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Abstract In this paper, we introduce an operator in order to derive some new symmetric properties of k-Lucas
numbers and Lucas polynomials. By making use of the operator defined in this paper, we give some new generating

functions for k -Lucas numbers and Lucas polynomials.
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1. Introduction

Fibonacci and Lucas numbers have been studied by
many researchers for a long time to get intrinsic theory
and applications of these numbers in many research areas
as Physics, Engineering, Architecture, Nature and Art. For
example, the ratio of two consecutive numbers converges

1+\/§
2
interested in [13]. We should recall that, for ke R, ,

k-Fibonacci {Fk'n}neN and  k-Lucas {Lk,n}neN

sequences have been defined by the recursive equations
[9,10];

to the Golden ratio o = which was thoroughly

Fens2 = KR ni + Fns
Ly ns2 =KLy naa + L

with initial conditions F o =1, F3=k and L =2,
Ly 1 =K, respectively. For the special case k=1, it is clear

that these two sequences are simplified to the well-known
Fibonacci and Lucas sequences, respectively. In this
contribution, we shall define a new useful operator

denoted by 551p2 for which we can formulate, extend and

prove new results based on our previous ones [4,5,6]. In
order to determine generating functions for k-Fibonacci
numbers, k -Lucas numbers and Lucas polynomials, we
combine between our indicated past techniques and these
presented polishing approaches.

Let k and n be two positive integers and {xy, x5, ..., x,, }
are set of given variables, recall [8] that the k -th
elementary symmetric function e, (x, x5, ..., x,,) and the
k -th complete homogeneous symmetric function
hy, (%1, X, ..., X, ) are defined respectively by

X2 ..x,0<k<n.

e (X, Xp1eee X ) = z

i +io+.. +in=k

Wlth il,iz, ...,in = 0 or 1,

he (X, X200 Xn) = D)

ip+io+...+ip=k

xxZ ..x,0<k<n.

With iy, iy, ..., i, =0,

First, we set eq (xq, x5, ...
= 1 (by convention).

Fork >nork< 0, we set

,X,) = 1 and hy(xq, X, oov ) Xy)

ek(xl,xz,...,xn):Oand hk(Xl,Xzy-~~'Xn):0-

Definition 1. [1] Let B and P be any two alphabets, then
we give S,, (B — P) by the following form:

1-pt o
HPEP( p)—zsn(B—P)tn,

[Toes®-b0 1%
with the condition S,(B — P) = 0 forn < 0.

Definition 2. [2] Let g be any function on R", then we

consider the divided difference operator as the following
form

9 (X0 X Xt s Xn )
=0 (X X1, Xis1, Xis-- 1 X )

X — X1

s (9)=

Definition 3. [7] The symmetrizing operator 6{,‘1102 is
defined by

pra(p)-p59(p2)
PL—P2
Remark 1. Let P = {p;, p,} an alphabet, we have

k _
§p1p2g(p1)— for all k e N.
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e (PL. P2) = Sk (P1+ P2) =S (P1).

2. The k-Lucas Numbers and Properties

The k -Lucas numbers have been defined in [11] for
any number k as follows.
Definition 4. [11] For any positive real number, the
k -Lucas numbers, say {Lk,n}n is defined recurrently by

2.1

eN
Lk'nJrl = kLk,n + Lk’n71 forn 21,
with initial conditions L, g = 2, L, ; = k.
Note that if k is a real variable x then L, = L, , and
they correspond to the Lucas polynomials defined by
2 if n=0
Lnsg (X)=1x ifn=1.
XLy (X)+ Ly g (x) if n>1

Particular cases of the k -Lucas numbers are
o If k = 1, the classical Lucas numbers is obtained:

Ly=2,4 =1and
Ly =L, +L,q forn>1:
{L}nN {2,1,3,4,7,..}.

o If k = 2, the Pell-Lucas numbers appears:
Q=2,Q,=2and
Qni1 =2Q, +Qpy forn>1
{Q”}neN ={2,2,6,14,34,.. }.

The well-known Binet's formula in the Lucas numbers
theory allows us to express the k -Lucas number in
function of the roots r; and r, of the characteristic
equation, associated to the recurrence relation (2.1):

(2.2)

Proposition 1. (Binet's formula) The nth k -Lucas number
is given by

r2 —kr+1.

K-
Lgn==—=,
h—-n

where 1,1, are the roots of the characteristic equation
(2.2)and r; > 1.
Proof . The roots of the characteristic equation (2.2) are
k+vk?+4 k—vk?+4
n=———adnp=—"—.
2 2

Note that, since k > 0,the r, <0 <nr; and |ny| < |ny|,
n+rn=kandn.rn=-1,1rn—-nr =Vk:+4.

If o denotes the positive root of the characteristic
equation, the general term may be written in the form [10]

Lk,n = 1
oc+o

and the limit of the quotient of two terms is

oLy
lim —M = 5T,
Nn—o0 Lk,n

In addition, the general term of the k -Lucas numbers
may be obtained by the formula [10]:

I-k,n = ka,n—l + I:k,n+1-

3. On the Symmetric Functions of Some
Numbers and Polynomails

Theorem 1. [4] Let P and B be two alphabets,
respectively, {p;,p,} and {by, by, b3} , then we have

>t (b, bz, b3y (P, Pt

n=0
(1— Py P2e; (by, by, b )t J
_ ~PP2ey (B, by bs) by (py, P )t |
(00 1.2 bR ) (3 0By ) 3"

In the case B = {1} based on Theorem 1, we deduce the
following Lemmas.

(3.1)

Lemma 1. Given an alphabet P = {p;, —p,}, we have
0 N 1
> (prl=p2])t" = = (32
n=0 1-(py— py)t—pypst

Proof. Let Zio pltn and (1-pit) be two sequences

such that )=  p['t"

formula (3.2) can be written as:

__—pl the left-hand side of the

ntn

— P2 Xncol- P2l
p1 —[-p2]
n+l [ D, ]n+1

_Zpl

n=0 PL— - p2]

= > hn (pr.[-p2 D"

n=0

P oprt"

Spyl- pz]ZPlt =

white the right -hand side can be expressed as

5 1 Mﬁ—[—Pz]ﬁ
PP2ly pit b~ [Pl
p11 plt—[—pz]tht
pr—[-p2]
_ P+ pot)+ pp (-t
(P + p2)A— pit)(d+ pot)
_ PLt P2
(Py+ P2)A—(Py— P2)t— pypot?)
~ 1
1-(py - p)t - pypot’
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This completes the proof.

Lemma 2. Given an alphabet P = {p;, —p,}, we have
< — Py + pLpot
Shos (pul-pp )t = — PP E PP g )
n=0 1-(pr = P2 )t— pypat

Proof. Let Z;io pltn and (1- pjt) be two sequences

such that Z:;o prt" :ﬁ,

formula (3.3) can be written as:

the left-hand side of the

nen _ plzztr)]ozoplntn
pr—[-p2]
e PEiad-polt
pL—[=p.]
P2 [Pl 1
pL—[=p.]
= > o (pr[-p Dt

n=0

5%l pz]ZP

I
8 LM

white the right-hand side can be expressed as:

2 1 2 1
52 1 P m_[—pz] T polt
PPy~ pyt p1—[-p.]
_ P+ pyt)- pE(L-pyt)
(P + P2)A- pit)(A+ pat)
2 2 2, .2
_ PP+ pipot—py +pypit
(P + P2)(L=(Py — P2)t - P1pat?)
_ PE-Pi+pipa(pr+ Pt
(P + P2)(L—(Py— P2)t— P1pot?)
__ PimPat PPt
1-(pL - P2)t— Prpot’
This completes the proof.
Taking p; —p, = 1 and p;p, = 1in (3.2) and (3.3), we
obtain the generating functions given by Boussayoud et al

[5] which arises
1) The generating function of the Fibonacci numbers

o0
DRt =
n=0

2) The generating function of the Lucas numbers

ZL t" =
Proposition 2. [10,12] The relations
1
1) R n=(-)"" Fcn,

2) Ly —n=(-1)"Lyn
hold for all n = 0.

1
1-t-t

>

1tt2

pipz =1
T p1r—=pP2 = k
substituting in (3.2) and (3.3) we end up with

Choosing p; and p, such that { and

o0 o0 1
hy (P =P ])t" = D Rt =————,
nZ:;) n (P =p2)) nzzé, T k—t2

(3.4)

which represents a generatings functions for k -Fibonacci
numbers (with p; = rpand [-p;] =13).

Zhn+1 p1.[- Pz]) ket (3.5)

= T 1kt—ki?'

which represents a new generatings functions.
e Multiplying the equation (3.4) by (2 + k?) and subtract
it from (3.5) by (k) , we obtain

Z[(2+k )

22—kt
1-kt—t2’

from which we have the following theorem.
Theorem 3. For n € N, the generating function of the
k -Lucas numbers is given by

ZLknt 2kt
1-kt—t?

(P1.[=P21) —khnyg (Pp. [P

(3.6

e Put k = 2 in the relationship (3.6) we have

ZQnt"

which represents a generating function for Pell-Lucas
numbers [5].

Replacing t by (—t) in (3.4) and (3.6), we have the
following theorems.
Theorem 4. We have the following a new generating
function of the k -Fibonacci numbers at negative indices as

D Ry nt" =
n=0

Proof. The ordinary generating function associated is
defined by

2=t
1-2t—t2

_
t? —kt-1

G(Fk,nvt) = Z:Fk,ntn
n=0

Using the initial conditions, we get

o0 o0
S Fent” = R ot? + Rt + > R nt”
n=0 n=2

o0 o0
=1+kt+ Y kR nqt" + > R pot™.
n=2 n=2

Consider that
written by

j=n-2and p=n-1. Then can be

o0 o0
=1+ kt+t > kR ot" +t2 > R ot
n=1 j=0

o0 o0
=1+kt+kt Y R ot -kt +t2 Y R ot",
p=0 j=0
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which is equivalent to

(1—kt—t2) iFk’nt” -1

n=0
d 1
= YRt ———.
n% " 1oke-t?
Replacing t by (-t), we have
> (D" Rt =
) 14kt —t
therefore
0
> ()M R " =2;
o ’ t° —kt—1
d 1
= YR "=
n% 2k

This completes the proof.
Theorem 5. We have the following a new generating
function of the k -Lucas numbers at negative indices as

DLt =
n=0

e Put k =2 in the relationship (3.7) we have

2+kt

T (3.7

& 2+2t

2.Qat" =

= 1+2t—t%’

which represents a generating function for Pell-Lucas
numbers at negative indices [3].
ppz =1

Choosing p; and p, such that {p Py = X and
17— P2 —
substituting in (3.2) and (3.3) we end up with
o0 n 1
YRt =——, (3.8)
n=0 1-xt—-t

which represents a generating function of the Fibonacci
polynomials

X+t

Zhn+1 p1.[-po])t" (3.9)

= Tloxt—k2

which represents a new generatings functions.
e Multiplying the equation (3.8) by (2 + x?) and subtract
it from (3.9) by (x) , we obtain

Z[(x +2)

2—xt
1— xt—t?

(P [=p2]) = Xhng (P [- 2"

Thus we get the following theorem.
Theorem 6. We have the following a generating function
of the Lucas polynomials as

2—xt
> Lot = ——.,

. 5 (3.10)
—xt—t

Proof. The ordinary generating function associated is
defined by

G(L, (X),1) = iLn(x)t”.

n=0

Using the initial conditions, we get

iLn(x)t” =Lyt + L ()t + iLn(x)t”

n=0 n=2

=2+ Xt+ i(an_l(x) + Ly ()"
n=2

=24+ xt+%x Y Loy OOt + > Lo (0"
n=2 n=2

Consider that Then can be

written by

j=n-2and p=n-1.

_2+xt+x(ZL (OtPH) +12 ZL (0t

p=1 j=0

:2+xt+xt(§:Lp(x)tp —LO(X))+t2§:Lj(X)tj

p=0 j=0

0 0 .
=2+ xt+xt Y Ly (0tP —2xt+t2 3L (0t
p=0 j=0

which is equivalent to

(1—xt—t2)§Ln(x)tn =2-xt

n=0

2—xt
—

= i L, (0t" =

n=0 1-xt—-t

This completes the proof.

Replacing t by (—t) in (3.8) and (3.10), we have the
following theorems.
Theorem 7. We have the following a new generating
function of the Fibonacci polynomials at negative
coefficient as

ZF( )" =

Theorem 8. We have the following a new generating
function of the Lucas polynomials at negative coefficient
as

1+xt t2

ZL (0t = 24Xt

n=0 1+xt— t

4. Conclusion

In this paper, a new theorem has been proposed in order
to determine the generating functions. The proposed
theorem is based on the symmetric functions. The
obtained results agree with the results obtained in some
previous works.
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