(hW?)W dx S lklwellel 2 11y
2

which implies that

Idiv(hV@)llv: < Ihllwipllell g2

Applying this inequality to estimate the two terms on the right hand side of (6.9), we
obtain

I(F'(@ — F'(a)hll 2 S Nld — allwip |F (@hll 2 + hllwip | F@ — F(@) 2
(6.10)

forall h € H*(2) and a@,a € B,(a’). From (6.7) it follows ||F(d) — F(a)| 2 <
2||F'(a)(@—a)ll;2 fora,a € B, (a™) by shrinking the ball B, (a®y if necessary. This
together with (6.10) verifies Assumption 3.1(d).

In order to reconstruct a’, we pick an initial guess ag € W' (£2) and take the
function

O(a) := /(Ia —aol” +|V(a —ao)|”) dx
2

which is known to be max{p, 2}-convex in W7 (). Observing that &y (= 0 €
90 (ap) and thus Dg,® (a, ag) = © (a). Therefore, for one-dimensional problem, i.e.
N =1, we may take 1 < p < 2 and define afl | as the minimizer of the convex
functional

+

[ = @) - Fahia=aPdr -+, [(a=al +1¥@ - al’) dx
2 2
(6.11)
over WP (£2).If ns denotes the integer determined by either Rule 3.1, 3.2, or 3.3 with

T > 1, we have from Theorem 5.2 that ||a,‘§5 — aT”Wl.p — 0 as § — 0. For higher

dimensional problem, i.e. N > 2, we have 2 < N < p < oco. We may define a2+1 as
the minimizer of the convex functional

@ Springer



Iteratively regularized Gauss—Newton method in Banach spaces 681

p/2

/ lu’ — F(a}) — F'(a)(a — a;i)|2 dx +an/(|a—ao|” + |V(a—ap)|”) dx
2

over WI-7(2). It then follows from Theorem 3.1 that afl , converges to a’ weakly
in WLP(£2). Since W!1P(£2) can be compactly embedded into L°°(£2), we have
lag, —a'|lL~(2) — 0ass — 0.

In the following we present a numerical test for the one-dimensional problem over
the interval £2 = [0, 1] with boundary data #(0) = u(1) = 0 and inhomogeneous
term

-2, 0<t=<0.3,

30 — 80, 0.3 <t <0.35,
f@) =14 —4, 0.35 <t <0.65,

80r — 50, 0.65 <r <0.7,

-2, 07<t<1.

The function to be reconstructed is

1, 0<tr=<0.3,

20t —5, 03 <t <0.35,
a'(t)y=12, 0.35 <t < 0.65,

15—-20f, 065 <t <0.7,

1, 07<t<1.

Observing that u(a’) = r(r — 1). We add noise to u(a") to produce a noisy data 1’ sat-
isfying ||u® —u(a®) | L2[0,1) = & with given noise level § > 0 and use u® to reconstruct
a’ by our method in which each iterate is defined by the convex optimization problem
(6.11) with 1 < p < 2. We take the noise level § = 0.1 x 1073 and the initial guess
ap = 1. We also take the sequence {«;,} to be o, = 27". During the computation, all
differential equations are solved approximately by the finite element method on the
subspace of piecewise linear splines on a uniform grid with subinterval length 1,/400,
and the optimization problems (6.11) are solved by a restart conjugate gradient method
[14]. InFig.3 we report the numerical results of our method for several different values
of p € (1, 2] with the iteration terminated by Rule 3.1 with r = 1.05. It shows that the
method works well for these selected values of p. Moreover, by decreasing p from 2
to 1.2, the reconstruction result becomes better when the sought solution has corners
and constant parts. However, one has to pay the price of more computational time for
smaller p.

Example 6.3 We consider the transient case of the inverse groundwater filtration prob-
lem which identifies the material coefficient a in

u _div@aVu) = f in£2 x (0,T],

u=gq ond2 x (0,T], (6.12)
U = ug on 2 x {t =0}
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(@) p=2,n,=30 (b) p=1.5,n,=28 (C)p=12,n,=26

22

22

18

14

12

0.8 - 0.8 - 0.8 -
0 0.5 1 0 0.5 1 0 0.5 1

Fig. 3 Numerical results for one-dimensional problem in Example 6.2 with different values of p in (6.11),
where ng denotes the integer determined by Rule 3.1 with 7 = 1.05

from the L2(0, T; L(§2))-measurement of u, where 2 C RY is a bounded domain
with Lipschitz boundary, f € L?(0,T; H~'(£2)), ¢ € L*(0,T; H'/?>(3£2)) and
ug € HY(£2). It is well-known that (6.12) has a unique solution u := u(a) €
L%(0, T; H'(£2)) foreacha € L (£2) bounded from below by a positive constant. We
assume that the sought solution a' is in W17 (£2) with p > N satisfyinga® > vy > 0
on §2. This inverse problem reduces to solving (1.1) if we define the nonlinear operator
F:WLr(2) — L%0, T; L3(£2)) by F(a) := u(a) with the same domain D(F) as
in Example 6.2. It is known that F is Fréchet differentiable, and, for a € D(F) and
he WhP(£2), u' := F'(a)h satisfies

‘93—{ —div(aVu') = div(hVu) in 2 x (0, T],
u' =0 on d82 x (0, T],
u' =0 on 2 x {t =0}.
Using the same notations as in (6.8) we have for w := &’ — u’ that
%—’f —div(aVw) = div((a — a)Vu') + div(hV (a2 — u)) in 2 x (0, T1,
w=20 on (02 x (0, T))
x(£2 x {t =0}).
From the well-known facts on parabolic equations (see [16]) it follows that

||w||L2(0,T;L2(_Q)) < Ildiv((a — a)vu/)”LZ(O,T;V’) + [[div(hV (u — M))||L2(0,T;V/)

for all @ and @ in a neighborhood around a *. By employing the corresponding estimates
derived in Example 6.2 we obtain
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lwll20.7: 1202y S @ —allwir@) W' l220.7:12(2))
+ ”h”Wlp(_Q)”ﬁ - u”LZ(O,T;LZ(Q))' (613)

From [6, Theorem 3.2] we know that

Il — M||L2(0,T;L2(Q)) f, ||F/(a)(c~z - 11)||L2(0,T;L2(_Q))-

This together with (6.13) implies Assumption 3.1(d). Therefore, our method is applica-
ble to this example, and we can formulate the procedure to reconstruct ¢’ similarly as
is done in Example 6.2.
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