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§ 1. I n t r o d u c t i o n .

T h e  k in e t ic  th e o r y  o f  g a se s  c a n  b e  d e v e lo p e d  a c c u r a te ly  o n ly  a f t e r  t h e  d is t r ib u t io n  o f  

th e  m o le c u la r  v e lo c itie s  h a s  b e e n  d e te r m in e d .  T h is  w a s  d o n e  b y  M « x w e l l * in  th e  

case  o f  a  u n ifo rm  g a s , a n d  b y  m e a n s  o f  h is  w e ll-k n o w n  la w  o f  d is t r ib u t io n  t h e  p re s s u re  

a n d  t e m p e r a tu r e  c a n  b e  p re c is e ly  e x p re s s e d  in  te rm s  o f  th e  m o le c u la r  d a ta .  H is  la w  

d o es  n o t  suffice, h o w e v e r , fo r  t h e  in v e s t ig a t io n  o f  d iffu s io n , v is c o s ity , o r  th e r m a l  

c o n d u c tio n , s in ce  th e s e  o c c u r  o n ly  w h e n  th e  g a s  is not u n ifo rm  in  c o m p o sitio n , m e a n  

v e lo c ity , o r e n e rg y . A n  a c c u ra te  th e o r y  o f  th e s e  p h e n o m e n a  m u s t  b e  b a se d  on  th e  

e v a lu a t io n  o f  th e  m o d if ied  v e lo c i ty -d is t r ib u t io n  fu n c t io n , a  t a s k  w h ic h  fo r  m a n y  

d e c a d e s  h a s  c o n s t i tu te d  o n e  o f  t h e  c la s s ic a l u n s o lv e d  p ro b le m s  o f  t h e  k in e t ic  th e o ry .

* Ma x w e l l , ‘ Scientific Papers,’ I., p. 377, II ., p. 23. The proofs were unsatisfactory, and have been 

im proved  by Bo l t z m a n n , J e a n s , and others.

V O L . c c x v i .— A  543. 2 q[P u b lish ed  M ay 26, 1916.
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2 8 0  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBU TIO N  OF MOLECULAR VELOCITIES,

I n  one  sp ec ia l case, a s  M « x w e l l  fo u n d , th e  a c tu a l  d e te rm in a t io n  o f  th is  fu n c tio n  

p ro v e s  to  b e  u n n e c e s sa ry  fo r  th e  p u rp o se  m e n tio n e d  ; th is  is  th e  case  o f  a  g a s  com posed  

o f  m o lecu les  w h ic h  a re  p o in t  c e n tr e s  o f  fo rce  v a ry in g  in v e rs e ly  a s  th e  f if th  p o w er o f  

th e  d is ta n c e . T h e  re a so n s  fo r th e  p e c u l ia r i ty  in  th is  in s ta n c e  a re  a n a ly t ic a l  a n d  n o t 

p h y s ic a l, a n d  u n f o r tu n a te ly  fo r  th e  s im p lic ity  o f  th e  m a th e m a tic a l  th e o ry  o f  gases , 

M « x w e l l ’s  r e s u l ts *  fo r su c h  a  g a s  do  n o t  a cc o rd  w i th  th e  o b se rv e d  d a ta  o f  a c tu a l  

g ases . T h is  p a r t ic u la r  m o le c u la r  m o d e l is th e re fo re  in te r e s t in g  ch iefly  on  th e o re t ic a l  

g ro u n d s , a n d  i t  is im p o r ta n t  to  d e v e lo p  th e  th e o r y  fo r m o lecu les  o f  o th e r  ty p e s , 

w h ic h  m a y  b e t t e r  r e p re s e n t  th e  b e h a v io u r  o f  r e a l  m o lecu les .

U n t i l  r e c e n t ly  no  p ro g re s s  h a d  b e e n  m a d e  to w a rd s  th e  d e te rm in a t io n  o f  th e  v e lo c ity -  

d is t r ib u t io n  fu n c tio n  fo r  a  n o n -u n ifo rm  g a s , b e y o n d  a  th e o re m  b y  B o l t z m « n n , !  w h o  

p ro v e d  t h a t  th e  fu n c tio n  m u s t  s a t is fy  a  c e r ta in  in te g r a l  e q u a tio n . I n  1911, E n s k o g J 

a p p lie d  th e  m e th o d  o f  s o lu tio n  b y  se r ie s  to  th i s  e q u a t io n  ; h e  d e te rm in e d  th e  fo rm  o f  

th e  fu n c tio n , b u t  w i th o u t  e v a lu a t in g  i t s  co effic ien ts , a n d  h is  n u m e ric a l a p p ro x im a tio n s  

p ro v e d  f a r  fro m  s a tis fa c to ry . I n  1912 , H i l j e r t  § sh o w e d  t h a t  i f  th e  m o lecu les  o f  th e  

g a s  a re  r ig id  e la s tic  sp h e re s , B o l t z m « n n ’s  e q u a t io n  m a y  be  t ra n s fo rm e d  in to  a  lin e a r  

o r th o g o n a l in te g r a l  e q u a tio n  o f  t h e  seco n d  k in d  w i th  a  s y m m e tr ic a l  k e rn e l, a n d  

d e d u c e d  th e  e x is te n c e  o f  a  u n iq u e  so lu tio n . L u n n || a n d  P i d d u c k î h a v e  s in ce  re m o v e d  

H i l j e r t ’s  r e s t r ic t io n  to  a  sp e c ia l ty p e  o f  m o lecu le , a n d  b y  m e a n s  o f  t h e  tra n s fo rm e d  

e q u a tio n  P i d d u c k  h a s  w o rk e d  o u t  a  n u m e r ic a l s o lu tio n  o f a  sp ec ia l p ro b le m  on 

d iffusion . T h e se  re se a rc h e s  a re  o f  m u c h  im p o r ta n c e  a n d  in te r e s t ,  e sp e c ia lly  fro m  th e  

lo g ica l s ta n d p o in t  o f  th e  p u re  m a th e m a tic ia n .  T h e  u se  o f  B o l t z m « n n ’s  e q u a tio n , 

h o w e v e v e r, does n o t  a p p e a r  to  b e  th e  b e s t  m e th o d  o f  a c tu a l ly  d e te r m in in g  th e  fo rm a l 

s o lu t io n ; th u s  P i d d u c k  s ta t e s  t h a t  th e  s y m m e tr ic a l  k e rn e l  o f  th e  t ra n s fo rm e d  

e q u a tio n  sh o w s no  sp ec ia l p ro p e r t ie s  in  th e  case  o f  M a x w e llia n  m olecu les , a n d  in  th e  

n u m e ric a l so lu tio n  i t  a p p e a rs  to  be  n e c e ssa ry  to  r e p e a t  a ll th e  c a lc u la tio n s , w h ic h  a re  

v e ry  lab o rio u s , in  e v e ry  sp ec ia l case  w h ic h  is w o rk e d  o u t.

I n  1911 , b y  th e  a s s u m p tio n  o f  a  s im p le  fo rm  fo r  t h e  v e lo c i ty -d is tr ib u t io n  fu n c tio n , 

I  e n d e a v o u re d  to  e x te n d  M « x w e l l ’s  a c c u ra te  th e o ry  o f  a  g a s  to  m o lecu les  o f  th e  m o s t 

g e n e ra l k in d  c o m p a tib le  w i th  sp h e r ic a l s y m m e try .##  S u b s e q u e n t a c q u a in ta n c e  w ith  

E n s k o g ’s  w o rk  c o n v in ce d  m e o f  th e  a p p ro x im a te  n a tu r e  o f  m y  re s u lts , a n d  d u r in g  th e  

la s t  few  y e a rs  I  h a v e  g iv e n  m u c h  th o u g h t  to  th e  d e te rm in a t io n  o f  th e  g e n e ra l v e lo c ity - 

d is tr ib u t io n  fu n c tio n . B y  a  m e th o d  w h ic h  is q u i te  d is t in c t  fro m  t h a t  b ased  on

* Ma x w e l l , * Scientific Papers,’ II., p. 23. Molecules which are point centres of force varying 

inversely as the fifth power of the distance will, for the sake of brevity, be referred to as Maxwellian 

molecules.

t  Bo l t z ma nn , ‘Vorlesungen iiber Gastheorie,’ I., p. 114.

\  Ensk o g , ‘ Physikalische Zeitschrift,’ XII., 58, 1911.

§ Hil be r t , ‘ Math. Annalen,’ 1912, or ‘ Linearen Integralgleichungen ’ (Teubner), 1912.

|| Lu n n , ‘ Bull. Amer. Math. Soc.,’ 19, p. 455, 1913.

H Pid d u c k , * Proc. Lond. Math. Soc.,’ (2), 15, p. 89, 1915; cf. p. 95 for the statement quoted.

** Ch a pm a n , ‘ Phil. Trans.,’ A, vol. 211 , p. 433, 1911.
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THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A MON ATOMIC GAS. 281

B o l t z m « n n ’s  e q u a t io n ,  v iz ., b y  t h e  u s e  o f  t h e  a g g r e g a t e  o f  t h e  e q u a t io n s  o f  t r a n s f e r  

fo r  c e r ta in  in f in ite  s e q u e n c e s  o f  f u n c t io n s  o f  t h e  m o le c u la r  v e lo c itie s , a n  e x p re ss io n  fo r 

th e  v e lo c i ty -d is t r ib u t io n  fu n c t io n  s im ila r  to  t h a t  fo u n d  b y  E n s k o g  c a n  b e  o b ta in e d , 

a n d  g e n e r a l  fo rm u lae  fo r  t h e  co e ffic ien ts  c a n  b e  d e te r m in e d .  T h e  p r e s e n t  p a p e r  c o n ta in s  

th e  s o lu tio n  fo r  a  g a s  in  w h ic h  t h e  m e a n  v e lo c i ty  a n d  t h e  t e m p e r a t u r e  v a r y  fro m  

p o in t  to  p o in t ,  t h e  r e s u l t s  b e in g  w o rk e d  o u t  a t  a l l  c o m p le te ly  o n ly  fo r  t h e  ca se  o f  a  

s im p le  g a s ; in  a  l a t e r  p a p e r  I  h o p e  to  g iv e  t h e  s o lu t io n  in  t h e  m o s t  g e n e r a l  te rm s , 

so a s  to  y ie ld  a  c o m p le te  th e o r y  o f  v is c o s i ty , th e r m a l  c o n d u c tio n , a n d  d iffu s io n  in  a  

c o m p o s ite  g a s  fo rm e d  o f  tw o  k in d s  o f  s p h e r ic a l ly  s y m m e tr ic a l  m o le c u le s  o f  a n y  ty p e .

T h e  fo rm u lae  o b ta in e d  b y  t h e  p r e s e n t  m e th o d  le n d  th e m s e lv e s  to  n u m e r ic a l  c a lc u la ­

t io n , a n d  a re  fo u n d  to  c o n v e rg e  r a p id ly .  T h e  r e s u l t s  fo r  a n y  p a r t i c u la r  m o le c u la r  

m o d e l c a n  b e  c a lc u la te d  to  a n y  d e s i r e d  d e g re e  o f  a c c u ra c y  ; in  t h i s  p a p e r  th r e e  sp e c ia l 

ty p e s  o f  m o le c u le  h a v e  b e e n  c o n s id e re d , v iz ., p o in t  c e n t r e s  o f  fo rc e  v a r y in g  in v e rs e ly  

a s  th e  n th p o w e r  o f  t h e  d is ta n c e ,  r ig id  e la s t ic  s p h e re s , a n d  r ig id  e la s t ic  a t t r a c t i n g  

s p h e re s . I t  is  fo u n d  t h a t ,  fo r  s u c h  m o le c u le s , t h e  e r r o r s  in  t h e  a p p r o x im a te  fo rm ulae  

fo r  v is c o s ity  a n d  th e r m a l  c o n d u c t io n  w h ic h  w e re  g iv e n  in  m y  f i r s t  p a p e r  d o  n o t  e x c e e d  

tw o  o r  th r e e  p e r  c e n t , a t  m o s t. T h e  d e ta i l e d  n u m e r ic a l  r e s u l ts ,  a n d  c o m p a r iso n  w i th  

o b s e rv e d  d a ta ,  a r e  g iv e n  in  §§ 1 0 -1 2 .

§ 2. D e f i n i t i o n  « n d  P r e l i m i n « r y  C o n s i d e r « t i o n  o f  t h e  P r o j l e m .

T he N a tu r e  o f  the G as.

§ 2 (A ). T h e  g a s  c o n te m p la te d  in  o u r  c a lc u la t io n s  is m o n a to m ic  a n d  n e a r ly  p e r fe c t , 

“ m o n a to m ic ” im p ly in g  n o th in g  m o re  t h a n  s p h e r ic a l  s y m m e t r y  o f  th e  m o le c u le s , 

w h ile  “ n e a r ly  p e r f e c t  ” d e n o te s  a  c e r ta in  s t a t e  a s  r e g a r d s  d e n s i ty  a n d  te m p e r a tu r e  ; 

th i s  s t a t e  is su c h  t h a t  t h e  m o le c u la r  p a th s  a r e  s e n s ib ly  r e c t i l in e a r  fo r  t h e  m a jo r i ty  

o f  t h e  t im e , b e in g  a l t e r e d  b y  m u tu a l  e n c o u n te r s ,  t h e  d u r a t io n  o f  w h ic h  is a  v e ry  

s m a ll f r a c t io n  o f  t h e  a v e ra g e  i n t e r v a l  betw een  tw o  e n c o u n te r s .  I n  th e s e  c irc u m ­

s ta n c e s  t h e  n u m b e r  a n d  e ffe c t o f  e n c o u n te r s  in  w h ic h  m o re  t h a n  tw o  m o le c u le s  a re  

s im u lta n e o u s ly  e n g a g e d  is n e g l ig ib le  in  c o m p a r iso n  w i th  t h e  n u m b e r  a n d  e ffe c t 

o f  b in a ry  e n c o u n te rs .

T h e  g a s  is su p p o se d  to  b e  a c te d  u p o n  b y  e x te r n a l  fo rce s , a n d  t h e  v a r ia t io n s  o f  th e s e  

fo rces , a n d  o f  t h e  d e n s i ty ,  m e a n  v e lo c ity , a n d  te m p e r a tu r e  o f  th e  g a s , w i th  r e g a r d  

to  sp ac e  a n d  t im e , a r e  sm a ll q u a n t i t i e s  o f  t h e  f i r s t  o rd e r  a t  m o s t. I n  t h e  p r e s e n t  

p a p e r  th e  d e n s i ty  o f  th e  g a s  is su p p o se d  s u c h  t h a t  t h e  m e a n  le n g th  o f  p a th  o f  

a  m o le c u le  b e tw e e n  c o llis io n s  is s m a ll  c o m p a re d  w i th  t h e  sca le  o f  t h e  s p a c e -v a r ia t io n  

o f  th e  a b o v e  q u a n t i t ie s  ; t h e  m o d if ic a tio n s  o f  th e  th e o r y  in  th e  case  of h ig h ly  ra re f ie d  

g a se s , w h e re  th e  m e a n  f re e  p a th  b eco m es  la rg e ,  w ill b e  d e a l t  w i th  in  a  f u tu r e  

p a p e r . A s w e  a re  n o t  in te r e s te d  in  t h e  m a ss  m o tio n  o r  a c c e le ra t io n  of th e  g a s  

as  a  w ho le , b u t  o n ly  in  th e  sm a ll v a r ia t io n s  w i th  r e g a r d  to  sp a c e  a n d  tim e , i t  is 

c o n v e n ie n t to  im a g in e  t h a t ,  b y  th e  a d d i t io n  o f  a s u i ta b le  u n ifo rm  m o tio n  a n d  fie ld

2 q  2
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2 8 2  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBU TIO N  OF MOLECULAR VELOCITIES,

o f  fo rce  to  th e  w h o le  g a s , th e  m e a n  v e lo c i ty  a n d  a c c e le ra tio n  a t  th e  p a r t ic u la r  p o in t  

a n d  t im e  u n d e r  c o n s id e ra tio n  a re  re d u c e d  to  zero , th e  v e lo c ity  a n d  a c c e le ra tio n  a t  

o th e r  p o in ts  th r o u g h o u t  th e  g a s  b e in g  sm all, th o u g h  n o t  a c tu a l ly  zero .

N o ta tio n .

§ 2 (B ) W e  sh a ll  d e n o te  th e  m a ss  o f  a  m o lecu le  b y  m , t h e  n u m b e r  o f  m o lecu les  p e r  

u n i t  v o lu m e  a t  th e  p o in t  (aj, y, z) b y  v, t h e  c o m p o n e n ts  o f  e

m o lecu le  a t  (x , y, z) b y  (X , Y , Z ), t h e  c o m p o n e n ts  o f  t h e  v e lo c i ty  o f  a  ty p ic a l  m o lecu le  

b y  (u, v,w), a n d  th e  c o m p o n e n ts  o f  t h e  m e a n  v e lo c i ty  o f  th e  g a s  a t  t h e  p o in t  (x , , z) 

b y  (u0, v0, w 0). T h e  v e c to r  d iffe re n c e  b e tw e e n  t h e  v e lo c i ty  o f  a  ty p ic a l  m o lecu le

th e  m e a n  v e lo c i ty  (u 0j v Q, w 0) w ill b e  c a lle d  t h e  p e c u lia r  v e lo c i ty  o f  th e  m o le c u le ; w e 

sh a ll  d e n o te  i t s  c o m p o n e n ts  b y  (U , V, W ), so t h a t

(1 ) U =  u —u 0, V =  v — W =  

The D is tr ib u tio n  o f  Velocities.

§ 2 (C ) T h e  d is t r ib u t io n  o f  t h e  m o le c u la r  v e lo c itie s  m a y  b e  sp ec ified  b y  v 0, w 0) 

t o g e th e r  w i th  a  fu n c t io n  U, V, W ), c a lle d  th e  v e lo c i ty -d is tr ib u t io n  fu n c tio n , 

w h ic h  is d e f in e d  b y  th e  fo llo w in g  p r o p e r t y : t h e  n u m b e r  o f  m o le c u les  c o n ta in e d  

w i th in  a  v o lu m e -e le m e n t d x  d y  d z  a b o u t  th e  p o in t  ( , y , z) w h ic h  p o ssess  p e c u lia r  

v e lo c itie s  w h o se  th r e e  c o m p o n e n ts  lie  re s p e c tiv e ly  b e tw e e n  (U , V, W ) a n d  (U + c£U , 

V +  dV, \N + d \N )  is

(2 ) v / ( U ,  V, W ) c?U d \/ d W d x d y d z

B esid e s  b e in g  a  fu n c tio n  o f  U, V, W , f  w ill d e p e n d  on  th e  m a ss  , t h e  a b so lu te  

te m p e ra tu re  T  a n d  i t s  sp a c e  d e r iv a t iv e s  a t  t h e  p o in t  (x , , z), a n d  o n  th e  sp ace

d e r iv a t iv e s  o f  (u 0, v0, w 0), b u t  n o t  on  th e  a b s o lu te  m a g n itu d e s  o f  th e  l

m a y  e v id e n t ly  im p a r t  a n  a r b i t r a r y  a d d it io n a l  v e lo c ity  ( ' , v', w'), to  th e  w h o le  m a ss  

o f  g a s  w i th o u t  a f fe c tin g  th e  d is t r ib u t io n  o f  th e  p e c u lia r  v e lo c itie s  o f  th e  m o lecu les  

a t  a n y  p o in t. I t  is th e re fo re  le g i t im a te ,  a n d  i t  w ill p ro v e  c o n v e n ie n t, to  su p p o se  

th a t ,  a t  th e  a c tu a l  p o in t  u n d e r  c o n s id e ra tio n , 0 ;  w h e re  u 0, v0, w 0

o ccu r in  a n y  e x p re ss io n  w h ic h  h a s  to  b e  d if f e re n tia te d , h o w e v e r, th e y  m u s t  n o t  be  

m a d e  e q u a l to  zero  t i l l  a f te r  t h e  d if f e re n tia t io n  h a s  b e e n  p e rfo rm e d .

I n  c o n seq u en ce  o f  th e  d e f in itio n  o f  f  a n d  o f  U, V, W, m u s t  s a t is fy  th e  fo llo w in g  

e q u a tio n s  :—

(3) V, \N )d U d  =  1,

(4 ) f j j  U / ( U ,  V, W )d (J d \ /d \N  =  j j j  V / ( U ,  V, W )d U cZ V d W

=  f | |  W / ( U ,  V, W )d \J d V d \N  =  0.
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THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A M ONATOMIC GAS. 2 8 3

I f  Q  d e n o te s  a n y  fu n c t io n  o f  t h e  v e lo c i ty  c o m p o n e n ts  w )  o f  a  ty p ic a l  m o le c u le , 

w h ile  Q  d e n o te s  i t s  m e a n  v a lu e  a t  t h e  p o in t  (x ,  , z), w e  h a v e

(5) Q =  j j j  Q / ( u ,  V, W ) d u d v d w ,

in  w h ic h , fo r  p u rp o s e s  o f  in t e g r a t io n ,  Q  w o u ld  b e  e x p re s s e d  in  t e r m s  o f  %0+ U ,  v0+ V , 

w 0+ \N  b y  (2 ). I n  t h e  i n t e g r a l s  (3 )  to  (5 ) , a n d  e ls e w h e re  t h r o u g h o u t  t h e  p a p e r , 

in te g r a t io n s  w i th  r e s p e c t  to  t h e  v e lo c i ty  c o m p o n e n ts  a r e  u n d e r s to o d  to  b e  t a k e n  

o v e r  a l l  v a lu e s  o f  t h e  v a r ia b le s ,  f ro m  — 00 to  +  co.

T h e  e q u a t io n s  (4 )  m a y , in  t h e  n o ta t io n  j u s t  in t r o d u c e d ,  b e  e x p re s s e d  a s  f o l lo w s :—

(6 ) u  =  v  =  W  =  0.

T he  V e lo c ity -d is tr ib u tio n  F u n c tio n  f o r  U n ifo r m  G as.

§ 2 (D )  W h e n  th e  g a s  is  u n ifo rm , a ll  t h e  d e r iv a t iv e s  o f  T  a n d  o f  (u 0, v 0, w 0) a r e  z e ro , 

a n d  f  m u s t  d e p e n d  o n ly  o n  m , T , a n d  (U , V, W ). I t  h a s , in  f a c t ,

M « x w e l l  a n d  o th e r s *  t h a t

(7)

w h e re

/
h m — h m  (u 2 +  V 2 +  W 2)

( 8 )

a n d  I t  is t h e  u n iv e r s a l  g a s  c o n s ta n t  in  t h e  c h a r a c te r i s t i c  e q u a t io n  o f  a  g a s :

(9 )  p  =  1V T .

T he D is tr ib u tio n  F u n c tio n  f o r  a  N o n -u n i fo r m  G as.

§ 2 (E )  W h e n  th e  g a s  is  s l ig h t ly  n o n -u n ifo rm , f  w ill  d iffe r  s l ig h t ly  f ro m  th e  v a lu e  

g iv e n  b y  (7 ) , w h ic h  w e  s h a l l  d e n o te  b y  f  : w e  m a y  th e r e fo r e  w r i te

(10)  / ( U, V, w )  = / „ ( U ,  V, W ) { 1  +  F ( U ,  V, w ) }  =  ^ y ,e - 'i“ (u’,+v,+w,){ l  +  F ( U ,  V, W)}.

T h e  fu n c tio n  F  w ill b e  o f  t h e  s a m e  o rd e r  o f  m a g n i tu d e  a s  t h e  v a r ia t io n s  o f  

te m p e ra tu r e  a n d  v e lo c i ty  in th e  g a s  ; th e s e  sp a c e  d e r iv a t iv e s  w e  s h a ll  r e g a r d  a s  b e in g  

o f  th e  f i r s t  o rd e r ,  a n d  a s  w e  s h a l l  n e g le c t  s ec o n d  o rd e r  q u a n t i t i e s  t h r o u g h o u t  o u r  

w o rk , no  p ro d u c ts  o f  d e r iv a t iv e s  w ill o c c u r  in  F . H e n c e , s in ce  F  v a n is h e s  w h e n  t h e  

v a r ia t io n s  in  th e  g a s  a re  zero , i t  m u s t  b e  a  l in e a r  f u n c t io n  o f  t h e  sp a c e  d e r iv a t iv e s  

o f  T  a n d  (w0, v0, w 0), w i th  no  te r m  in d e p e n d e n t  o f  th e s e  d e r iv a t iv e s .  T h e  co effic ien ts  

w ill b e  fu n c tio n s  o f  m , T , a n d  U, V, W.

C le a r ly  th e  fo rm  o f  F  c a n n o t  d e p e n d  u p o n  a n y  sp e c ia l ch o ice  o f  a x e s  o f  re fe re n c e  

( th e s e  a re  th r o u g h o u t  t a k e n  to  b e  m u tu a l ly  p e rp e n d ic u la r ) ,  so t h a t  F  is a n  in v a r ia n t

* Cf.Je a n s ’ ‘ Dynamical Theory of Gases.’
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2 8 4  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

w ith  re s p e c t  to  a n y  o r th o g o n a l t r a n s fo rm a t io n  o f  th e  c o -o rd in a te  ax es . T h is  p laces  

som e re s tr ic t io n  u p o n  th e  p o ssib le  m o d e s  o f  o c c u rre n c e  in  F  o f  (U , V, W ) a n d  o f  th e  

sp ac e  d e r iv a tiv e s  o f  T  a n d  (u 0, v 0, w 0), th o u g h  n o t, o f  co u r

m  a n d  T . I t  is e a sy  to  see  t h a t  th e  m o s t  g e n e ra l  in v a r ia n t  fu n c tio n  o f  th e  q u a n t i t ie s  

in v o lv e d  in  F  m u s t  b e  c o m p o u n d e d  o f  th e  fo llo w in g  e le m e n ta ry  in v a r ia n ts  :—

( i d

(1 2 ) , (1 3 )

C2 =  u 2+ v 2+ w 2,

s  =
_  du0 d

+ +
dx dy

V2T _31 _01\ T

dx2 dy2 ’

(1 4 ) D T  = T ,

(1 5 )  S '
y2 3Uo y2 

dx dy
+ W

div0

H z
+  VW

dw()

dy

0Vo

dz
+  WU

fdUp l dw()

dx
+  UV

dvo . Q

dx dy

to g e th e r  w i th  d e r iv a t iv e s  o f  th e  l a s t  fo u r  e x p re s s io n s  fo rm e d  b y  o p e ra t in g  on  th e m  

a n y  n u m b e r  o f  t im e s  b y  th e  in v a r ia n t  d if fe re n tia l  o p e ra to rs  V 2 a n d  D , in  th e  n o ta t io n  

o f  (1 3 ) a n d  (14).

[ J a n u a r y  15, 1916.— E x c e p t  in  th e  case  o f  h ig h ly  ra re f ie d  g ases , w h ic h  

e x p re s s ly  e x c lu d e d  in  § 2 (A), o n ly  th e  d e r iv a t iv e s  o f  t h e  f i r s t  ord er  a c tu a l ly  o ccu r in  

F , to  th e  p re s e n t  d e g re e  o f  a c c u ra c y . T h e  re a so n s  fo r th is  w ill p e rh a p s  be m o re  

c le a r ly  a p p a r e n t  a f te r  r e a d in g  § 11, b u t  t h e  fo llo w in g  c o n s id e ra tio n s  w ill e lu c id a te  th e  

p o in t. W h a te v e r  d e r iv a t iv e s  a re  c o n ta in e d  in  F  m u s t  (§ 1 1 )  a p p e a r  e i th e r  in  th e  

e q u a tio n  o f  p re s su re  o r  th e  e q u a t io n  o f  e n e rg y , so th a t ,  i f  t h e  o rd in a ry  e q u a tio n s  o f  

v isc o s ity  a n d  th e r m a l  c o n d u c tio n  a re  to  h o ld  g o o d , o n ly  th e  f ir s t-o rd e r  sp ace  d e r iv a ­

t iv e s  o f  te m p e r a tu r e  a n d  m e a n  v e lo c ity  c a n  b e  p r e s e n t ; o th e rw is e  th e  o rd in a ry  

coeffic ien ts  o f  v is c o s ity  a n d  c o n d u c tio n  do  n o t  e x is t . I n  a c tu a l  g a se s  a t  n o rm a l 

d e n s it ie s  th e  o rd in a ry  e q u a tio n s  a re  sh o w n  b y  e x p e r im e n t  to  b e  v a l i d ; th e y  fail, 

h o w e v er, in  h ig h ly  ra re f ie d  g a se s  b e ca u se  th e  te rm s  in  F  w h ic h  c o n ta in  sec o n d -o rd e r 

d iffe re n tia ls  o f  T, u 0 , v0, w 0 a re  in  th is  case  c o m p a ra b le  w i th  th o se  c o n ta in i

o f  th e  f ir s t  o rd e r , a s  w ill be see n  in  d e ta i l  in  th e  f u tu r e  p a p e r  m e n tio n e d  in  § 2 (A). 

T h e  coeffic ien ts  o f  th e  f ir s t  a n d  seco n d  o rd e r  d e r iv a tiv e s  re sp e c tiv e ly  c o n ta in  ( \ / l )  a n d  

(A /0 2, w h e re  A is th e  m e an  free  p a th  o f  a  m o lecu le  a n d  l is  c o m p a ra b le  w ith  th e  sca le  

o f  le n g th  w i th in  w h ic h  th e  te m p e r a tu r e  a n d  m e a n  v e lo c ity  v a ry  a p p re c ia b ly  ; e x c e p t 

in  ra re f ie d  g a se s  ( « / / ) 2 can  be n e g le c te d  in  c o m p ariso n  w ith  (A//) . T h e  sam e  in fe re n c es  

c an  b e  m a d e  a lso  ( cf’ § 6) fro m  th e  e q u a tio n s  o f  t r a n s f e r  o f  § 3.

F o r  th e  p re s e n t  p a p e r  i t  is th e re fo re  su ffic ie n t (a n d  i t  is c o n v e n ie n t)  to  w r i te  dow n 

th e  fo llo w in g  fo rm  o f  F  fo r th w i th  :— •

( 1 6 ) F = ( u | ^  + v W 1 0  P, (C2) + SP2 (C2) + S 'P3 (C2),
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THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 2 8 5

th is  b e in g  t h e  o n ly  w a y  in  w h ic h  t h e  f i r s t - o rd e r  d e r iv a t iv e s  c a n  o c c u r  in  F ,  in  o rd e r  

t h a t  F  m a y  b e  a n  in v a r ia n t .

H e r e  P i  (C 2), P 2 (C 2), P 3 (C 2) d e n o te  c e r ta in  u n d e te r m in e d  fu n c t io n s  o f  U, V, in  

w h ic h  th e s e  v a r ia b le s  a p p e a r  o n ly  in  th e  fo rm  U2 +  V3+ W 2 o r C 2. T h e  f i r s t  t e r m  o f  F  

is e v id e n t ly  o f  o d d  d e g re e  in  U, V, W c o m b in e d , a n d  t h e  s e c o n d  a n d  th i r d  a re  o f  e v e n  

d e g r e e ;  i t  is c o n v e n ie n t  to  d e n o te  th e m  b y  0 ( U ,  V, W ) a n d  E ( U ,  V, W ), w h e n  w e  

w ish  to  r e f e r  to  t h e  o d d  o r e v e n  p a r t  o f  F  s e p a r a te ly . ]

I t  is  e a s y  to  see  t h a t ,  in  a  u n ifo rm  g a s , f 0 s a tis f ie s  t h e  n e c e s s a ry  c o n d it io n s  (3 ) , (4 ). 

I n  th e  n o n -u n ifo rm  case  th e s e  c o n d it io n s  r e q u i r e  F  to  s a t i s f y  t h e  e q u a t io n s

(1 7 )  j j  j  / o F  d U  dwdW  =  0,

(1 8 ) J j | U /o F d U d V d W  =  j j j V / 0F d l l d V d W  =  j | j  W / 0F d U d V d W  =  0.

C le a r ly  t h e  o d d  p a r t  0 ( U ,  V, W ) o f  F  s a t is f ie s  (1 7 ) , a n d  t h e  e v e n  p a r t  E ( l J ,  V, W ) 

sa tis f ie s  (1 8 ) , b u t  n o t  vice  versa, so t h a t  th e s e  e q u a t io n s  p la c e  c e r ta in  r e s t r ic

0  a n d  E .

§ 3. T h e  E q u « t i o n  o f  T r « n s f e r  o f  M o l e c u l « r  P r o p e r t i e s .

§ 3 (A ) T h e  r a t e  o f  c h a n g e  o f  rQ , t h e  a g g r e g a t e  v a lu e  o f  Q  (u, v, tv) p e r  u n i t  v o lu m e , 

m a y  b e  a n a ly s e d  in to  t h r e e  p a r t s ,  v iz ., t h a t  d u e  to  m o le c u la r  e n c o u n te r s  (w h ic h  w e 

d e n o te  b y  A Q ), t h a t  d u e  to  t h e  p a s s a g e  o f  m o le c u le s  in  o r  o u t  o f  t h e  v o lu m e -e le m e n t 

c o n sid e re d , a n d  t h a t  d u e  to  t h e  a c t io n  o f  th e  e x te r n a l  fo rces . T h e  e q u a t io n  

e x p re s s in g  th is  a n a ly s is  m a y  r e a d i ly  b e  s h o w n *  to  be

(1 9 ) (*Q) =  A Q -  2
z,y , z

A  (ru'Q) _  -  X
o x  m

W e  m a y  d e fin e  A Q  b y  th e  s t a t e m e n t  t h a t  (A Q  is t h e  c h a n g e  p ro d u c e d

b y  m o le c u la r  e n c o u n te r s  d u r in g  t im e  d t  in  th e  s u m  2 Q  ta k e n  o v e r  a ll  th e  m o le c u le s  

in  th e  v o lu m e -e le m e n t d x  d y  d z  : e v id e n t ly  2 Q  =  t/Q d x  d y  dz.

I f  in  (1 9 ) w e  m a k e  Q  e q u a l  to  u n i ty ,  in  w h ic h  case  A Q  is c le a r ly  zero , t h e  e q u a t io n  

b eco m es

—  — — f  dvU» _l  , dr?/;0\  
dt \  dx dy dz )

( dup d%

\ dx  dy d z )

dv

M“ ^ + , ,o ^ +Wo a .

w h ic h  is  t h e  e q u a t io n  o f  c o n t in u i ty .

* Cf. J e a n s ’ ‘Dynamical Theory of Gases.’
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E x c e p t  u n d e r  th e  d if fe re n tia l  s ig n  w e sh a ll  w r i te  U, v  =  V, w  — W , since  w e a re  

su p p o s in g  t h a t  u 0 =  v0 = w 0 =  0 a t  t h e  p o in t  (x, , z). T h e

re d u c e s  to

1 / du^ , 3v_o , 3 ^ o

j/ dt \3sc 3

I n  ta k in g  m e a n  v a lu e s  o f  fu n c tio n s  o f  U, V, W, a s  in  (5), w e  sh a ll n e g le c t  th e  p a r t  

F  in  th e  v e lo c i ty -d is tr ib u t io n  fu n c t io n  f ,  in  cases  

d if f e re n tia te d  o r m u lt ip l ie d  b y  a  sm a ll fa c to r , s in ce  th e  r e s u l t in g  e r ro r  is o n ly  o f  th e  

seco n d  o rd e r .*  T h u s , in  su c h  cases, w e  sh a ll  w r i te

(2 1 ) U2C 2* =  i C 2(s+1), U4C 2(,- 1} =  1C 2(S+1), V2W 2C 2(s_1) =  ; ^ C 2(s+1),

(2 2 ) C 7  =  1 . 3 . 5 . . .  (2 s  + 1) 

w h ile , i f  e i th e r  p , qo r r  is odd ,

(2 3 ) LFV'7W r =  0.

S in ce  th e  e q u a tio n  o f  t r a n s f e r  in v o lv e s  d e r iv a t iv e s  o f  th e  f ir s t  o rd e r  o n ly , i t  is 

su ffic ien t, w h e n e v e r  th e  m e a n  v a lu e  o f  a  f u n c t io n  o f  u, v, w  is to  b e  d if fe re n tia te d , to  

e x p a n d  i t  by  T « y l o r ’s  th e o re m  in  te rm s  o f  so f a r  a s  th e  f i r s t  d e g re e  o n l y ;

if, th e n , th e  coeffic ien t o f  u 0,vh, w 0 is o f  ty p e  (23), th e  c o rre sp o n d

o m it te d  a l to g e th e r .

Case I .Q =  u

§ 3  (B ) W h e n  Q  =  u  (u 2+ v 2 + w 2)s,acco rd ing  to  th e  p r in c ip le s  j u s t  l

h a v e

2 8 6  DR. S. CHAPMAN ON THE LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

^ ( i /w Q )  =  ^  v(U 2C2s + 2u0UC2s + 2sU 2 (u0U + v0V + w 0

1 a / 1 . 3 . 5 . . . ( 2 8  +  3) 3 / 1
3 dx  ° v OLdx V \2

\ s + l

1 . 3 . 5 . . .  (2 s  +  3) /  1 Y f  1 3 V _3_ / _1

^ 2 h m )  I 2  h m d x + * dx  \,2 +Sv dx  ^2 ’
i _ / _ L

0   o ______

(w Q )  =  0, — (vwQ) =  0,
Gy CZ

* Except in gases of very low density.
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THEORY OF V ISCOSITY AND TH ER M A L CONDUCTION, IN  A M ONATOMIC GAS. 2 8 7

n e g le c t in g  in  e a c h  c a se  q u a n t i t i e s  o f  t h e  s e c o n d  o rd e r .  S in c e  Q  is o f  t h e  f i r s t  o rd e r , 

to  th e  s a m e  d e g re e  o f  a c c u ra c y  a s  in  t h e  a b o v e  e q u a t io n s ,  w e  h a v e

^  (vQ ) =  0.

A g a in , w r i t i n g  u  — U, v  =  V, w  =  W a f t e r  d if f e r e n t ia t io n ,  w e  h a

( i )  -  E - * t 2 , u W  -  i ( 2 ,  + 3)C= -  *

H e r e  w e  h a v e  o m i t te d  U V C2(s-1) a n d  U W C 2(s-1), s in c e  w h e n  m u l t ip l ie d  b y  X , w h ic h  

is  o f  t h e  f i r s t  o rd e r , t h e  r e s u l t  is  o f  t h e  se c o n d  o rd e r ,  a n d  h e n c e  n e g lig ib le . 

S im ila r ly

1 . 3 . 5 . . .  ( 2 s +  3 ) / 1 y  f 1 dv 1 \  * x

3 2 h m ) \2hrn d x  m  

T h e  e q u a t io n  o f  t r a n s f e r  c o n s e q u e n t ly  t a k e s  t h e  fo rm  

(2 4 ) A U C

W h e n  5 =  0, th i s  b e c o m e s

a l  i  \ _ _ l x
A U

1
+  v

2 h m  dx  d x  \2 h m J  m

N o w  m A U  is t h e  r a t e  o f  c h a n g e  o f  m o m e n tu m  p e r  u n i t  v o lu m e  d u e  to  th e  

m o le c u la r  e n c o u n te r s ,  a n d , s in c e  a c t io n  a n d  r e - a c t io n  a r e  e q u a l  a n d  o p p o s ite , t h i s  

c h a n g e  is  zero . H e n c e  w e  h a v e , r e m e m b e r in g  t h a t  (2  =  R T  =

(2 5 ) =  L  ( j l
d x  \2 h2 h d x + y d x \ 2 h

dp

d x ’

w h ic h  is  o n e  o f  t h e  e q u a t io n s  o f  p re s s u re  o f  t h e  g a s .

O n  s u b s t i t u t i n g  t h e  v a lu e  o f  X  g iv e n  b y  (2 5 )  in to  (2 4 ), t h e  l a t t e r  m a y  b e  w r i t t e n

(2 6 )
(2  hms + 1

^  «  u f a .  _  I .  S i  
" A U (  " T a r ’1 . 3 . 5 . . .  ( 2 5 4 - 3 ) 5  v 

w h e re  w e h a v e  u se d  t h e  e q u a t io n  (c f . 8)

2 h m i x ( s L ) =1T d£ -

T h e re  a re  tw o  e q u a t io n s  s im ila r  to  (2 6 )  g iv in g  A V C 2* a n d  A W C 2s in  te r m s  o f  ST

a n d  d l/d z .

v o l . c c x V i .— A. 2 R
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2 8 8  DR. S. CHAPM AN ON THE LAW  OF D ISTRIBU TIO N  OF MOLECULAR VELOCITIES,

Case I I .Q =

§ 3 (C ) M a k in g  a p p ro x im a tio n s  a n d  re d u c t io n s  a s  in  C ase  I .,  w e h a v e  

d _  (f>\ — —  (i  p2(s+i)\ _  1 - 3 . 5 . . .  (2.9 +  3) /  1 \ s+1
d t C Q ) ) 3 0

1 . 3 . 5 . . .  (2 ^ +  3)  /  1 Y +1 f l  a , ^ i a T l

= ------------ 8-------------- t  a

■~ {vuQ )  =  d _  „ { u 3C 2, +  3 ^ ,U aC 2* +  25U 3K U + v 0V +  w 0W )C 3>(' - 1)+ . . . }
(j OC (joU

=  ( O ^ + l s C ^  =  1 - 3 - 5 - ( 2 s + 5 )  /  1 '

dx  5 \ 2 h m f  ox

—  {vvQ) =  —  v{U 2VC2s+ v 0U2C 2s +  2 sU 2V (?/0U C 2(s_1)+ .. .}

=  A  ( J 0 ^ + A s c ^ )  =  1 - 3 . 5  ^ ( 2 . 9  +  5) v

s  / ~?T\ 1 . 3 . 5 . . . ( 2 5  +  5) (  1

.2 h m )  a *

P ' )  =  2 U C 2< +  2sU'’C 2<- 1) =  0,
a ^ /  \ a v

T h e  e q u a tio n  o f  t r a n s f e r  m a y  th e re fo re  b e  w r i t t e n

0,
aQ

\dw j

(2 7 ) A U 2C 2* =  1 ‘ -  5 (2g +  3 )
\ s + l

2 hm ,

r f i a>/ / 1 \ i ar)
5 u  &  ( l U  a< /

+  ( 2 » + 5 ) ( 8 g  +  g .  +  §

W h e n  5 = 0 ,  th is  b ecom es 

A U 2 -
2 h m

i a»/ i aT p â 0 â , â 0 
y  a t t  a« c x  c y  a

I f  to  th is  b e  a d d e d  tw o  s im ila r  e q u a tio n s  g iv in g  AV2 a n d  A W 2, on  th e  le f t -h a n d  

s id e  w e h a v e  A (U 2 +  V2 + W 2), w h ic h  is th e  r a t e  o f  c h a n g e  o f  m o le c u la r  e n e rg y  d u e  to  

e n c o u n te rs  ; b y  th e  p rin c ip le  o f  c o n se rv a tio n  o f  e n e rg y  th is  is zero , so t h a t

3 (T + i ax\ + 5 /â o + â o _l â „
v dt t  a dx  3

0,

o r, b y  (20),
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THEORY OF VISCOSITY AND TH ERM A L CONDUCTION, IN  A M ONATOMIC GAS. 2 8 9

O n  in te g r a t io n  t h i s  g iv e s  T  p~'u =  c o n s ta n t ,  o r, s in c e  p  =  R v T , i t  i

pp~*u =  c o n s t a n t ; t h i s  is t h e  la w  o f  a d ia b a t ic  e x p a n s io n  fo r  a  g a s  w h ic h  p o ssesses  o n ly  

t r a n s la t io n a l  e n e rg y .

E l im in a t in g  -  ^  a n d  ~ ^  fro m  (2 7 )  b y  m e a n s  o f  (2 0 )  a n d  (2 8 ) , w e  h a v e
v c t  1 c t

(2 9 ) A U 2C 2s
1 . 3 . 5  . . .  (2 s  +  3 ) i_LY +1

\2  hmj

+  ( 2 s  +  5 ) ( 3 ^ - “ +  ^  +  ^
c x

1 , 3 . 5 . . .  ( 2 s  +  5) 2v / 1 V +1 / q  dw 0\

45 "" \ 2  hmj\~  8a? c y  d z j

o r

(3 0 )
(2hm )*+l 45 ^ y 2Q 2* _  o 8 r 0 dvQ 8w,,

1 . 3 . 5  . . .  ( 2 s  +  5) 2v 8a? 8y  dz

B y  t r a n s f o r m a t io n  o f  a x e s , o r  o th e rw is e ,  w e  m a y  d e d u c e  t h e  e q u a t io n

(3 1 )
(2  k m ) s + l

1 . 3 . 5 . . .  (25 +  5)
—  A 2 V W C 2s

8or„-,

d y )

§ 4. T h e  E f f e c t  o f  M o l e c u l « r  E n c o u n t e r s .

§ 4 (A )  I n  th is  p a p e r  o u r  p r im a r y  c o n c e rn  is w i th  s im p le  g a se s  c o n ta in in g  m o le c u le s  

o f  o n e  k in d  o n ly  ; t h e  d if f ic u ltie s  a r e  m u c h  e n h a n c e d  w h e n  m o le c u le s  o f  tw o  k in d s  a re  

p r e s e n t ,  e sp e c ia l ly  a s  r e g a r d s  t h e  e q u a t io n s  o f  t r a n s f e r ,  a n d  t h e  f in a l d e te r m in a t io n  

o f  th e  co effic ien ts  o f  F  w h e n  A Q  h a s  b e e n  c a lc u la te d .  T h e se  m a t t e r s  w ill b e  d e a l t  

w i th  in  a  f u tu r e  p a p e r ,  o n  d iffu s io n  a n d  t h e  g e n e r a l  t h e o r y  o f  c o m p o s ite  g a se s . I n  

th e  c a lc u la t io n  o f  A Q , h o w e v e r , t h e r e  is  s c a rc e ly  a n y  a d v a n ta g e  in  m a k in g  th e  

r e s t r ic t io n  to  o n e  k in d  o f  m o le c u le  o n ly , a n d  i t  is  c o n v e n ie n t  to  c a r r y  o u t  th e  

c a lc u la t io n  fo r  a  c o m p o s ite  g a s  in  o rd e r  t h a t  t h e  r e s u l t s  m a y  b e  q u o te d  w i th o u t  

r e p e t i t io n  in  th e  l a te r ,  m o re  g e n e ra l ,  in v e s t ig a t io n .

T h e  n o ta t io n  o f  § 2 m a y  b e  a d a p te d  to  t h e  c a se  o f  a  c o m p o s ite  g a s  w i th o u t  f u r t h e r  

c h a n g e  th a n  t h e  a d d i t io n  o f  su ffix es  1, 2 to  d e n o te  to  w h ic h  g ro u p  o f  m o le c u le s  

a  sy m b o l s u c h  a s  v,m, U, V, W , / ,  F  re fe rs . T h e  m e a n  v e lo c i ty  o f  th e  tw o  g ro u

w ill b e  su p p o se d  th e  s a m e , so t h a t  (u 0, w 0) is  t h e  s a m e  fo r  b o th , e i th e r

s e p a ra te ly  o r  to g e th e r  ; s im ila r ly , t h e i r  t e m p e r a tu r e  o r  m e a n  e n e rg y , a n d  th e i r  

r e la t iv e  d e n s i t ie s  (i'1/i'2) a r e  s u p p o s e d  c o n s ta n t .  A ll t h e  r e m a r k s  m a d e  c o n c e rn in g  

f  a n d  F  h o ld  b o th  fo r  f x a n d  F x, a n d  f 2 a n d  F 2, th e s e  b e in g  fu n c t io n s  r e s p e c tiv e ly  

o f  (Uj ,  Vi, Wj)  a n d  (U 2, V2, W 2) ; th e y  m a y  e a c h  n o w  b e  e x p e c te d  to  in v o lv e  vx : v2 

a n d  m x : m 2 in  a d d i t io n  to  t h e  q u a n t i t i e s  m e n tio n e d  in  § 2. A  f u r th e r  im p o r ta n t  

c o n s id e ra tio n  w h ic h  d id  n o t  a r is e  t h e r e  is t h a t  J \  a n d  f 2, o r  F x a n d  F 2 a re  s im ila r ,

2 R 2
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2 9 0  DR. S. CHAPMAN ON THE LA W  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

in  th e  sen se  t h a t  e i th e r  m a y  b e  o b ta in e d  fro m  th e  o th e r  b y  in te rc h a n g in g  th e  

su ffixes 1, 2.

N o ta tio n  f o r  a n  E n co u n ter .

§ 4 (B ) B efo re  p ro c e e d in g  to  th e  a c tu a l  c o n s id e ra tio n  o f  th e  d y n a m ic s  o f  a n  e n c o u n te r  

b e tw e e n  tw o  m o lecu les  m 2, i t  is c o n v e n ie n t to  e x p la in  th e  n o ta t io n  to  b e  u sed . 

T h e  sy m b o l’s m 0,m, n-i, Mi2> an(l  M21 a re  d e fin e d  a s  fo l lo w s :—

(3 2 ) m 0 —

(33) Mi =  W j/wo, u-2 =  o,

(3 4 ) Ml2 =  =  Mi/«2, fJ-2\ Ul.JiU j — U-jjU\ i

so t h a t *

(3 5 ) Mi d” M2 1 > Mi d- M2 1 -1jMiM2j

(3 6 ) M12M21 =  1 •

V e lo c itie s  w ill b e  r e p re s e n te d  e i th e r  b y  th e i r  x , y, z c o m p o n e n ts  o r in  v e c to r  

n o ta t io n . T h e  c o m p o n e n ts  o f  th e  a c tu a l  v e lo c itie s  o f  th e  m o lecu les  w ill be  w r i t t e n  

(U , V, W), w h ile  th o s e  o f  o th e r  v e lo c itie s , su c h  a s  th e  v e lo c ity  o f  th e  m a ss -c e n tre  G , 

o r th e  re la t iv e  v e lo c ity , w ill b e  w r i t t e n  (X, Y, Z ). T h e  a m p li tu d e  o f  a  v e lo c ity  w ill 

be  d e n o te d  b y  C, a n d  th e  v e c to r  i t s e l f  b y  th e  sam e  sy m b o l in  sm a ll ty p e  w ith  a  b a r  

b e n e a th , v iz ., c.

T h e  v e lo c itie s  o f  th e  m o lecu les  m x, m 2 u a n d  o f  G  w i

re sp e c tiv e  su ffixes  1, 2, 0, w h ile  t h e  su ffix  R, s im ila r ly , w ill in d ic a te  re fe re n c e  to  th e  

m o le c u la r  v e lo c itie s  re la tive  to  G  o r to  o n e  a n o th e r .  A s  r e g a rd s  t im e , s q u a re  b ra c k e ts  

e n c lo s in g  a  sy m b o l, su ch  a s  [X„], [c x], w ill in d ic a te  re fe re n c e  to  som e p a r t ic u la r  

( a r b i t r a r y )  in s t a n t  d u r in g  th e  e n c o u n te r ; a  sy m b o l w i th o u t  b ra c k e ts  b u t  w i th  a n  

a c c e n t ( ')  w ill re fe r  to  a n y  i n s t a n t  a f t e r  th e  e n c o u n te r ,*  w h ile  w h e n  th e re  is n e i th e r  

b ra c k e t  n o r a c c e n t i t  w ill r e fe r  to  a n y  in s t a n t  b e fo re  th e  e n c o u n te r .

A n a ly s is  o f  the M otions in  a n  E n co u n ter .

§ 4 (C ) I n  th e  ab o v e  n o ta t io n  th e  in i t ia l  a n d  fin a l m o le c u la r  v e lo c itie s  a re  resp ec- 

t iv e ly  c„ c2 a n d  c \, (-'2, o r (U „  V, W ,), (U 2, V2, W 2) a n d  ( U \ ,  V'„ W ',), (U '2, V'2, W '2) ;  a lso

(3 7 ) C 2 = U 2+ V 2+ W 2,

* That is, any instant after the molecules have separated beyond the distance (which in actual gases 

is, at most, very small) a t which their inter-action is appreciable; the words “ before the encounter ” are 

to be interpreted in a similar sense. In this sense the velocities of the molecules before and after the 

encounter are definite and constant.
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THEORY OF V ISCOSITY AND TH ER M A L CONDUCTION, IN  A M ONATOMIC GAS. 2 9 1

'  w h e re  C , U, V, W a ll  h a v e  t h e  s a m e  su ffix  1 o r  2, w i th  o r  w i th o u t  a n  a c c e n t  ( '). 

S im ila r ly , t h e  m a s s - c e n tr e  G  h a s  th e  v e lo c i ty  c0 o r  (X„, Y0, Z 0), a n d  s in c e  (b y  th e  

p r in c ip le  o f  c o n s e rv a t io n  o f  m o m e n tu m )  t h i s  r e m a in s  in v a r ia b le  th r o u g h o u t  th e  

e n c o u n te r ,# w e  h a v e

(3 8 )  f 0 =  =  Mlf'l +  M2 /2  =  Ml [ f l ]  +  M2 [ f 2l

o r

Co =  f'o =  [fo].

S in c e , b y  (3 8 ) ,

(3 9 )  m x{ [ f j - [ f 0]}  =  - m 2{ [ f 2] - [ f 0]}  =  { [ f j - [ f 2]}  =  m 0 (/xiyu2),/

w h e re  [ f R] is d e fin ed  b y  t h e  e q u a t io n

(4 0 )  [f it]  =  (m iM2)'/2 { [ f i ] - f o ] } >

w e  see  t h a t  t h e  m o m e n tu m  o f  t h e  m o le c u le s , r e la t iv e  to  G , is e q u a l  in  m a g n i tu d e  b u t  

o p p o s ite  in  d i r e c t io n  in  t h e  tw o  c ases , i t s  v a lu e  b e in g  [ c r ]. T h e  r e la t iv e

v e lo c i ty  o f  t h e  tw o  m o le c u le s  is , b y  (4 0 ) , e q u a l  to  (yu1(« 2) -1/2 [c K] ; t h i s  v a r ie s  th r o u g h o u t  

t h e  e n c o u n te r ,  o w in g  to  t h e  in te r - a c t io n  o f  t h e  m o le c u le s  ; i t s  i n i t i a l  a n d  f in a l v a lu e s  

a re  g iv e n  b y

( 41)  f n  =  (M1M2) ( f  1 £2)9 k  == (M1M2) c’ijt

w h ic h  a re  sp e c ia l c a se s  o f  (4 0 ).

E q u a t io n s  (3 8 ) , (4 1 ) , a n d  t h e  re c ip ro c a l  e q u a t io n s

(4 2 ) Ci — fo T  M21 ~Cr c2 — ft) M)2"!tb{3

(4 3 ) d  1 =  & T  Mai V r f  2 =  fo M12 ^ f  Rj

in d ic a te  t h a t  e, c2 o r  c\,c'2 a r e  e q u iv a le n t  to  c0, cR o r  c 'R, a s  sp e c if ic a tio n s

in i t ia l  o r  f in a l v e lo c itie s  o f  t h e  m o le c u le s . H e n c e  t h e  p ro b le m  o f  d e te r m in in g  th e  

f in a l v e lo c itie s  o f  tw o  m o le c u le s  a f t e r  a n  e n c o u n te r ,  in  te r m s  o f  t h e  in i t i a l  v e lo c itie s  

a n d  w h a te v e r  f u r t h e r  in d e p e n d e n t  v a r ia b le s  a r e  n e c e s s a ry  to  d e fin e  t h e  e n c o u n te r ,  is 

e q u iv a le n t  to  th e  d e te r m in a t io n  o f  c 'R in  t e r m s  o f  cn a n d  t h e  v a r ia b le s  o f  th e  

e n c o u n te r . T h u s , in  c o n se q u e n c e  o f  th e  in v a r ia b i l i ty  o f  c0, t h e  v e lo c i ty  o f  th e  m a ss- 

c e n tr e , w e n e e d  o n ly  c o n s id e r  t h e  m o tio n  r e la t iv e  to  G , i.e., t h e  m o tio n  r e fe r re d  to  

u n ifo rm ly  m o v in g  a x e s  w i th  G  a s  o r ig in . *

* W e here suppose tha t the effect of the external forces during the brief interval of encounter is 

negligible; this is legitimate if the gas is “ nearly perfect ” {cf. § 2).
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2 9 2  DR. S. CHAPMAN ON TH E LAW  OF DISTRIBUTION  OF MOLECULAR VELOCITIES,

The M o tio n  R e la tiv e  to the M ass-cen tre .

§ 4 (D ) R e la t iv e  to  th e s e  a x e s  th e  m o lecu les  a re  in i t ia l ly  m o v in g  a lo n g  p a ra lle l  lin es  

w ith  e q u a l a n d  o p p o s ite  m o m e n ta  ± m 0 (n x n ^ Q ^by (39 ).

tw o  lin es  is c le a r ly  th e  p la n e  in  w h ic h  th e  in te r - a c t io n  a n d  m o tio n  o f  th e  m o lecu les  

w ill t a k e  p la ce  d u r in g  th e  e n c o u n te r . I t  is p a ra l le l  to  b u t  i t s  o r ie n ta t io n  e a b o u t 

th is  d ire c tio n  is in d e p e n d e n t  o f  c0, oR, i . e ., i t  is o n e  o f

to  sp ec ify  th e  e n c o u n te r ,  a n d , s im ila r ly , so a lso  is th e  p e rp e n d ic u la r  d is ta n c e  b e tw e e n  

th e  in i t ia l  lin e s  o f  r e la t iv e  m o tio n . I t  is c o n v e n ie n t  to  m e a s u re  e fro m  th e  p la n e  

c o n ta in in g  c0 a n d  cR.

I n  th e  p la n e  o f  r e la t iv e  m o tio n  so d e fin e d , t h e  m o lecu les  d e sc r ib e  o rb i t s  w h ich  a re  

s im ila r  to  one  a n o th e r  ( th e  o r ig in  G  b e in g  th e  c e n tr e  o f  s im ili tu d e ) , a n d  s y m m e tr ic a l  

a b o u t th e  lin e  o f  a p se s  (i.e.,po in ts  o f  c lo se s t a p p ro a c h ) . E a c h  o

a s y m p to te s , o n e  b e in g  th e  in i t ia l ,  t h e  o th e r  th e  f in a l lin e  o f  m o tio n  ; th e  d is ta n c e  

b e tw e e n  th e  p a ir  o f  fin a l a s y m p to te s  is c le a r ly  e q u a l  to  t h a t ,  b e tw e e n  th e  in i t ia l  

a sy m p to te s . T h e  a n g le  X12 b e tw e e n  th e  tw o  a s y m p to te s  o f  e i th e r  o rb i t  m e a s u re s  th e  

d e flec tio n  o f  th e  r e la t iv e  m o tio n  d u e  to  th e  e n c o u n te r ; fo r m o le c u les  o f  g iv e n  ty p e s  

i t  is a  fu n c tio n  o f  p  a n d  C K# o n ly , t h e  n a tu r e  o f  t h e  fu n c tio n  d e p e n d in g  on  

in te r - a c t io n  b e tw e e n  a  m o le c u le  m 1 a n d  a  m o le c u le  W e  sh a

fo r th e  s a k e  o f  g e n e r a l i ty  a s  w e ll a s  o f  b r e v i ty ,  to  r e ta in  X12 a s  a n  u n sp e c if ie d  fu n c tio n  

o f  p  a n d  C R in  o u r  e q u a t i o n s ; th e  sp e c ia l p ro p e r t ie s  o f  th e  m o lecu les  u n d e r  

c o n s id e ra tio n  a re , th r o u g h o u t  o u r  w o rk , in v o lv e d  on ly  t h r o u g h  th e  d e p e n d e n c e  o f  

X12 on  p  a n d  C R.

I t  is e a sy  to  see t h a t  t h e  m a g n itu d e  o f  th e  r e la t iv e  v e lo c ity  (^,/x2) -1/2cR is u n a l te re d  

b y  th e  e n c o u n te r , i.e.,

(44) CR =  C'R : 

fo r b y  th e  e q u a tio n  o f  e n e rg y  w e h a v e

(4 5 ) i  (n ixC *+ m 2C22) =  V ) =  > 0 (CV +  C R2) =  C 0’ + C 'R’)

b y  (4 2 ) a n d  (43).

The Velocities in  S p h e r ic a l P o la r  C o-ordinates.

§ 4 (E )  T h e  ab o v e  a n a ly s is  o f  a  m o le c u la r  e n c o u n te r  m a y  be m a d e  c le a re r  by  th e  

fo llo w in g  f ig u re , in  w h ic h  x , y , z, c0, cR, c 'R a re  th e  p o in ts  in  w h ic h  a  u n i t  sp h e re  *

* That is, on p  and on the amplitude C,. of the vector
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TH EO RY  OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 2 9 3

c e n tr e d  a t  O  is c u t  b y  r a d i i  p a r a l le l  r e s p e c t iv e ly  to  t h e  c o -o rd in a te  a x e s  a n d  to  c0, cu, 

a n d  c'R. T h e n  w e  h a v e  %

(4 5 « ) e —  C0CKC r , X12 — i

I t  is c o n v e n ie n t  a lso  to  u s e  c e r ta in  s p h e r ic a l  p o la r  c o -o rd in a te s ,  a s  fo llo w s, t a k in g  

O x, O x y  a s  in i t i a l  l in e  a n d  p la n e  fo r  cR a n d  a n d  O cR, O  o r  O c 'R, O cfRx  fo r c0.

T h u s  w e  w r i te

(4 6 )  6r  =  cR0  x,0'R =  c 'R O x , 0 O = c0O cR, O

(4 7 ) <pR = cRx y , (j) 1{ =  cRx y ,  =  

E v id e n t ly  w e  h a v e

(4 8 )  cos 6'o =  cos 00 cos X12+  s in  0o s in  X12 cos e,

(4 9 ) cos 0'R =  cos 0R cos X12+  s in  0R s in  x ]2 cos e+ fa ,

(5 0 ) cos \  =  cos 0O cos 0R+  s in  0O s in  $R cos <J>0,

=  cos 0'o cos 0'R +  s in  0'o s in  0'R cos <p'0.

E x p r e s s io n s  f o r  the V elocities A f t e r  a n  E n co u n te r .

§ 4 (F )  W e  h a v e  t h u s  in d ic a te d  h o w  th e  f in a l m o le c u la r  v e lo c i tie s  c \, c'2 a r e  to  be  

d e te r m in e d  ( c f  4 3 ) in  te rm s  o f  th e  in i t ia l  v e lo c itie s  c2 o r  c0, cR to g e th e r  w i th jo  a n d  e 

( th e s e  b e in g  t h e  e ig h t  in d e p e n d e n t  v a r ia b le s  o f  a n  e n c o u n te r ) .  T h is  h a s  b e e n  d o n e  

b y  sh o w in g  h o w  c'R d e p e n d s  u p o n  cu, p  a n d  i t  h a s  in f a c t  b e e n  sh o w n  t h a t  t h e  

sp h e r ic a l p o la r  c o -o rd in a te s  o f  c 'R, r e f e r r e d  to  cR a n d  t h e  p la n e  c0, cR a s  in i t ia l  lin e  a n d  

p la n e , a re  C R, X12 (a  fu n c t io n  o f  p  a n d  C R) a n d  e. H e n c e  w e  m a y  a t  o n ce  w r i te  d o w n
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2 9 4  DR. S. CHAPM AN ON THE LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

th e  e x p re ss io n s  fo r  th e  in i t ia l  a n d  f in a l v e lo c itie s  a n d  v e lo c ity  c o m p o n e n ts  in  te rm s  

o f  c0, oR, p  an d  e, a s  fo llow s :—

(5 1 ) n f i 2 =  0 12 (cos d0), m2CV =  0 ffl (cos d0), n iC \2 =  e , 2 (cos 0 'o), y f f f  =  0 21 (cos 0'o),

f  =  f i i ^ o  cos X +  yU21/jC R COS 0R, /x2'-U 2 =  cos R cos 0R,

COS X + /421/2C r  COS 0rR, =  Z ^ Q ) cos X—jUi^On cos 0;R,

w h e re  w e h a v e  a d o p te d  th e  c o n v e n ie n t  n o ta t io n *  d e fin e d  b y

f  0 ,2  (cos 0) =  MiC02+/42C R2+ 2  (W 2 ),/3C 0C r  c o s  0,

(5 3 ) J

[_ 02i (cos 0) — /x2C 02+ /x ,C R2—2 (yu,^2) /2C 0C r  c o s  0.

E q u a tio n s  (5 1 )  to  (5 3 ) a re  m e re ly  p a r t i c u la r  cases  o f  (4 2 ), (4 3 ), e x p re s s e d  in  te rm s  

o f  a m p li tu d e s  (51 , 53 ) a n d  o f  ^ -c o m p o n e n ts  (5 2 ). T h e  l a t t e r  m ig h t  a lso  h a v e  b een  

w r i t t e n  in  te rm s  o f  th e  c o m p o n e n ts  o f  C 0 a n d  C R, as, fo r  e x a m p le ,

(54) U', =  Xo +  ẑ X r  =  Xo +  ̂ 2i1/2 {XR cos Xi2 + (Y R2 +  Z R2)1/2s in Xi2cos (e + 0 o)},

b y  (4 9 ), w r i t in g  (Xa, Y0, Z 0), (XR, YR, Z R), (X 'R, Y R, Z R ), fo r  th e  c o m p o n e n ts  o f  c0, c K c 'R. 

E q u a t io n s  s im ila r  to  (5 3 ), (5 4 ) m a y  e a s ily  b e  w r i t t e n  d o w n  a lso  fo r  th e  y  a n d  z 

c o m p o n e n ts  o f  th e  v e lo c itie s .

The D ependence  o f  U '„  V',, W ', on  Xl2.

§ 4 (G ) F ro m  ( 5 l )  a n d  (5 4 ) i t  is  c le a r  t h a t  a n y  fu n c tio n  Q , ( U \ ,  V \, W 'i) o f  Uri, V'i, W r 

is a  fu n c tio n  o f  U „ V„ W ,, U2, V2, W 2, pan d  e, o r o f  U b V

since  p  is in v o lv e d  o n ly  th r o u g h  Xl2 ( th o u g h  Xl2 is n o t  e n t i r e ly  in d e p e n d e n t  o f  th e  

p re c e d in g  s ix  v a r ia b le s , s in ce  i t  d e p e n d s  u p o n  C R). I f  Q , (U 'i , V'i , W 'i) be re g a rd e d  as 

a  fu n c tio n  o f  x ,2, w h e n  Xl2 is m a d e  e q u a l  to  ze ro  i t  re d u c e s  to  Q , (Ui,  Vi, W i) s im p ly : 

th is  m a y  b e  seen  e i th e r  fro m  ( 5 l ) - ( 5 4 )  o r, s t i l l  m o re  re a d ily , fro m  th e  f ig u re  on  p. 293 , 

s in ce  w h e n  Xl2 =  0, c 'R beco m es id e n tic a l  w i th  cR, a n d  h e n ce  b y  (42), (43 ), so a lso  does 

c'i w ith  c,.

T r a n s fo rm a tio n  o f  C o-ord ina tes.

§ 4 (H )  I n  § 5 w e re q u ire  th e  J a c o b ia n  o f  t r a n s fo rm a tio n

j  =  a ( u ' i ,  yfwri, u r2, v '2> w '2)

"  a ( U i ,  Vi, Wi, u 2, v 2, w 2)

b e tw e e n  th e  in i t ia l  a n d  fin a l v e lo c ity  c o m p o n en ts , p  a n d  <• b e in g  c o n s ta n t. S in ce  th e  

m o tio n  d u r in g  a n  e n c o u n te r  is re v e rs ib le , th e  r e la t io n  b e tw e e n  th e  tw o  s e ts  o f  v e lo c ity

* In § 7, for the sake of brevity, we shall write 0 ,2, 02i, 0 'i2, 0'ai respectively for Oi2 (cos 00), 0 2, (cos do), 

0 i2 (cos 6'0)» and 0 2, (cos 6’0).
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THEORY OF VISCOSITY AND  TH ER M A L CONDUCTION, IN  A M ONATOMIC GAS. 2 9 5

c o m p o n e n ts  is r e c ip ro c a l, so t h a t  J  =  ±  1. I t  m a y  r e a d i ly  b e  se e n  t h a t  t h e  p o s itiv e  s ig n  

is t h e  c o r re c t  one , b y  c o n s id e r in g  a  p a r t i c u l a r  c a se  o f  v a r ia t io n ,  s a y  dUi =  d lt, =  dU, 

d\li =  d \l2 — dV, dWi =  dW2 =  dW. T h is  is e q u iv a le n t  to  t h e  a d d i t io n  o f  a  sm a ll 

v e lo c i ty  (d ll, dV, d w ) to  t h e  w h o le  s y s t e m ;  o b v io u s ly  t h i s  w ill r e a p p e a r  in  th e  fin a l 

v e lo c itie s , so t h a t  a lso  du'i =  d l f 2 =  d l), dV'i =  dv'2 =  dV, dW \ =  dW'2 =  dW. I n  

th i s  case , a n d  th e r e f o r e  a lw a y s ,  w e  h a v e  J  =  1, so t h a t

(5 5 ) d l l ' i  dV 'i d W 'i d U '2 d V '2 d W '2 =  d U i dV i d W i d U 2dV 2d W 2.

W i t h  a  l i t t l e  m o re  t r o u b le  t h i s  m ig h t  a lso  b e  p ro v e d  a n a ly t ic a l ly  fro m  th e  e q u a tio n s  

o f  th i s  s e c tio n .

F ro m  th e  c o m p o n e n t e q u a t io n s  c o r re s p o n d in g  to  (4 2 ) , (4 3 ) , ., f ro m

(5 6 )

(5 7 )

J  ^  i — Vi — W , — Z o + V 'Z * ,

L — X0 M32 SXr , V2 =  Yo A*1 2^Yr , W2 =  Z„ M1 2^Zk , 

C„2 =  X„2 +Y„2+ z 0a, c E 2 =  X,2 +Y ,*+Z,*

i t  is  e a s y  to  p ro v e  t h a t

(5 8 )
3 ( U „  V „ W ,, U 2, V2, W 2) _  v

3 (X„, Y0> Z „  XE) Ye, Z e) ' MlM2'

H e n c e , b y  f u r th e r  t r a n s f o r m a t io n  to  p o la r  c o -o rd in a te s , w e  h a v e

(5 9 ) dU j dVi d W x d U 2 dV 2 d W 3 =  -  (m iM2) " S/j d X 0 d Y 0 d Z 0 d X R d Y K d Z R

C r  d C 0 d G R d  cos d  cos fiR d(pQ d^>R.

S in c e  d l h  dVi d W i d l l 2 dV 2 d W 2 is  e s s e n t ia l ly  p o s it iv e , t h e  n e g a t iv e  s ig n  o n  t h e  r i g h t  

o f  (5 9 ) m u s t  b e  m a d e  p o s itiv e , i f  t h e  l im i ts  o f  C, cos <9, a n d  ^  in  e a c h  case  a re  t a k e n  

as  0 to  +  00? — l  to  + 1 ,  a n d  0 to  2tt r e s p e c t iv e ly ;  i t  m a y  r e a d i ly  b e  se e n  t h a t  th e  

n e g a t iv e  s ig n  c o rre sp o n d s  to  re v e rs e d  l im its  o f  i n t e g r a t io n  o f  o n e  o f  t h e  v a r ia b le s  cos

§ 5. T h e  G e n e r « l  E x p r e s s i o n  f o r  A Q j .

D e fin itio n  o f  A n Q i a n d  A 12Q i .

§ 5 (A ) T h e  r a t e  o f  c h a n g e  o f  d u e  to  m o le c u la r  e n c o u n te r s ,  A Q i, m a y  be  

d iv id e d  in to  th e  tw o  p a r t s  A u Q i, A ^ Q j d u e  re s p e c t iv e ly  to  th e  e n c o u n te r s  o f  th e  

m o le c u les  m i a m o n g  th e m s e lv e s , a n d  th o s e  w i th  m o le c u le s  m 3. T h u s

(6 0 ) A Q i =  A n Q i + A j3Q i .

W e  sh a ll  c h ie fly  c o n s id e r  A 12Q l5 w h e n c e  A n Q i m a y  be o b ta in e d  b y  c h a n g in g  th e  suffix  

2 in to  1 th ro u g h o u t .

VOL. CCXVI.— A. 2 S
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2 9 6  DR. S. CHAPMAN ON TH E LAW  OF DISTRIBUTION  OF MOLECULAR VELOCITIES,

The E x p re ss io n  f o r  A ^Q j.

§ 5 (B ) T h e  n u m b e r  o f  m o lecu les  m x h a v in g  v e lo c ity  c o m p o n e n ts  ly in g  b e tw e e n  th e  

lim its  (U i, Vi, W j) a n d  ( i h  +  d lh ,  Vi + d Vu \Nx + d is, b y  

e q u a l to

v\f(U 1} Vi, W O d U x d V i  d\N x

p e r  u n i t  v o lu m e . T h e  n u m b e r  o f  e n c o u n te r s  in  t im e  d t  o f  a n y  one  o f  th e se , w i th  a  

m o lecu le  m 2 h a v in g  v e lo c ity  c o m p o n e n ts  ly in g  b e tw e e n  th e  l im its  (U 2, V2, W 2) a n d  

(U 2- f d U 2, V2 +  d V 2, W 2 +  d W 2), t h e  v a r ia b le s ^ ) ,  e o f  th e  e n c o u n te r  ly in g  b e tw e e n  a n d  

p  + d p , e a n d  e + de, is e q u a l to  th e  n u m b e r  o f  su ch  m o lecu les  c o n ta in e d  w

sm all c y lin d e r  o f  le n g th  d t  a n d  o f s e c tio n a l a re a  p  d p  de, i.e., to

v2 (m iM2 ) _ 1 / j / 2  (U 2, V2, W 2) 0  d p  d e  d V 2 d W 2 d t .

T h u s  th e  to t a l  n u m b e r  of e n c o u n te r s  o f  th e  ab o v e  ty p e , p e r  u n i t  v o lu m e  p e r  u n i t  

t im e , is

(6 1 ) vxv2 W 2) " V i  (Ui,  Vlf W , ) / a (U 2, V2, Wo) C  d p  d e d U x dV i dW j dV 2 d W 2.

A t  e ac h  su c h  e n c o u n te r  th e  c h a n g e  in  th e  v a lu e  o f  Q j ( if i ,  Vl5 W i) is c le a r ly

(6 2 )  Q , (U '„  V '„ W 'O - Q ,  (U „  V„ W ,).

o r Q ' l - Q j ,  a s  w e  s h a ll  w r i te  i t  fo r  b re v i ty .

W e  sh a ll in c lu d e  th e  e ffec t o f  a ll  p o ssib le  e n c o u n te r s  p e r  u n i t  v o lu m e  p e r  u n i t  tim e  

i f  w e  in te g r a te  th e  p ro d u c t  o f  (6 1 ) a n d  (6 2 )  o v e r  a ll  v a lu e s  o f  e (0  to  2 t t ), (0  to  oo)

a n d  (Uj,  Vi, W j), (U 2, V2, W 2) (e a ch  fro m  — <*> to  +  oo). S u c h  a n  in te g ra t io n  w ill 

in c lu d e  e n c o u n te r s  w h ic h  a re  n o t  b in a ry ,  b u t  o u r  p o s tu la te  t h a t  th e  g a s  is n e a r ly  

p e r fe c t  ( § 2 )  im p lie s  t h a t  o u r  in te g ra l  w o u ld  b e  a l te r e d  o n ly  in a p p re c ia b ly  i f  th e  

u p p e r  l im it  o f  in te g r a t io n  fo r  p  w e re  n o t  in f in i ty  b u t  e q u a l to  th e  v e ry  sm a ll d is ta n c e  

a t  w h ic h  tw o  m o lecu les  cease  to  e x e rc ise  a n y  a p p re c ia b le  in te r -a c tio n . H e n c e , 

th r o u g h o u t  th is  p a p e r , w h e re  no  l im its  o f  in te g r a t io n  a re  sp ec ified , i t  is to  be u n d e r ­

s to o d  t h a t  th e y  h a v e  th e  ab o v e  v a lu e s . T h u s  w e h a v e

(6 3 ) A 12Q i =  VXV2 (/AiA*a)_1/s J  fj j j { j j ( Q /i ~ Q i ) / i / 2C!KP d p  d e  d U i dVi d \N i d U 2 d V 2 dW 2.

T h e  t e r m f f  in  th e  in te g ra n d  m a y  be w r i t t e n

(6 4 ) { !  +  Fl ( Ul( Vlj Wi) +  F a (U„ V* w 2)}

=  ( ^ W  h f j  e->mW+o.i ( 1 + F 1 +  F a),

w h e re , in  th e  f ir s t  line , w e h a v e  n e g le c te d  F i F 2, w h ic h  is a  sec o n d -o rd e r q u a n t i ty ,  

w h ile  in  th e  seco n d  lin e  w e h a v e  m a d e  u se  o f  (45).
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THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 2 9 7

T he u n i t  te rm  in  ( l + F x  +  F 2) m a y  he o m itted .

§ 5 (C ) I t  is e a s y  to  sh o w  t h a t  t h e  p a r t  o f  (6 3 )  w h ic h  a r is e s  fro m  th e  u n i t  te rm  o f  

( l  +  F i +  F 2) in  (6 4 )  is zero . F o r  i t  m a y  b e  w r i t t e n  in  t h e  fo rm

w h e re  

<P =

| |  (pw iuifa  (h m 0/ tt)?' d p  de,

i (U'x, V'i, W 'O - Q i  (U b Vi, W i)} e “ 7lrao(c°2+c«2) d U x d\Nx d \J 2 dV 2 a

N o w  b y  (4 5 )  a n d  (5 5 )  t h e  l a t t e r  is e q u a l  to

(6 5 )  11J | | j Q i  (U 'l, V'l, W 'l) e - h ( m lC,S+m *C'it)̂ U 'x ^W 'x d l / 2 d v '2 J

-  J11 j J|Qi (U i , Vi, WO e -MmiC,2+m2Ca*) d u x dMx d\Nx d U 2 dV 2 d W 2.

B u t  th e  l a t t e r  tw o  in te g r a l s  a r e  e q u a l ,  s in c e  t h e y  a r e  d e f in i te  in te g r a ls  d if fe r in g  o n ly  

in  th e  sy m b o ls  u s e d  to  d e n o te  t h e  v a r ia b le s . H e n c e  (6 5 )  is  z e ro , a n d  t h e  u n i t  t e r m  

in  ( l  +  F i +  F 2) m a y  b e  o m i t te d  f ro m  A 12Q i .

T h e  s a m e  r e s u l t  c a n  b e  s e e n  a lso  in  a n o th e r  w a y  : t h e  p a r t  o f  A 12Q i u n d e r  

c o n s id e ra tio n  is  t h a t  o b ta in e d  b y  p u t t i n g  Fx =  F 2 =  0 in  f f 2, ., i t  is e q u a l  to  th e  

v a lu e  o f  A 12Q x in  a  u n ifo rm  g a s . I n  a  u n ifo rm  g a s ,  h o w e v e r , a s  w e  m a y  see  fro m  th e  

g e n e r a l  e q u a t io n  o f  t r a n s f e r  (1 9 ) , A xxQ i =  A 12Qx =  0, w h e n c e  t h e  r e s u l t  fo llo w s a t  

once.

IfQ( U ,  V, W)  is  o f  o d d  degree, the  even p a r t  F ( U ,  V, W ) co n tr ib

n o th in g  to  A 12Q , a n d  v ic e  vers& .

§ 5 (D )  W e  m a y  n o w , th e re fo re ,  w r i te  A j2Q x in  t h e  fo llo w in g  fo rm , t r a n s f o r m in g  

th e  v a r ia b le s  (U „  V1; W ,), (U „  V2> W 2) to  (X„, Y0, Z„), ( x K, Yb, Z b), b y  (5 6 ) , (5 8 ) .

(6 6 )  A 12Q i =  VlV.JMP-2
h m ^ z

f j j | W i - Q , ) e - « * « . ’ ( F 1 + F 1) C >  d p  dedX ,tdY,1d Z IId X Hd Y Rd Z n.

W e  h e re  su p p o se  th e  fu n c tio n s  Q  (U , V, W ) a n d  F  (U , V, W ) e x p re s s e d  in  te rm s  o f  th e  

n e w  v a r ia b le s  a n d  ( in  t h e  case  o f  Q'x) o f  e a n d  X12 (o r p)- W e a re  c o n c e rn e d  b o th  as 

r e g a rd s  Q  a n d  F  o n ly  w i th  te rm s  w h ic h  a re  in te g r a l  in  t h e  v a r ia b le s  U, V, W ; in  

re c k o n in g  th e i r  d e g re e  w e  s h a ll  m a k e  n o  d is t in c t io n  b e tw e e n  Ux a n d  U2, &c., o r

2 s 2
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b e tw e e n  X0 a n d  XR,# &c. T h e n  s in ce  t h e  e q u a tio n s  o f  t r a n s fo rm a tio n  (5 6 ) a re  lin e a r , 

a n y  te rm  U f  Vxm W xnU / V /W /  in  Q x ( F x +  F 2) tra n s fo rm s  in to  th e  su m  o f  a  n u m b e r  o f 

te rm s  X0aY06Z 0eXBrfYEeZ /  su ch  t h a t

l+ p  = a  + d, m  + q =  b + e,

T h is  is n o t  t r u e  in  th e  case  o f  Q 'x ( F x +  F 2), s in ce  (b y  54) U 'i , V'x, W 'x a re  n o t  ra t io n a l  

fu n c tio n s  o f  th e  v a r ia b le s  X, Y, Z, b u t  i t  is  t r u e  o f  ( F x +  F 2) J Q \ de, s in ce  th e  in te g ra t io n  

w i th  re s p e c t  to  e cau ses  a ll  t h e  i r r a t io n a l  te rm s  in  Q 'x to  d is a p p e a r .!  T h is  m a y  be 

p ro v e d  q u i te  g e n e ra lly , b u t  i t  w ill b e  su ffic ie n t h e re  to  in d ic a te  th e  p ro o f  fo r th e  case 

Q i =  U iC i2s, s b e in g  a n y  p o s itiv e  in te g e r .  W e  m a y  w r i te

Q 'i =  U'iC'x2* =  (X +  a C R s in  0R cos e +  <£0) (C 2 +  2 a C 0C R s in  00 cos e)s,

w h e re

a  =  s in  x i2, X =  X1)+/x2l'i'X„ cos Xl3)

C 2 =  C 02+ M2jC k2+ 2 m31‘'- (X0Xk  +  Y0Yj + Z „ Z b) c o s  X l2 ,

so t h a t  X is o f  th e  f ir s t  d e g re e  in  X0 o r Xu, a n d  C 2 is o f  e v e n  d e g re e  in  th e  v a r ia b le s  

(X0, XR), (Y0, Yr ), (Z o, Z r ). T h e  o n ly  te rm s  in  Q 'x w h ic h  do  n o t  v a n ish  on  in te g ra t io n  

w i th  re s p e c t  to  e a re  o f  th e  fo rm

X {tC2p (C 2),-2p (2 a C 0C R sin  60 cos e)*} 
o r

(C 0C R2 s in  60 s in  dR cos2p+1 e cos e +  >̂0) { 2 a 2,C  (C 2)s_2p_1 (2 a C 0C R sin  0O)^}-

N o w  w e h a v e

( C A  s in  e„ f =  C„2C,J2 (1 — cos2 e0) =  { c 02c e 3- ( x „x j  +  y 0y e + z 0z r )2},

w h ich  is a n  e v e n  fu n c tio n  o f  X, Y, Z, a n d  can  be in c lu d e d  u n d e r  th e  sy m b o l C 2. 

T h u s , on in te g ra t io n  w i th  re s p e c t  to  e, t h e  a b o v e  e x p re ss io n s  becom e ( a p a r t  from  

a  fa c to r  n o t  in v o lv in g  X, Y, Z e x p lic i t ly )

XC2s, (C 0C R2 s in  00 s in  0R cos 0 O) C 2(s_1)

a n d  b y  (5 0 ) th e  l a t t e r  m a y  be w r i t t e n

C 0C r 2 ( c o s  X - c o s  0O cos 0B) C 2^ - 1) =  [X0C R2—XR (X0XR +  Y0YR +  Z 0Z R)]

B o th  th e se  e x p re ss io n s , a n d  c o n se q u e n tly  JQX (\J \, V^, W ri) a s  a  w ho le , a re  o f  th e  

fo rm  XC2s in  th e  sen se  ab o v e  defin ed . S im ila r ly  i t  m a y  be sh o w n  t h a t  JU 'i2C V s de is 

ev en  in  a ll  th re e  v a r ia b le s  (X0, XR), (Y0, Yr ), (Z 0, Z r ).

* So that, for instance, x02, x0xH and xE2 will all be regarded as even functions of x. 

t  The explicit occurrence of x, y ,  z  in J Q'x de is here referred to ; the latter may involve CR irrationally 

through x«.

2 9 8  DR. S. CHAPM AN ON THE LAW  OF DISTRIBUTION OF MOLECULAR VELOCITIES,
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THEORY OF VISCOSITY AND TH ERM A L CONDUCTION, IN  A M ONATOMIC GAS. 2 9 9

I n  th e  in te g r a n d  o f  (G 6), t h e  e x p o n e n t ia l  t e r m  a n d  C u ( w h e th e r  o c c u r r in g  a s  a n  

e x p lic i t  f a c to r  o r  im p lic i t ly  in  X12) a r e  e v e n  fu n c t io n s  o f  X, Y, Z. H e n c e  a  te rm  su c h  

a s  X0aY</'Z0cXEdYReZ R/  in  f ( Q 'i—Q i) ( F i +  F 2) dewill c o n t r ib u te  n o th in g  to  A 12Q

a , b , c, d, e, f  a n d  d f o r t io r i  a  + d , b + e, c a r e  a l l  s e p

w h a t  h a s  b e e n  p ro v e d  a b o v e , th e r e f o r e ,  i t  a p p e a r s  t h a t  in  Q  (U , V, W ) F  (U , V, W ) 

o n ly  th e  te r m s  w h ic h  a r e  e v e n  in  U, V, W  s e p a r a te ly  c o n t r ib u te  a n y th in g  to  A 12Q i . 

H e n c e  i f  Q  is  o d d  in  U, o n ly  t h e  p a r t  o f  F  w h ic h  is  l ik e w is e  o d d  in  U n e e d  b e  

c o n s id e re d , w h ile  i f  i t  is  e v e n  in  U, o n ly  t h e  e v e n  p a r t  o f  F  n e e d  b e  c o n s id e re d .

In tr o d u c tio n  o f  I i  (x X2)-

§ 5 (E )  W e  n o w  m a k e  t h e  f in a l t r a n s f o r m a t io n  o f  A 12Q i b y  a d o p t in g  p o la r  c o -o rd i­

n a te s  in  p la c e  o f  (X0, Y0, Z 0), (X R, YR, Z R), a s  fo llo w s :—

(6 7 ) A iaQ j =  j ] j  e -w < v + c ,* i { I i (Xl2) _ i l (o )}  C„2C H(p  d p  „

w h e re

( 68) I , ( Xl2) = j f | j j Q i ( U ' 1,V '„W '1) {F , ( U ,,Vt, W,) +  F 3( U2,V.,,W.)} f i t (/cos6ud cos6Ud<pt,d<pH,

(69 ) I 1(0 ) = f | f f j Q 1(U 1> V„ W 1) { F , ( U 1,V1)W 1) +  F 2(U 2>V2,W 2) } A d c o s 0o<2c o s M 0.<fy>1

E v id e n t ly  ( cf§ 4 (G ))  th e  l a t t e r  is o b ta in e d  w h e n  X12 is m a d e  z e ro  in  I i  (x X2), s in c e  X12 

is n o t  c o n c e rn e d  in  th e  in te g r a t io n s  o f  (6 8 ) , (6 9 ), b e in g  a  f u n c t io n  o f  a n d  C R o n ly , 

w h ile  w h e n  X12 =  0 w e h a v e  Q i ( u 'i ,  V 'i ,W 'i)  =  Q i ( lh ,  Vi, W i). H e n c e ,  in  c a lc u la t in g  

A 12Q i w e  s h a l l  c o n c e rn  o u rs e lv e s  o n ly  w i th  I x (x i2) u n t i l  w e  co m e to  t h e  in te g r a t io n  

w i th  re s p e c t  b o p ,  C R, C 0. I n  so d o in g  w e  sh a ll , f ro m  t h e  o u ts e t ,  o m it  fro m  F  (U , V, W ) 

th o s e  p a r t s  w h ic h , in  a c c o rd a n c e  w i th  § 5 (D ), c o n t r ib u te  n o th in g  to  th e  f in a l r e s u l t .

§ 6 . T h e  F o r m  o f  t h e  F u n c t i o n  F ( U ,  V, W).

T h e  tw o  sp e c ia l fo rm s  o f  Q x w h ic h  w e  c o n s id e r  a r e  U ^ C i2* a n d  LhCi25; t h e  o n ly  

p a r t s  o f  F ( u ,  V, W)  w h ic h  a re  r e le v a n t  in  th e s e  cases  a re  r e s p e c t iv e ly  t h e  p a r t  o f  

E x +  E 2, w h ic h  is e v e n  in  V a n d  W 2, a n d  O x +  0 2 ; t h e  n o ta t io n  h e re  u s e d  is t h a t  o f  

§ 2 (E ) , p. 2 8 3 . F ro m  (2 6 )  a n d  (3 0 ) w e  see  t h a t  A U jO i25 in v o lv e s  t h e  sp a c e  d e r iv a t iv e s

1 7) T
o f  m e a n  p ro p e r t ie s  o f  t h e  g a s  o n ly  in  t h e  fo rm  — — , w h ile  A U ^ C i2* s im ila r ly  in v o lv e s

1 OX

o n ly  2 W e  d e d u c e  fro m  th i s  t h a t  O  (U , V, W ) m u s t  c e r ta in ly  in c lu d e

th e  te rm

(7 0 )
T ( u i + v S t w I ) , , ' ( c ’1'
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300 DR. S. CHAPMAN ON THE LAW OF DISTRIBUTION OF MOLECULAR VELOCITIES, 

a n d  t h a t  E ( U ,  V, W ) m u s t  s im ila r ly  in c lu d e  th e  te rm

(7 1 ) (c ^ U 2+ c22V2+ <%W2+  c^VW  +  c31 W V + c12U V) P  ( 0 2),

w h e re

11 dxa ’
c23 — 3 1

fd v 0 0 WO\

Va* + a y ) '

(7 2 )
„ _  0  Bv0 8w 0 

28 ^ dy d z  dx
C31 =  3

(dw , 3w0\  

\ d x  d z / *

_0 dWpdui} dvQ 

 ̂ 33 8z dx  dy  ’
1̂2 =  3

(d u 0 dv0\  

xdy  '

T h e  f a c to r  o f  P ( C 2) in  (7 1 ) is e q u a l  to  3 S '—C 2S , b y  ( 1 2 ) a n d  (1 5 ), a n d  is th e re fo re  

a n  in v a r ia n t  w i th  re s p e c t  to  a n  o r th o g o n a l  t r a n s fo rm a t io n  o f  ax es .

F u r th e r  s in ce , b y  (2 6 ) a n d  (30 ), no  o th e r  d e r iv a t iv e s  o f  T  a n d  (u0, v (), w 0) o ccu r in  

A LhC i2* o r  A lh 2C j2s, w e  c o n c lu d e  t h a t  n o n e  su c h  a p p e a r  in  F  (U , V, W )— a t  a n y  ra te ,  

to  o u r  d e g re e  o f  a p p ro x im a tio n  ; t h u s  t h e  o th e r  te rm s  in  (1 2 ) - (1 5 ) ,  w h ile  th e y  

p ossess t h e  in v a r ia n t  p ro p e r ty ,  do  n o t  s a t i s fy  th e  o th e r  c o n d itio n s  w h ic h  m u s t  be 

fu lf ille d  b y  F  ( l) , V, W ).

W e  th e re fo re  co n c lu d e  t h a t  F ( U ,  V, W)  is c o m p o sed  o n ly  o f  (7 0 ) a n d  ( 7 l )  to  o u r 

o rd e r  o f  a c c u ra c y , a n d  w e sh a ll su p p o se  t h a t  t h e  tw o  fu n c tio n s  P  (C 2) a re  e x p a n s ib le  

as  p o w e r se r ie s  in  C 2. T h r o u g h o u t  th i s  p a p e r  w e  sh a ll a ssu m e  t h a t  a ll  c o n v e rg e n c y  

c o n d itio n s  n e c e s sa ry  fo r th e  v a l id i ty  o f  o u r  a n a ly s is  a r e  s a tis f ie d  ; t h e  ju s t i f ic a t io n  

o f  th is  a s s u m p tio n  w o u ld  o ffer s e r io u s  d iff icu lty , a n d  th e  in v e s t ig a t io n  w o u ld  le a d  

u s  in to  re g io n s  o f  p u re  m a th e m a t ic s  w h ic h  a re  la rg e ly  u n e x p lo re d , a n d  w o u ld  be 

u n s u i ta b le  in  th e  p re s e n t  p a p e r . I n  § 10  w e sh a ll  see  t h a t  n u m e ric a l a p p ro x im a tio n s  

fo r th e  m o s t im p o r ta n t  m o le c u la r  m o d e ls  co n firm  th e  a s s u m p tio n  o f  c o n v e rg en c e  

su ffic ie n tly  fo r  o u r  p u rp o se .

I t  is c o n v e n ie n t to  w r i te  o u r  e x p re ss io n  fo r  F  (U , V, W ) in  th e  fo rm

ST'
(7 3 ) F  (U . V, W ) -  - B 0 T  (U  ^  +  V T y  +  W  Y z )2 o 1 - 8 , s\ „ (^ . + 3 ) r  A - .C *

( 2 /zm)T

( 2 Am)r
- C 02 hm(c u U2 +  c22V2 +  c»W 2 4- c23VW +  c31 WU +  c12U V )^ 2  X , 3 5 . . .  ( 2 r + 5 ) ^

I n  th e  f ir s t  lin e , w h e n  r  =  0, th e  fa c to r  r  in  th e  d e n o m in a to r

T h e  suffix  1 o r 2  m u s t  b e  a d d e d  to  m , U, V, W, C, j8, y  w h e n  w e w ish  to  d is tin g u is h  

b e tw e e n  F i ( l h ,  Vb W i) a n d  F 2 (U 2, V2, W 2).

S ince , b y  (72),

(7 4 ) Cll +  C22 +  C33 — d,

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

5
 A

u
g
u
st

 2
0
2
2
 



i t  is  e a s y  to  see  t h a t  (1 8 )  is s a t is f ie d  b y  t h i s  fo rm  o f  F ,  w h ile  in  o rd e r  to  s a t i s fy  (1 7 ) 

w e m u s t  h a v e

(7 5 ) ft_ 1 + '2(3r/ ( r + l )  =  0.
0

T h e  p ro d u c ts  B 0/3r, B 0y r a r e  q u i te  d e f in ite , b u t  B 0 a n d  C 0 c a n  e v id e n t ly  b e  a s s ig n e d  

a r b i t r a r i l y ; w e  s h a l l  d e c id e  t h a t  t h e i r  v a lu e s , though* u n s p e c if ie d  fo r  t h e  p re s e n t ,  a re  

a l ik e  fo r  F x a n d  F 2.

T h e  a b o v e  e x p re s s io n  fo r  F  (U , V, W ) is e q u iv a le n t  to  t h a t  o b ta in e d  b y  E n s k o g  (§ l ) ,  

b y  a n  e n t i r e ly  d if f e r e n t  m e th o d . B u t  t h e  c h ie f  d if f ic u l ty  o f  o u r  p ro b le m , a n d  o n e  

h i th e r to  u n s o lv e d , lie s  in  th e  d e te r m in a t io n  o f  t h e  c o e ffic ien ts  (3 a n d  y ; th i s  is e ffe c te d  

in  t h e  p r e s e n t  p a p e r  b y  m e a n s  o f  A Q .

THEORY OF VISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 301

§ 7. T h e  C « l c u l « t i o n  o f  A Q ^

§ 7 (A )  I n  c a lc u la t in g  A Q i w e  s h a l l  d e a l  c h ie f ly  w i th  A 12Q i § 5 (A )  a n d  (6 7 )) . 

T h e  p a r t i c u la r  fo rm s  o f  Q x w h ic h  w e s h a l l  c o n s id e r  a r e

(7 6 ) Q , =  (2A o t i)!+*U1C 12* =  35,“ . '

(7 7 ) Q , =  (2Am ,)*+1U ,2C ,2* =

I n  a c c o rd a n c e  w i th  § 5  (D ), t h e  o n ly  p a r t  o f  F ( U ,  V, W )  w h ic h  is r e le v a n t  to  

A B i(s) is

(78)
l  OX o 1

(2  h m )r

3 . 5 . . .  ( 2 r  +  3)
& _ iC 2h

w h ile  t h a t  w h ic h  a lo n e  c o n c e rn s  A (£ i(s) is

(79) ■2/im€, (c„U J+ e2JV2+ c^W 2) 2
(2  h m Y

o 1 . 3 . 5  ...  ( 2 r  +  5)
7; .C2r.

A s  to  th e  l a t t e r ,  s in ce  t h e  r e m a in d e r  o f  t h e  in t e g r a n d  o f  A C i(s) is s y m m e tr ic a l  w i th  

r e s p e c t  to  V a n d  W, t h e  p a r t s  o f  t h i s  i n t e g r a l  a r is in g  fro m  V2 a n d  W2 in  (79) a re  

e q u a l, so t h a t  c22V2 +  c33W2 c a n  b e  r e p la c e d  b y  j - ( c 22 +  c33) (V2 +  W3) =  — | A i (C 2— U2), 

b y  (74). H e n c e  fo r  o u r  p u rp o s e  (79) is  e q u iv a le n t  to

(8 0 )  - * ( 2 h m )  C 0cn (3 U 2—C 2) 1 1 3 ^ ^ r + 5 )

W e  s h a l l  d e n o te  b y  b12 ( r xSi)the p a r t  o f  A 12B i(s) w h ic h  a r is e s  fro m

— (2 h m 1)r+h\JlC l2r in  F i ( U l5 Vb W i), a n d  b y  b12(r2Si) t h e  p a r t  a r is in g  fro m  th e  c o r re ­

s p o n d in g  te rm  o f  F 2 (U 2, V2, W 2), in  e a c h  case  t h e  n u m e r ic a l  a n d  o th e r  fa c to rs  in  F
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3 0 2  DR. S. CHAPM AN ON THE LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

being excluded .# The corresponding portions of T  (xi2) will be denoted  by I fa s i, xi2) 

and  I  ( r2$i, xi2 ) respectively . Then

(81) I  f a s h xi2) =  [ j  J J j  (2hfji1m 0)r+s+lU/iC 'i2sUiCi2r d  cos d  cos d

(82) I  ( r2sb X12) =  [ J | f f  (2 /m 0)r+s+V ii+W +® U'iC 'i2sU2C22r de d  cos 60 cos d fa  ,

(8 3 ) fri2 (n S i) =  —

j j j  e -A-<c»2+cK> {I K  X12) —I (n*i, 0)} C02CK3p  d p  d C 0 R,

(84) =  - , 1,2(MiJu2) - i' . ( ^ » ) 3

j j j  < r* -<c-,+<V> {I ( rA , Xl2) - I  ( rA> 0)} C02CR3p d p  dC 0 d C R.

The sim ilar q u an titie s  re la tin g  to  A]2C iW w ill be deno ted  by  1), c12 and

J  (r i5i, X12), J  fa#i> X12) respectively , so th a t

(85) J  {r is iiX12)

=  [ [ [ [ [  h  (2 h/uL1m 0)r+s+2UVCV* (3U i2—Q 2) de d  cos 00 cos 6U d<p0 

(86) J  {r 2suX1 2)

=  jj jfj i  (2 h m 0)r+s+2 fi1s+1iuL2r+i\ j '12C,i s(3U 22—C22) V  de d  c

(8 7 ) C ufa S x )  =  — vxv2 f a

j j j  e-ftmo«y+ca*> {j  (rA> Xl2) _  J  (r lSlt 0 )} C02C d p  dC 0 dC R,

(8 8 )  c l2 f a s , )  = - VlV2f a ^ 2y ^ y

j j j  e- w « +<V) {j  (rA ) Xl2) _  J  (r A , 0 )} C„2CR3p  d p  dC„ d C R.

* We have here included a factor (2 hm)1!*which does not occur in F

subsequently.
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THEORY OF VISCOSITY AND TH ER M A L CONDUCTION, IN  A MONATOMIC C4AS. 3 0 3

T he  In te g r a tio n  w ith  resp ec t to </>0.

§ 7  (B ) In  I  ( r s ,  X12) a n d  J  (rs, X1 2 )it is  c le a r  f ro m  (4 8 )  to  (5 3 )

a p p e a r  a t  a ll in  t h e  in te g r a n d ,  w h ile  0n a n d  o c c u r  o n ly  in  t h e  p ro d u c ts  U ' i U a n d  

Uri2 (3 U 2—C 2) r e s p e c t iv e ly .  W e  h a v e

U 't U j =  C 02 cos2 X+ju21C K2 cos #R cos 0' M2i1,2C 0C R c o s  X

U \U 2 =  C 02 cos2 X — C R2 cos (9R cos 0'R +  C 0C R cos X ( / ^ y 2 cos 6'1{— cos 0R), 

a n d , r e m e m b e r in g  t h e  v a lu e s  o f  cos X a n d  cos w e  h a v e

| | |  U 'j U j d  COS 0R dipo d <pR =  | t r2 {C 02 +  ̂ i C r 2 COS X ^ - W

11 j  U iU 2 d  cos 0R d(p0 d(pR — 3 7r” {Gy CR2 cos x i2~t ( m2i ’ cos 0 0 

I 11 th e  n o ta t io n  o f  (5 3 )  th e  l a t t e r  tw o  e q u a t io n s  m a y  b e  c o n v e n ie n t ly  r e - w r i t t e n  a s  

f o l lo w s :—

Ml III  U 'a lh d c o s  0R d(p0 dipn =  |7 r2 { 0 i2 (cos 0o) + O ]2( c o s  - 2 / x2C r 2 ( l -  cos X

(miM2) " | | j  U iU 2 dcos 0R dipa d<pR — 3-7r" W  ^ 2 1  (co s  0o) + /x21' '0 12 (cos 0 O)

+  2 (m iM2)'/2C r 2 (1 — cos x ) —

S u b s t i t u t i n g  in  ( 8 l )  a n d  (8 2 ) , w e  t h u s  h a v e

(8 9 )  I  (?vh, xu>) =  i-rr2 (2 h m i))r+s+1 | j  { 0 12 +  0 /12- 2 M2C R2 ( l - c o s  Xi2)} 60,

(9 0 ) I  (r2s,, X12) =  b ?  (2 K ) r+S+11 |  {Mi21/'20 2 i +  M2i1/l>O ,12 +  2 (m iM2)V2C r 2 ( l  -  cos Xi2)

— (m iM2) - ,/2C r 2} 0 ']2S0 i2r d e  d  cos 00.

§ 7 (C ) In  th e  case  o f  J  (rs , x i2) j w e  h a v e

(91) Mi2U'i2Ui2 =  (MiViC 0 c o s  X +  u 21/2Cr  c o s  9r )2 (mi^Co COS X —m21/2Cr  c o s  0 'r )2,

in  w h ic h  (c f .the f ig u re  o n  p . 2 9 3 )  X =  c0 Ox,0R =  cRO x, 0'R 

o v e r  t h e  sp h e re , w i th  r e s p e c t  to  0R a n d  </>0, s in c e  #0, e, X12 a r e  c o n s ta n t  t h e  t r i a n g le  

c0cRc 'R p re s e rv e s  i t s  fo rm , so t h a t  w e  m a y , i f  w e  p le a se , r e g a r d  x  a s  t h e  v a r ia b le  

p o in t  a n d  cucRc 'R a s  fix ed . N o w  i t  m a y  r e a d i ly  b e  p ro v e d , b y  th e  m e th o d  o f 

“ p o le s ” in  th e  th e o r y  o f  h a rm o n ic  fu n c tio n s , t h a t  i f  A , B , C  a re  t h r e e  fix e d  p o in ts  

on  a  u n i t  sp h e re , a n d  P  a  v a r ia b le  p o in t ,  t h e n  t h e  in t e g r a l  o v e r  t h e  s p h e r ic a l  

su rfa c e  o f

cos2 P A  cos P B  cos P C  
is

x 57r (2  cos A B  cos A C +  cos B C ).

2 TVOL. CCXVI.--- A.
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3 0 4  DR. S. CHAPM AN ON THE LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

A p p ly in g  th i s  r e s u l t  to  (9 1 ), id e n t i fy in g  A , B , C  w i th  o n e  o r  m o re  o f  th e  p o in ts  

c0, c1{, c'R, a n d  P  w i th  x , w e  m a y  w ith  b u t  l i t t l e  d iff ic u lty  p ro v e  t h a t

Mi2 | |  j U V U / d c o s  0Rd(pt}d(pn =  7T { 0 i22 +  4 0 120 /12 +  0 ' 12j  —4/x20 RJ ( 0 12 +  0 ' 12) ( l  — cos X12)

+  4/x22C r4 ( l — cos xi2)2}.
S im ila r ly  w e m a y  sh o w  t h a t

Mi JJ |  U r 1 dcos 0R d fa  d<pR =  | t t 20 '12,

so t h a t

Mi2 f 11 U ?  (3 U X2—C^2) d  cos 0R d fa  d<pR = | x 2 {0 i22+ f 0 i20 'i

4/x2C r2 ( 0 i2+ 0  12) ( l  cos Xi2) +  4 /x2"Gr4 ( l  — cos Xi2)"}’
H e n c e  w e h a v e

(92) j ( r A , Xl2) = ix 2 (2 Awo)r+s+2 j j { e 132 + S e 12e ' 1 2+ e V - 4 lU3c v ( e 13+ e 'J2) ( i -  cosXl2)

+  4/x22C R4 (1 — cos Xl2)2} B ^ / B i /  d  cos 0O, 

a n d  i t  m a y  be  p ro v e d  in  a  s im ila r  m a n n e r  t h a t

(9 3 ) J (r 2suXi2) — i 7̂  (2  hM 0)r+s+2|”j [mi20 2F +  §0210 12 +  M210 i22

+  2 C r 2 (m 121/"021 +  M21V20 /l2) {2 (yUj/Xo)72 ( l  — COS Xl2) ~

+  C R4 {2 (miM2)1/2 (1 -  COS X12) -  W a)"* '* } 2] 0 'i2S02ir d  cos 0O.

o f  (p2+ o-2—2 pa-cos 0)” in  a  L e g e n d r e ’s  Series.

§ 7 (D ) I n  o rd e r  to  e ffec t th e  in te g r a t io n  o f  I  a n d  J  w i th  re sp e c t to  e a n d  0O w e m u s t  

h a v e  re c o u rse  to  th e  e x p a n s io n  o f

(9 4 )  P  n(p , cr, COS 0) =  

in  a  se ries  o f  L e g e n d r e ’s  fu n c tio n s . I n  a  re c e n t  p a p e r*  I  h a v e  sh o w n  t h a t

(9 5 ) P  n(p,cr, cos 0) =  2 ( — l ) /l ( 2 & + 1 ) ) P ,.(cos 
/ ;= 0

w h e re  P A (cos 6) is th e  o rd in a ry  L e g e n d r e ’s  fu n c tio n  o f  cos 9, o f  ty p e  a n d t

(9 0 ) ■A* ( r \  <r2)
k n

C 2
.07 t=!:(t +  ^ ) t (

(^ +  |)<-/c ^2

rr\k 11 
^  2

t—k

hi ( ^  +  2 )t-k 2t'
\ p j  t =  (t — k) t — k

* Ch a pm a n , ‘ Quarterly Journal of Mathematics,’ p. 16, 1916. The expansion is there not limited to 

integral values of n ,though these are alone considered in the present paper, 

t  The constant k is necessarily a positive in teg er; if nA k = 0.
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THEORY OF VISCOSITY AND THERMAL CONDUCTION, IN A MONATOMIC GAS. 305 

In  th e  la s t eq u a tio n  th e  sym bol p q,w here  q  is in te g ra l, is defi

(9 7 )  p , =  p { p - l ) ( p - 2 )  ... { p - q  + l).

From  (53) it  is c lear th a t

(9 8 )  { 0 12 (c o s  9 ) } ” =  P n (/<iC02, m/ V ,  -  co s  6) =  1  (2k + 1) "A*,, P s (c o s  9),
/;=0

(9 9 )  { 0 21 (c o s  0 ) } B =  P n (/x2C 02, ^ C k2, co s  0 =  2  ( - 1 ) *
k=0

w here  we have  w rit te n , for b rev ity ,

( 1 0 0 )  "A *12 =  nA* U C 02, M3C U3) MA *21 =  »A*(m,C 02, miCk2).

In  ou r expressions for AQi, 0 ta k e s  th e  va lues $0 an d  6'0, an d  th e  v a riab le  e 

is involved on ly  th ro u g h  th e  l a t t e r  an g le , w hich  occurs in  0 '12 or 0 12 (cos 0'0). 

In  th e  expansion  o f th e  la t te r  (cf.98) in  te rm s  o f P A (cos or

P A. (cos 90 cos xis +  sin 0O sin  X1 2  cos c), w e sh a ll m ake  use o f  th e  fo llow ing w ell-know n 

form ula in th e  th e o ry  o f sp h e rica l h a rm o n ic  fu n c tio n s

(101) P A (cos 0'q) = PA (cos #0 cos xi2  +  sin  0o sin X1 2  cos e)

=  P A (c o s  0O) P A (c o s  X12) +  2 2S P A (c o s  0) P A* (c o s  x ,a) co s  le..

The In te g r a tio n  

§ 7 (E ) S ince th e  in te g ra l  o f  cos le w ith  resp ec t to  <?, b e tw een  0 a n d  27r, is zero unless 

1= 0, from  (98) an d  (101) w e deduce th e  resu lt,

r2ir n

(1 0 2 )  | 0 ' 12n d e  = 2 -7T2 (2 k  +1) ”A*12P «  (c o s  0o) P «  ( c o s  Xi2)*
Jo /.-=o

N ow  from  (89), (90), a n d  (92), (93), i t  is ev id e n t t h a t  as fa r as concerns in te g ra tio n  

w ith  resp ec t to  e an d  w e have  to  consider a  n u m b er o f  te rm s  such as

(103) JJ 0"‘0 '12n de d  cos 0O,

w here 0"1 m ay  have  th e  suffix 12 or 21, w hile  0 'w a lw ays has th e  suffix 12. N ow  0"1 

does no t involve e, so t h a t  (102) suffices for th e  in te g ra tio n  w ith  respec t to  <?, and  

leaves us w ith

(104) 27rj  ̂|^ 2  ( ±  1 )* (2& + 1 )  mA 'cP A (cos 0O) |

f n 1
\ 2  (2k  + l )  ”A*12P «  (c o s  P «  ( c o s  X12) r d
U=o “ J

2  t  2
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3 0 6  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBU TIO N  OF MOLECULAR VELOCITIES,

in place of (1 0 3 ); in th e  first b rack e t th e  am biguous sign  is to  be +  in th e  case of 

0 12m, and  — in th a t  of 0 21”1.

B y th e  th eo ry  of L e g e n d r e ’s  functions we have

(2  k+1) | P/, (cos 60) P  i(cos 0O) d  cos 0o = 0 if  ^

( 2 & + l )  j  { P * (c o s  0o) } 2 d  cos 60 =  2 .

C o n se q u e n tly

/• e m, n

(1 0 5 ) 11 0 i2”l0 'i2W ded cos 0O = 4tt 2̂ ( 2 & + 1 ) BlA*12ttA*12P

r r  m, n

(1 0 6 ) | |  02r e \ . J ‘d e d c o s 0o = 4 x 2  (- l)* (2 i+ l)-A V A * „ P » (« * x „ ),

w h e re  th e  u p p e r  l im i t  o f  k  is  th e  le s s e r  o f  t h e  tw o  in te g e r s  n.

A p p ly in g  th e s e  r e s u l ts  to  (8 9 ) , (9 0 ) , (9 2 ) , (9 3 ), w e h a v e , th e re fo re ,

(1 0 7 )  I  ( r A ) Xl>) =  (2 h m 0)r+s+1

r+1, s + 1
V  f r + l A £  s  \ k  i _ r \ k  s + l A *

\̂ -n- 12 12^  
k  = 0

2 ^ 2 0 ' i j 1 A^j2sA ft12 ( l  cos xis)} P^ (cos Xi.'))

(1 0 8 ) I  ( r A )  Xls) =  W ( 2 /im 0) '+*+I

,+ 12 +1( - i ) *  O V ' A V A W V A ' . " ^
k = 0

+  2 G " KrA * 2 isA \ 2 { { v - i f j - z )  ” ( 1  c o s  X 12)

~~ h (^1 M2) /J}] P k (C0S X12X

( 1 0 9 ) J  ( r ^ ,  X12) =  W  ( 2 H ) ,+,+2

r + 2 ,  s + 2

X [’•+2A*12sA ‘12+  |« > A V * ,A ‘13+ ”A ‘11*+>A ‘1>
k  =  0

- 4 «c 2C 2r  ( r+1 A*12sA*12+ rA*12s+1 A*12) ( 1 —cos x « )

+  4/u“2O V A \ 2sA /t12( l  cos X]2) ] 1 (cos X12X

(110) J  Ov^xu,) =  | t t3(2 h m 0)r+s+2

r + 2 ,  8 +  2

2  ( - 1 ) ' [/u12r+2A \n sA kVJ +  §r+1A*21s+1 A*12+ M2irAL, s+2A b 2
A: =  0

+  2 C \  (Ml2''*r+‘A ‘21’A ‘12+M2i‘'” 'A i21" 1A i12) { 2  (W 2),fc( 1 - c o s Xl2) - ( m ,m2) 

+  C ilt’'A i21'A *,2 { 2  ( 1 - c o s  Xi2) (mi/*2)- '*}3]  P* (cos Xl2).
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THEORY OF VISCO SITY  AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 0 7

T h e  In te g r a tio n  w resp ect 

§ 7 (F )  O n  r e f e r r in g  b a c k  to  e q u a t io n s  (8 1 )  to  (8 8 )  i t  is  c le a r  t h a t  b e fo re  e x e c u t in g  

th e  in te g r a t io n  w i th  r e s p e c t  to  p ,in t h e  c a lc u la t io n  o f  h ( vs a

s u b t r a c t  f ro m  l(rs,xi2) a n d  J (rs,xia)> a s  g iv e n  b y  (1 0 7 )  to  (1

c o r re sp o n d in g  to  X12 =  0. N o w  w h e n  X12 =  0, w e  h a v e

1 -  COS X12 =  0, P* (COS X12) =  1 •

T h u s  w h e re  P* (co s X12) o c c u rs  a lo n e  in  (1 0 7 )  to  (1 1 0 ) , i t  m u s t  b e  r e p la c e d  b y  

P * ( c o s x i2) ~  1 in  th e  e x p re s s io n s  fo r  h ( r s )and t h e  te r m s  P A. (

a n d  P^. (cos X12) ( l - c o s  X12)2 r e m a in in g  u n c h a n g e d , s in c e  t h e  c o r re s p o n d in g  te rm s  in  

I  (rs, 0) a n d  J  (rs, 0) v a n is h .

T h e  v a r ia b le  pis in v o lv e d  in  h (rs)  a n d  c (rs )  o n ly  t h r o u g h  p  d p  a n d  x i2> th e  l a t  te

b e in g  a lso  a  f u n c t io n  o f  C ]{. W e  m a y  th e r e f o r e  fo rm a lly  e x e c u te  th e  in te g r a t io n  

w ith  re s p e c t  to  p  b y  w r i t i n g

(111) (pk12(P r ) =  (2k + l )  (mv-?) ‘‘ P r  [ {1 P*(cos X12)}
Jo

r o°

(1 1 2 ) <p'\2( C .)  =  ( 2 £ + 1) (m n 2y k C R I ( l  - c o s  Xl2) P* (cos Xi2)
Jo

(1 1 3 )  < A 2 (C 1{) =  ( 2 & + 1 )  (Mi^ 2) “ 1/2C r  f ( l  — cos X12)2 P* (cos X12)
Jo

T h e  n a tu r e  o f  th e s e  fu n c t io n s  d e p e n d s  o n  t h e  la w  o f  in te r - a c t io n  b e tw e e n  m o le c u le s  

a t  c o llis io n s , a n d  b y  k e e p in g  th i s  la w  u n sp e c if ie d  w e  r e t a in  t h e  u tm o s t  g e n e r a l i ty  

in  o u r  th e o ry ,  w h ic h  im p lie s  n o  p r o p e r ty  o f  t h e  m o le c u le s  s a v e  t h a t  o f  s p h e r ic a l  

s y m m e try .

B y  m e a n s  o f  th e  w e ll-k n o w n  e q u a t io n

(1 1 4 ) (k  + l )  P A+1 (cos x ) — (2 k  + 1) cos x P /,(c o s  X) +  ^P * _ 1 (cos x ) =

th e  fu n c tio n  </>//l12 (C R) c a n  b e  e x p re s s e d  in  te r m s  o f  <f>\2 (C R), fo r  d if f e re n t  v a lu e s  o f  k, 

a s  fo l lo w s :—

(1 1 5 ) A 2(C b) =  ^ / +112(C k ) - A ( 0 „ )  +

a n d  b y  a  r e p e a te d  a p p lic a tio n  o f  (1 1 4 )  w e  m a y  o b ta in  a  s im ila r  e x p re s s io n  ( in v o lv in g  

0*i2 (C R) fo r  l =  k, ^  +  1, & +  2) fo r  <p,fkV2 (C R).

f o  a v o id  u n n e c e s s a ry  fo rm ulae , w e  s h a ll  n o t  w r i te  d o w n  th e  fo rm s  ta k e n  b y  h 

a n d  c (rs)  on  s u b s t i tu t io n  o f  th e  r e s u l t s  o f  th is  s e c tio n  t i l l  a f t e r  w e  h a v e  c o n s id e re d  

th e  n e x t  s te p  in  th e  in te g ra t io n .
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The In te g r a tio n  w ith  respect to C 0 a n d  C K.

§ 7 (G )  I n  th e  e x p re ss io n s  fo r h (rs)a n d  c i n t e g r a te d  o u t  

v a r ia b le s  sav e  C 0 a n d  C R, i t  is  n o w  c o n v e n ie n t to  m a k e  th e  t r a n s fo rm a t io n

(1 1 6 ) x 2 = h m 0 C 02, =  R2.

I n  c o n n e c tio n  w i th  th is  w e  s h a ll  u se  th e  fo llo w in g  n o ta t io n  :—

(1 1 7 ) B  \ 212(m , n )  =  { 2hm0)’"+nn' Ak12nA \ 2 = 

_  mA k (2/u1h m 0G02, 2/u2h m 0GR2).

= mA k (2fx1x 2,2fi j f ) . nA k (2y2y 2),

(1 1 8 ) B*2112(m , n )  =  (2 h m 0)m+n . mA k2lnA \ 2,

=  mA k (2y2x2, 2 y y f ). nA k (

W e  h a v e  h e re  u se d  th e  f a c t — cf. ( 9 6 ) - ( l 0 0 ) — t h a t  is a  h o m o g e n eo u s

p o ly n o m ia l o f  d e g re e  2n  in  p, <r.

W e  n o w  u se  e q u a tio n s  (8 3 ) , (8 4 ) , (1 0 7 ), (1 0 8 ) , in  e x j u n c t i o n  w ith  § 7  (F ) , to  

w r i te  d o w n  th e  fo llo w in g  e x p re ss io n s*  fo r  h (r ,  ), t a k i n g  p a r t ic u la r  n o te  o f  th e  s ig n s  

o f  th e  v a r io u s  te rm s  :—

f f  r+ 1 ,3  + 1

(1 1 9 )  bV2 (viSi) =  -If- vp>2e~{x +y ] 2  \_<pki2 {r l2y)  { B /l (r  + 1 ,  +  B 7 s
J J k = o

+  4 B k ( r ,  s ) ]1212 x 2y 2 d x  ,

(1 2 0 ) &i2( ^ i )  =  J#D i/2j j  e~u +y)̂  ( — ^)k\jpk\2 (,5 )

- 2  W - V B *  ( r ,  5) +/*2i,/aB* ( r ,  5 +  1)}

-  4 (miMo),/j 2/V*12 (t 122/) B* ( r ,  6*)]2112 d x

I n  a  s im ila r  w a y , f ro m  (8 7 ), 88 ), (1 0 9 ), (1 1 0 ) w e o b ta in  th e  fo llo w in g  e x p re ss io n s  

fo r  c ( r ,  5) :—

(1 2 1 ) c12(r lSl) =  [<p\2( r 12y)  s) +  | B * ( r +

+ B* (r, 5 + 2)} + 8p2y 2<p,kl2 +1, 5)

+  B k(r,5 + 1 )}  - 1 6yu2y ^ /'A12( r 12f/) B A(r , 5)]1212̂ y ^

3 0 8  1)R. S. CHAPM AN ON THE LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

* In (119)—(122) the suffixes 1212 or 2112, which should be appended to the symbols Bfc(m, —the 

same for all those within any one square bracket—are for convenience of printing indicated only by 

being placed after the bracket itself.
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TH EO RY  OF VISCOSITY AND TH ER M A L CONDUCTION, IN  A M ONATOMIC GAS. 3 0 9

r  r  r + 2 ,  s + 2

(1 2 2 )  c12 ( r 2Si) =  11 £ x̂+y)  A ( l )*  \J(Ti22/) {.M
J J /.'=0

+  /x2iB /l s  +  2 )  — ( /a12AB* ( r  + 1 ,  s )

+  M2iV2B /c (r, + 1 ) )  +  4 Miyu2?/4B* ( r ,  ,9)}

— 8 4>'*ia(Tiag / ) { p ls1/MB * ( r + l , s )

- 2  W - V B I n  « ) + V AB* ( ^  * + l ) }

- 1 6 Mi//2? /V %  ( t 12?/) B /l ( r ,  s ) ] 2112 a ? y

T h e  s y m b o l t  in  <j>\2 ( r V2y )  is  d e f in e d  b y  t h e  e q u a t io n

(1 2 3 ) T12
\ /  hm

T h e  in t e g r a t io n  w i th ' r e s p e c t  to  x  in  t h e  a b o v e  e x p re s s io n s  is o f  a  q u i te  e le m e n ta r y  

n a tu r e ,  b u t  i t  w ill  n o t  b e  e x e c u te d  in  g e n e r a l  t e r m s  o w in g  to  t h e  c o m p le x i ty  o f  th e  

p o ly n o m ia ls  B /c ( r ,  s), w h ic h  a r e  i n t e g r a l  in  x 2. A n y  in d iv id u a l  t e r m  in  t h e  in te g r a n d s  

o f  (1 1 9 )  to  (1 2 2 )  is o f  t h e  fo rm  (so  f a r  a s  c o n c e rn s  x )

(1 2 4 )  [ e~x‘1x 2{m+') d x  =  (m  +  J ) m.
Jo

T h e  in t e g r a t io n  w i th  r e s p e c t  to  y  w ill  s im i la r ly  n o t  b e  e x e c u te d  in  g e n e r a l ; in  a n y  

case , o w in g  to  th e  u n s p e c if ie d  fu n c t io n s  <j>k12 ( r y ) ,  t h i s  i n t e g r a t io n  c o u ld  b e  o n ly  

fo rm a lly  c o m p le te d , a n d  u n t i l  w e  co m e  to  c o n s id e r  sp e c ia l  t y p e s  o f  m o le c u la r  m o d e ls  

w e  s h a l l  b e  c o n te n t  to  le a v e  b (r , s) a n d  c (r , s) in  t h e  a b o v e  fo rm .

T he C om plete  E x p r e s s io n  f o r  A 12Q t.

§ 7 (H )  O 11 r e f e r r in g  b a c k  to  § 7 (A ) , a n d  t h e  d e f in i t io n  o f  b (r, ), c s), i t  is c le a r  

t h a t  w e  a re  n o w  a b le  to  w r i te  d o w n  th e  c o m p le te  e x p re s s io n s  fo r  A 12Q t in  th e  tw o  cases  

w e  h a v e  c o n s id e re d . T h is  in v o lv e s  t a k i n g  in to  a c c o u n t  a ll  t h e  te rm s  ( r  0 to  0 0 ) in  

F  ( l l ,  V, W ), w i th  t h e i r  a p p r o p r ia te  co effic ien ts , a s  in  (7 8 ) , ( 8 0 ) ;  a n d  in  o rd e r  to  

m a k e  th e  e x p re s s io n s  m o re  s y m m e tr ic a l ,  i t  is  c o n v e n ie n t  to  c h a n g e  t h e  v a lu e s  o f  Q i 

s l ig h t ly ,  b y  m u l t ip ly in g  th e m  b y  c e r ta in  n u m e r ic a l  f a c to r s  ( c f  26 , 30). T h u s  

w r i t in g

(1 2 5 )
___________________ 1__________________

1 . 3 . 5 . . .  ( 2 r + 3 ) r  . 1 . 3 . 5 . . .  (2s  +  3 )s*

X'
1

(1 2 6 )
”  -  1 . 3 . 5  .. .  ( 2 r +  5) . 1 . 3 . 5 . . .  (2s  +  5 ) ’
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3 1 0  DR. S. CHAPMAN ON THE LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

w e h a v e  th e  fo llo w in g  e q u a tio n s  fo r  A 12Q, in  th e  tw o  cases u n d e r  c o n s id e ra tio n  :—

(1 2 7 )

(1 2 8 )

s+l

1 . 3 . 5 . . .  (2s  +  3)$
A „ U A 2

(2 Imix)5+1

1 . 3 . 5 . . .  ( 2 s +  5)

1 f)T 00
B 0 ^  ^  —1, s —1 l / ^ r  —1 , 1  ^ 1 2 l ^ l )  M l 2  / ^ r  — 1 , 2  ^ 1 2 ( ^ ' 2 ^ l )  }  >

QO

CflCn 2  X'r,{ y r.]Cl2 (nSi) +  y r,2C12( r2.9,)}.
r =  0

T h e  c o rre sp o n d in g  v a lu e s  o f  A n Q i in  th e  tw o  cases  a re  o b ta in a b le  fro m  (1 2 7 ), (1 2 8 ) 

b y  re p la c in g  th e  su ffix  2 b y  1 th ro u g h o u t .  W e  w ill w r i te  (rqsj) a n d  ( r ^ j )  

re s p e c tiv e ly  fo r  th e  v a lu e s  ta k e n  b y  b12 (riSi) + b]2 (r2s1) a n d  w h e n  th e

d is t in c t io n  b e tw e e n  th e  su ffixes  2 a n d  1 in  th e s e  e x p re ss io n s  is a b o lish ed . I n  p la ce  o f  

/ui a n d  yu2 w e n o w  w r i te  \, a n d  

B /;2i (m , n ) becom e id e n tic a l, a n d  e q u a l  to

(1 2 9 ) mA k (x 2, y 2) 

I t  is c o n v e n ie n t to  e x p re s s  bn(n ^ i)  a n d  cn  ) in  te rm s  o f  <pkn 

<k'kn ( r y )  a n d  <p"\i(ry) b y  m e a n s  o f  (1 1 5 ) a n d  a  s im ila r  e q u a t io n  fo r  (ry ). W h e n

th is  is d o n e  i t  is fo u n d  t h a t  th e  co effic ien t o f  v a n ish e s  fo r o d d  v a lu e s  o f  k, on

a c c o u n t o f  th e  f a c to r  ( — l)*  in  b12(r2s1) a n d  c 12(r 2s 1 ). T h e  fo llo w in g  a re  th e  re s u l ts  

th u s  o b ta in e d *  :— ■

(1 3 0 )  bn(n s i )  =  -i-vI2 j*je -<l2+y2)̂ 2 ^ 2h i B 2A ( r + 1, s) +  B 2A l )

+ 2 ^ i f f ^ B3*+1 ( r > s ) + B2*_1 * ) - B2* *)4k  +1
x 2?/2 dx

(1 3 1 ) Cn ( n s i )  =  « n 2 ( r ll2/)
J  J  k  = 1

f 2 £ + l
+ 4 r

[4& +  1 

2k
+

4 & + 1

B 2/l ( r + 2 ,  .s-) +  | B 2A (r  + 1 ,  1) +  B 2/c +  2 )

B 2A+1-(r + 1 ,  s)  +  B 2A+1 ( r, s + 1)

B 2A-1(r  + 1 ,  s) +  B 2A-1(r , s + 1 ) ) —( B 2

4 1(2Z) +  2 ) ( 2 7 ; + l )  jp + a  / \

+  41/ l(4&  +  3) (4& + 1 )  45

+
( 2& + 1  )2

(4& +  3 ) ( 4 & + l )  ( 4 & - f - l ) ( 4 & - l )
+  1 ) B 2A (r,

2& (2& — l )  T p - 2 /  \

(4 ^ +  1) ( 4^ —1) '  ’ '

-  2 m ± l  B 2'^ 1 (r, s +  d A  (r ,  s)
i k + 1 4&-F 1

x 2y 2 d x

* In these expressions <f>ku (Tny)  is the equivalent, for an encounter between two molecules of the same 

kind, of <£fci2 (vn y)for molecules of different kinds. Thus (cf. I l l )

4>kn  (t h  y) =  2 (2k + 1) 

where the law connecting xn  with p  and Ca may differ from that for x i2- Also rn  
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THEORY OF VISCO SITY  AND  TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 31 1

The te rm  co rresponding  to  k  =  0 is a b sen t in b o th  th e  above cases, s

is i ts e lf  zero, so t h a t  </)2n (rn y )  is th e  fu n c tio n  (f>n ( r n y )  o f  low est o rder =  2) in 

bn (n-Si) or cn (t iSi). T he u p p e r lim it o f h  in  th e  case o f  bn (riSi) is equal to  th e  

in te g ra l p a r t  o f th e  lesser o f th e  tw o  q u a n tit ie s  J  ( r + l )  a n d  i ( s  + l ) ; th is  is d en o ted  

by  (r, s). S im ila rly  th e  u p p e r lim it o f  k  in th e  case o f cn  ( n s i ) is th e  in te g ra l  p a r t  

o f th e  lesser o f th e  tw o  q u a n tit ie s  |r ( r  +  2 )  an d  J ( s  +  2 ) , w hich  w e deno te  by  [ , s]. 

T hus, w hen  r  =  0 or s =  0 , bn  (?T$i) =  0.

W e  c a n  n o w  w r i te  d o w n  th e  c o m p le te  e x p re s s io n s  fo r  A Q , in  t h e  tw o  c a se s  a b o v e , 

a s  f o l lo w s :—

(1 3 2 )  _____(2 h m iy+l____

K ’ 1 . 3 . 5 . . . ( 2 s  +  3 ) s A U ' 01

R l 8 T y .
777 *7 ^  A
I  OX T = 0

r —1, s —1 [ f i r - 1.1 {^1 (n « l)  + K { r i S l ) }

(2hm i)
( 1 3 3 )  1... 3 5 1 ( 2 " + 5 ) AUl2Cl2S =  C o C n ^ X 'r l [ y r i l { c n ( n S i )  + y r,2c 12( r 2s 1)].

I n  t h e  p r e s e n t  p a p e r  w e  a re  c o n c e rn e d  w i th  t h e  a p p l ic a t io n  o f  th e s e  fo rm u lae  o n ly  

to  s im p le  g a se s , in  w h ic h  v2 = 0 a n d  h e n c e  fri2 (?qSi) =  x) =  c 12( r 151) =  c 12('r2s

I t  is  c o n v e n ie n t  to  w r i te  t h e  r e d u c e d  e q u a t io n s  in  t h e  fo llo w in g  f o r m :— •

----------- ( 2 ^ m )*t 2 ------ , - « u C 2(<+1) =  i  & & „ ,
1 . 3 . 5 . . .  (2s  +  5) ( s +  l )  y 1 d x  r = oH

( 2 h m ),*+i
A U 2C 2s =  Cn 2

r  =  0

(1 3 4 )

^1 3 5  ̂ 1 . 3 . 5 . . . ( 2 » + 5 ) 2 x

I n  (1 3 4 )  w e  h a v e  s u b s t i t u t e d  r  +  1, s + 1  fo r  r ,  s  in  (1 3 2 ) , m u l t ip l ie d  b y  3 /v ,  a n d  

u s e d  th e  n o ta t io n  g iv e n  b y

(1 3 6 ) brs EE — B 0Xr sb n ( r  1, + 1 ) ;
V

t h e  f i r s t  t e r m  in  (1 3 2 ) , w i th  f a c to r  /3_i, v a n ish e s , s in c e  & n ( 0 ,  s) =  0. S im ila r ly  in  

(1 3 5 )  w e  h a v e  w r i t t e n  1

(1 3 7 ) crs -  —  C 0X 'rtC n  (n « i) .

§ 8. T h e  E x p r e s s i o n s  f o r  t h e  C o e f f i c i e n t s  i n  t h e  V e l o c i t y -

D i s t r i j u t i o n  F u n c t i o n s .

§ 8 (A )  W e  h a v e  n o w  o b ta in e d  e x p re s s io n s  fo r  A Q , t h e  r a t e  o f  c h a n g e  o f  a  fu n c tio n  

o f  t h e  m o le c u la r  v e lo c itie s  d u e  to  e n c o u n te rs ,  in  tw o  d if f e re n t  w a y s  : in  § 3 A Q  w a s  

fo u n d  fro m  th e  e q u a t io n  o f  t r a n s f e r ,  w h ile  in  §§ 4—7 i t  h a s  b e e n  d e te rm in e d  b y  d i r e c t  

c a lc u la tio n . B y  c o m p a r iso n  o f  (2 6 ) a n d  (1 3 4 )— s u b s t i t u t i n g  s '+ l  fo r  s in  th e  fo rm e r  

— a n d  o f  (3 0 ), (7 2 ) a n d  (1 3 5 ), w e  d e d u c e  fro m  th e s e  d if f e re n t  e x p re s s io n s  fo r  A Q  th e  

VOL. c c x v i .— « . 2 u
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3 1 2  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

fo llo w in g  lin e a r  e q u a tio n s  c o n n e c tin g  th e  u n k n o w n  coeffic ien ts  in  th e  v e lo c ity -  

d is t r ib u t io n  fu n c tio n  :—

(1 3 8 ) 2  f t f t ,  —  1 ,
r =  0

(1 3 9 )

0°

2  Yr r̂s 
r =  0

These are tru e  for all values o f s from  0 to  oo t th e  coefficients ft, and  crg being 

com pletely determ ined , in  te rm s o f th e  m olecular d a ta , by  (1 3 0 ), ( l 3 l ) , # and  (1 3 6 ), 

(1 3 7 ). I f  we assum e th a t  certa in  convergency conditions are  satisfied (1 3 8 ) and  (1 3 9 ) 

lead (in th e  w ay usual in th e  case o f a f in i te  system  o f linear equations) to  th e  following 

expressions for f t  and  y r :—

(1 4 0 ) f t  =  V„ ( f t ,) /V  (f t,) , =  V r (c „ ) /V  (c„),

w h e re  V ( bri)an d  V (cr,) d e n o te  th e  in f in ite  d e te r m in a n ts  fo rm e d  fro m  th e  a r r a y s  ( f t s

a n d  (cr,), th u s ,

(1 4 1 )  V  (&,,) = fto fto fto ^ 3 0 V (c„) = doo 1̂0 2̂0 3̂0

f t l  f t l  f t  1 f t l C 01 Cn  C21 C 31

A
b 02 ^12 fts  ^32 <?02 d12 C22 C32

^ 03 f t  3  f t s  ^ 3 3 ^ 0 3  ^ 1 3  ^ 2 3  ^ 3 3

a n d  Vr ( f t , ), V r (cr,) d e n o te  th e  d e te r m in a n ts  o b ta in e d  b y  re p la c in g  e a c h  e le m e n t o f  

c o lu m n  (?*) in  V ( f t ,)  a n d  V (c „ ) re s p e c tiv e ly  b y  u n i ty .

The G enera l E x p ress io n  f o r  the V elocity D is tr ib u tio n  F u n c tio n .

§ 8 (B ) T h is  c o m p le te s  o u r  s o lu tio n  o f  th e  fu n d a m e n ta l  p ro b le m  o f  th is  p a p e r , 

th e  d e te rm in a t io n  o f  th e  v e lo c i ty -d is tr ib u t io n  fu n c tio n  fo r  a  “ n e a r ly  p e r fe c t ” s im p le  

g a s , co m posed  o f  m o n a to m ic  m o lecu les  o f  th e  m o s t g e n e ra l  ty p e ,  a n d  w h ic h  is s l ig h t ly  

n o n -u n ifo rm  as r e g a rd s  te m p e r a tu r e  a n d  m a ss -v e lo c ity . T h e  s o lu tio n  w ill be  s u m ­

m a riz e d  a s  fo llow s (c f .  (10), ( 7 3 ) ) :—

(1 4 2 ) / ( U ,V ,W ) h m \  v ’ +  W'-')

V )  e

 ̂ w  1 / . , ST , ,, aT , . . .  3 T \ * (2

1 B# T  \,U 3as +  V Zy +  W S z )  ,? o  1 . 3 . 5 . . . ( 2 r + 3 ) r

— C0 (2 hm)(cn U2 +  c22V2 + c33W2 +  c23VW +  G*31WU-l-c12UV)

^  (2

f t - i C *

= 0 1 . 3 . 5 . . .  ( 2 r +  5)
r, .C2r

* The suffix 1 throughout these equations may now be omitted.
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THEORY OF VISCOSITY A N D  TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 1 3

w h e re  cn, c ]2, &c., a r e  g iv e n  b y  (7 2 ) . T h e  co e ffic ien ts  /3r a n d  y r, fo r  r  =  0 to  oo, 

a re  g iv e n  b y  (1 4 0 ) , w h e re  (cf.(1 3 6 ) , (1 3 7 ) , (1 3 0 ) , (1 3 1 )) ,

r  r  Lr, S J

( 143) brs =  32B0i'Ars j  J e -(z*+y2) 2  <p2k B2A ( r +2, + 1) + B2A + 1, +  2

+  2 y2

x 2y 2 d x  ,

g ± i B - > ( r + l , .  + l ) +  j | U  B“- » ( r + l , . +  l)

— B 2A( r + 1, s + 1 )

r r [r* s] r
(1 4 4 )  crs =  72C0p\'„  e~(x2+y2) 2  <p2k {ry)B 2A ( r  +  2 , s) +  § B 2A ( r  + 1, l )  +

J J k = 1 _

+  V  | | l ± i  ( B -  ( r + 1, s )  +  B “ +1 ( r ,  s + 1 ) '

+ 4  J + T  ( V ’ V  + 1, s )  +  B2*-*(r, s - 1 ) )  -  (B2‘(r +  ! ,» )  +  Ba (r , s  + 1 ) ) }

+
( 2 f c + l ) 2

+
(4& +  3 ) ( 4 & + l )  (4& + 1 )  l )

+ 1 )  B 2A ( r ,

i 2fc (2Z.- —l )  g2A-2 / \

2 ( +  1 B “ +1 ( r ,  $) +  ■ f k — B 2*” 1 * ))  j J  d *  rfy
4& +  1

w h e re  (c/1 (1 2 3 ))  

(1 4 5 )

4 & + 1

a n d , b y  ( i l l ) ,

(1 4 6 )  (p2k (z) =  2 ( 4 & + l ) z  f { 1 — P 2* (c o s  x )} i>  d p ,

w h e re  P A (cos x ) is  t h e  u s u a l  L e g e n d r e ’s  co effic ien t, a n d  x  is  a  f u n c t io n  o l a n d  z  

w h ic h  d e p e n d s  (§ 4 (D ))  o n  t h e  la w  o f  in te r - a c t io n  b e tw e e n  tw o  m o le c u le s  a t  a n  

e n c o u n te r .  T h e  f a c to rs  \ rs a n d  \ ' rs a re  d e f in e d  b y  (1 2 5 ) , (1 2 6 ) , w h ile  t h e  fu n c tio n s  

B A ( r ,  s ) , w h ic h  a re  in t e g r a l  p o ly n o m ia ls  in  x  a n d  «/, w i th  m e re ly  n u m e r ic a l  coeffic ien ts , 

a r e  d e f in e d  b y  (1 2 9 )  a n d  (9 6 ). I n  t h e  u p p e r  l im i t  o f  Jc, [ r ,  s ] d e n o te s  t h e  in te g r a l  

p a r t  o f  th e  le s s e r  o f  t h e  tw o  q u a n t i t i e s  rpr + 1 ,  |-s  + 1 .

T h e  fa c to rs  B 0, C 0 a re , a s  y e t ,  a r b i t r a r y ; w e  n o w  a s s ig n  to  th e m  th e  v a lu e s  

d e te rm in e d  b y  th e  e q u a t io n s

(1 4 7 ) &00 — 1, Coo — 1.

T h is  m a k e s  B 0 a n d  C 0 e a c h  e q u a l  to  v '1 m u lt ip l ie d  in to  a  fu n c t io n  o f  (2  i.e., o f

2 u  2
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3 1 4  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

th e  a b so lu te  te m p e ra tu r e .  T h e  e le m e n ts  brs crs a n d  

fu n c tio n s  o f  th e  t e m p e r a tu r e  o n ly .

T h e  coeffic ien t f$_x is  n o t  d e te rm in e d  b y  th e  ab o v e  e q u a tio n s , b u t  is g iv e n  (7 5 )) b y

(1 4 8 ) S _x =  -  2 /3r/ ( r +  1).
r = 0

P ro p e r tie s  o f  the D e te rm in a n ts  V (brs), V (c„).

§ 8 (C ) O n  in sp e c tio n  o f  (1 4 3 ) a n d  (1 4 4 ) i t  is  e v id e n t  t h a t

(1 4 9 ) brs = bsr, crs =  csr,

so t h a t  V ( brs) a n d  V (crs) a re  sy m m e tr ic a l  d e te r m in a n ts .

I n  e x p re ss io n  (1 4 3 ) fo r brs,the v a r ia b le s  o f  in te g ra t io n ,  x  a n d  y, a

so t h a t  ( c f  (1 2 9 ), (9 6 ) )  rA k, sA k a n d  B /,:( r ,  s) a re  e s s e n t ia l ly  p o

in te g r a l  v a lu e s  o f  r ,  s, a n d  Jc; f u r th e r ,  s in ce  P* (cos x) n e v e r  e x c e e d s  u n i ty ,  (ry )  is 

a lso  a lw a y s  p o s itiv e . I t  is e v id e n t ,  th e re fo re , t h a t  brs m u s t  b e  e s s e n tia l ly  p o s itiv e  

i f  th is  can  b e  p ro v e d  t r u e  o f

(1 5 0 ) B 2* ( r + 2 ,  s + l )  — 2 y21B2k( r  +  1, l )  +  B 2A ( r + 1,

N o w

(1 5 1 ) B 2/c( r  +  2, s + l ) - y 2B 2k( r + l ,  s + l )  = ^ A 2k[r+2A 2k- y 2r+1A 2k]

s + l j ^ 2k f  y
' r+2

2
(r+  2)t ( r  +  | ) t - 2 k  nr,2 t/}.2 { r +

_ t =  2 k  (t + j j r ) t  (t — 2 k ) \
x ~ y

' I 1 ( r + l ) ,  (? •+ § ) t - 2 k  ry,2 t /, . 2 ( r  + 2 - t )

t = 2k(t-\-^)t !
x  y

-xA 2k[-^) 2  ^ ^  x 2ty 2(r+2~t]{ (r  + 2 — t) (t — 2k) + t(r+ % )} ,
\x,

e v e ry  te rm  o f  w h ic h  is p o s itiv e . I n te r c h a n g in g  r  a n d  s in  (1 5 1 ), a n d  a d d in g  th e  r e s u l t  

to  th e  l a t t e r ,  w e o b ta in  (1 5 0 ), w h ic h , w ith  brs a lso , in  co n seq u en ce , is e s s e n tia l ly  

p o sitiv e .

F ro m  (1 5 1 ), m o reo v e r, i t  is c le a r  t h a t  th e  n u m e ric a l co effic ien ts  in  (1 5 1 ) o r (1 5 0 ) 

in c re ase  w i th  r  o r s, a n d  th e  sa m e  is r e a d ily  see n  to  h o ld  g o o d  a lso  in  th e  case  o f  

B* (r, s). A s  r  o r sin c re ase s , th e re fo re , t h e  n u m e ric a l coeffic ien ts  a n d  th e  d

(in  x  a n d  y)  o f  th e  in te g r a n d  o f  (1 4 3 ) in c re ase , w h ile  i f  b o th  r  a n d  s in c rease , n ew  

p o s itiv e  te rm s  a re  a d d e d  to  th e  in te g ra n d . H e n c e , p ro v id e d  t h a t  t h e  fu n c tio n s  

<p2k ( r  y)sa tis fy  c e r ta in  s im p le  c o n d itio n s ,*  brs s te a d i ly  in c re a se s  w ith  r  o r s, a n d  th e  

c o n s id e ra tio n  o f  ev en  a  s in g le  te rm  o f  (1 5 1 ) o r th e  in te g r a n d  o f  (1 4 3 ) sh o w s t h a t  th is  

in c rease  is w i th o u t  l im it , i.e., brs te n d s  s te a d i ly  to  in f in i ty  w i th  r  o r .

* I t  is easy to see that the increase with y of p k (ry) is less rapid th

or steadily increases, though less rapidly than y, brs will steadily increase with r or s. But much less 

restrictive conditions might be devised, e.g., if p k (t y)decreases like
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THEORY OF VISCOSITY AND  TH ER M A L CONDUCTION, IN  A M ONATOMIC GAS. 3 1 5

I  h a v e  l i t t l e  d o u b t  t h a t ,  w i th  r a t h e r  m o re  t r o u b le ,  crs c o u ld  b e  sh o w n  to  s h a r e  t h e  

a b o v e  p ro p e r t ie s  o f  brs, b u t  I  h a v e  n o t  m a d e  a n y  s e r io u s  a t t e m p t  to  p ro v e  t h

th e  n u m e r ic a l  c a lc u la t io n s  in  § 10 (A )  i t  a p p e a r s  p ro b a b le  t h a t  t h e  in c re a s e  o f  w i th  

r, s is m o re  r a p id  t h a n  t h a t  o f  brs.

P ro p e r tie s  o f  the  F ir s t  R o iv  o r C o lu m n  o f  V  (brs) a n d  V (crs).

§ 8 (D )  T h e  n u m e r ic a l  v a lu e s  o f  brs a n d  crs o b ta in e d  in  § 10 s u g g e s t  t h a t  m a n y  

f u r th e r  g e n e r a l  p r o p e r t ie s  o f  th e s e  e le m e n ts  m ig h t  b e  d e te r m in e d , w i th  su ff ic ie n t 

t ro u b le ,  a n d  t h a t  t h e  c o n v e rg e n c e  o f  t h e  d e te r m in a n t s  V  ( ) a n d  V  (c rs) m ig h t  th u s

b e  d e m o n s t r a te d .  O w in g  to  t h e  c o n s id e ra b le  a lg e b r a ic  d if f ic u ltie s  in v o lv e d , h o w e v e r , 

T h a v e  so f a r  m a d e  l i t t l e  p ro g re s s  to w a r d s  t h e  p ro o f  o f  s u c h  p ro p e r t ie s ,  e x c e p t  fo r 

t h e  ca se  w h e n  ror sis  z e ro , i.e.,fo r  t h e  e le m e n ts  o f

V (brs)a n d  V (crs). I t  w ill  b e  sh o w n  t h a t

(1 5 2 )  b r0 =  b0r =  cr0 =  c0r 

fo r  a ll  v a lu e s  o f  r.

T h is  w ill b e  p ro v e d  a s  a  p a r t i c u la r  ca se  o f  t h e  m o re  g e n e r a l  r e s id t  t h a t

(1 5 2 « ) (s  +  l )  brs(k ) =  crs(k)  w h e n  t h e  le s s e r  o f  r  a n d  s is  e v e n , a n d  =  [r , s],

w h e re  brs (k), crs (k )  d e n o te  t h e  p a r t s  o f  brs a n d  crs r e s p e c t iv e ly  w h ic h  a re  d u e  to  a  

p a r t i c u la r  v a lu e  o f  k  in  (1 4 3 ) , (1 4 4 ) , w h ile  [ r ,  5] d e n o te s  t h e  u p p e r  l im i t  o f  k, a s  u su a l, 

i.e ., & =  J r + l o r ^ - s  +  l ,  w h ic h e v e r  is t h e  le ss . T h u s  i f  w e  su p p o se  t h a t  s, a n d  

t h a t  s is e v e n , (1 5 2 « ) t a k e s  t h e  fo rm

(1 5 3 ) ( s + l ) 6 , » ( | s  +  l )  =  c „ ( J s  +  l ) .

W h e n  s =  0, t h i s  v a lu e  o f  k  is  u n i ty ,  a n d  5r0( l ) ,  cr0( l ) ,  w h ic h  u s u a l ly  fo rm  o n ly  

a  p a r t  o f  brs, crs, b e co m e  th e  w h o le , so  t h a t  (1 5 2 )  is  t h e  p a r t i c u la r  case  o f  (1 5 3 )  

c o r re sp o n d in g  to  th i s  v a lu e  o f  s.

S in c e  B ;,:( r ,  s) is  z e ro  w h e n  e i th e r  r  o r  is le ss  t h a n  k, so m e  o f  t h e  te rm s  in  

5rs (^ s  +  l ) ,  Crsd'S +  l )  v a n ish . I n  fa c t ,  a s  m a y  r e a d i ly  b e  s e e n  fro m  (1 4 3 ) , (1 4 4 ) , w e 

h a v e

(1 5 4 ) M l - s  +  l )  =  3 2 B 0i/Xrs j j  e - ("2+yV +2( t ?/) | B s+2( r + l ,  s +  2)

+  2/2B*+1 (p  + 1 ,  4-1 ) |  x 2y 2 d x  d y ,

(1 5 5 )  cr, ( i s  + l )  =  7 2 C 0i/\ '„  j j  e -(*3+y2)0 s+2 {ry){j s+2 (r ,  2) +  

 D
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3 1 6  Dll. S. CHAPM AN ON THE LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

F ro m  (9 6 ) i t  is e a sy  to  see  t h a t

(1 5 6 ) ‘A ‘ =  ( u k ( ^

so t h a t

(1 5 7 ) B*+2( r + l ,  s  +  2 ) +  ? i t t f V B ' +1( r + l ,  s  +  l )

_ (s  +  2 ) !  ’y 1 ( r + l ) t  (r  +  2  )t— — 1

( » + « . ♦,  « - » i  ( t + i ) ,  ( * - • - ! ) !  V

B y  p u t t in g  r  in  p la ce  o f  ( r + l )  in  (1 5 7 ), a n d  a d d in g  {2 (s +  2) 5)} tim e s  a

s im ila r  e x p re ss io n  in  w h ic h  r ,  s re p la c e  r + l ,  s +  l  in  (1 5 7 ), w e  a lso  h a v e

(1 5 8 ) B - +  . + 2 ) +  4 i ± f W * (r ,  '  + + • )

_  (s  +  2 )!  4 1 Vt_ ( r  +  | ) t_8 ^,2 .̂2

~  (s+. . .  ( * + «

W e  n o w  s u b s t i tu te  th e  e x p re ss io n s  on  th e  le f t  o f  (1 5 7 ) a n d  (1 5 8 ) in to  (1 5 4 ) a n d  

(1 5 5 ), a n d  in te g r a te  w i th  re s p e c t  to  x  b y  m e a n s  o f  th e  w e ll-k n o w n  fo rm u la

(1 5 9 ) f  e - ^ 2(t+1) d x  J V '2 +  i ) t ;
Jo

w e th u s  o b ta in  th e  e q u a tio n s

(1 6 0 ) 6 „ ( | s  +  l )  =  2  (r  + l ) ‘(>’+ f
J l s  +  f b + 2  < = «+! {t  — S — L) \

(1 6 1 ) c „ ( i s  +  1) =  18C „ « rV „ j e~ ^ ( T y) ’̂ ( H s H ^ l/

or, c h a n g in g  th e  n o ta t io n  so a s  to  m a k e  th e  lo w e r l im it  o f  t zero , a n d  in s e r t in g  th e  

v a lu e s  o f  Xrs, \ ' rs a c c o rd in g  to  (1 2 5 ), (1 2 6 ), i

2 _ ( r + s + 4 )  2 “ (r+ 5 + 4 )

(162> A"  =  ( r + l ) ( s + l ) ( r + i ) r+2(s  +  f ) !+2’ X' r* =  ( r + f ) r+2 ( « + * ) +

w e  h a v e

n

(1 6 3 ) 6rs(^ s +  l )

—  0 - ( r + s + l )T >  Vs _____

(s  + 1 )  (r  +  | ) r+2 { ( s  +  | ) s+2}

(1 6 4 ) crs(-g-s + 1 )

=  9 . 2 - (r+,+3)C 0,/7r1/3

f «_!,V *+2M  2* ( r  +  l ) ,  y2^ 3- 0
s + £ h ,  o l2J t = o

n  ( s + 2 ) !

( r  +  f ) r + 2  { ( S +  f ) s+2}'
fe-»V'+a(-^) 2  r-,0 ,(r + 1),2/zfr+3~l>dy.
J t = o

 D
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T IIEO EY  OF V ISCOSITY A ND  TH ER M A L CONDUCTION, IN  A M ONATOMIC GAS. 3 1 7  

The ra tio  o f th ese  tw o  expressions is g iven  by

Ks (̂  + l )  _  A

Crs ( i 5 +  1 )  +  1 ’

w here A  is a  q u a n ti ty  in d ep e n d en t o f  r  an d  s. W h en  s =  0, as we have seen, 

+  a n d c r s ( i s +  l)  becom e id en tica l w ith  an d  crs respective ly . H ence

^ 2  =  A ,
Cr0

an d  since B0 an d  C 0 have  been  chosen so t h a t  =  1, c00 =  1, th e  va lue  o f A  m u st be 

u n ity . H ence, w hen  s is even  an d  r  =  s,

(s + 1) brs (^ s  + 1) =  crs ( J - s + l ) ,

w ith  th e  consequence t h a t

bro Cj-o

as a  special case.

I t  is conven ien t to  in tro d u ce  th e  n o ta tio n

(1 6 5 ) f e - 'V *  ( r  y)>/2'"‘+” dy -  (m  +  | ) „
Jo

so t h a t  i f  (f>2k ( r y )had t h e  v a lu e  u n i ty ,  t h e  v a lu e  o f  w o u ld  a lso  b e 'u n i t y ,  b y

(1 5 9 ) . I n  te r m s  o f  th i s  n o ta t io n  (1 6 3 )  a n d  (1 6 4 )  m a y  b e  w r i t t e n  a s  fo llo w s : —

(1 6 6 )

(1 6 7 )

S +  i  < = 0

crs ( J s + 1) =  9 . 2 ~ (r+s+5) C 0|/7T
(* +  2)1

{(5 +  f ) s+2}2< = 0
2  r_sC t K r —s — t, os-f !•

B y  w r i t in g  t =  r — s —t 'it is  e v id e n t  t h a t

(1 6 8 )  2  , - . 0 , K , _ , _ u , +1 =  2  r_ ,C ,K u . +1.
(=0 t = o

B y  g iv in g  to  r  a n d  s in  (1 6 6 ) , (1 6 7 )  t h e  v a lu e  z e ro , w e  h a v e

(1 6 9 ) bm =  ^ |5 B 0i/7rK0>1, Coo =  A C o ^ K o t ,

w h e n c e , r e m e m b e r in g  t h a t  (c f. (1 4 7 ))  B 0 a n d  C 0 a re  so d e f in e d  a s  to  m a k e  bM a n d  c0 

e ac h  e q u a l  to  u n i ty ,  w e  h a v e

(1 7 0 ) ■R — iS J iJ-)0 — 4 C„ =  25
IT VI 0 IT ’Try-tV,, ,

B 0 — | C 0
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3 1 8  DR. S. CHAPM AN ON THE LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

W e  w ill s u b s t i tu te  th e s e  v a lu e s  in to  (1 6 6 ) , (1 6 7 ), a n d  w r i te  0, in  o rd e r  to  o b ta in  

e x p re ss io n s  fo r br0 a n d  cr0 a s  fo llo w s :—

(1 7 1 ) brQ r ^rO0̂  r

w h e re  w e  h a v e  w r i t t e n

(1 7 2 ) Kr =  2~r i  rC t K til,
t = 0

so t h a t

(1 ^ 3 )  *o =  K 0t i =  2 6 d y .

I t  is o f  in te r e s t  to  e x a m in e  a lso  th e  r th su ccess iv e  d iffe ren ce  o f  br0 o r  cr0, w h ic h  w e 

s h a ll  d e n o te  b y  $rJ)r0 o r <5r0cr0. W e  h a v e

(1 7 4 ) Sr0f ( r )  = f ( r ) - rC 1f ( r - l )  + rC2f ( r -  .

T h e n , fro m  (1 7 2 ), i t  is e a sy  to  see  t h a t

r r —m

$rOKr =  2 
= 0 t =  0

=  2 - '  2  ,C tK u  2* ( - 2 ) V , C „
t =  0 m = 0

=  ( - 2 ) -  2  ( - i n C . K , , , ,
* =  0

since

2  ( - 2 ) V , C „  =  ( 1 - 2 ) ' - '  =  ( - 1 ) - ' .
m — 0

H e n c e

(1 7 5 ) r̂Ô rO =  r̂0Cr0 =  ( — 2) r (k0) 1 2) ( l)*rC jK t l .
t =  0

S im ila r ly  th e  r th d iffe ren ce  o f
r —s

2 rvs 2  r_sC (K tii/2S+1,
t =  o

w h ic h  is th e  p a r t  o f  6rs(^ ,9 + l)  o r crs (^ s  +  l )  w h ic h  d e p e n d s  on  r  ( s b e in g  ev en  a n d  

r  s )is e q u a l to

2 , ( - l ) ‘r_,C1K ,,W l .
£  t — 0

00  00

S y m m e tr ic a l E x p ress io n s  f o r  2  /3r a n d  2  y r.
r =  0 r =  0

§ 8 (E )  W h ile  V ( brs)a n d  V (crs) a re  sy m m e tr ic a l, th e  d e r iv e d  d e

V r ( brs), V r ( crs) a re  n e c e ssa r ily  la c k in g  in  s y m m e try , a n d  o u r  e x p re ss io n s  fo r /3r a n

w h e n  w e a t t e m p t  to  m a k e  su ccessiv e  n u m e ric a l a p p ro x im a tio n s  to  th e i r  v a lu es
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fo r p a r t i c u la r  ty p e s  o f  m o le c u la r  m o d e ls  (c f. § 10), a p p e a r  n o t  to  c o n v e rg e  a t  a ll  

r a p id ly .  F o r tu n a t e ly ,  in  o u r  a p p l ic a t io n s  o f  t h e  v e lo c i ty - d is t r ib u t io n  fu n c t io n  to  th e  

th e o r y  o f  v is c o s ity  a n d  th e r m a l  c o n d u c t iv i ty ,  w e  n e e d  to  k n o w  n o t  t h e  in d iv id u a l
QO 00

v a lu e s  o f  th e  /3’s a n d  y ’s, b u t  o n ly  t h e  s u m s  2  /3r a n d  2  y r ; fo r  th e s e  i t  is  p o ss ib le
r  =  0 r  =  0

to  d e te r m in e  s y m m e tr ic a l  e x p re s s io n s  w h ic h  a re  fo u n d , in  p ra c t ic e , to  b e  h ig h ly  

c o n v e rg e n t .

I n  w h a t  fo llo w s w e  s h a l l  u se  t h e  s y m b o l p la c e d  b e fo re  a  f u n c t io n  o f  th e  

in t e g r a l  v a r ia b le s  r,s ( su c h  a s  brs or crs) to  d e n o

o f  th i s  fu n c tio n , w i th  r e s p e c t  to  ran d  s r e s p e c t iv e ly .  T h u s

L o f ( r ,  s) = / { r ,  s ) - nf i j ' i r - l ,  , 5 ) - . . .

4 » /(* * , s) = f ( r , s ) - nG i f { r , s - l )  5 - 2 ) - . . .

L n f ( r ,  s) =  Sm0f  (r, s ) - nC 1S„l0f ( r ,  5 - 2 ) - . . .

=  4  nf(r, s) - mCi $onf ( r - 1, s)+ ,n C 2^ , / ( r - 2 ,  5 ) - . . .

W h e n  w e  s u b s t i t u t e  brs o r  crs fo r  f ( r ,  5 ) in  t h e  a b o v e  fo rm a l e x p re s s io n s , a n y  te r m  

w i th  a  n e g a t iv e  su ffix  is to  b e  o m i t te d  a s  b e in g  ze ro .

S in c e  th e  v a lu e  o f  a  d e te r m in a n t  is u n a l t e r e d  b y  s u b t r a c t i n g  fro m  th e  e le m e n ts  o t 

a n y  o n e  ro w  o r  c o lu m n  th e  c o r re s p o n d in g  e le m e n ts  o f  a n y  o th e r  ro w  o r  c o lu m n , a n d  

s in c e  t h i s  p ro c e ss  c a n  b e  r e p e a te d  in d e f in i te ly  o f te n , i t  is c le a r  t h a t  f ro m  (1 4 1 ), b y  

s u b t r a c t i n g  t h e  ( 5  —l ) th ro w  fro m  t h e  s th, fo r  a l l  v a lu e s  o f  5 fro m  1 o n w a rd s , w e  h a v e #

THEORY OF VISCOSITY AND TH ER M A L CONDUCTION, IN  A MONATOMIC GAS. 3 1 9

( i f  6 ) V  ( brs) — V  {S0lbrs), V  (c rs) — V (<bi.crs).

T h e  sa m e  p ro c e ss  a p p lie d  to  V r (6,.s), V r (crs)leads to  d e t

V ( S0lbrs)a n d  V (S0lcrs) r e s p e c tiv e ly , s a v e  t h a t  in  t h e  r th c o lu m n  a ll  th e  e le m e n ts  a re  

z e ro  e x c e p t  th e  o n e  in  t h e  f i r s t  ro w , w h ic h  is u n i ty .  E v id e n t ly ,  th e re fo re ,  V,. ( 

a n d  V r (c rs) a r e  t h e  r th m in o rs  o f  d e te r m in a n t s  w h ic h  a r e  re s p e c t iv e ly  id e n t ic a l  w i th

V (S01brs) a n d  V (<501crs), e x c e p t  t h a t  in  e a c h  case  a l l  t h e  e le m e n ts  o f  th e  f i r s t  ro w  h a v e

th e  v a lu e  u n i ty . C o n s e q u e n tly  t h e  su m s
00 00

2  V r ( brs)a n d  2  V r (crs) a re  e q u a l  to  th e
r  =  0 r  =  0

su m s  o f  t h e  m in o rs  o f  t h e  tw o  d e te r m in a n ts  j u s t  d e sc r ib e d , i.e,, t h e y  a re  e q u a l  to  

th e s e  d e te r m in a n ts  th e m s e lv e s . T h u s , b y  (1 4 0 ) ,

-? o _ v ( ^ y j

, t . * “  V  (* ,& „ )*

w h e re  w e  h a v e

-  v  q , c ' j  

• t » 7r v ( w

(1 7 8 ) U0, =  1, c '0, =  l ,  (5 = 0 1 0 0 0 ), b'r, =  br„ c '„  =  o„, (s  =  O to co , »•=  1 to c o ) .

V O L . C C X V I .---- A .

* W hen s = 0, 801 should be replaced by S00.

2 x
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3 2 0  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

T o th e  ab o v e  d e te r m in a n ts  w e n o w  a p p ly  th e  sam e  p ro c e ss  o f  d iffe re n c in g  b y  co lum ns 

w h ic h  h a s  a lre a d y  b e e n  a p p lie d  b y  row s, a n d  w e th u s  o b ta in  th e  e q u a tio n s

(1 7 9 ) y  o  _  Y  v  . — Y i M r i )
=« v ( j u bry v ( S u c „ ) m

T h e  d e te r m in a n ts  V ($n b 'rs)and V (Sn brs) a re  id e n tic a l  sa v e  in  th e i r  f ir s t

e le m e n ts  o f  th e  f ir s t  ro w  o f  t h e  fo rm e r  a re  z e ro  sa v e  th e  f irs t, w h ic h  is u n i ty .  H e n c e  

V,(Sn h'rs) is e q u a l to  th e  p r in c ip a l  m in o r  o f  V (Sn brs) ; w e  s h a l l  d e n o te  i t  b y  

V ' (Snbrs).H e n c e , a n d  w i th  a  s im ila r  n o ta t io n  fo r th e  p r in c ip a l  m in o r  o f  V (Sncrs),

w e h a v e *

y  o  _  iY ^ rs )  y  _  ($nCrs)

. t o 7' V ( 3nc„)

A ll th e s e  d e te r m in a n ts  h a v e  n o w  re g a in e d  a  s y m m e tr ic a l  fo rm .

I t  is c o n v e n ie n t, p a r t ly  fo r  th e  s a k e  o f  e leg a n c e , a n d  a lso  b e ca u se  i t  im p a r ts  a  

h ig h ly  c o n v e rg e n t fo rm  to  th e  e le m e n ts  o f  o u r  d e te r m in a n ts  (of. § 10) to  c o n tin u e  

th is  p ro cess  o f  d if fe re n c in g  s t i l l  f u r th e r ,  a s  fo llow s. W e  r e p e a t  th e  w h o le  o f  th e  

a b o v e  o p e ra tio n  o f  d if fe re n c in g  b y  ro w s  a n d  c o lu m n s  a n  in d e f in ite  n u m b e r  o f  tim e s , 

b e g in n in g  n o w  a t  th e  seco n d  ro w  a n d  c o lu m n  ( th u s  le a v in g  u n c h a n g e d  th e  v a lu e s  

b o th  o f  V a n d  i t s  p r in c ip a l  m in o r) , a n d  a f te r w a r d s  su c c e ss iv e ly  a t  th e  n e x t  l a te r  ro w  

a n d  co lu m n  th a n  o n  th e  p re v io u s  occasion . T h e  g e n e ra l  e le m e n t th u s  becom es Srsbrs 

o r §rscrs,and w e  h a v e

(1 8 0 ) £  « v '  ( U > J
V (S„b„) ’

2
r  =  0

"Y r

V ' (S„c„)

V (L^rs) ’

w h e re  th e  d a sh  ( ')  d e n o te s  th e  p r in c ip a l m in o r  o f  th e  c o rre sp o n d in g  d e te rm in a n t .  

T h e se  e x p re ss io n s  cou ld , o f  co u rse , h a v e  b e e n  o b ta in e d  d i r e c t ly  b y  a  re -a r r a n g e m e n t  

o f  th e  o r ig in a l e q u a tio n s  o f  t r a n s fe r ,  b u t  i t  seem s p re fe ra b le  to  u se  th e  l a t t e r  in  th e  

m o re  s im p le , n a tu r a l  fo rm s  chosen , a n d  to  m a k e  th i s  t r a n s fo rm a tio n  b y  d iffe ren c in g  

in  r e la t io n  to  th e  d e te r m in a n ts  fo rm e d  b y  th e  e le m e n ts  brs, crs.

§ 9. C o n s i d e r « t i o n  o f  P « r t i c u l « r  M o l e c u l « r  M o d e l s .

§ 9 (A ) W h ile , as  w e h a v e  seen , c e r ta in  g e n e ra l  p ro p e r t ie s  o f  t h e  e le m e n ts  brs, crs can  

b e  d e m o n s tra te d  w i th o u t  th e  a s s u m p tio n  o f  a n y  p ro p e r ty  o f  th e  m o lecu les  sav e  

sp h e r ic a l s y m m e try ,  i t  is p o ssib le  to  c a r ry  o u r  in v e s t ig a t io n s  m u c h  f u r th e r  w h e n  w e 

re p re se n t  th e  m o lecu les  b y  p a r t ic u la r  m o d e ls  o f  s im p le  ty p e , su ch  as  p o in t  c e n tre s  o f  

fo rce , o r r ig id  e la s tic  sp h e re s . T h is  in v o lv es, p r im a r ily , th e  e x a m in a tio n  o f  th e  

fu n c tio n s  (j>2k ( t  y).

* When r or sis zero, the corresponding suffix of <$n should also be written as zero.
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THEORY OF V ISCOSITY AND  TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 2 1

Molecules which are Point Centres o f  Force varying as r~n.

§ 9 (B ) W h e n  t h e  m o le c u le s  a r e  p o in t  c e n t r e s  o f  fo rc e  v a r y in g  in v e rs e ly  a s  th e  nth 

p o w e r o f  th e  d is ta n c e , t h e  a n g le  x  in  t h e  e x p re s s io n  (1 4 6 )— c f  § 4 ( D ) —-is g iv e n  b y  

th e  fo llo w in g  in te g r a l*  :—

(1 8 1 )  X =  2 £  [1

H e r e  rj0 is t h e  le a s t  p o s i t iv e  r o o t  o f  t h e  e q u a t io n  [ l — 

m u lt ip le  o f  p , th u s ,

0, a n d  a  is a

(1 8 2 )
2_

71—1

p [ k ^ )  C r ” •

w h e re  K  is  a  c o n s ta n t  w h ic h  m e a s u re s  t h e  i n t e n s i t y  o f  fo rc e  b e tw e e n  tw o  m o le c u le s  

a t  u n i t  d is ta n c e . H e n c e  (c f  ( i l l ) )

(1 8 3 )

2

<t>2k(ry) =  2 (4& + 1 )  1c j 1_^ | o

n-^k
/  y2 \s  (»—l)

\2  h m )  9

w h e re  nA k is  a  c o n s ta n t  d e p e n d in g  o n  n  a n d  k, b u t  n o t  o n  y o r h ., n o t  o n  th e  

a b s o lu te  t e m p e r a tu r e ) .

W h e n  th i s  v a lu e  o f  ( fk (ry) is s u b s t i t u t e d  in  o u r  e x p re s s io n s  fo r  

b eco m es  p o ss ib le  to  e x e c u te  t h e  i n t e g r a t io n  w i th  r e s p e c t  b o th  to  x  a n d  to  y in  te r m s  

o f  g a m m a -fu n c t io n s . T h u s  (c f  (1 6 5 ))

(1 8 4 )

so t h a t  

(1 8 5 )

f e (ry) dy = (»»+J ) ,  K „ _ i U
Jo

- M £ T t ‘ - r .......

71 — 5

'> T ( m + 2 - 71— 1 /  ’

71 — 5

=  ^ =  « ^ ' - «  ( - L )  r ( 4 _

* Cf. §14, p. 454, of my former memoir, ‘ Phil. Trans.,’ A, vol. 211 (1911). The Vo of the formula 

there given is the relative velocity of two molecules, which in our notation is = 2CK when the

gas is simple.
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3 2 2  DR. S. CHAPM AN ON THE LAW  OF DISTRIBUTION  OF M OLECULAR VELOCITIES,

a n d

(1 8 6 )

t +  3 •
n — 1

( ^ + f ) t
- K 0 , 1 *

H e n c e  th e  v a lu e s  a s su m e d  b y  B 0 a n d  C 0 in  th is  sp ec ia l case  a re  a s  fo llow s 

(1 7 0 ), § 8 ( D ) ) : -

/ \ 11 71—5 . 01—5

1 5 3 (2 /? m ) /2w-i q  _  3 7 5  (2 /? m ) /i!« -i
(1 8 7 ) B„

x W  4 - n —1-

375

8 A A , r ( 4 -  2
71—1

F ro m  (1 8 6 ) w e h a v e

br0 — Go — Kr/K0 — 2  r 2  rG tK t l / K 01

2
r  A.

2 _r 2  H

t = o

£ 4- 3 —
n — 1

t = oG  (^ +  “|)« 

2~ rF  ( — r,4-
n —1

> \  5 “  1 I >

in  th e  n o ta t io n  o f  th e  h y p e rg e o m e tr ic  fu n c tio n . I t  m a y  h e n c e  b e  sh o w n , w i th o u t  

m u c h  d iff icu lty , t h a t  ( i f  n  >  5) br0 a n d  crt s te a d i ly  in c re a s
71 —  5

r a t e  o f  in c re a se  b e in g  c o m p a ra b le  w i th  t h a t  o f  r n~l.

S in ce  th e  fu n c tio n s  (p2k (ry )  a ll  d e p e n d  on  h  in  th e  sam e  w a y , i t  is c le a r  t h a t ,  w ith  

th e  ab o v e  v a lu e s  o f B 0 a n d  C 0, th e  e le m e n ts  brs a n d  crs a n d  c o n se q u e n tly , also , th e  

co effic ien ts  /3r a n d  y r in  th e  v e lo c i ty -d is tr ib u t io n  fu n c tio n  fo r  m o lecu les  o f  th is  ty p e , 

a re  in d e p e n d e n t  o f  h, i.e ., th e y  a re  in d e p e n d e n t  o f  te m p e r a tu r e .  T h e y  a re , in d e ed , 

p u re  n u m b e rs , d e p e n d in g  o n ly  on  th e  m o le c u la r  m a ss  a n d  on  th e  fo rce  c o n s ta n t  o f  th e  

m olecu les.

I t  is o f  in te r e s t  to  d e te rm in e  th e  v a lu e  o f  th e  e le m e n ts  Sr0br0 (o r Sr()cr()) o f  th e  o u te r  

row  o r  c o lu m n  o f  V (Sribrs), in  th is  sp e c ia l case. W e  h a v e , b y  (1 7 5 ),

■Ww =  ( - 2 ) " '  2  ( - l ) ' , C , K t l / K
t  =  0

0, 1?

t -f- 3 ■
2 ■

( _ 2 ) - - 2  ( _ i ) < t y  
1 = 0 ^

. =  ( — 2)~rF ( 4
n  — 1

> 1  ) >

in  th e  n o ta t io n  o f  h y p e rg e o m e tr ic  fu n c tio n s , o r, in  te rm s  o f  g a m m a -fu n c tio n s ,

(1 8 8 ) <y>r0 =  =  ( - 2 ) -

r ( l ) r r +
7 1 — 1

r ( r + i ) r ( ^ r - i
\ n —1

( - 2 )'

1— f  +
71 —  1 /

(^  +  l ) r

 D
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THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A M ONATOMIC GAS. 3 2 3

A s r  t e n d s  to  in f in i ty , t h e  l a s t  e x p re s s io n  t e n d s  to  z e ro  m o re  q u ic k ly  t h a t

- ( *
2 ~rr'

5

a n d  a lso  i t  is a l t e r n a t e ly  o f  p o s i t iv e  a n d  n e g a t iv e  s ig n , a f t e r  t h e  f i r s t  tw o  te rm s  

(b o th  SMbr0 a n d  ^106 10 b e in g  p o s it iv e ) .

M a xw ellia n  M olecu les  5.

§ 9 (C ) I t  is n o w  e a s y  to  see  w h a t  a r e  t h e  s p e c ia l p r o p e r t ie s  o f  t h e  f if th -p o w e r  la w  

{n  =  5), t h e  la w  o b e y e d  b y  t h e  m o le c u le s  w h ic h  w e  te r m  M a x w e ll ia n , w h ic h  e n a b le d  

M a x w e l l  to  w o rk  o u t  t h e  th e o r y  o n  t h i s  h y p o th e s i s  w i th  s u c h  g r e a t  s im p lic i ty  a n d  

a c c u ra c y . W h e n  n  =  5, w e  h a v e  f ro m  (1 8 6 )

(1 8 9 )  K , 1 =  5A 1,

w h ic h  is in d e p e n d e n t  o f  t. H e n c e ,  b y  (1 7 0 ) , (1 7 1 ) , (1 7 2 ) ,

(1 9 0 )  K ( 1 — K 0 x =  gAj, Kr =  2 2  rC fK ti i — 2 rKo, i 2  rGt =  K 0 1 =  
t = 0 t = 0

(1 9 1 )  =  3r,0c„ =  ( - 2 ) -  2  ( - l ) ' rC , =  ( —2 ) - r ( l  —l ) r =  0, ( r > 0 ) ;
t = 0

(1 9 2 ) B0 — - f -  (i/5Ax) \  C0 — 25 (r5Aj) l.

F ro m  (1 9 1 ) a n d  t h e  e q u a t io n  b00 =  c00 =  1 w e  d e d u c e  t h a t  in  t h i s  case  th e  p r in c ip a l  

m in o rs  o f  V (Srsbrx) a n d  V (tirscrs) a r e  e q u a l  to  th e s e  d e te r m in a n t s  th e m s e lv e s , i.e.,

(1 9 3 ) 2  A  =  1,
r  =  0 r  — 0

7 r (M a x w e ll ia n  m o le c u le s) ,

w h ile  fro m - (1 9 0 )  i t  a p p e a r s  t h a t  a ll  t h e  e le m e n ts  o f  t h e  f i r s t  ro w  a n d  c o lu m n  o f  

V ( brs)a n d  V (c rs) a r e  u n i ty .  H e n c e  in  V r ( a n d  V r (crs) t h e  f i r s t  c o lu m n  a n d  

c o lu m n  ( r )  a r e  id e n t ic a l ,  so t h a t  w e  h a v e

(M a x w e ll ia n  m o le c u le s ) ,

(1 9 4 )  V , ( 6 „ )  =  0, V ,  (c„) =  0 , r >  0

(1 9 5 )  V„ (b„) =  V (b rl),V„ =  V  (c „ )  

w h e n c e  a lso , b y  (1 4 0 ) , w e  h a v e

(1 9 6 ) /30 = 1 ,  y 0 =  1, fir = y r =  6, >  0) (M a x w e llia n  m o le c u le s) ,

a n d  a lso , b y  (1 4 8 ) ,

(1 9 7 )  8_ x =  —/30 =  —1 (M
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3 2 4  DR. S. CHAPM AN ON THE LAW  OF DISTRIBUTION  OP M OLECULAR VELOCITIES,

I n  th e  case  o f  m o lecu les  w h ic h  o b e y  th e  f if th -p o w e r  la w , th e re fo re , th e  v e lo c ity  

d is t r ib u t io n  fu n c tio n  h a s  th e  s im p le  f in i te  fo rm  (1 4 2 ))

(198) / ( u, v, w ) =

[ l - ( , sA I) - I { ¥ ^ ( u | I  +  V < |' +  w ^ ) ( - l + i 2 AmC3)

+  f  (2hm)(c 11U 2 +  c 22V2+ c 33W 2+ 2 c 23VW  +  2 c 31W U  +  2 c 12U V ) |J

(M a x w e llia n  m o lecu les),

w h e re  C 2 =  U2 +  V2 +  W 2, cn , cr2, &c., a re  g iv e n  b y  (7 2 ), a n d  (1 8 3 ))

(1 9 9 ) 5A j .=  1 0  (J-K  m )'1'2[ { 1 — P 2 (c o sx )}  =  ^ ( K m ) ‘/2 [ s in 2 y  . a 
Jo Jo

roc

M « x w e l l *  c a lc u la te d  th e  v a lu e  o f  th e  in te g r a l  s in 2 x  • a  da , th e  fo rces  b e in g
Jo

re p u ls iv e , b y  n u m e r ic a l  q u a d r a tu r e ,  a n d  fo u n d  t h a t

poo

7r s in 2 x  • a-da =  1 '3 6 8 2 ,
Jo

so th a t ,  fo r  re p u ls iv e  fo rces  p ro p o r t io n a l  to  th e  in v e rs e  f if th  p o w e r o f  th e  d is ta n c e

(2 0 0 ) ,A X =  — 1-3682 (K m ) '1*,
Zt t

w h e re  K m 2 is th e  fo rce  b e tw e e n  tw o  m o le c u les  a t  u n i t  d is ta n c e .

M olecules w h ich  a re  R ig id  E la s tic  Spheres.

§ 9 (D ) W e  n e x t  c o n s id e r m o lecu les  w h ic h  b e h a v e  a t  e n c o u n te r  lik e  r ig id  e la s tic  

sp h e re s  o f  r a d iu s  <r. T h is  p a r t ic u la r  m o le c u la r  m o d e l h a s  b e e n  m o re  u se d  th a n  a n y  

o th e r ,  in  re se a rc h e s  on  th e  k in e t ic  th e o ry ,  on  a c c o u n t o f  i t s  s im p lic ity  a n d  co n cre ten ess , 

w h ic h  a id  th e  im a g in a tio n  in  fo llo w in g  o r c o n s tru c t in g  “ d e sc r ip tiv e  ” th e o r ie s  o f  

g a se o u s  p h e n o m en a . A s r e g a rd s  th e  a n a ly t ic a l  d e v e lo p m e n t o f  th e  th e o ry , also , i t  is 

p ro b a b ly  th e  s im p le s t case  a f te r  t h a t  o f  M a x w e llia n  m olecu les. T h e  d ifference  

b e tw e e n  th e  tw o  m o d e ls  in  th is  re s p e c t  is, h o w e v er, en o rm o u s , th e  r ig id  e la s tic  

sp h e r ic a l m o lecu le  r e q u ir in g  th e  in f in ity  o f  te rm s  /3r, y r in  th e  v e lo c i ty -d is tr ib u tio n  

fu n c tio n , j u s t  as  in  th e  case  o f  th e  m o s t g e n e ra l  m o le c u la r  m odel. T h e  c o m p a ra tiv e  

s im p lic ity  o f  th e  p re s e n t  m o d e l lie s  in  th e  m o d e ra te ly  t r a c ta b le  e x p re ss io n s  fo r brs, crs 

to  w h ic h  i t  lead s. A p a r t  fro m  th e  m e th o d s  o f  th e  p re s e n t  a n d  m y  fo rm er p a p e r ,

I* oo

* Ma x w e l l , ‘ C ollected  P apers,’ ii, p. 42. H is constant A 2 equals it  sin2 x  • a  da in our notation.
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THEORY OF VISCOSITY AND  TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 2 5

h o w e v er, i t  h a s  n o t  b e e n  fo u n d  p o s s ib le  in  t h e  p a s t  to  o b ta in  a n y  c lose  n u m e r ic a l  

a c c u ra c y  in  c a lc u la t io n s  b a s e d  on  t h i s  m o le c u la r  m o d e l, t h e  e r ro r s  r e s u l t in g  in  p re v io u s  

th e o r ie s  ( a l th o u g h  th e s e  h a v e  b e e n  c a r e fu l ly  c o n s t r u c te d  a n d  c lo se ly  s c ru t in iz e d )  

r a n g in g  fro m  10 to  50  p e r  c e n t . (c f  § 11 (F ) ) .

I t  is read ily  seen# t h a t  in  th e  p re sen t case

(2 0 1 )  y = 0  (£>>2<r) si n J x = ^ / 2 o -  ( p = 2 a )

so t h a t

p  d p  =  2 o-2 s in  J y  cos |-y  <̂ X — 0-2 s in  X ^ X  =  cos y.

A s p  ran g es  from  0 to  2<r, y ran g e s  from  0 to  27r, an d  — cos y from  — 1

H ence  (cf. ( i l l ) )

(2 0 2 )  0 2M r ^ )  =  2 ( 4 £ + l ) ( V 2j   ̂{ 1 - P 2A (cos y ) } d  c o s y

=  4 (4& + 1 )  a-2 (2  hm)~

s in ce  j  P 2A. ( f )  dp. =  0. H e n c e  <p2k (r y )  d e p e n d s  o

fa c to r  (4 & + 1 ) , a n d  t h e  p r e s e n t  c a se  is, a n a ly t ic a l ly ,  t h e  s a m e  a s  t h a t  c o n s id e re d  in

§ 8 (B ) if  w e w rite  ( c f  (1 8 3 ))
' #■

(2 0 3 )  y — j  =  1, o r  n =  oo, a n d  nA A. =  4 (4& + 1

W e  m a y  th e r e f o r e  q u o te  f ro m  th e  fo rm u lm  o f  § 8 (B ) a s  fo llo w s  w i th o u t  f u r th e r  

d isc u ss io n  :—

(2 0 4 )

(2 0 5 )

(2 0 6 )

(2 0 7 )

i f ' 2 ( m + J ) mK  m_2*,* =  2 (4& + 1) o-2 (m +

=  2 ( 4 & + 1 )  (m  + 1 ) ! a-2 (

Ko — K o,i == 647t _ ,3<t 2 (2hm)~K f)1 =  K 0il (t + 3 )t/ ( t  + -2~)t

■r  _  2 25 (2hm) p̂ _  25  )^
r^o — l i e  — ij2 2 >

7r  <J V
"B'4 i/2 2ir cr v

=  <V> =  2 -  2  3  =  2 - F  4, - l ) ,
t= 0 t  ! (c +  f h

15
( 2 0 8 )  ^  ^  =  ( —2 )~ r ^  =  ~ ( ~ i Y ( 2 r _ l}  ( 2 r  + 1 ) ( 2 r + 3 ) ( 2 r + 5 ) •

A s in  th e  case  o f  m o le c u le s  w h ic h  a r e  p o in t  c e n tr e s  o f  fo rc e  v a r y in g  in v e rs e ly  a s  

* Cf.§ 13, p. 453, of my former paper, ‘Phil. Trans.,’ A, 211 (1911).
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3 2 6  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

th e  n thp o w er o f  th e  d is ta n c e , t h e  e le m e n ts  a n d  crs, a n d  th e  coeffic ien ts  /3r a n d

a re  p u re  n u m b e rs , in d e p e n d e n t  o f  t h e  te m p e r a tu r e  (i.e., o f

M olecules w h ich  a re  R ig id  E la s tic  S p h eres  w hich  E x e r t  A ttra c tiv e  Forces.

§ 9 (E )  E x p e r im e n ts  on  th e  p h e n o m e n a  o f  a c tu a l  g a se s , a s , fo r  e x a m p le , on  th e  

v a r ia t io n  o f  v isc o s ity  w i th  te m p e r a tu r e ,  in d ic a te  t h a t  n o n e  o f  th e  m o le c u la r  m odels  

so fa r  d isc u sse d  in  th is  c h a p te r  g iv e s  a  re a lly  a d e q u a te  re p re s e n ta t io n  o f  th e se  

p h e n o m e n a . T h e  b e s t  o f  a ll  th e  s im p le  m o d e ls  w h ic h  h a v e  b e e n  u se d  in  th e  k in e t ic  

th e o ry  seem s to  b e  t h a t  c o n s id e re d  b y  v « n  d e r  W « « l s  a n d  S u t h e r l « n d , v iz ., a  

r ig id  e la s t ic  s p h e re  s u r ro u n d e d  b y  a  w e a k  fie ld  o f  a t t r a c t i v e  force. T h is  a g re e s  w ith  

th e  k n o w n  fa c t  o f  s l ig h t  co h esio n  in  g ases . T h e  e ffec t o f  th is  fie ld  o f  fo rce  on  th e  v e lo c ity -  

d is t r ib u t io n  fu n c tio n , o r  on  v is c o s ity  a n d  th e rm a l  c o n d u c tiv ity , m a y  b e  re fe r re d  

m a in ly  to  th e  d e fle c tio n s  o f  m o le c u la r  p a th s  fo r  w h ic h  i t  is re sp o n s ib le  ,

th ro u g h  th e  co llis io n s w h ich  i t  in d u c e s  b e tw e e n  m o le c u le s  w h ic h  w o u ld  o th e rw ise  

p ass  o n e  a n o th e r  w i th o u t  m u tu a l  in te r - a c t io n ,  r a th e r  th a n  to  i t s  d i r e c t  e ffec t in  th e  

a b se n c e  o f  co llisions. T h e  l a t t e r  e ffec t w ill b e  e x p re s s ly  n e g le c te d  in  o u r  c a lc u la tio n s , 

w h ic h  w ill th e re fo re  b e  in a p p lic a b le  to  v a p o u rs  in  w h ic h  th e  co h esio n  is la rg e  e n o u g h  

to  r e n d e r  th is  n e g le c t  in v a lid .

A  d e ta i le d  a c c o u n t o f  t h e  d y n a m ic s  o f  co llis ions in  th e s e  c irc u m s ta n c e s  is g iv e n  in  

§ 15 o f  m y  fo rm e r p a p e r , fro m  w h ic h  th e  fo llo w in g  r e s u l ts  a r e  q u o te d . I f  th e  p o te n t ia l  

o f  th e  fo rce  b e tw e e n  tw o  m o lecu les  in  c o n ta c t  be  d e n o te d  b y  2 (re c k o n in g  th is  

p o te n t ia l  as  zero  w h e n  th e  s e p a ra t io n  is in f in ite ) , t h e  c o n d itio n  t h a t  a  co llision  m a y  

ta k e  p lace  is

(2 0 9 ) p  <  p 0 w h e re  =  2<r (1  +

(sin ce  th e  re la t iv e  v e lo c ity , in  m y  fo rm e r p a p e r  w r i t t e n  V 0, is h e re  d e n o te d  b y  2 C R). 

T h e  a n g le  y  c o rre sp o n d in g  to  su ch  a  co llis ion  is g iv e n  b y

( 2 1 0 ) sm ix= P lP o-

T h e  a n g le  y  c o rre sp o n d in g  to  l a rg e r  v a lu e s  o f  p ,  w h ic h  do n o t  c o rre sp o n d  to  a c tu a l  

collisions, is g iv e n  b y  (1 8 1 ) i f  th e  m o le c u la r  fo rces  o b ey  th e  n ih p o w er law , b u t  w e 

w ill h e re  m a k e  no  a s s u m p tio n  on  th is  p o in t, a s  th e  d e fle c tio n s  p ro d u c e d  b y  th e  in te r -  

m o le c u la r fo rces  a lo n e  w ill be re je c te d  a f te r  e q u a tio n  (2 1 1 ). C o n se q u e n tly

(2 1 1 ) E k {ry) =  2 (4 & + l)< r2( l  +  & 74CR3) C K +  2 ( 4 & + l ) C K f {1 - P 2* (c o sy )}
Jpo

=  4 (4 & + 1) a-2 (2hm)~1,2y ( 1  + 2(y)

b y  a n a lo g y  w i th  (2 0 2 ) a n d  (1 8 3 ). T h e  l a t t e r  te rm  re p re s e n ts  th e  n e g lig ib le
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THEORY OF VISCOSITY AND TH ERM A L CO NDUCTION, IN  A M ONATOM IC GAS. 3 2 7

deflecting  effect o f th e  forces alone, as above m entioned , and  i t  w ill be o m itted  

henceforw ard . H ence, co rrespond ing  to  th e  eq u a tio n  (204) o f § 9 (D ), we have

(212) 2 (4 *  +  l ) tr3 (2A m )-,,T ( <  +  2 ) ( l +

= 2  ( i k +  1) (t + 1)! «r3 (2 ( 1 + 

w here  we have  w r it te n

J)2mr

~  12R  *

S im ila rly  we have

(214) • K0 =  K 0>1 =  6 4 ^ - V ( 2 M - 1/s( l +  y ) ’

(215) K 1.1 =  64T- V ( 2 M - v . ( g | ( l  +  - l - 3 S ) )

■p 2_2 5 (2 h m )  ̂  1 p  _  2 a   ̂ 1
0 256 t tV v  1 + S /T  ’ 0 64 x V r  1 + S / T *

I t  w ill be seen la te r  th a t  S is th e  w ell-know n “ S u t h e r l « n d ’s  c o n s ta n t” (§11 (F )).

§ 10. N u m e r i c « l  C « l c u l « t i o n s  f o r  P « r t i c u l « r  M o l e c u l « r  M o d e l s .

R ig id  E la s t ic  S p h eres .

§ 10 (A ) In  th e  la s t section  we d e te rm in ed  th e  com plete expression  for th e  velocity- 

d is tr ib u tio n  function  for a  g as com posed o f M axw ellian  m olecules. In  th e  o th e r  cases 

th e re  considered  we m u st be c o n te n t to  m ake  num erica l app rox im ations, w hich  can, 

o f course, be carried  to  an y  desired  deg ree  o f accuracy. W e  shall consider in m ost 

d e ta il th e  case o f r ig id  e la s tic  spherica l m olecules, for w hich  we shall ca lcu la te  

hrs and  crs for 0 =  r  =~ 3, 0 =  s =  3. These a re  chosen for

because o f th e ir  sim plic ity , an d  p a r t ly  as rep re se n tin g  th e  lim it be tw een  w hich, and  

th e  case o f M axw ellian  m olecules, th e  m olecules o f a c tu a l gases ap p ea r to  lie.

In  m ak in g  such num erica l ap p ro x im atio n s th e  follow ing tab le  of expanded  formulae 

for B* (r, s) is u s e f u l :—

T « j l e  I .— E xpressions for B* (r, s).

B °(0,0) =  1 B H B l)  =  f  xyB2(2 ,2 ) =  B 3(3 ,3 ) =  «  B<(4,4) =

B° (1, 0) =  x2+y2 B 1 (2 , 1) =  |  

B 3 ( 4 ,3 )  =  f f  x Y ( x 2+ y 2)B * ( 5 ,4  

• B° ( 2 , 0) =  x 4 +  JJ1x 2y 2 +  y 4 B 1 (3 , l )  =  2 (x* + 1§

B2 (4, 2) =  ^ f-x 2̂ 2 (x 4 + h^xTy2 +  y 4)

B° (3, 0) =  x 6 + 7 x 4y 2 +  7x 2y 4 + ?J] B 1 (4, 1) =  f  (x 6 +  ̂ x h f + 2̂ -x2y i + y*)

B2(5, 2) =  J^ x 2y 2 (x Q + -~j-x4y 2 +  -^f-x2y 4 +  i f) .

2 YV O L . C C X V I .---- A .
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3 2 8  D R  S. CHAPM AN ON THE LAW  OF DISTRIBUTION  OF MOLECULAR VELOCITIES,

I t  is u se fu l a lso  to  re c a ll t h a t  B A ( r ,  s) = B A (s, r) , a n d  t h a t  B A ( r ,  0 i f

r  <  k  o r s< k.

B y  u s in g  th e s e  fo rm ulae  in  c o n n e c tio n  w ith  (1 4 3 ) , (1 4 4 ), (1 4 7 ) a n d  (2 0 4 ) -(2 0 8 )  th e  

e le m e n ts  brs, crs, h a v e  b e e n  c a lc u la te d ,# a s  ab o v e  m e n tio n e d , a n d  a re  g iv e n  

fo llo w in g  e x p re ss io n s  :—

(2 1 7 ) V (brs) =

(2 1 8 ) V (c „ )

1
15 41 741

2.7 2 232 2 37 .11 ' *

15 269 5993 7571

2.7 2 272 233272 2 43 .7 .11

41 5993 15 2 5 3 7 15 1 7 8 7 3

C
O

<N 233272 243472 2 53 37211

741 7571 1 5 1 7 8 7 3 5 0 3 75871

2 37.11 243 .7 .11 2 53 37211 263372112 * ‘

15 41 741
±

2.7 223 2 2 37.11

15 877 6893 3889

2.7 2 23 .7 2 2 3327 2 243211

41 6893 19 3 3 2 9 6 2 0 2 7 7 7 f

2 232 2 33272 2 43472 2 5347211

741 3889 6 2 0 2 7 7 7 f 2 2 5 9 3 7 6 9 5

237.11 243211 2 5347211 2ti3 472l l 2

or, w r i t in g  o u t  t h e  e le m e n ts  in  d e c im a ls  to  s ix  p laces , 

(2 1 9 ) v ( 6 „ )  = 1-000 ,000 * 1 -071 ,429 1-138 ,889 1-202 ,922

1-071 ,429 1*372,449 1-698 ,696 2-048,431

1*138,889 1-698,696 2 -4 0 2 ,0 0 6 3-259 ,364

1*202,922 2-048 ,431 3 -2 5 9 ,3 6 4 4-916 ,968

V (c „ )  = 1-000,000 1-071,429 1-138 ,889 1-202,922

1-071,429 1*491,497 1-953,798 2-455 ,177

1-138,889 1-953,798 3*044,359 4-439 ,790

1*202,922 2-455 ,177 4*439,790 7*350,929

* A considerable part of the computations of § 10(A) have been made by Mr. J. M a r s h a l l , Scholar 

of Trinity College, Cambridge, who has thus been of much assistance in bringing the results into a 

useful form.
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THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A M ONATOMIC GAS. 3 2 9

A s e x p la in e d  in  § 8 (E ) ,  h o w e v e r , t h e  d e te r m in a n t s  V  (Srsbrs) a n d  V  (S„c„) d e r iv e d  

fro m  th e  a b o v e  b y  su cc e ss iv e  d if f e re n c in g  a re  m u c h  m o re  u s e fu l  a n d  s u i ta b le  fo r 

n u m e r ic a l  c a lc u la t io n .*  T h e y  m a y  c o n v e n ie n t ly  b e  w r i t t e n  a s  fo llow s, w h e re  th e  

f a c to r  a b o v e  e a c h  c o lu m n  o r  b e fo re  e a c h  ro w  is to  b e  m u l t ip l ie d  in to  a ll  t h e  e le m e n ts  

o f  t h a t  c o lu m n  o r  ro w  a s  w r i t t e n  ( e.g ., t h e  r i g h t - h a n d  e le m e n t  o n  

V ( Srsbrs) is e q u a l  to  —59 . { 2 33 .7 .1 1 .2 .7 } -1) :—

(2 2 1 ) V

(2 2 2 ) V

1 ( 2 .7 ) - 1 (2 23 27 ) " x (2 33 .7 .1 1 ) - 1

1 1 1 - 1 1 . .

( 2 .7 ) - 1 1 45 103 - 5 9  . .

(2 23 27 ) - 1 - 1 103 56 5 7 6 7 8 3  . .

(2 23 .7 .1 1 ) - 1 1 - 5 9 6 7 8 3 1 4 9 7 4 9  . .

1 (2 .7 ) " 1 (2 2327 ) " 1 (2 33 .7 .1 1 ) " 1

1 1 1 - 1 1 . .

( 2 .7 ) " 1 1 2 0 5 * 163 • •

(2 2327 ) _1 ’ - 1 163 1 1 8 8 9 1 6 7 9 8 $  . .

(2 33 .7 .1 1 ) - 1 1 _ £ 8 i
3 1 6 7 9 8 f 3 2 9 5 7 3 - |x  • .

A s  w e  a r e  t h r o u g h o u t  c o n c e rn e d  w i th  r a t io s  o f  d e te r m in a n ts ,  t h e  a b o v e  f r a c t io n a l  

e x p re s s io n s  fo r  t h e  e le m e n ts ,  f ro m  w h ic h  t h e  c o lu m n -fa c to rs  o r ro w - fa c to r s  c a n  fo r  

m a n y  p u rp o s e s  b e  o m i t te d ,  a r e  t h e  m o s t  s u i ta b le  fo r  c a lc u la t io n . T h e  fo llo w in g  

v a lu e s  o f  t h e  e le m e n ts  in  d e c im a l n o ta t io n  ( to  s ix  p la c e s )  a r e  o f  in te r e s t ,  h o w e v e r , a s

sh o w in g  th e  re la t iv e • m a g n i tu d e s  o f  t h e  v a r io u s  t e r m s  :—

(2 2 3 ) v  ( W  = 1*000,000 0*071 ,429 - 0 - 0 0 3 ,9 6 8 0*000,541

0*071 ,429 0*229 ,592 0 -0 2 9 ,1 9 5 -0 * 0 0 2 ,2 8 0

-0 * 0 0 3 ,9 6 8 0*029 ,195 0*089,081 0*014 ,565

0*000,541 -0 * 0 0 2 ,2 8 0 0*014,565 0*043,849

(2 2 4 ) V ($rscrt = 1 -0 0 0 ,0 0 0 0*071 ,429 -0 * 0 0 3 ,9 6 8 0*000,541

0 -0 7 1 ,4 2 9 0*348 ,639 0 -0 4 6 ,2 0 2 -0 * 0 0 3 ,6 9 8

- 0 - 0 0 3 ,9 6 8 0*046,202 0*187,216 0*036,072

0*000,541 -0 * 0 0 3 ,6 9 8 0*036,072 0 -0 9 6 ,5 0 4

* This process of differencing renders the determ inants much more convergent in appearance (cf. (219) 

and (220) with (223) and (224), w ithout really altering in the least their value or the value of any of the 

partial determ inants formed by the first n  rows and columns.

2 Y 2
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3 3 0  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES, *

B y  t a k in g - th e s e  d e te r m in a n ts  w i th  one, tw o , th re e ,  a n d  fo u r  c o lu m n s w e  g e t  

su ccess iv e  a p p ro x im a tio n s  to  V, V ' ( cf§ 8 ( E ) ) ,  a n d  to  th e  a

a s  fo l lo w s :—

T « j l e  I I . — R ig id  E la s t ic  S p h e re s .

V (brt). V (prs)-
yR  V (Srsbrs)

p  r v ( U . ) ‘
2  _  V' (8rscrs)

V (8rscrs) '

1st approximation 
2nd „
3rd
4th „

1*000,00
0*224,49
0*019,13
0*000,79

1*000,00
0*343,54
0*062,15
0*005,54

1*000,000
1*022,727
1*024,818
1*025,134

1*000,000
1*014,851
1*015,879
1*016,065

T h e  d e te r m in a n ts  V (Srsbrs), V  (<̂ rgcrs) a re  o b v io u s ly  m u c h  m o re  c o n v e rg e n t in  fo rm  

th a n  V (brs), V (crs). T a b le  I I .  sh o w s  t h a t  in  e a c h  case  th e s e  d e te r m in a n ts  c o n v e rg e  

ra p id ly  to  th e  v a lu e  zero , b u t  t h a t  t h e  p r in c ip a l  m in o rs  o f  th e  fo rm e r  d e te r m in a n ts  

c o n v e rg e  a lso  to  th e  sam p  v a lu e  in  n e a r ly  c o n s ta n t  ra tio s . T h e se  ra t io s , th e  

su ccess iv e  a p p ro x im a tio n s  to  w h ic h  a re  g iv e n  in  th e  tw o  la s t  c o lu m n s  o f  T a b le  I I . ,  

a re  th e  q u a n t i t ie s  2 /3r a n d  2 y r w h ic h  w e  r e q u i r e ; t h e y  e v id e n t ly  c o n v e rg e  ra p id ly , 

th e  su ccess iv e  d iffe ren c es  b e in g  a s  fo llo w s :—

T « j l e  I I I . — R ig id  E la s t ic  S p h e re s .

2/?r. Differences. Differences.

1st approximation 1*000,00
2273

1*000,00
1485

2nd „ 1*022,73
209

1*014,85
103

3rd 1*024,82
31

1*015,88
29

4th 1*025,13 1*016,07

W e  m a y  th e re fo re  c o n c lu d e  t h a t ,  w i th in  a  sm a ll f r a c tio n  p e r  c e n t., 2 /3r a n d  2 y r 

h a v e  th e  fo llo w in g  v a lu e s  fo r r ig id  e la s tic  s p h e r e s :—

(2 2 5 ) £ &  =  1*026, £ y r =  1*016, £ /3r/ £ y r =  1*010.
0 0 0 0

I t  sh o u ld  be n o tic e d  t h a t  e v e n  th e  seco n d  a p p ro x im a tio n s  to  th e s e  q u a n t i t ie s  g iv e  

r e s u l ts  w h ic h  a re  v e ry  n e a r ly  a c c u ra te , o w in g  to  th e  r a p id  d im in u tio n  o f  th e  successive  

d ifferences.
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W h ile  w e m ay  th u s  o b ta in  a  close ap p ro x im a tio n  to  th e  va lues o f th e  series 2 0 r 

and  2 y r w ith  l i t t le  d ifficulty , th e  ap p ro x im a tio n s  to  th e  va lues o f th e  ind iv idua l 

coefficients 0  an d  y converge b y  no m eans qu ick ly , as th e  follow ing tab le  

sh o w s :—

T « j l e  I V . — R ig id  E las tic  Spheres.

THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 3 1

1st approxim ation. .2nd approxim ation. 3rd approxim ation. 4th approxim ation.

00 1-000,0 1-340,9 1-520,2 1-623,0

01 — -  0-318,2 -0 -6 5 2 ,1 -0 -9 4 3 ,2

02 — — 0-156,7 0-432,8

• 03 —" —7
— -0 -0 8 7 ,5

7o 1-000,0 1-222,8 1-309,4 1-366,3

7i — -0 -2 0 7 ,9 -0 -3 6 8 ,8 -0 -5 2 6 ,3

72 — — 0-075,4 0-221,8

73 — — — -0 -0 4 5 ,7

E v id e n tly  th e  0 ’s an d  y ’s a lte rn a te  in  sign , an d  successive te rm s  do n o t seem  to  

d im in ish  quick ly , a t  an y  r a te  n e a r  th e  b eg inn ing . To o b ta in  an  accu ra te  e s tim a te  

of th e  rea l va lues o f th e se  coefficients i t  is c learly  necessary  to  ca rry  th e  ap p ro x i­

m ation  m uch fu r th e r  th a n  we hav e  done, b u t  for ou r purpose  th is  is n o t requ ired .

M olecu les w h ich  a re  P o in t  C entres o f  F orce  v a r y in g  a s  r  n.

§ 10 (B) T he n e x t sim plest case, a n a ly tic a lly , to  t h a t  w hich h as ju s t  been d iscussed 

is th e  case o f m olecules w hich  a re  p o in t cen tres  o f force v a ry in g  inversely  as th e  

n th pow er o f  th e  d istance. B y com parison o f (1 8 6 )  an d  (2 0 5 ) , in con junction  w ith  

th e  general expressions for hrs an d  crs, i t  is easy  to  see t h a t

th e  values o f hrs or crs in th e  tw o cases consists o f a pow er series in
1

n  — 1
th e  co n s tan t

te rm  o f w hich is zero, w hile th e  te rm  o f h ig h es t o rd er is l ) _(r+s). N um erica lly  

th e  difference is sm all, as m ay  easily  be verified  in an y  p a rtic u la r  c a s e ; i t  appears 

to  be of co n stan t sign , hrs and  crs being  g re a te s t  for m olecules w hich are  rig id  e lastic  

spheres. The behav iour o f th e  d e te rm in a n ts  V  ( ), V  (crs) or V  (Srsbrs), V  ($rscrs) is

sim ilar in th e  tw o  cases, th e  convergence being  s lig h tly  th e  m ore rap id  in th e  p resen t 

instance. Since for rig id  e lastic  spheres th e  second app rox im ation  to  2 0 r an d  2 y r 

proved so sa tisfac to ry , we shall be c o n ten t w ith  a  second approx im ation  only, for 

m olecules w hich are  po in t cen tres o f force ; th is  ve ry  m a te ria lly  lig h ten s th e  labour

■ *
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3 3 2  DR. S. CHAPM AN ON TH E LAW  OF DISTRIPAJTION OF MOLECULAR VELOCITIES,

o f  n u m e ric a l c a lc u la tio n . T h e  fo llo w in g  a re  th e  e x p re ss io n s  fo u n d  fo r th e  d e te r ­

m in a n ts  V (Srsbrs), V (S„c„) a s  fa r  a s  r e g a rd s  th e  f i r s t  fo u r  e le m e n ts  :—

(2 2 6 ) V(SJ> „) =
1

J i _____ ? _ i
114 2 ( w - l ) J

J ± ___ l — \
114 2 ( n - l ) S  *  *

[ 4 5  4 4 1

1196 4 9 ( n - l )  +  4 9 ( n - l ) 2J * ‘

V (S„c„) =

[ 1  7 1
114 2 (n  —l ) j

|J___ 2_1
114 2 (w —l) J  * *-

____^ _  + ____ i ___ 1
49 (n  —l )  4 9 ( n - l ) 2J ' *

W h e n  n  is m a d e  in f in ite  th e s e  b e c o m e  id e n t ic a l  w i th  (2 2 1 ), ( 2 2 2 ) ;  i t  is in te r e s t in g  

to  n o tic e  t h a t  t h e  a d d it io n a l  te rm s  a re  th e  sa m e  in  th e  tw o  d e te rm in a n ts ,  th o u g h  

w h e th e r  th is  is t r u e  fo r o th e r  v a lu e s  o f  r  a n d  5 is n o t  c lea r.

T h e  f i r s t  a p p ro x im a tio n s  to  2/3,., 2 y r a re , o f  co u rse , u n i t y ; th e  seco n d  a re  fo u n d

, _  48 n  —2 

x, 205  205 ( n - 1 ) 2

=  2 0 2  " ~ j g .  J L '

101  1
oo oo

F ro m  § 9 (C ), (1 9 6 ) , w e  k n o w  t h a t  w h e n  =  5 th e  v a lu e s  o f  2/3r a n d  2 y r a re
0 0

u n i ty ,  a n d  th is  is a lso  t r u e  o f  a n y  a p p ro x im a tio n  to  th e i r  v a lu e s  m a d e  in  th e  p re s e n t  

m a n n e r . F ro m  § 10 (A ), h o w e v e r , w e k n o w  t h a t  fo r oo th e  sec o n d  a p p ro x i­

m a tio n s  a re  s l ig h t ly  to o  sm all, b y  0 '0 0 3  a n d  O'OOl v e ry  n e a r ly . I n  th e  fo llo w in g  

ta b le , th e re fo re , w h ic h  g iv e s  th e  a p p ro x im a te  v a lu e s  o f  2/3r a n d  2 y r fo r v a r io u s  

v a lu e s  o f  nly in g  b e tw e e n  5 a n d  oo , t h e  r e s u l ts  o b ta in e d  fro m  (2 2 7 ) h a v e  b ee

in c re a se d  b y  O'OOl, 0 '0 0 2 , o r 0 '0 0 3 , a s  seem ed  m o s t a p p ro p r ia te  in  e ac h  case.

T a b l e  Y .— M olecules w hich are  P o in t C en tres o f Force v a ry ing  as r  n.

Ma x w e l l ’s  
case, 

n  =  5.

n  =  9. n = 15.

dlisS

f t  =  GO,

rigid  elastic  
spheres.

00

2ft.
0

1 1 -0 0 7 1 -0 1 3 1 -0 1 8 1 -0 2 6

OO

cc EE 2yr 
0

1 1 -0 0 4 1 -0 0 7 1 -011 1 -0 1 6

0 0  oo

8C EE 2f3r/2 yr 
0 0

1 1 -0 0 3 1 -0 0 6 1 -0 0 7 1 -0 1 0

to  b e  a p p ro x im a te ly  a s  fo llo w s

(2 2 7 )

, 1 6

45 45 i ) 2

4 4 “  2 1

11 n  1
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THEORY OF VISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 8 3 3

R ig id  E la s t ic  A t t r a c t in g  S p h e r ic a l  M olecu les.

§ 10 (C ) C o n s id e r in g  n e x t  t h e  c a se  o f  r ig id  e la s t ic  sp h e r ic a l  m o le c u le s  w h ic h  e x e r t  

a t t r a c t i v e  fo rce s , a s  in  § 9 (E ) , w e  s h a l l  n e g le c t  t h e  e ffe c t o f  t h e  a t t r a c t io n s  in  

p ro d u c in g  d e f le c tio n s  w i th o u t  a c tu a l  co llis io n s , a n d ,  a s  in  § 10 (B ), w e  s h a l l  c o n te n t  

o u rse lv e s  w i th  a  se c o n d  a p p r o x im a t io n  to  2 /3 r a n d  2 y r. T h e  d if fe re n c e  b e tw e e n  th i s  

case  a n d  t h a t  o f  r ig id  e la s t ic  s p h e r e s  w i th o u t  a t t r a c t i o n  is sm a ll. T h e  e x p re s s io n s  

fo r  V (Srsbrs) V  ( Srscrs), a s  f a r  a s  r e g a r d s  t h e  f i r s t  fo u r  e le m e n ts ,  a r e  a s  fo llo w s :—

(2 2 8 ) V  ($ J>rs) =

1
T4

l - S / T l

l + S / T j

1 - S / T 1  

l + S / T  j

4 5 1 +  | S / T \  

19S T + S / T J

*

v  = 1

i  1 - S / T ) 
14 1 + S / T J

f i  i - s r n
t 14 l + S / T 1 •

2 05  1 +  M s S / T |

588 l + S/T /

W h e n  S  =  0, i.e., w h e n  th e r e  is  n o  a t t r a c t i o n ,  th e s e  re d u c e  to  (2 2 1 ) , (2 2 3 ) .

T h e  se c o n d  a p p ro x im a t io n s  to  2/3,. a n d  2 y r a r e  h e n c e  fo u n d  to  b e  a s  fo llo w s :—

(2 2 9 ) Z/3r =  45  ( i  +  | S / T ) - 0  - s / l ?  ( 1 + S / T ) " 1 ’ a P P r o x lm a te ly<

(230) 2 y ,. =  205 (1 + f g § S / T ) - 3  ( T —  S /T ) a (1 +  S / T )-* ’ a PPro x lm a te ly-

S in c e  S /T  is  n e v e r  n e g a t iv e ,  i t  is c le a r  f ro m  (229), (230) t h a t  t h e  se c o n d  a p p ro x i­

m a tio n s  to  2 /3 r a n d  2 y r a r e  n e v e r  le ss  t h a n  u n i ty .  T h e i r  v a lu e s , w i th o u t  a n y  

e s t im a te d  c o r re c t io n  fo r  th e  e r ro r  o f  a p p ro x im a tio n ,  a r e  g iv e n  in  t h e  fo llo w in g  ta b le ,  

fo r  v a r io u s  v a lu e s  o f  S /T . T h e  c o r re c t io n  a s  e s t im a te d  is a p p e n d e d  a s  a  su ffix , a n d  

is to  b e  a d d e d  to  t h e  l a s t  d ig i t  o f  t h e  c o r re s p o n d in g  n u m b e r .

Ta bl e  Y I .— B ig id  E la s t ic  A t t r a c t i n g  S p h e r ic a l  M o lecu le s .

Low tem peratures. Moderate temperatures. High tem peratures.

s

T*
00. 5. 4. 3. 2. 1. 0-7. 0-4. 0-2. o - i . 0.

00
2j8r
0

1-038 1-015., 1-0122 l-0 0 8 i

_______

|l-0 0 4 o 1 l-001o l-0 0 5 i 1-0112 1-0162

1

l-0 2 3 3

=>

IIIw8 1-016 1-009! 1-007! l-0 0 5 i l-0 0 2 0 1 l-001o l-0 0 4 0 l-0 0 9 i 1-013 i 1-015 i

8a= i) 8 r/2y, 
0 0

§^
 

1

l-0 0 6 i
i

l-005x l-0 0 3 0 1 * 0020 1 l-OOOo l-0 0 1 i 1 • 002i 1•003i 1•0082
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3 3 4  DR. S. CHAPM AN ON THE LAW  OF D ISTRIBU TIO N  OF M OLECULAR VELOCITIES,

I n  th e  case o f  t h e  a c tu a l  g a se s  fo r  w h ic h  S h a s  b e e n  d e te rm in e d , i t  h a s  a n  e x tre m e  

ra n g e  fro m  a b o u t  50 to  250 , w h ile  th e  r a n g e  o f  a b s o lu te  te m p e r a tu r e  o v e r w h ich  

e x p e r im e n ts  a re  u s u a lly  m a d e  is fro m  a b o u t  50° C. to  500° C. T h u s  th e  l im its  5 a n d  £  

a re  r a th e r  e x tr e m e  v a lu e s  o f  S /T , b u t  fro m  th e  a b o v e  ta b le  i t  a p p e a rs  t h a t  th e  v a r ia t io n  

in  2/3r, 2 y r o r t h e i r  q u o t ie n t  h a r d ly  e x c e e d s  1 p e r  c e n t, o v e r  th i s  ra n g e . T h e  v a r ia t io n  

is e sp e c ia lly  s low  in  th e  n e ig h b o u rh o o d  o f  S /T  =  1.

§ 1 1 . V i s c o s i t y  « n d  T h e r m « l  C o n d u c t i o n .

W e  now  p ro c e ed  to  a p p ly  th e  e x p re s s io n  fo r  th e  v e lo c i ty -d is tr ib u t io n  fu n c tio n  

(§ 8 (B ))  to  th e  d e te r m in a t io n  o f  th e  co effic ien ts  o f  v isc o s ity  a n d  th e rm a l  co n d u c tio n . 

W e  sh a ll f ir s t  o b ta in  g e n e ra l  form ulae fo r  th e s e  coeffic ien ts , t r u e  fo r  a n y  m o n a to m ic  

g a s , a f te rw a r d s  c o n s id e r in g  sp ec ia l m o le c u la r  m o d e ls  in  c o n ju n c tio n  w i th  th e  r e s u l ts  

o f  §§ 9, 10.

T he C oefficient o f  V iscosity.

§ 11 (A ) T h e  s y s te m  o f  p re s su re s  a t  a n y  p o in t  o f  a  g a s  is g iv e n  b y  th e  e q u a tio n

(2 3 1 ) P „  =  P\ i \  P ,y =  pUV, &c.

B y  m e a n s  o f  (5 )  a n d  t h e  v e lo c i ty -d is tr ib u t io n  fu n c t io n  (1 4 2 ) , w e  fin d  t h a t

(2 3 2 ) P „  =  p \ f  = bC'L P ^ C 7,

2 h m  15

00

( 2 3 3 )  p *  =  - 8  

S in ce , b y  (7 4 ),

C n  +  C 2 2  +  C 3 3  =  0 ,

w e h a v e

( 2 3 4 ) P ^  +  Pyy +  P** =  3 =

p  b e in g  th e  h y d ro s ta t ic  p re s s u re  as  u su a lly  d e fin ed .

B y  c o m p a r in g  (2 3 2 ), (2 3 3 ) w i th  th e  e q u a tio n s  g iv in g  th e  s y s te m  o f  p re s su re s  in  a  

v isco u s  flu id  h a v in g  a  coeffic ien t o f  v is c o s ity  /*, v iz ., w ith

(2 3 5 ) P „ = i , _ f , ( 2 ^ - ^ - af ) >

=  fyUCn .

(2 3 6 ) Vxs = - ^  + ^ )  = - y Ca

 D
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THEORY OF VISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 3 5

( r e m e m b e r in g  th e  m e a n in g  o f  cn , c12, &c., a s  d e f in e d  in  (7 2 )) , i t  a p p e a r s  t h a t  th e  tw o  

a re  id e n t ic a l  i f  w e  w r i te

(2 3 7 )

H e n c e , a c c o rd in g  to  th e  k in e t ic  th e o r y ,  a  g a s  b e h a v e s  l ik e  a n  o r d in a r y  v isc o u s  

flu id  h a v in g  a  c o e ffic ien t o f  v is c o s i ty  d e f in e d  in  t e r m s  o f  t h e  m o le c u la r  d a t a  b y  (2 3 7 ). 

B y  (1 7 0 ) , (1 7 3 )  w e h a v e

(2 3 8 ) C„ =  — ,
7TI

w h e n c e , a lso ,

(2 3 9 )
_5_

2 tT JlK0

A s w e h a v e  se e n  in  § 8 (B ) , k0 a n d  2 y r a re  f u n c t io n s  o f  t h e  t e m p e r a
0

a n d  v d o es  n o t  a p p e a r  a t  a l l  in  t h e  fo rm u la  fo r  /u. H e n c e , w i th in  t h e  l im i ts  o f  

a p p l ic a b i l i ty  o f  o u r  th e o r y  ( c f  § 2), t h e  c o e ffic ie n t o f  v is c o s i ty  o f  a  g a s  is

o f  i t s  d e n s i ty ,  v a r y in g  o n ly  w i th  t h e  t e m p e r a tu r e .  T h e  la w  o f  th i s  v a r ia t io n  d e p e n d s  

on  th e  la w  o f  in te r - a c t io n  b e tw e e n  tw o  m o le c u le s  a t  e n c o u n te r ,  th i s  b e in g  in v o lv e d  

th r o u g h  (f>k (Ty). A s  th i s  fu n c t io n  h a s  r e m a in e d  u n sp e c if ie d , t h e  e x p re s s io n  in  (2 3 7 )  

is p e r f e c t ly  g e n e r a l  a n d  v a lid  fo r  a n y  n e a r ly  p e r f e c t  m o n a to m ic  g a s .

The E q u a tio n  o f  E n e r g y  f o r  a  S im p le  M o n a to m ic  G as.

§ 11 (B ) I n  t h e  d is c u s s io n  o f  th e  e q u a t io n  o f  t r a n s f e r  in  § 3, w e  c o n s is te n t ly  n e g le c te d

s u c h  se c o n d  o rd e r  q u a n t i t i e s  a s  p r o d u c ts  o f  d if f e r e n t ia ls ,  o r  d if f e re n t ia ls  o f  sm a ll

q u a n t i t ie s  lik e  UV, C 2—3 U 2, a n d  so  on. I n  t h i s  w a y  w e  h a v e  o b ta in e d  a n  e x p re s s io n

fo r th e  v e lo c i ty -d is t r ib u t io n  fu n c t io n  w h ic h  is c o r re c t  to  t h e  f i r s t  o rd e r . B y  m e a n s
-----  -------------  -------

o f th i s  f u n c t io n  w e  c a n  n o w  d e te r m in e  t h e  v a lu e s  o f  UV, C 2—3 U 2, U C 2, a n d  s im ila r  

^ e x p re s s io n s  w h ic h  a re  o f  t h e  f ir s t  o rd e r  o f  s m a ll  q u a n t i t i e s ,  a n d  b y  s u b s t i t u t io n  in  th e  

e q u a t io n  o f  t r a n s f e r  o b ta in  th is  in  a  fo rm  a c c u r a te  to  t h e  se c o n d  o rd e r . T h is  w e  s h a ll  

do  fo r th e  sp e c ia l case  Q  =  (w)2 +  (v )3 +  (w )2, in  o rd e r  to  g e t  a  se c o n d  a p p ro x im a tio n  to  

th e  e q u a t io n  o f  e n e rg y .

F ro m  th e  v e lo c i ty -d is t r ib u t io n  fu n c tio n , u s in g  t h e  fo rm u la  (2 3 7 )  fo r  t h e  co effic ien t 

o f  v is c o s ity , w e  h a v e

(2 4 0 ) C 2 =  3 { k m ) - 1 =

(2 4 1 ) 3U S—C 2 =  —2 Up) ( 2 ^  _  ^ > )
\  c y

(2 4 2 ) 0 V = - ( " / ' >K & + ^ ) -

2 zV O L . O C X V I .---- A .
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3 3 6  DR. S. CHAPM AN ON THE LAW  OF DISTRIBUTION  OF MOLECULAR VELOCITIES,

I n  f in d in g  l)C 3 i t  is c o n v e n ie n t  to  w r i te

(2 4 3 ) /  =  ^ P r / ^ V r  

a n d  to  re c a ll (cf. (1 7 0 ))  t h a t

(2 4 4 ) * B 0 =  f C 0.

T h u s  w e h a v e  

(2 4 5 )

=  - f B „ ( 2 hm )

r - 1

g /. yU I t  0T

p  m  ’

w h ere  w e h a v e  e l im in a te d  /3_x b y  m e a n s  o f  (1 4 8 ). 

A g a in , i f  Q  =  (w)2 +  ( t’)2 +  (w )2, w e  h a v e

Q

Q

W Q

3Q
d ( u )

u 24-v 2 +  w 2 +  2 (w0U +  VqM +  w 0W ) +  C 2, 

u 2 + v 2+ w 2 + C a,

u 0(u 02 + v 2 + w 2) + u 0C 2 + ‘2 (u oU2 +  v0UV +  w 0UW ) +  UO2.

H e n c e , p u t t i n g  u 0 =  v 0 = w 0 =  0 e x c e p t  in  d if fe re n tia l  co effic

1 = 3 1 f e )  = 2 ^ 1
_  o  R vT  / du^ 0% 0WO 

m  \ d x
+  3

E ,  0T  

m  dx

s £ ( P u )  Q ) =  * 2 ( c 2 +  2 U 3 | ^ + 2 U v | ^  +  2 a w | ^ )  + s A ( , U C 2)
dx  

i2 du0

dx  

dv o
,,2 j f C 2^  + f  3U2- C 2| ^  +  2UV ^  +  2D W  + 2  (^U C2)

l 0£C 0CC dx dx

c Ri/T /0WO , 0VO ,

5 ^ r l a ^  +  ^  +  ^

_0_

0£C

-  ^ < 1 4 2  
P ( S ? ) 2- * ( 2 S ) - 2 S ( t +  t ) ) + 2 ^ ^ u c 2 } ’

-  2 X
m  \d  (w)

0.

A lso, s in ce  no  e n e rg y  is g a in e d  o r lo s t in  m o le c u la r  e n c o u n te rs ,

A Q ’=  0.
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THEORY OF VISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 3 7

T h e  e q u a t io n  o f  t r a n s f e r  b eco m es, c o n s e q u e n tly ,  a f t e r  a  l i t t l e  r e d u c t io n ,

(2 4 6 )  , §
2  r p  / 9 ^ 0  . 9 ^ 0  , 0 ^ 0

a)7 a i

, 2

+ t r 7

d u Q

d x
4  ( 2

Y _ 2  ( 3 vo +  cbco 

0z 3?/07C /

w h ic h  is t h e  e q u a t io n  o f  e n e rg y .

T he  T h e rm a l C o n d u c tiv ity  o f  a  G as.

§ 11 (C ) I n  t h e  e q u a t io n  o f  e n e r g y  w h ic h  w e  h a v e  j u s t  o b ta in e d ,  t h e  sec o n d  te rm  

o n  th e  r ig h t - h a n d  s id e  r e p r e s e n ts  t h e  c h a n g e  o f  h e a t  p e r  u n i t  v o lu m e  d u e  to  th e  

v a r ia t io n  in  d e n s i ty  a t  t h e  p o in t  c o n s id e re d , w h ile  t h e  t h i r d  t e r m  m a y  b e  p ro v e d  

e q u a l  to  th e  h e a t  p ro d u c e d  b y  in t e r n a l  f r ic t io n . T h e  f i r s t  te rm , b y  c o m p a r iso n  w i th  

F o u r i e r ’s  e q u a t io n  o f  c o n d u c tio n  o f  h e a t  (3- b e in g  th e  t h e r m a l  c o n d u c t iv i ty  a n d  C„ th e  

sp ec ific  h e a t  a t  c o n s ta n t  v o lu m e ) , i.e., w i th

n  3 T  _  y  c

^ ¥ _ z 5

is  se e n  to  r e p r e s e n t  t h e  c h a n g e  o f  h e a t  b y  c o n d u c tio n , a n d  to  in d ic a te  t h a t  th e  

co effic ien t o f  th e r m a l  c o n d u c t iv i ty  o f  a  g a s  is  g iv e n  b y

(2 4 7 ) & = / mC .

T h e  v a lu e  o f  f  in  th i s  w e ll-k n o w n  fo rm u la  is, fo r  a  g e n e r a l  m o n a to m ic  g a s , g iv e n  by  

(2 4 3 ) ,  i.e.,

( 2 4 8 )  / =  f £ / 3 r / £ y r.
0 / 0

I n  g e n e ra l  fis a  f u n c t io n  o f  t h e  t e m p e r a tu r e  o n ly .

F orm ulas f o r  /x a n d  3- f o r  P a r t ic u la r  M o le c u la r  M odels .

§ 11 (D )  B y  s u b s t i t u t io n  o f  t h e  v a lu e s  o f  C 0 a n d  2 /3 r/ 2 y r g iv e n  in  §§ 9, 10, fo r  th e  

p a r t ic u la r  m o le c u la r  m o d e ls  th e r e  d isc u sse d , w e  o b ta in  th e  fo llo w in g  sp e c ia l cases  o f  

(2 3 7 ) a n d  (2 4 8 )

(2 4 9 ) B ig id  e la s t ic  sp h e re s ,

M =  1-016
5 m  / I t

— T
64-7T \m

(2 5 0 ) A t t r a c t i n g  s p h e re s ,

( l  + ea)
5 m  / I t  mY/2 1

647T (t  \m r+s/T
2 z  2

f =  | .  1 -0 1 0  =  2 ’5 25 ,

J  — 2 (1 +<^a)>
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3 3 8  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBUTION OF MOLECULAR VELOCITIES,

(2 5 1 ) C e n tre s  o f  fo rce  r  n,

(1 +  0
_______ 7 5 m _______

8 A A l r ( 4 - _ A )

n + 3  

2 ( n - 1 ) /  — t  ( i + •

I n  th e s e  form ulae e a a n d  e c d e n o te  th e  v a lu e s  o f  2 y r in  th e  cases  re s p e c tiv e ly  w h en
0

th e  m o lecu les  a re  a t t r a c t i n g  sp h e re s  a n d  c e n tr e s  o f  force, a n d  Sa a n d  Sc s im ila r ly  d e n o te  

2 /3 r/ 2 y r ; th e i r  v a lu e s  a re  g iv e n  in  T a b le s  Y . a n d  V I . ,  a n d  in  no  case  d iffe r fro m  

u n i ty  b y  m o re  th a n  tw o  p e r  c e n t.

T h e  m o d e  o f  v a r ia t io n  o f  n  w i th  t h e  te m p e r a tu r e  a ffo rd s  a  g u id e  to  th e  la w  o f in t e r ­

a c tio n  b e tw e e n  th e  m o lecu les  o f  a c tu a l  g ases . B y  c o m p a riso n  w i th  e x p e r im e n ta l  

d e te rm in a t io n s  o f  n  a t  v a r io u s  te m p e r a tu r e s  i t  is th u s  fo u n d  t h a t  o f  th e  ab o v e  m odels 

th e  one  w h ic h  m o s t c lo se ly  r e p re s e n ts  th e  b e h a v io u r  o f  a c tu a l  m o le c u les  in  th is  re sp ec t, 

a t  o rd in a ry  te m p e ra tu r e s ,  is th e  seco n d , i.e., a  r ig id  e la s tic  a t t r a c t i n g  sp h e re .*

C om parison  o f  the p re se n t fo rm u la e  f o r  fx a n d  S w ith  those

§ 11 (E )  T h e  g e n e ra l  fo rm ulae  (2 3 7 ) a n d  (2 4 8 ) fo r  v is c o s ity  a n d  th e rm a l  c o n d u c tiv ity
oo oo oo

a g re e  w i th  th o s e  o f  m y  fo rm e r  p a p e r , !  e x c e p t  t h a t  t h e  fa c to rs  2 /3 r a n d  2 /3 r/ 2 y r w e re
0 0 0

th e r e  o m it te d . T h is  w a s  in  co n se q u e n ce  o f  th e  a s s u m p tio n  on  w h ic h  th e  a n a ly s is  o f  

t h a t  in v e s t ig a t io n  w a s  b a se d , t h a t  F  (U , V, W ) is su ff ic ie n tly  r e p re s e n te d  b y  th e  

te rm s  o f  th e  f ir s t  th r e e  d e g re e s  in  U, V, W. W e  h a v e  see n  in  § 9 (C ) t h a t  th is  is t r u e  

fo r  a  g a s  co m p o sed  o f  M a x w e llia n  m o lecu les , b u t  n o t  o th e rw ise . I t  seem s o f  in te r e s t  

to  c o n s id e r w h y  th e  n e g le c t  o f  a ll  th e  co effic ien ts  /3r, y r a f te r  r  =  0 le d  to  r e s u l ts  o f  

su ch  a c c u r a c y ; fo r th e  e r ro rs  a r is in g  fro m  th e  a s s u m p tio n  a re  r e p re s e n te d  in  th e  

sp e c ia l cases ( 2 4 9 ) - ( 2 5 l )  o f  (2 3 7 ) a n d  (2 4 8 ) b y  th e  fa c to rs  1*016, 1*010, l  +  ea, l  +  <5a, 

1 +  ec, 1 +  Sc,so t h a t  th e  n e c e s sa ry  c o rre c tio n s  to  m y  p re v io u s  fo rm ulae do  n o t  e x ce e d  on

o r tw o  p e r  c en t. E n s k o g , on th e  o th e r  h a n d , a f te r  d e d u c in g  form ulae s im ila r  to  (2 3 7 ), 

(2 4 8 ), b u t  w i th o u t  e v a lu a t in g  th e  coeffic ien ts  (3r, y r, m a d e  a  f irs t a p p ro x im a tio n  b y  

n e g le c t  o f  a ll  th e s e  coeffic ien ts  a f te r  r  =  0, a n d  a r r iv e

e la s tic  sp h e res . J T h is  w as  d u e  to  th e  fa c t  t h a t  su ch  a  u se  o f  (2 3 7 ), (2 4 8 ), a s  th e y  

s ta n d , in v o lv es  n o t  o n ly  th e  n e g le c t  o f  a ll  th e  co effic ien ts  a f te r  r  0, b u t  a lso  re q u ire s  a n  

a s s u m p tio n  a s  to  th e  v a lu e s  o f  /30, y 0 th e m se lv e s , a s , fo r in s ta n c e , t h a t  th e y  a re  a p p ro x i­

m a te ly  th e  sam e  a s  fo r M a x w e llia n  m o lecu les  ; a  co m p ariso n  o f  (1 9 6 ) w ith  T ab le  IY . 

(p. 331) w ill sh o w  t h a t  th is  is f a r  fro m  b e in g  th e  case.

I t  m a y  r e a d ily  b e  seen , h o w e v e r, t h a t  th e  m e th o d  o f  m y  fo rm e r p a p e r  re q u ire d  no

* A t very low temperatures, however, the nth power centre of force is the molecular model which gives 

b y  far the best representation of the relation between p. and T, in the case of helium ; cf. K a m e r l i n g i i  

O n n e s  and S o p h u s  W e b e r , ‘Comm. Phys. Lab. Leyden,’ 134j , p. 18, or J e a n s ’ ‘ Dynamical Theory 

of Gases,’ 2nd ed., §§ 405, 407.

t  C h a p m a n , ‘Phil. Trans.,’ A, vol. 211, p .  4 3 3 ,  et s

X En s k o g , ‘ Phys. Zeit.,’ X II., p. 58, 1911.
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THEORY OF V ISCOSITY A ND  TH ERM A L CONDUCTION, IN  A M ONATOMIC GAS. 3 3 9

h y p o th e s is  a s  to  th e  v a lu e s  o f  /30, y 0, w h ic h  w e re  d e te r m in e d  fro m  A U C 2a n d  A U 2 as  in  

th i s  p a p e r  ; in  e ffec t, t h e  l a t e r  co e ffic ien ts  w e re  n e g le c te d ,  w h ile  yd, a n d  y 0 w e re  o b ta in e d  

fro m  th e  e q u a t io n s  (1 3 8 ) , (1 3 9 )  c o r re s p o n d in g  to  s =  0. V ie w e d  o th e rw is e , m y
• oo

p re v io u s  fo rm u lae  w e re  e q u iv a le n t  to  (2 3 7 ) , (2 4 8 )  d iv id e d  r e s p e c t iv e ly  b y  2 v ,.y r/v 0
' 0

OO QO

a n d  ZKr/3r/Zicry r.T h u s  t h e  n e g le c te d  f a c to r s  in  /jl a n d  f  w e re

m  £ * ry r
_0____, _0_______
Oo oo 5

Z y r Z Krfir
0 0

w h ic h  e v id e n t ly  r e d u c e  to  u n i t y  i f  w e  n e g le c t  a ll  t h e  /3'0 a n d  y ', a f t e r  r  =  0, w i th o u t  

a n y  a s s u m p tio n  a s  to  t h e  v a lu e s  o f  /30 a n d  y 0.

O n e  o f  th e  m a in  r e s u l t s  o f  t h e  fo rm e r  p a p e r  w a s  t h a t  f  fo r  a l l  m o n a to m ic  g a se s , 

a n d  n o t  o n ly  fo r  th o s e  c o m p o se d  o f  M a x w e ll ia n  m o le c u le s . T h is  is n o w  se e n  to  r e q u ir e  

m o d if ic a tio n , b u t  t h e  v a lu e s  h e re  fo u n d  fo r  in  t h e  s p e c ia l c a se s  w h ic h  h a v e  b e e n  

c o n s id e re d  in  §§ 9, 10 sh o w  t h a t  t h e  c o r re c t io n  n e e d e d  to  m a k e  t h e  e q u a t io n  a c c u ra te  

is  v e ry  s m a l l ; i t  a p p e a r s  p ro b a b le  t h a t  fo r  a l l  l ik e ly  m o le c u la r  m o d e ls  f  is  v e ry  

s l ig h t ly  g r e a t e r  t h a n  2 '5 , a n d  t h a t  i t  is  n e a r ly  b u t  n o t  q u i te  c o n s ta n t  w i th  c h a n g e  

o f  t e m p e r a tu r e  ( e x c e p t  w h e n  t h e  m o le c u le s  a r e  e la s t ic  s p h e re s  o r  c e n t r e s  o f  fo rce  

p ro p o r t io n a l  to  r~ n).

o m p a riso n  o f  the  F orm ulee  f o r  m a n d  S- w ith  the  R e s u lts  o f  o ther T heories.

§ 11 (F ) The on ly  k in e tic  th e o ry  o f v iscosity  an d  th e rm a l c o n d u c tiv ity  w hich could 

h i th e r to  lay  claim  to  n um erica l accu racy  (w ith in  th e  lim its  im posed by  th e  in itia l 

p o s tu la tes ) is M « x w e l l ’s  th eo ry *  o f a  g as  com posed o f m olecules o f  th e  k in d  d e a lt 

w ith  in § 9 (C ). T he re su lts  o f h is th e o ry  a re  special cases o f  th e  g en era l form ulas o f 

th is  paper.

T h e  th e o r y  o f  a  g a s  c o m p o se d  o f  m o le c u le s  w h ic h  a r e  p o in t  c e n tr e s  o f  fo rce  v a r y in g  

in v e rs e ly  a s  t h e  n th p o w e r  o f  t h e  d is ta n c e  h a d  n o t  b e e n  d is c u s s e d  in  d e ta i l ,  p re v io u s  

to  m y  o w n  fo rm e r  p a p e r . R « y l e i g h , f  h o w e v e r , f ro m  c o n s id e ra tio n s  o f  d im e n s io n s  

a lo n e , h a d  d e d u c e d  t h e  la w  o f  v a r ia t io n  o f  v is c o s i ty  w i th  t e m p e r a tu r e ,  a n d  t h e  sa m e  

a r g u m e n t  w o u ld  a lso  sh o w  t h a t  fo r  s u c h  a  g a s  f  is  a n  a b s o lu te  c o n s ta n t  ( fo r  a n y  g iv e n  

v a lu e  o f  n). N o th in g  w a s  k n o w n  a s  to  t h e  v a lu e  o f  th i s  c o n s ta n t ,  o r o f  t h e  n u m e r ic a l  

co effic ien t in  th e  e x p re s s io n  fo r  /u., a n d  i t  is  a  s u r p r is in g  r e s u l

h a v e  b e e n  g u e s s e d  d priori, t h a t  a s  n  r a n g e s  f ro m  5 t o  oo t h e  v a lu e  o f  f  s h o u ld  v

o n ly  fro m  2*500 to  2*525 a p p ro x im a te ly .

T h e  th e o r y  fo r  m o le c u le s  w h ic h  a re  r ig id  e la s t ic  s p h e re s  e x e r t in g  a t t r a c t i v e  fo rces  

w a s  e q u a lly  u n d e v e lo p e d . S u t h e r l « n d J  h a d  t a k e n  a n  im p o r ta n t  s te p , h o w e v e r , in

* Ma x w e l l , ‘ Collected Papers,’ vol. II., p. 23. 

t  Ra y l e i g h , ‘Roy. Soc. Proc.,’ vol. G, p. 68, 1900. 

t  S u t h e r l a n d , ‘ Phil. Mag.,’ (5), 31, 1893.

_0______

OD

ZKry r
0

a n d
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d e d u c in g  th e  c o rre c tio n  to  th e  la w  c o n n e c tin g  a n d  T ( . , cc T'/2) fo r m o lecu les

w h ic h  a re  r ig id  e la s t ic  s p h e re s  w i th o u t  a t t r a c t io n  ; h e  sh o w e d , w i th o u t  a t t e m p t in g  

n u m e ric a l a c c u ra c y , b u t  b y  a  m e th o d  w h ic h  is c o r re c t  in  i t s  m a in  o u tlin e s , t h a t  th e  

a t t r a c t iv e  fo rces n e c e s s i ta te  a n  a d d i t io n a l  f a c to r  (l+S/T)-1, as in  (2 4 9 ). T h e  la w  

p  oc T'/,J ( l  +S/T)-1 is m o re  su cc e ssfu l th a n  a n y  o th e r  in  r e p re s e n t in g  th e  o b se rv ed  

re la t io n  b e tw e e n  p  an d  T o v e r  a  c o n s id e ra b le  r a n g e  o f  t e m p e r a tu r e ,  a n d  S is d

k n o w n  as  S u t h e r l « n d ’s  c o n s ta n t .

T h e  th e o r y  o f  a  g a s  co m p o sed  o f  m o le c u les  w h ic h  a re  r ig id  e la s tic  s p h e re s , w h ich  

w as  ta k e n  b y  S u t h e r l « n d  a s  t h e  b a s is  o f  h is  m o d ified  form ulae, h a s  b e e n  d ev e lo p ed  

a lo n g  lin e s  d if fe re n t  fro m  th o s e  o f  th i s  p a p e r  b y  C l « u s i u s , M « x w e l l , B o l t z m a n n , 

M e y e r , S t e f « n , J e « n s , a n d  o th e rs .  T h e ir  m e th o d  w a s  le ss  a n a ly t ic a l  th a n  th e  

p re s e n t  o n e , a n d  w h ile  i t  g a v e  c o r re c t ly  th e  g e n e ra l  re la t io n s h ip s  b e tw e e n  ,

a n d  T , i t s  r e s u l ts  d o  n o t  p o ssess  n u m e r ic a l  p rec is io n . J e « n s * n o ta b ly  im p ro v ed  

c e r ta in  o f  th e  fo rm ulae d u e  to  e a r l ie r  a u th o r s  b y  t a k in g  in to  a c c o u n t th e  te n d e n c y  

o f  a  m o lecu le  to  p e rs is t ,  a f t e r  a  co llis ion , in  th e  g e n e ra l  d ire c tio n  o f  i t s  o r ig in a l cou rse . 

F o r  th is  re a so n  h is  e x p re s s io n  fo r  th e  v is c o s ity , v iz .,

(2 5 2 )  m =  ( J e « n s )
4 X  7T h  <7 \m  1

a p p ro a c h e s  m o re  n e a r ly  to  th e  c o r re c t e x p re s s io n  (2 4 9 ) t h a n  d o es th e  fo rm u la  o f  a n y  

o th e r  a u th o r f .  A  c o m p ariso n  o f  (2 4 9 ) w i th  (2 5 2 ) in d ic a te s  t h a t  th e  l a t t e r  is s t i l l  to o  

sm all b y  12 p e r  c e n t . ; th e  e r ro r  o f  th e  o r ig in a l  fo rm u la , w i th o u t  J e « n s ’ c o rre c tio n , 

w a s  30 p e r  c e n t.

T h e  n u m e ric a l in a c c u ra c y  o f  th e  e a r l ie r  p re v a il in g  th e o r y  o f  c o n d u c tiv ity , w h ich  

w as  d u e  to  M e y e r  w a s  v e ry  g r e a t .  I t s  r e s u l t  w a s  g e n e ra l ly  g iv e n  a s

«. ^  =  ffxG v w h e re  * 1*6027,

b u t  P ro f . L. Y . K i n g , o f  M cG ill U n iv e r s i ty ,  h a s  p o in te d  o u t  to  m e  b y  l e t t e r  t h a t  

M e y e r ’s  a r g u m e n t  re a l ly  le a d s  to  th e  r e s u l t

/ =  1*4161,

a  n u m e ric a l m is ta k e  h a v in g  c re p t  in to  h is  w o rk  w h ic h  h a d  n o t  p re v io u s ly  b een  

d e te c te d . T h e  c o rre c t v a lu e  o f , / f o r  r ig id  e la s t ic  sp h e re s  is g iv e n  in  (2 4 9 ), i.e.,

f  =  2*525.

T h is  la rg e  e r ro r  in  M e y e r ’s  th e o ry  in d ic a te s  th e  d iff ic u lty  o f  a r r iv in g  a t  n u m e r i­

c a lly  a c c u ra te  form ulae b y  th e  o ld e r “ m e a n  fre e  p a th  ” m e th o d , a n d  d im in ish e s

* Cf. J e a n s ’ ‘ Dynamical Theory of Gases.’

t  Apart from that in my former paper, which was 1 '6  per cent, too small.

I M e y e r ’s  ‘ Kinetic Theory of Gases,’ 2nd English edition, chap. IX.
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THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 341

co n fid e n ce  in  o th e r  p a r t s  o f  t h a t  th e o r y  w h e re  d e te c t io n  o f  e r r o r  is le ss  e a sy . U n t i l  

r e c e n t ly  M e y e r ’s  v a lu e  o f  f  re c e iv e d  s u p p o r t  f ro m  e x p e r im e n ta l  d a t a  fo r  d ia to m ic  

g a se s , to  w h ic h  i t  d o e s  n o t  r e a l ly  a p p ly  ; o n ly  l a t e ly  h a v e  d a t a  fo r  m o n a to m ic  g a se s  

b e e n  o b ta in e d , w h ic h , a s  w e  s h a l l  see , g iv e  v a lu e s  o f  / n e a r l y  e q u a l  to  f .

§ 12. C o m p a r i s o n  o f  t h e  T h e o r y  w i t h  E x p e r i m e n t a l  D a t a .

T he  V a r ia tio n  o f  V isco s ity  w ith  P re ssu re .

§ 12 (A )  T h e  m a in  o b je c ts  o f  a  c o m p a r iso n  o f  a  m a th e m a t i c a l  t h e o r y  w i th  e x p e r i ­

m e n ta l  d a t a  a re  e i th e r  to  t e s t  w h e th e r  t h e  p o s tu la te s  u n d e r ly in g  t h e  th e o r y  a re  v a lid , o r 

w h e th e r  t h e  th e o r y  is  i t s e l f  m a th e m a t i c a l ly  c o r re c t . T h e  p r e s e n t  t h e o r y  b e in g  e x a c t ,  

w i th in  c e r ta in  d e f in e d  l im its ,  o u r  p u rp o s e  in  t h i s  c h a p te r  is  to  c o n s id e r  h o w  f a r  th e  

h y p o th e s e s  u n d e r ly in g  t h e  a n a ly s is  a r e  w e ll  fo u n d e d . T h e  g e n e r a l  v a l id i ty  o f  th e  

fo u n d a t io n s  o f  t h e  k in e t ic  th e o r y  is a t t e s t e d  in  m a n y  w a y s , o n e  o f  th e  m o s t  s t r ik in g  

b e in g  t h e  in d e p e n d e n c e  o f  v is c o s i ty  a n d  p r e s s u re  in  a  g a s . T h is  la w , w h e n  f i r s t  

d is c o v e re d  b y  M a x w e l l , s e e m e d  so  im p ro b a b le  t h a t  i t  g a v e  a  g r e a t  s t im u lu s  to  

e x p e r im e n ta l  r e s e a rc h  o n  g a se s , a n d  t h e  c o n s ta n c y  o f  /*, w h e n  T  is  k e p t  c o n s ta n t ,  h a s  

b e e n  v e r if ie d  o v e r  a  r a n g e  o f  p r e s s u re  e x te n d in g  f ro m  a  fe w  m il l im e t re s  o f  m e rc u ry  u p  

to  m o re  t h a n  o n e  a tm o s p h e re .  W a r b u r g  a n d  y o n  B a b o  h a v e  fo u n d  t h a t ,  in  t h e  case  

o f  c a rb o n  d io x id e , t h e  la w  b e g in s  to  fa il  w h e n  t h e  p r e s s u re  b e c o m e s  so g r e a t  a s  30 to  

120 a tm o s p h e re s ,  /x r i s in g  a p p re c ia b ly .  I n  v e r y  ra re f ie d  g a se s , o n  t h e  o th e r  h a n

v is c o s ity  fa lls  below  t h e  v a lu e  a p p r o p r ia te  to  t h e  e x i s t in g  t e m p e r a tu r e .  T h is  m u s t  be 

r e f e r r e d  to  th e  f a i lu r e  o f  t h e  p o s tu la te s  o f  o u r  th e o r y  to  r e p r e s e n t  t h e  f a c ts  in  th e s e  

e x t r e m e  cases, t h e  m o le c u le s  b e c o m in g  to o  fe w  fo r o u r  s t a t i s t i c a l  m e th o d  to  a p p ly , o n  

th e  o n e  h a n d , w h ile  o n  t h e  o th e r  o u r  a s s u m p tio n  t h a t  t h e  m o le c u la r  p a th s  a re  

r e c t i l in e a r  fo r  t h e  m a jo r  p a r t  o f  t h e  t im e , a n d  o u r  n e g le c t  o f  m u l t ip le  e n c o u n te r s ,  

b eco m e  i l le g i t im a te .

T h e  V a r ia tio n  o f  V isco s ity  T e m p e r a tu r e *

§ 12 (B ) O v e r  a  w id e  r a n g e  o f  p r e s s u re  a n d  te m p e r a tu r e ,  u n d o u b te d ly ,  t h e  g e n e ra l  

p o s tu la te s  o f  o u r  th e o r y  a re  t r u e  fo r  a c tu a l  g a se s . W e  c a n n o t  d is c o v e r  d ir e c t ly ,  

h o w e v e r , t h e  n a tu r e  o f  t h e  m o le c u le s  o r  t h e i r  m o d e  o f  co llis ion , a n d  i t  is  im p o r ta n t ,  

th e re fo re , to  e x a m in e  w h ic h  m o le c u la r  m o d e l y ie ld s  fo rm u lae  m o s t  in  a c c o rd a n c e  w i th  

e x p e r im e n ta l  d a ta .  F o r  th i s  p u rp o s e  w e  n a tu r a l ly  ch o o se  th o s e  p ro p e r t ie s  w h ic h  a re  

m o s t  a f fe c te d  b y  t h e  n a tu r e  o f  t h e  m o le c u le ; t h e  c h ie f  o f  th e s e  is t h e  v a r ia t io n  o f  

v is c o s ity  w i th  te m p e r a tu r e .  M a x w e l l  a b a n d o n e d  h is  th e o r y  o f  a  g a s  co m p o sed  o f  

r ig id  e la s t ic  s p h e r ic a l  m o le c u le s  b e c a u se  i t  le d  to  t h e  re la t io n  oc T 1/2, w h ile  h is  e x p e r i ­

m e n ts  g a v e  th e  r e s u l t  f x  oc T. T h is  c a u s e d  h im  to  d e v e lo p  t h e  th e o r y  o f  a  M

g a s  (§ 9 ( C ) ) ,  fo r  w h ic h  /xoc T , b u t  l a t e r  e x p e r im e n te r s  h a v e  fa ile d  to  c o n fir

a n d  w e  m u s t  c o n c lu d e  t h a t  t h e  m o le c u le s  o f  a c tu a l  g a se s  b e h a v e  d u r in g  e n c o u n te r s  

n e i th e r  l ik e  e la s t ic  s p h e re s  n o r  lik e  M a x w e llia n  m o lecu les . T h e  o b se rv e d  re la t io n

* The reader may be referred with advantage to the discussion of this point b y  J e a n s  in the second 

edition of his ‘ Dynamical Theory of Gases,’ §§ 399-407.
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3 4 2  DR. S. CHAPM AN ON TH E LAW  OF DISTRIBUTION  OF MOLECULAR VELOCITIES,

b e tw e e n  / x  an d  T  a g re e s  m u c h  m o re  c lo se ly  w i th  S u t h e r l a n d ’s  la w  ju  oc T l/2( l  + S / T ) -

th a n  w ith  a n y  o t h e r ; fo r  e x a m p le , S c h m i t t * h a s  fo u n d  t h a t  t h e  la w  is v a lid  fo r 

h y d ro g e n  a n d  h e liu m  fro m  —60° C. to  185° C ., a n d  B a r u s  h a s  sh o w n  t h a t  i t  h o ld s  

g o o d  fo r a ir  o v e r a  w id e  ra n g e  o f  t e m p e ra tu r e .  T h e  la w  h a s  n o t  b e e n  te s te d ,  fo r th e  

fo rm e r  g a se s , ab o v e  185° C.

T h is  seem s to  in d ic a te  t h a t  fo r  th e  k in e t ic  th e o r y  o f  g a se s  a t  o rd in a ry  te m p e ra tu r e s  

th e  b e s t  m o le c u la r  m o d e l is a n  a t t r a c t i n g  sp h e re , a n d  i t  is in te r e s t in g  to  n o tic e  t h a t  

th is  m o d e l is t h e  o n e  u se d  b y  v a n  d e r  W a a l s  w ith  su c h  su ccess  in  d e d u c in g  h is  

fa m o u s  law . F u r th e r  c o n f irm a tio n  is s u p p lie d  b y  th e  e x c e lle n t  a g re e m e n t  b e tw e e n  

th e  v a lu e s  o f  th e  m o le c u la r  d ia m e te r s  d e d u c e d  on th is  h y p o th e s is  fro m  th e  c o n s ta n t  

b o f  v a n  d e r  W a a l s ’ la w  a n d  fro m  th e  v is c o s ity  b y  m e a n s  o f  m y  fo rm u la  (2 5 0 )—  

cf. § 12 (F ) .

A t  low  te m p e r a tu r e s  S c h m i t t *, B e s t e l m e y e r I , V o g e l J a n d  o th e r s  h a v e  sh o w n  

t h a t  th e  o b se rv e d  v a lu e s  o f  /u a re  g r e a te r  t h a n  th o s e  p r e d ic

law . T h is  m a y  b e  c o m p a re d  w i th  t h e  r is e  in  th e  v a lu e  o f  w h e n  th e  p re s su re  is 

g r e a t ly  in c re ase d , b o th  e ffec ts  p ro b a b ly  h a v in g  a  l ik e  c au se  ; in  th e s e  s ta te s ,  w h e n  th e  

m e a n  fre e  p a th  o f  th e  m o lecu le  is m u c h  re d u c e d , th e  m o le c u la r  p a th s  m a y  cease  to  be 

a p p ro x im a te ly  r e c t i l in e a r  b e tw e e n  co llis ions, a n d  m u lt ip le  e n c o u n te r s  w ill g ro w  in  

im p o rta n c e . S in ce  o u r  th e o r y  ru le s  o u t  th e s e  c o n tin g e n c ie s , i t s  r e s u l ts  cease  to  be 

a p p lic ab le , a n d  a  m o d if ica tio n  o f  th e  th e o r y  a n d  i t s  p o s tu la te s  is n e c e s sa ry  i f  a  p ro p e r  

a c c o u n t o f  th e s e  p h e n o m e n a  is to  be g iv e n . I n  r e g a rd  to  th is , o n e  p o in t  w h ic h  sh o u ld  be 

n o tic e d  is t h a t  in  § 9 (E )  a  te rm  f 2k (y)  in  

re ta in e d , w o u ld  c au se  th e  la w  c o n n e c tin g  /x a n d  T  t

rp'Ai

l + ( S / T ) + / ( T )

w here f  (T ) can be expanded  in th e  form  A T~2 + BT~3 +  . . . .  This te rm  is due to  th e  

effect of th e  a ttra c tiv e  forces in  producing  deflections w ith o u t th e  occurrence of 

collisions, and  is p robab ly  alw ays s m a ll ; b u t i t  m ay read ily  be seen th a t  i t  is alw ays 

positive, and  th a t  th is  correction w ould lead  to  a d im in u tio n  in th e  theo re tica l value 

of /x a t  low tem pera tu res. C learly, therefore , th e  observed discrepancies cannot be 

a ttr ib u te d  to  our neg lect o f th is  sm all q u a n tity . §

*  S c h m i t t , ‘ A nn . d. Pliys.,’ 30, p. 399, 1909.

t  B e s t e l m e y e r , ‘ Munich dissertation,’ 1903.

t V o g e l , ‘ B erlin  d isserta tion ,’ 1914, w here fu ll references, and an in terestin g  d iscussion  of low  

tem perature w ork on v iscosity , are g iven .

§ V o g e l , in his dissertation, suggests as possible causes of the failure of the theory to represent the 

observed variation of p with T a t low temperatures (i.) a failure of the ordinary mechanics, such as is 

contemplated in P l a n c k ’s  theory of q u an ta ; (ii.) tha t the attracting sphere model no longer represents 

the molecule; (iii.) tha t 1 + S /T  should be replaced (according to my suggestion in ‘ Phil. Trans.,’ A, 

vol. 211, p. 474, 1912) by 1 + (S/T) ± (C'/T)2. By the latter means a better accordance with observation 

is obtained, but the new term has the minus sign, and is therefore illegitimate.
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THEORY OF VISCO SITY  AND  TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 4 3

T h e  T h e rm a l C o n d u c tiv ity  o f  M o n a to m ic  G ases.

§ 12 (C ) I t  is c o n v e n ie n t  to  d is c u s s  t h e  t h e r m a l  c o n d u c t iv i ty  o f  g a se s  in  te r m s  o f  th e  

c o n s ta n t  f  in  t h e  fo rm u la  3- =  f/j.C vi a s  t h i s  e l im in a te s  t h e  n e c e s s i ty  fo r  a  s e p a r a te  

d isc u ss io n  o f  t h e  d e p e n d e n c e  o f  S- o n  p re s s u re  a n d  te m p e r a t u r e  ; t h i s  is p a ra l le l  w i th  

t h a t  o f  /x, a n d  f  is  n e a r ly  o r  q u i te  in d e p e n d e n t  o f  p r e s s u re  a n d  t e m p e r a tu r e  in  n o rm a l 

c o n d itio n s . A s  w e  h a v e  se e n  in  § 11 (F ) ,  t h e  v a lu e  o f  f  h a s  b e e n  a  m a t t e r  o f  som e 

u n c e r t a in t y  ; so lo n g  a s  i t s  v a lu e  fo r  r ig id  e la s t ic  s p h e re s  w a s  su p p o se d  to  b e  1 '6 0 2 7 , 

w h ile  fo r  M a x w e ll ia n  m o le c u le s  i t  w a s  k n o w n  to  b e  f , i t  s e e m e d  to  o ffer a  m e a n s  o f  

t e s t i n g  t h e  s u i t a b i l i t y  o f  d i f f e r e n t  m o le c u la r  m o d e ls . O n  th e  g ro u n d  o f  t h e  

d is c re p a n c y  b e tw e e n  t h e  th e o r e t ic a l  a n d  o b s e rv e d  r e la t io n  b e tw e e n  a n d  T , 

M a x w e ll ia n  m o le c u le s  w e re  k n o w n  to  b e  u n s a t i s f a c to r y  r e p r e s e n ta t io n s  o f  a c tu a l  

m o le c u le s . U n t i l  a b o u t  1 900  n o  re l ia b le  d e te r m in a t io n s  o f  / h a d  b e e n  m a d e  fo r  m o n a ­

to m ic  g a se s , a n d  th o s e  fo u n d  fo r  d ia to m ic  g a s e s  a g r e e d  f a i r ly  w e ll w i th  M e y e r ’s  v a lu e  

o f  f  ( i.e., 1 '6 0 2 7  o r, m o re  a c c u r a te ly ,  1 * 4 1 6 ); a t  t h e  t im e  th i s  w a s  r e g a r d e d  a s  a  

c o n f irm a tio n  o f  t h e  r ig id  e la s t ic  s p h e r ic a l  m o d e l o f  t h e  m o le c u le , a n d  a s  in d ic a t in g  

t h a t  t h e  in t e r n a l  m o le c u la r  e n e r g y ,  w h ic h  is  n o t  t a k e n  in to  a c c o u n t  in  th e s e  th e o r ie s  o f  

a  m o n a to m ic  g a s , is t r a n s m i t t e d  a t  t h e  s a m e  r a t e  a s  t h e  t r a n s la t io n a l  e n e rg y . W h e n ,  

in  1902 , S c h w a r z e  o b ta in e d  t h e  v a lu e s  o f  f  fo r  a r g o n  a n d  h e liu m , a n d  fo u n d  th e m  

n e a r ly  e q u a l  to  f ,  t h e  c o n c lu s io n  to  b e  d r a w n  w a s  n o t  o b v io u s . I t  c e r ta in ly  

c o n t r a d ic te d  M e y e r ’s  th e o r y ,  b u t  l e f t  t h e  q u e s t io n  o p e n  a s  to  w h e th e r  t h e  a n a ly s is ,  o r  

t h e  a s s u m p tio n  o f  t h e  r ig id  e la s t ic  s p h e r ic a l  m o d e l, w a s  a t  f a u l t ; a lso  i f  =  f  in d ic a te d  

t h a t  t h e  m o le c u le s  a re  M a x w e ll ia n , t h e  f a i lu re  o f  t h e  c o r re s p o n d in g  la w  c o n n e c t in g  

ix a n d  T  re m a in e d  u n e x p la in e d . I t  s h o u ld  b e  re m e m b e re d , m o re o v e r , t h a t  t h e  la w  

^ o c T '^ f o r  r ig id  e la s t ic  s p h e r ic a l  m o le c u le s  is  e q u a l ly  c o n t r a d ic to r y  to  e x p e r im e n t .

T hese difficulties w ere rem oved by  th e  th eo rem  o f m y  fo rm er paper, accord ing  to  

w h i c h / i s  an  invariab le  c o n stan t f  for all m onatom ic  m olecules. T h is is now seen to  

be incorrect as a g enera l theo rem , b u t  th e  d ev ia tio n s  found  for th e  various p a rticu la r  

m olecular m odels d iscussed leaves l i t t le  room  for d o u b t t h a t  f  is v e ry  n early  equal to  

§ in th e  case o f all like ly  m odels. T he fa c t sim ply  is, there fo re , th a t  f  is v e ry  

u n su itab le  as a  m eans o f d isc rim ination  be tw een  d ifferen t m odels, an d  S c h w a r z e ’s  

observations ind ica te  some m a th em a tica l fa llacy  in M e y e r ’s  th eo ry , w ith o u t su p p o rtin g  

an y  p a rticu la r  m olecular model. T he observed values o f f  are  h a rd ly  know n w ith  

sufficient accuracy  to  enable  an y  conclusion to  be d raw n  from  a s lig h t d ivergence 

from  th e  va lue  f  , w ith in  th e  lim its  p rescribed  in (2 4 9 )  to  ( 2 5 l ) .  T hey  are  im p o rtan t, 

how ever, as confirm ing th e  g en era l v a lid ity  o f th e  k in e tic  th eo ry , a p a r t  from  an y  

hypo thesis as to  th e  n a tu re  o f th e  molecules.

T he follow ing tab le  con ta ins all th e  availab le  d a ta  concerning th e  value  o f /  for 

m onatom ic gases. O nly  v e ry  recen tly  has th e  co n d u ctiv ity  o f neon been d e te r ­

m ined, ow ing to  th e  scarc ity  o f th e  gas ; for k ry p to n  an d  xenon its  value is s till 

unknow n.

3  AVOL. C C X V I.— A .
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3 4 4  DR. S . CHAPM AN ON THE LAW  OF DISTRIBUTION  OF MOLECULAR VELOCITIES, 

T a b l e  Y I I .— V a lu e s  o f  f  fo r  M o n a to m ic  G ases.

Gas. Absolute temperature. /• Authority.

Helium
° C .  r

273 \
2-51
2-40

S c h w « r z e *  

E u c k e n f

81 2-23 E u c k e n

21 2-02 * E u c k e n

Argon . 273 |
2-50
2-49

S c h w « r z e

E u c k e n

91 2-57 E u c k e n

Neon . 283 2-50 D o r n |

T h e se  r e s u l ts  fo r  a rg o n  a n d  n e o n  a n d , to  a  le ss  e x te n t ,  fo r  h e liu m  a t  n o rm a l te m p e ­

r a tu r e s  a g re e  v e ry  w e ll w i th  th e  th e o re t ic a l  v a lu e  o f , / ,  e sp e c ia lly  s in ce  th e  co m b in ed  

e x p e r im e n ta l  e r ro rs  in  th e i r  d e te r m in a t io n  m a y  e a s ily  e x c e e d  o n e  p e r  c e n t ,  a t  o rd in a ry  

te m p e ra tu r e s ,  a n d  m u c h  m o re  a t  low  te m p e ra tu re s .

T h e  d im in u tio n  in  th e  v a lu e  o f  f  fo r  h e liu m  a t  low  te m p e ra tu r e s ,  i f  co n firm ed  b y  

f u r th e r  e x p e r im e n t ,  is  v e ry  in te r e s t in g  a n d  im p o r ta n t .  H e liu m  is p e c u lia r  a t  low  

te m p e r a tu r e s  a lso  in  t h e  s t r ik in g  d iv e rg e n c e  o f  i t s  v is c o s ity  fro m  S u t h e r l a n d ’s  law . 

E u c k e n  s u g g e s ts  a s  th e  e x p la n a t io n  o f  th e  fo rm e r  p h e n o m e n o n  a  p a r t i a l  f a ilu re  o f  

in te r c h a n g e  o f  m o le c u la r  e n e rg y  a t  co llis ion , b u t  T a b le  V I . o f  h is  p a p e r )  d o w n  to  

81° C ., a t  a n y  r a te ,  th e  v a lu e  o f  C„ fo r h e liu m  re m a in s  c o n s ta n t  a n d  a p p ro p r ia te  to  a  g a s  

w h ic h  p o ssesses  o n ly  t r a n s la t io n a l  e n e rg y . A  fa ilu re  in  in te rc h a n g e  o f  t r a n s la t io n a l  

e n e rg y  w o u ld  c o n tr a d ic t  th e  o rd in a ry  d y n a m ic a l  law s, a n d  i t  is c e r ta in ly  d e s ira b le  to  

se e k  som e o th e r  e x p la n a t io n ,  i f  th is  b e  a t  a ll  p o ssib le .

T h e  a l te r n a t iv e s  a re  n o t  n u m e ro u s , a n d  w ill b e  e x a m in e d  in  tu r n .  AVe m a y  ru le

o u t  a  n u m e ric a l e r ro r  in th e  th e o ry ,  o f  m o re  t h a n  o n e  p e r  c e n t., a s  b e in g  q u i te
%

im p r o b a b le ; b u t  th o u g h  a ll  th e  m o le c u la r  m o d e ls  d isc u sse d  in  th is  p a p e r  le a d  to  

v a lu e s  o f  f  e q u a l to  o r s l ig h t ly  g r e a te r  t h a n  2*5, i t  is co n ce iv ab le  t h a t  fo r  som e 

p e c u lia r  m o d e l fma y  h a v e  r a th e r  d if fe re n t  v a lu e s  a n d  a  w id e r  te m p e ra tu r e  ra n g e . 

th in k  th is  is  u n lik e ly , a n d  t h a t  i t  is p ro b a b ly  p o ssib le  to  p ro v e  t h a t  f  a lw a y s  

e x c e e d s  2 '5 , b u t  th is  is o n ly  a  s p e c u la tio n  ; h e liu m  a g re e s  so w e ll a t  h ig h  te m p e ra ­

tu r e s ,  h o w e v e r, w i th  S u t h e r l a n d ’s  la w  c o n n e c tin g  n  a n d  T , t h a t  i ts  m o lecu les  can  

h a rd ly  b e  su p p o se d  so d if fe re n t in  b e h a v io u r  fro m  r ig id  e la s tic  a t t r a c t i n g  sp h e re s  as  

to  m a k e  fth e o re t ic a l ly  e q u a l to  2*0 a t  low  te m p e ra tu re s .

A g a in , m o le c u la r  a g g re g a t io n  m ig h t  seem  to  a ffo rd  a n  e x p la n a tio n , s in ce  i f  p a r t  o f  

th e  g a s  w ere  p o ly a to m ic  th ro u g h  c lu s te r in g  o f  th e  m olecu les , th e  v a lu e  o f  f  w o u ld

* S c h w a r z e , ‘ Halle dissertation, Ann. d. Phys.,’ (4), 11, p. 303, 1903.

t  E u c k e n , ‘Phys. Zeit.,’ 14, p. 324, 1913, Tables 3, 6. E u c k e n  (footnote 4 to p. 328) states that 

S c h w a r z e ’s  value of /  for helium is too large owing to a miscalculation in determining C„.

t  This result was kindly communicated t o  me b y  Prof. D o r n , o f  Halle, as an extract from ‘ Mitt. d .  

Naturf. Ges. z. Halle,’ 4, 1914.
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THEORY OF V ISCOSITY AND TH ERM A L CONDUCTION, IN  A M ONATOMIC GAS. 3 4 5

p ro b a b ly  lie  b e tw e e n  2"5 a n d  t h e  lo w e r  v a lu e s  c h a r a c te r i s t ic  o f  p o ly a to m ic  g ases . I n  

t h i s  case , h o w e v e r , th e  v a lu e  o f  C„, t h e  sp ec ific  h e a t  a t  c o n s ta n t  v o lu m e , s h o u ld  r is e  

to  c o rre sp o n d  w i th  t h e  in t e r n a l  e n e r g y  o f  s u c h  m o le c u le s  ; a s  t h e  e x p e r im e n ts  in d ic a te  

a  c o n s ta n t  v a lu e  o f  C v, t h e  s u g g e s t io n  m u s t  b e  a b a n d o n e d .

T h e  o n ly  p o ss ib le  r e m a in in g  h y p o th e s i s  s e e m s  to  b e  to  a t t r i b u t e  t h e  fa l l  i n /  to  t h e  

n e g le c t  o f  m u l t ip le  c o llis io n s  b e tw e e n  m o le c u le s , in c lu d in g  a lso  t h e  e ffe c t o f  t h e  

a t t r a c t i v e  fo rce s  ( in  S u t h e r l a n d ’s  c ase ) in  p ro d u c in g  d e f le c tio n s  w i th o u t  c o l l is io n s ; 

a t  lo w  te m p e r a tu r e s  t h e  m o le c u le s  m a y  b e  to o  c lose  t o g e th e r  fo r  th e s e  p o s tu la te s  o f  

o u r  th e o r y  to  c o n t in u e  v a lid . I f  w e  d e te r m in e  3- fo r  h e liu m  f ro m  th e  fo rm u la  2 '5 ^  C„, 

u s in g  th e  v a lu e  o f  fx c a lc u la te d  f ro m  S u t h e r l a n d ’s  fo rm u la  (w h ic h  is  le ss  t h a n  th e  

o b s e rv e d  v a lu e  a t  lo w  t e m p e r a tu r e s ,  a s  w e  h a v e  se e n ) , t h e  r e s u l t  is le ss  t h a n  t h a t  

o b se rv e d  a t  lo w  t e m p e r a tu r e s .  H e n c e  b o th  3- a n d  /x d im in is h  w i th  t e m p e r a tu r e  le ss  t h a n  

is p r e d ic te d  b y  S u t h e r l a n d ’s  la w , t h e  d iv e rg e n c e  b e in g  g r e a t e r  fo r  /x t h a n  fo r  S-, so t h a t  

/ a l s o  d im in is h e s . W e  c a n n o t  e n t e r  h e r e  in to  a  t e s t ,  b y  c a lc u la t io n , o f  t h i s  s u g g e s te d  

h y p o th e s is ,  b u t  so m e  c o n f irm a tio n  m ig h t  b e  s o u g h t  e x p e r im e n ta l ly  b y  e x a m in in g  

w h e th e r  / i s  le ss  t h a n  2*5 fo r  h e l iu m  a t  n o rm a l  t e m p e r a tu r e s  b u t  u n d e r  c o n s id e ra b ly  

in c re a s e d  p re s s u re . T h e  l a t t e r  w o u ld  b r in g  t h e  m o le c u le s  c lo se r  t o g e th e r  in  th e  sam e  

w a y  a s  w o u ld  a  d im in u t io n  o f  t e m p e r a tu r e ,  a n d  t h i s  is  a ll  t h a t  o u r  s u g g e s t io n  re q u ire s . 

I t  is k n o w n  t h a t  o v e r  a  la r g e  r a n g e  o f  p r e s s u re  a n d  3- a r e  c o n s ta n t ,  h u t  t h a t  a t  

h ig h  p re s s u re s  /x in c re a s e s  ; t h e  in d e p e n d e n c e  o f  3- o n  p r e s s u re  h a s  u s u a l ly  b e e n  te s t e d  

b y  d im in is h in g  t h e  n o rm a l p r e s s u r e s /  a n d  e x p e r im e n ts  u n d e r  in c re a s e d  p re s s u re  

m ig h t  th r o w  v a lu a b le  l i g h t  o n  t h e  p r e s e n t  p h e n o m e n o n . G a se s  o th e r  t h a n  h e liu m  

m a y  b e  e x p e c te d  to  b e h a v e  s im ila r ly ,  t h o u g h  p e r h a p s  o n ly  w i th  lo w e r  t e m p e r a tu r e s  

o r  h ig h e r  p re s su re s .

§ 12 (D )  T h e  c a se  o f  m e r c u r y  v a p o u r  m a y  a lso  b e  m e n tio n e d , a s  i t  w a s  t h e  f i r s t  

m o n a fo m ic  g a s  fo r  w h ic h  /  w a s  d e te r m in e d .  K o c h I  d e te r m in e d  n  fo r  m e rc u ry  v a p o u r  

a t  203° C ., 273° C ., a n d  380° C ., w h ile  S c h l e i e r m « c h e r J d e te r m in e d  3- a t  203° C. 

T h e se  d a ta ,  t o g e th e r  w i th  t h e  th e o r e t ic a l ly  c a lc u la te d  v a lu e  o f  C„, le d  t o / =  3 ‘15. 

M e y e r  a n d  o th e r s  h a v e  r a is e d  o b je c t io n s  to  t h e  d e te r m in a t io n s  o f  n (a )  b e c a u se  th e  

th r e e  v a lu e s  sh o w  a n  im p ro b a b le  a m o u n t  o f  v a r ia t io n  w i th  t e m p e r a tu r e ,  a n d  

(b) b e c a u s e  o f  t h e  v i t i a t i n g  e ffe c t o f  c o n d e n s e d  m e rc u ry  o n  th e  w a lls  o f  t h e  c a p i l la ry  

tu b e  u s e d  in  th e  e x p e r im e n ts .  Y o g e l § h a s  m a d e  a r e - c a lc u la t io n  o f  /u. fo r  m e rc u ry  fro m  

a n  in te r e s t in g  fo rm u la  w h ic h  h e  g iv e s , a n d  f in d s  t h a t  a t  573° C. a b s o lu te || n  sh o u ld  

e q u a l  5 9 3 '1 0 ~ 7 ; th is ,  c o m b in e d  w i th  S c h l e i e r m « c h e r ’s  r e s u l t ,  re d u c e s  / t o  2*80. B u t  

i t  is  d e s ir a b le  t h a t  m o re  a c c u ra te  e x p e r im e n ts  s h o u ld  h e  m a d e  in  o rd e r  t h a t  a  

th o ro u g h ly  re l ia b le  v a lu e  o f / m a y  h e  o b ta in e d .

* E u c k e n , ‘ Phys. Zeit.,’ 12, p. 1103, 1911, Table 2.

t  K o c h , ‘ Wied. A n n ./  19, p. 857 (1 8 8 3 ).

{ Sc h l e i e r m a c h e r , ‘ W ied . A n n ./ 36, p. 346 (1889 ).

§ V o g e l , ‘ B erlin  d is s e r ta t io n / p. 57, 1914 .

|| So g iv en  b y  V o g e l ; i t  m ay  be a m isp rin t for 473° C.

3 A 2
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3 4 6  DR. S. CHAPM AN ON TH E LAW  OF D ISTRIBU TIO N  OF MOLECULAR VELOCITIES,

The Th e rm a l C o n d u c tiv ity  o f  P o ly a to m ic  G ases a t L ow  T em p era tu res .

§ 12 (E )  T h e  fo rm u la  3- — f u  C„ is t r u e  fo r  p o ly a to m ic  a s  w ell a s  f

f  b e in g  in d e p e n d e n t  o f  p re s su re  a n d  te m p e r a tu r e  o v e r a  c o n s id e ra b le  ra n g e . U n d e r  

n o rm a l c o n d itio n s , h o w e v e r , i t s  v a lu e  is 2 '0  o r  le ss , b e in g  g r e a te s t  fo r  d ia to m ic  g a se s  

a n d  d im in is h in g  d o w n  to  a b o u t  1*5 fo r  c o m p le x  m o lecu les . E u c k e n * h a s  m a d e  th e  

in te r e s t in g  a n d  im p o r ta n t  d isc o v e ry , h o w e v e r , t h a t  d ia to m ic  g a se s  sh o w  a n  in c re a se  

in  f  a t  low  te m p e r a tu r e s ,  t h e  c o n d u c t iv i ty  v a r y in g  w i th  t e m p e r a tu r e  in  th e  sen se  

o p p o s ite  to  t h a t  o b se rv e d  in  th e  case  o f  h e liu m . T h is  is a p p a r e n t ,  to  a  s l ig h t  e x te n t ,  

in  n i t r o g e n , b u t  is m o s t s t r ik in g  in  th e  case  o f  h y d ro g e n . I t  is fo u n d  th a t ,  s im u l­

ta n e o u s ly  w ith  th e  r is e  in  fth e  spec ific  h e a t  C„ p ro g re s s iv e ly  fa l

21° C. a b s o lu te  i t s  a m o u n t  is t h a t  a p p r o p r ia te  to  a  m o n a to m ic  g a s  o f  th e  sam e  m o le c u la r  

w e ig h t .  A t  th e s e  low  t e m p e r a tu r e s  th e  r o t a to r y  m o tio n  o f  th e  m o lecu les  seem s to  

fa il, fo r  som e re a so n  a s  y e t  u n d is c o v e re d , so t h a t  t h e  g a s  b e h a v e s  in  c e r ta in  re s p e c ts  

a s  i f  i t s  m o lecu les  w e re  o f  th e  s p h e r ic a l ly  s y m m e tr ic a l  ty p e  d isc u sse d  in  th i s  p a p e r . 

I t  is h ig h ly  in te r e s t in g  a n d  s ig n if ic a n t  t h a t  th is  a p p ro a c h  to  m o n a to m ic ity  is 

a c c o m p a n ie d  b y  a n  u p w a rd  te n d e n c y  o f  f  to w a rd s  th e  v a lu e  (2*5 a p p ro x im a te ly )  

w h ic h  is a p p ro p r ia te  to  m o n a to m ic  g ases . T h e  sa m e  p h e n o m e n o n  m a y  b e  e x p e c te d  in  

th e  case  o f  th e  o th e r  d ia to m ic  g a se s , a t  lo w e r t e m p e r a tu r e s  c o rre sp o n d in g  to  th e i r  

lo w e r b o ilin g  p o in ts . I n  th e  fo llo w in g  ta b le *  th e  r e s u l t s  fo r h y d ro g e n  a lo n e  a re  

g iv e n  ; t h e  n u m b e r  n  in  th e  t h i r d  c o lu m n  r e p r e s e n ts  th e  n u m b e r  o f  “ d e g re e s  o f  

fre e d o m  ” o f  th e  m o lecu le , a s  c a lc u la te d  fro m  th e  o b se rv e d  v a lu e s  o f  C„.

V « l u e s  fo r  f  fo r  H y d ro g e n .

Absolute
temperature. /• n.

0 C.
273 1-96 4-80
195 2-09 4-41

81 2-25 3*16
21 2-37 2-98

The D ia m e te r  o f  the M olecule.

§ 12 (F )  I n  m y  fo rm e r p a p e r  ta b le s  w e re  g iv e n  sh o w in g  th e  v a lu e s  o f  th e  m o le c u la r  

d ia m e te r s  fo r  s e v e ra l g a se s , c a lc u la te d  on  th e  h y p o th e s is  t h a t  th e  m o lecu les  a re  r ig id  

sp h e re s , w ith  o r w i th o u t  a t t r a c t iv e  force. T h e se  re q u ire  a  sm all c o rre c tio n  to  be 

s t r ic t ly  a c c u ra te , on  a c c o u n t o f  th e  fa c to r  ( 2 y r) '/3 th e r e  o m it te d  fro m  th e  fo rm u la  fo r

* Cf. E u c k e n , ‘Phys. Zeit.,’ 14, p. 329, 1913, Table 6.
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THEORY OF VISCOSITY AND TH ERM A L CONDUCTION, IN  A MONATOMIC GAS. 3 4 7

<t  in  te r m s  o f  I n  th i s  p a p e r  I  s h a ll  g iv e  o n ly  a  fe w  v a lu e s  o f  <x, c a lc u la te d  fro m  

re c e n t  d a t a  a n d  fro m  t h e  e x a c t  fo rm u la

<T
2 0  +  <0 _ _ _ 5 m _ _ _ _ / R t V'-

6 4 ir‘V  ( 1 + S / T ) \ m  I

0-491  ( l + e „ ) p C  

2 ' W  ( 1 + S / T )

a p p ro p r ia te  to  a t t r a c t i n g  s p h e r ic a l  m o le c u le s . T h e  v a lu e s  o f  S  a re  d e te r m in e d  fro m  

th e  v a r ia t io n  o f  v is c o s ity  w i th  t e m p e r a tu r e ,  C  is th e  m e a n  m o le c u la r  v e lo c i ty , w h ile  

ea is fo u n d  fro m  T a b le  V I .  ( in  a ll  t h e  c a se s  h e re  c o n s id e re d  i t  is q u i te  n e g lig ib le ) .

I n  t h e  fo llo w in g  ta b le  v a lu e s  o f  t h e  d ia m e te r s  c a lc u la te d  fro m  th e  c o n s ta n t  o f  

v a n  d e r  W a a l s ’ la w  a re  a lso  g iv e n  fo r  c o m p a r iso n . T h e  a g r e e m e n t  b e tw e e n  t h e  tw o  

s e ts  o f  v a lu e s  is in  m o s t  c a se s  r e m a rk a b le ,  a n d  t h e  ta b le  a s  a  w h o le  is  a  t e s t im o n y  to  

t h e  close n u m e r ic a l  a c c u ra c y  n o w  a t t a i n e d  b y  t h e  k in e t ic  th e o r y  ; w h e re  th e r e  is 

d is a g re e m e n t  in  t h e  t a b le  t h e r e  is in  m o s t  c a se s  u n c e r t a in ty  a s  to  t h e  d a ta .

W h ile  e x a c t  a g r e e m e n t  m a y  b e  e x p e c te d  o n ly  fo r  m o n a to m ic  g a se s , t h e  v a lu e s  fo r  

d ia to m ic  g a se s  sh o w  t h a t  o u r  th e o r y  g iv e s  a  m e a n  d ia m e te r ,  in  o th e r  cases, w h ic h  a g re e s  

w i th  t h a t  fo u n d  fo r  b ; t h e  i n t e r n a l  e n e r g y  w h ic h  p r e v e n ts  t h e  a p p lic a t io n  o f  o u r  

fo rm ulae  to  t h e  c o n d u c t iv i ty  o f  p o ly a to m ic  g a s e s  h a r d ly  a f fe c ts  v is c o s ity .

T a b l e  Y I I I . — M o le c u la r  D ia m e te r s  C a lc u la te d  fro m  V is c o s ity  a n d

V a n  d e r  W a a l s ’ L a w .

Gas. / v i o 7. S.
1 +  €a. 

(Table V.)
V « n  d e r  W « « l s ’ 

b.
2 o v l0 8

(viscosity).
2 o v l0 8

( V « n  d e r  W « « l s .)

Argon .................... 2107 162 1-002 0-001347 ' 2-84 2-85
K rypton . . . . 2334 182 x 1-001 0-001774 3-12 3-14
X e n o n .................... 2107 252 1-000 0-002304 3-47 3-42
H elium .................... 1885 75 1-006 0-000432 1-89 1-96
Oxygen . . . . 1923 130 1-005 — 2-93 2-89
Hydrogen . . . . 854 76 1-006 0-00096 2-36 [2-52]

N itrogen . . . . 1672 112 1-003 0-00255 3-10
J 3 - 5 4
\3 - 0 8

A i r ......................... 1721 111 1-004 0-00209 3-08 3-30

Carbon dioxide . . 1388 249 1-000 0-00228
/  3*27 
\ 3 - 2 0

3-40
3-20

R e f e r e n c e s .

V iscosity  /ul0a t  273° C. abso lu te .— T h e se  v a lu e s  a re  t a k e n  fro m  t

m y  f ir s t  m e m o ir , w h e re  fu ll  re fe re n c e s  m a y  b e  fo u n d . T h e y  a g re e  v e ry  w e ll w i th  th e  

l is t  g iv e n  b y  E u c k e n  ( ‘ P h y s .  Z e i ts c h r . , ’ 14, T a b le  3, 1 9 1 3 ), in  w h ic h  V o g e l ’s  

d e te rm in a t io n s  a re  in c lu d e d  w i th  o th e r  r e c e n t  v a lu e s  in t a k in g  m e a n s .
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3 4 8  DR. S. CHAPM AN ON THE LAW  OF DISTRIBUTION  OF MOLECULAR VELOCITIES, ETC.

S u t h e r l a n d ’s  co n sta n t  S .— T h e se  v a lu e s  a re  th o s e  g iv e n  in  th e  sam e  ta b le  o f  m y  

fo rm e r  m e m o ir (w h a t  is c a lled  S  in  th i s  p a p e r  w a s  th e r e ,  a n d  is u s u a lly , d e n o te d  b y  C ), 

w h e re  re fe re n c e s  to  so u rc es  m a y  b e  fo u n d . T h e  v a lu e  fo r k r y p to n  w a s  th e r e  g iv e n  

in c o rre c tly  ; I  a m  in d e b te d  to  D r. G . R u d o r f  fo r  th e  c o rre c tio n .

v a n  d e r  W a a l s ’ b.— T h e  v a lu e s  fo r  h e liu m  (K a m e r l i n g h  On n e

n itro g e n , a ir  (R o s e -In n e s ), a n d  c a rb o n -d io x id e  (v a n  d e r  W a a l s ’) a re  ta k e n  from  

J e a n s ’ ‘ D y n a m ic a l  T h e o ry  o f  G a se s ,’ 2 n d  e d itio n , § 194. T h o se  fo r  a rg o n , k r y p to n ,  

a n d  x e n o n  (R a m s a y  a n d  Tr a v e r s ), fro m  R u d o r f , ‘ P h il .  M a g .,’ J u n e ,  1909, 

p. 795 , a re  n o t  d i r e c t  e x p e r im e n ta l  v a lu e s , h o w e v e r, b u t  a re  c a lc u la te d  fro m  c r it ic a l 

d a ta .

D ia m e te r  2 ^  f r o m  v isco s ity .— T h e se  a re  p ra c t ic a l ly  tw ic e  th e  v a lu e s  fo r th e  ra d ii  

g iv e n  on  pp. 4 76 , 481 o f  m y  fo rm e r  m e m o ir , w h e re , h o w e v e r , e r ro rs  o f  c a lc u la tio n  

(h e re  c o rre c te d )  w e re  m a d e  in  t h e  case  o f  a rg o n  a n d  k r y p to n  (a s  D r . G . R u d o r f  k in d ly  

in d ic a te d  to  m e).

D ia m e te r  2cr2 f r o m  va n  d e r  W a a l s ’ b .— T h e  v a lu e  fo r o x y g e n , a n d  th e  se

v a lu e s  fo r n i t r o g e n  a n d  c a rb o n -d io x id e  (a s  w e ll a s  2 o-j fo r  t h e  l a t t e r )  a re  fro m  T a b le  7 

o f  E u c k e n ’s  p a p e r  ; h e  d o es  n o t  g iv e  h is  a u th o r i t ie s ,  b u t  h is  v a lu e s  a re  p ro b a b ly  th e  

m o s t re c e n t  a n d  re lia b le . T h e  v a lu e  fo r h y d ro g e n , h e  say s , is d o u b tfu l .
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