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1 Introduction

To explain our interest in the question discussed in this paper we recall several
facts and concepts from the foundations of stochastic finance. The fundamental
point of this theory is that there are basic securities with prices evolving as random
processes; the randomness is inherited by the investors portfolios. In the simplest
one-period model where we have {0,7'} (the terminal datd” may be denoted

by 1), the nurdraire is a traded asset, the price incrementstmsic securities are
described simply by a randothdimensional vectog. The portfolio strategy is just

a (deterministic) vectoh € R? and the portfolio increment is the scalar product
h&. One says that the market is arbitrage free (briefly: satisfies the NA property)
if the inequalityh& > 0 may hold only ifh¢ = 0. This property plays a key role

for the pricing of derivative securities. In the case of finitét is an easy exercise

on the use of the separation theorem to check that the NA property is equivalent
to the existence of a (scalar) random variaBlevhich is strictly positive (a.s.),

EZ = 1, and the vecto? Z¢ is zero. In the economic literature the probability
space(2, F, P) with P = ZP is called the “risk-neutral world”. Rather remark-
ably, this simple exercise happened to be the germ of an important development
in mathematical finance. The first steps of this development are now classical.
The Harrison—Pliska theorem gives an extension to the multi-period model (with
finite £2) claiming that NA holds iff there exists a strictly positive (a.s.) martin-
galeZ = (Z;) such thatEZ,&, = 0 for all t. The Dalang—Morton—Willinger
theorem, a result which is mathematically much more delicate, extends this asser-
tion to an arbitrary?, adding also that one can always choose a bounded density
processZ. At the moment, no-arbitrage criteria are obtained for numerous models
(continuous-time models, models with transaction costs, models with constraints),
see the handbook [2].

However, the NA property is not a single one isolated in the economic liter-
ature. A weaker property, called the law of one price (we shall use the abbrevi-
ation L1P), for the one-period model can be formulated as follows: the identity
x + hé = 2’ + h'¢ whereh, b/ € RY implies thatz = 2/, see, e.g. [7]. In other
words, if a contingent claim has a price, namely, the replication price, this price
is unique. Clearly, this property is always fulfilled if NA holds. Again, in this el-
ementary case, it is an easy exercise on a finite-dimensional separation theorem
to check that L1P holds iff there exists a random variablénot necessary pos-
itive) with £Z = 1 such that the vectoE Z¢ is zero. Similarly, an extension to
the multi-period model with a finite number of states of nature (i.e. to the setting
of the Harrison—Pliska theorem) does not pose new mathematical difficulties. Our
aim here is to analyze the law of one price for the multi-period model with a gen-
eral probability space in the same spirit as it was done in the recent note [5]. It
is worthy to mention that similarly to NA criteria, there are several strategies of
proof. We opt that of the mentioned note.

At last, we introduce the notion of normalized excess expected return of a strat-
egy and show that such a week condition as LPT1 implies already the existence of
amarket portfolio.
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2 Thelaw of oneprice

Let (£2, F, P) be a probability space equipped with a finite discrete-time filtration
(F),t =0,..,T, Fp = F, and letS = (S,) be an adapted-dimensional
process. LetRy := {¢ : & = H - Sy, H € P} whereP is the set of all
predictablel-dimensional processes (i.H, is F;_;-measurable) and let

T
H-Sp = ZHtASt, AS; =8, — Si_1.

t=1

We denote byL’(F;) the set of finiteF;-measurable random variables.

The linear subspac®7 is closed inL°(Fr). This fact, fundamental in the
sequel, was established in [5].

We say that the model satisfies the law of one price (L1P) at thetdaté if
the equalityl + H - St = ¢’ + H' - Sy whereH, H' € P and(, ¢’ € L°(Fy),
implies that{ = ¢’ (a.s).

It is easily seen that this condition, L1P,tat= 0, can be written as follows:
Ry N LO(Fy) = {0}.

Theorem 1 The following conditions are equivalent:

(a) Ry N LO(Fo) = {0};

(b) there is a bounded martingale Z = (Z,),<y With EZy = 1and Zy > 0
such that the process ZS isa martingale.

Proof.(a) = (b) Take an arbitrary non-nullF,-measurable sed. By the assump-
tion I, ¢ Rp. Choose a probability measufe ~ P with the bounded density
p = dﬁ/dP and such that alb, are integrable with respect 8. Since Ry is
closed in probability, the sdt}, := Ry N L'(P) is a closed linear space it (P).
Thus, there exists a bounded random variabje such that Z;tn = 0 for all
n € RLbutEZ2I, > 0.PuttingZ: := pZ# and normalizing, if necessarily, we
can rephrase this as follows: there exigt$ with | Z#| < 1 such thatEZ#n = 0
foralln € RL. but EZ£14 > 0. The setRL is stable under multiplication by the
indicator functions ofFy-measurable sets. It follows that the above properties re-
main valid if we replaceZ# by Ial{p(z4)7,)>0y- Hence, we may assume without
loss of generality thak'(Z:4|F,) > 0.

The usual exhaustion arguments ensure that there is a bounded random variable
Zr with E(Zr|F) > 0 such thatEZzn = 0 for all n € RL. For the reader’s
convenience we recall them. Létbe the family formed by all sets of the form
{E(Z#|Fy) > 0}, A € Fy. Leta = suppcc P(I'). The supremum here is
attained: it is sufficient to consider the sét= U,, A4,, and the bounded random
variable Z# = > 2*”Z§‘” where 4,, € Fy are such thatP(4,) — a. It
remains to notice tha?(A) = 1 (otherwise we could increase the supremum with
Z4%).

We conclude by putting; := E(Zr|F;) and by observing that the martingale
property of ZS holds becaus€AS; € R for every boundedr;_;-measurable
random variable.
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(b) = (a) This claim is obvious. Indeed, we should check that 0 whenever
E+H-Sp = 0. Forthe proces3f := Z(¢+ H-S)we haveM,;_, = E(M;|F;—1)
fort > 1. As M is zero at the terminal dafg, it is zero identically. In particular,
its initial value Zy¢ = 0. SinceZ, > 0, this implies thatt = 0. O

3 Ramifications and comments

1. It is quite natural to have a look at the situation where the portfolio strategies
are subjects some trading constrains. For instance, shortselling may be prohibited.
To be specific, suppose that we are given a closed convex Eore R? and at
each date the vector of holdings in risky assefg belongs toL° (K, F;_1), i.e.
H is a predictablel-dimensional process taking valueskn Let us denote the set
of such processes By* and the corresponding set of “result®% .
The law of one price (at time zero), abbreviated in this model ad'l, breans
that the equality + H - St = ¢’ + H' - Sy whereH, b/ € PX and¢, ¢’ € LO(Fo)
may hold only if( = ' (a.s).
This property can be expressed by the relatigh — RE) N LO(F,) = {0}.
Notice that

LYK, F) - L°(K,F) = L°(K — K, F)

(to check the non-trivial implicatio® it is sufficient to fix a basigv; } in K — K
and consider an arbitrary representatigr= v, — v}’ with v}, v} € K).

Recall thatk — K = R?if and only ifint K # (). Consequently, ifnt K # 0,
then Ry = RX — RX and we arrive at the following theorem which covers, in

particular, the model where shortselling is not allowed.

Theorem 2 Assumethat int K # (). Then the following conditions are equivalent:
(a) L1PK;
(b) there is a bounded martingale Z = (Z,),<r With EZy = 1and Zy > 0
such that the process ZS isa martingale.

Without difficulties this result can be extended to the case whgrare F; _ -
measurable (as usual, this needs a bit of set-valued analysis).

2. It is economically reasonable that the law of one price holds globally, i.e.
if a contingent claim is replicable when the trading starts at the datieen the
replication price is unique. Formally, we can isolate the following GL1P property:

the equalit)l + H- St = '+ H’- 'St wherer is a stopping timeH, H' € P,
and¢, ¢’ € L°(F,) may hold only if¢ = ¢’ (a.s).

Here we use the abbreviatid} := ;. 1) - S.

The following assertion is a corollary of Theorem 1 (cf. with the formulation
of Th. 4.5in [6]).

Theorem 3 The following conditions are equivalent:

(a) GL1PX;

(b) for every stopping time 7 there exists a bounded martingale Z(™) with
EZ{7) =1and Z) > 0 such that the process Z(™) 7S isa martingale.
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Note that replacing in the formulation of GL1P property the words “where
is a stopping time” by “where

Note that using in the formulation of GL1P property only deterministic times
gives an equivalent definition.

3. As usual, one can find in the literature on linear inequalities related results
corresponding to the one-step model and formulated as alternative theorems. As
an example, we give a relevant one: either the equatign= b has a solution
or there is a vectoe # 0 such thatzb = 1 andzA = 0. In the case where
2 :={wi,...,wn }, the N x d-matrix A is formed by the elements’ := AS7(w;)
andb = (1,...,1)".

4. Unfortunately, the above results have no natural counterparts for continuous-
time models. “Natural” here means “for the standard concept of admissibility”.
The latter requires that the value process is bounded from below. To see this,
consider the model wher§ is just a Wiener procesq, = oo. The process
V = 5-2(5) is a value process (corresponding to the admissible strafegyV’
and the initial valuer = 1) with V, = 0. Thus, we have that+ H - S =0-S
violating the law of one price. Of course, an appropriate modification of this model
provides an example whefeis finite.

4 Thelaw of one priceand CAPM

The law of one price implies an interesting and important consequence: the exis-
tence of a market portfolio.

To show this we make an extra assumption thatSale L? and define, in the
Hilbert spaceL?, the closed linear subspad&. = Ry N L? (recall thatRr is
closed inL?). It contains all terminal values of portfolios with bounded strategies
and starting from zero. The random variabler H - St is the terminal value
(expressed in the units of the némaire assumed to be a traded security) of a
portfolio with the initial endowment. Hencef := H - St is the surplus of this
strategy with respect to holdingin the nungraire; it does not depend of the initial
endowment, but for: = 1 it is usually referred in the economic literature as the
excess return of the portfolio. We define as the (normalizecdss expected return
of the strategyH the ratiory := % whereo is the standard deviatiomy; is

called the Sharpe ratio. By conventiogL: 0. Sinceryg = rg for A > 0,
this normalization allows us to compare “quality” of the portfolio composition
independently of its “size”. We say that a strate@ywith n := G - Sr € R2
defines amarket portfolio if for every strategy with the terminal valde.= H - St

in R2 we have the equality

re = BaHTa (1)

wherefSq g is the correlation coefficient(¢, n). Notice that (1) looks like the usual
CAPM relation, see, e.g., [4].

For the case wher® is a martingale measure the identity is trivial. We exclude
this situation in the formulation below.
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Proposition 4 Suppose that P is not a martingale measure and L1P holds. Then
the market portfolio does exist.

Proof.The requirement is met by the strate@ycorresponding to the projection
of the unit onto the subspade’.. Indeed, by definitionf(1 — n)¢ = 0 for each
¢ € RZ. Inparticular, E(1 — n)n = 0 and, thereforeEn = En* > 0. In fact,

the inequality here is strict: otherwisgis zero andE¢ = 0 for each¢ € R%

implying that P is a martingale measure. The casg? = 1 is also impossible:
since En? + E(1 —n)? = 1 we would have thaty = 1 violating L1P. Thus,
0 < En < 1. Now we write the relatior®'(1 — )¢ = 0 in a different way:

E¢ = E{n = Cov (§,n) + E{En

whereCov (&, n) is the covariance of andr).
We deduce from here taking into account the equality= En? that

Be = Cov (&,m)  Cov(&,m)En  Cov(&,n)En
T 1-En  En—(En?  o%n)

Hence,
£ _ Cov(&,n) En
a(§)  a(&an) an)

and we obtain the required relation (D).

Remark.In fact, the above proof is not needed: simple geometric considerations
replace the above arguments. Indeed, r¢, Bgg are the cosines of angles be-
tween¢ and1, n and1, £ andn. This observation shows that (1) means that the
projection of the vectot onto¢ can be obtained in two steps: first we projéct
onto the plane of the vectogsand» and then project the result onfo A picture
makes this obvious.
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