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Abstract: We introduce a new approach to find the Tomita—Takesaki modular flow for
multi-component regions in general chiral conformal field theory. Our method is based
on locality and analyticity of primary fields as well as the so-called Kubo-Martin—
Schwinger (KMS) condition. These features can be used to transform the problem to
a Riemann—Hilbert problem on a covering of the complex plane cut along the regions,
which is equivalent to an integral equation for the matrix elements of the modular
Hamiltonian. Examples are considered.

1. Introduction

The reduced density matrix of a subsystem induces an intrinsic internal dynamics
called the “modular flow”. The flow is non-trivial only for non-commuting observable
algebras—i.e., in quantum theory—and depends on both the subsystem and the given
state of the total system. It has been subject to much attention in theoretical physics in
recent times because it is closely related to information theoretic concepts. As examples
for some topics such as Bekenstein bounds, Quantum Focussing Conjecture, c-theorems,
holography we mention [1-5]. In mathematics, the modular flow has played an important
role in the study of operator algebras through the work of Connes, Takesaki and others,
see [6] for an encyclopedic account.

It has been known almost from the beginning that the modular flow has a geometric
nature in local quantum field theory when the subsystem is defined by a spacetime region
of a simple shape such as an interval in chiral conformal field theory (CFT) [7-9]: it is
the 1-parameter group of Mdbius transformations leaving the interval fixed. For more
complicated regions, important progress was made only much later in a pioneering work
by Casini et al. [10], who were able to determine the flow for multi-component regions
for a chiral half of free massless fermions in two dimensions. Recently in [11] they have
generalized their method to the conformal theory of a chiral U (1)-current. Unfortunately,
the method by [10, 11], as well as all other concrete methods known to the author, is based
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in an essential way on special properties of free quantum field theories. The purpose of
this paper is to develop methods that could give a handle on the problem in general chiral
CFTs, i.e. the left-moving half of a CFT on a (compactified) lightray in 1+ 1 dimensional
Minkowski spacetime, and to make some of the constructions in the literature rigorous
by our alternative method.

Consider a (possibly mixed) state in the chiral CFT, described by a density matrix
p. Typical states of interest are the vacuum p = [Q0)(20]|, or a thermal state p =
e PLo/Tre=PLo. Given a union A = U;(a;, b;) of intervals of the (compactified)
lightray, we can consider its reduced density matrix Tryr p = pa, where A’ is the
complement of A. For the purposes of this discussion, we restrict to the vacuum state,
although in the main part, thermal states will play a major role as well. If ¢ (x) is a
primary field localized at x € A, the “modular flow” is the Heisenberg time evolution
pjf qb(x)p/:”. The object py4 is not actually well-defined in quantum field theory, but
the modular flow is. Below we will use the rigorous framework of Tomita—Takesaki
theory in our construction, but for pedagogical purposes, we here pretend that p4 exists.
Formally, the Hilbert space H splits as H 4 ® H 4 and if p is pure, then py is formally a
density matrix on H 4. Its —equally formal—logarithm H4 = In p4 is called the modular
Hamiltonian in the physics literature.

In mathematical terms, the quantity which is well defined is the operator A = pg4 ®
,0;,1. For x € A, we can then also write p{¢(x)p," = A'¢(x)A™" and InA =
Hp ® 14 — 14 ® Hy . Furthermore, one can write

Tr(p ()P p (ML) = (Qolp (x) A" ¢ (1)), (1)

and since the conformal primaries generate the full Hilbert space (mathematically, the
Reeh-Schlieder theorem), we see that we knowledge of this quantity for all primaries
¢ suffices, in principle, to determine all matrix elements of A" hence the operator
itself, hence the flow. Alternatively, to know the generator of the flow, it suffices to know
(Qole(x)(In A)@ (¥)R20). Itis those types of quantities which we will study in this paper.

Our main innovation is the following trick and it variants. For s > O and fixed y € A,
define a function of x on the complex plane cut along the intervals A,

(Qolp [ —e*(1 = AT lp(1MQ)  iIf J(x) <O,

FOED =V @0lpmll - e (1 = A1 190)Q0) iF306) > 0.

2)

Then not only do the usual properties of CFTs imply that this function is holomorphic
on the mutliply cut plane, but we also know its jumps across the cuts, given by the
functional equation

(I —€)F(s,x —i0,y) — F(s,x +i0, y) = (Qol[¢ (x), #(3)]10). 3)

The commutator on the right side is given by a sum of §-functions and their derivatives
by locality. We also prove certain further general properties of this function such as the
degree of divergences as x approaches y or any boundary of a cut which depend on
the conformal dimension of ¢. Using this functional equation and a standard contour
argument appearing frequently in the study of Riemann—Hilbert type problems, we then
obtain a linear integral equation for F' of Cauchy-type. The desired matrix elements of
the modular Hamiltonian are related by the integral

(S0l (x)(n A)¢ (y)$20) =/0 ds F(s,x, y). “4)
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A variant of this method also works for fermionic fields and for thermal states where
the corresponding function F lives on a torus cut along A and satisfies a corresponding
integral equation.

The basis of our method is an old observation in quantum statistical mechanics.
Consider a statistical operator p. The expectation functional acting an observable X
is w(X) = Tr(Xp) and the modular flow acting on an observable X is, by defi-
nition, o/ (X) = p''Xp . For observables X, Y, consider the function ¢y y () =
w(Xo!'(Y)) = Tr(Xp'Yp'~i"). Since p is a positive operator, one expects this function
to be analytic inside the strip { € C| — 1 < J(¢) < 0}. The values at the two boundaries
of the strip are evidently related by the functional equation

ox,y(t —i) = @y x(=1). (5

This functional equation is called the “KMS-condition” [12]. In our case, things are set
up in such a way that the KMS condition gives (3) and its variants, from which everything
else follows.

Our main results which go beyond the existing literature are the integral equations in
cors. 1, 2 which in principle give a way to go beyond free bosonic or fermionic CFTs.
In the case of free field theories, the explicit formula in Theorem 1 is a new result, as
are for instance the (still somewhat implicit) expressions for the modular hamiltonian
of free bosons on a torus given in Sect. 5.4. These results, and similar ones for free
fermions on the torus in Sect. 5.2 are also important because they relate our general
method to a method, valid for free bosons and fermions, due to [13,14], and therefore
give full mathematical justification of these general formulas in the case of type III
representations studied here.

This paper is organized as follows. In Sects. 2 and 3, we review basic notions from
operator algebras, Tomita—Takesaki theory, and the operator algebraic approach to CFT
(conformal nets) in order to make the paper self-contained. In Sects. 4 and 5 we introduce
our method and study several examples. We conclude in Sect. 6. Some conventions for
elliptic functions are described in the appendix.

Notations and conventions: Gothic letters %I, 901, . . . denote *x-algebras, usually v. Neu-
mann algebras. Calligraphic letters H, /C, ... denote linear spaces, always assumed
to be separable. The inverse temperature 8 and modular parameter t are related by
—2mit = p. The branches of Inz and z% are taken along the negative real axis.
S = {z € C | |z| = 1} denotes the unit circle, D¥ its interior/exterior.

Note added in proof: After this preprint was submitted, it was pointed out to us by the
authors of [15] that one of our calculations related to thermal states contained an error,
creating a tension between some of our results and those by [15], see also [16]. We are
grateful to these authors for making us aware of this issue, which has been fixed in the
current version.

2. Review of Modular Theory

2.1. Modular flow. For the convenience of the unfamiliar reader we review the basic
elements of modular (= Tomita—Takesaki-) theory; detailed references are [6,17,18].
Connections to quantum information theory are described in [19]. An exposition directed
towards a theoretical physics audience is [20].

The notion of modular flow is embedded into the theory of v. Neumann algebras.
Such an algebra, 91, can be defined as a complex linear space of bounded operators on
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some Hilbert space' 7 that is closed under taking products, adjoints (denoted by ).
Such limits are understood in the so called “weak’ topology, i.e. convergence of matrix
elements. It is common to denote by 9 the commutant, defined as the set of all bounded
operators on H commuting with all operators in 1.

To define the objects of main interest of the theory, one has to assume that 91 is in
“standard form”, meaing: H contains a “cyclic and separating” vector for 201, thatis, a unit
vector | 2) such that the set consisting of X |Q2), X € 91is adense subspace of H, and such
that X|2) = Oimplies X = O forany X € 9. The point is that one can then consistently
define the anti-linear Tomita operator S on the domain D(S) = {X|Q2) | X € 91} by the
formula

SXIQ) = X*|Q). (6)

The cyclic property is needed in order that S is densely defined, whereas without the
separating property the definition would not be self-consistent. One can show that S is a
closable operator. This technical property guarantees that S has a polar decomposition. It

is customarily denoted by S = JA?2, where J anti-linear and unitary and A self-adjoint
and non-negative. Tomita—Takesaki theory is about the interplay between the operators
A, J and the algebras 21, M. The basic theorem is:

(i) J exchanges 91 with the commutant in the sense that J9UJ = 2. Furthermore,
JP=1,JAJ = A1
(i) The modular flow o/ (X) = A X A~ leaves 9t and 90V invariant for all 7 € R.
(iii)) From the vector |€2), one can define the state functional w(X) = (Q|XQ), o :
M — C. It is positive and normalized (meaning w(X*X) > 0 VX € M, w(1) =
1), and invariant under the modular flow in the sense that w o 6’ = w for all € R.
The KMS-condition holds: for all X, Y € 971, the bounded function

t oxy(t) = o(Xo' (V) = (QUXA'YQ) (7)

has an analytic continuation to the strip {z € C | —1 < Jz < 0} with the property
that its boundary value for Jz — —1% exists and is equal to

pxy(t —i) = w(@ ¥)X). ®)

A partial converse to (iii) is: If @’ is a normal (i.e. continuous in the weak*-topology)
positive linear functional on 90, then it has a unique vector representative |2') in the
natural cone P* = {Xj(X)|Q) | X € M}, where j(X) = JXJ; in other words
o' (X) = (Q|X) forall X € 9.

The objects J, A, P? depend on the algebra 9t and the state |2).

Example 0: Even tough Tomita—Takesaki theory is most interesting in the case of infinite
dimensional v. Neumann algebras of types II, III, it helps with intuition to have in mind
the finite dimensional case, i.e. the type [,,” (algebra of n by n matrices). In this case,
M = M, (C) ® 1,, which acts on the Hilbert space H = C" ® C". Evidently, the
commutant is M’ = 1, ® M, (C). A vector |2) in this Hilbert space is cyclic and
separating if |Q) = Z?:l J/Pjlj) ®1j) in some ON basis {|j)} and iff all p; > 0,
Z;f:l pj = 1. The state functional @ can be written in this example in terms of the
“reduced density matrix”

Po = ijlj)(jl, o(X) = Tren(Xpe) (X € M). ©
j=l1

1 We always assume that 7 is separable.
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In fact, any positive normalized state functional ’ arises from a unique reduced density
matrix p,, in this way. It is easy to go through the definition of A, J via § giving for
instance that

1 1 _1

AT =pj®p,". (10)
Therefore, the modular flow is o/(X) = pl!Xp_ . The “modular Hamiltonian” is
defined as the self-adjoint operator In A. In our example, therefore,In A =1n p, ® 1, —
1, ® In p,,, where the first term belongs to 9t and the second to V. It is important to
stress that the split of In A into a part from 99t and one from 90U is impossible for general
v. Neumann algebras, in particular for the type III;-factors appearing in quantum field
theories.? Therefore, apart from trivial cases, the object In p,,, hence the reduced density
operator p,, itself, does not exist. On the other and, In A and w always exist. We will
make sure to work with these well-defined objects in our setting.

Sometimes, a state w is only given as an abstract (weakly continuous) expectation
functional on an abstract® v. Neumann algebra 9. Then one can perform the basic but
very important GNS construction in order to obtain a Hilbert space in which the state
is represented by a vector.

The starting point of this construction is the simple observation that the algebra 2t
itself, as a linear space, always forms a representation 7 by left multiplication, i.e.
m(X)Y = XY. To equip this representation with a Hilbert space structure, it is natural
to define (X|Y) = w(X*Y), but this will in general lead to non-zero vectors with
vanishing norm, unless w is separating. Introduce J, = {X € M | o (X*X) = 0}. By
the Cauchy-Schwarz inequality, | (X*Y)| < o(X*X)2w(Y*Y)V/?, we have J, =
{(X e M| VY € M, w(Y*X) = 0}, soitis aclosed linear subspace and a left ideal of 9t
containing precisely the null vectors. We can then define H,, = 9/J,, and complete itin
the induced inner product. The left representation induces a representation on H,, which
is called 7. It is the desired GNS-representation. The vector |2,) € H,, representing
w is simply the equivalence class of the unit operator, 1. It is by construction “cyclic”
in the sense that the set 7, (9)|2,,) is dense in H,,. The vector is standard if w (X*X)
implies X = 0 (meaning J, = {0}), in which case we say that it is faithful.

3. Review of Chiral CFTs

3.1. Conformal nets on the real line (lightray). One way to formalize the structure
of chiral conformal quantum field theories (CFTs) is via nets of operator algebras. A
chiral conformal field theory is associated with one lightray. It is given abstractly by an
assignment of an algebra of operators 2((/) with each open interval I = (a, b) C R of
the this lightray.

This assignment is called a conformal net if it obeys the following rules (see [21] for
a general introdution to algebraic quantum field theory and e.g. [22,23] for conformal
nets):

al) (Isotony) The algebras 2A(/) are v. Neumann algebras acting on a common Hilbert
space H. If I C J are intervals, then (1) C 20(J).

2 The possibility of making the split implies that o/ is inner, i.e. can be written as o/ (X) = U () XU (t)*
for unitaries U (¢) in 9. One characterization of type I/ v. Neumann algebras is that ¢ precisely cannot be
inner for any normal state .

3 We meana C *-algebra with a preferred “folium” of normal states, see [6]. In particular, it is not assumed
that 901 is a priori represented by bounded linear operators on some Hilbert space.
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a2) (Causality) Setting I’ = R\ [a, b] if I = (a, b), we have A(I") C A), i.e.
observables from disjoint intervals commute.
a3) (Covariance) On H, there is a unitary representation g +— U(g) of the group

SL(2, R)/{£1}. If we let elements g = (i 2) of this group act locally on R by

fractional transformations g(x) = fo:’; ,then itis assumed that U (g)A(1)U (g)* =

A(g(I)) for all intervals 7 and g € SL(2, R) such that g(x) is well defined for all
x € I. We also use the notation

af(X) = Adyg)(X) = U(®)XU(9)" (1)

a4) (Spectrum) The representation g — U (g) is strongly continuous. The infinitesimal
generator P of translations tra;(x) = x +1¢,1.e. P = —i%U(tra,)h:o has non-
negative spectrum.

a5) (Vacuum) There is a unique (unit) vector |2g9) € H such that U(g)|20) = |Q0).
The corresponding state functional will be called wo(X) = (20| X 2¢) throughout.
The vacuum should be cyclic for \/; 2(I), the v. Neumann algebra generated by

all intervals.

The algebra of observables associated with the union of p open intervals with disjoint
closures,

p
A=J@j.bj) CR orSbelow, (12)
j=1

where each I; = (aj, b;) is an interval of R (or arc of the circle S below), is defined to
be

p
A(A) = \/ A, (13)
i=1

where the symbol v means the v. Neumann algebra that is generated by the algebras for
the individual arcs/intervals.

3.2. Conformal nets on the circle (compactified lightray). If we want to insist on a
global action of the Mobuis group SL(2, R)/{£1} on the net, we must pass from the
light ray to a compactified lightray, i.e. the circle. The compactification proceeds via the
Caley transformation C : S\ {+1} - R, C(x) = —i(x + 1)/(x — 1), and under this
transformation intervals get mapped to arcs of the circle. The Caley transform intertwines
the action of SL(2, R)/{=1} on the lightray with the action z — g(z) = %2 of

Bz+a
SuU(1, 1)/{£1} on the circle, where g now corresponds to the matrix ((é g) e SuU(, 1)
under the standard isomorphism between the groups SL(2, R) and SU(1, 1).

The axioms for a conformal field theory, i.e. net of operator algebras, on the circle are
completely analogous to those for the lightray. In the circle picture, it is more standard
and natural to use the generators of SU(1, 1) called Lo, L+, where Ly is the generator
of rotations z — e'’z,t € R. The requirement a4) is equivalent to the requirement
that Lo has non-negative spectrum. From a net on the circle, we may via the Caley
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transform always get a net on the lightray such that P has non-negative spectrum, but
not necessarily vice versa since the point at infinity is missing from the lightray. For the
rest of the paper, we will assume the axioms on the circle. In Sect. 5, we will also need:

a6) (Finite trace) Tre #L0 < oo for B > 0.

The above axioms (including the trace condition just mentioned) have a number of
well-known consequences which are of interest for this paper:

1. For each interval (1) = 20(I") (Haag duality [9]).

2. For each interval, the linear subspace 2(/)|€20) is dense in H (Reeh-Schlieder the-
orem). As a consequence, the vector |Q2p) is cyclic and separating for each local
algebra 2((7), and we can apply Tomita—Takesaki theory to the pair (((7), |<20)).

3. The modular operator A associated with an open arc I = (a, b) acts geometrically
in the sense that

alb—2)e ! +b(z —a)
(b—2e 7 +(z—a)

AT =U(g), &)= (14)
(Hislop—Longo-theorem [9]).

4. Each algebra 2((/) has in its central decomposition only hyperfinite type III; factors
[24,25].

5. U; Ad) = B(H) (irreducibility [26]).

Most of these axioms and results have a more or less obvious counterpart for graded
local, i.e. “fermionic”, theories, see e.g. [27].

Example 4: (Virasoro-net) The Virasoro algebra is the Lie-algebra with generators
{Ly, k}ncz obeying

K
(L, L) = (n — m)Lyysm + En(n2 — D8y —m> [Ln,k]=0. (15)

A positive energy representation on a Hilbert space H is a representation such that (i)
L} = L_, (unitarity), (ii) Lo is diagonalizable with non-negative eigenvalues, and (iii)
the central element is represented by k = c1. From now, we assume a positive energy
representation. We assume that H contains a vacuum vector |€2g) which is annihilated
by L_1, Lo, L1, (sl(2, R)-invariance) and which is a highest weight vector (of weight
0),i.e. L,|20) = 0 for all n > 0. One has the bound [23,28-30]

1+ Lo Ly W < Ve/2(Inl + D211+ Loy (16)

for W) e V = ﬂk>0 D(Llé) C 'H and any natural number k.

One next defines from the Virasoro algebra the stress tensor on the unit circle S,
identified with points z = ¢, u € R in C. The stress tensor is an operator valued
distribution on H defined in the sense of distributions by the series

T(z):—% D Laz" (17)

More precisely, for a test function f € C°°(S) on the circle, it follows from (16) that
the corresponding smeared field

i —— o
T(f):/ST(Z)f(z)dz = ~5 Z (/Sz 2f(z)dz) L, (18)

n=—oo
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is an operator defined e.g. on the dense invariant domain V = ﬂ,@o D(L'(g) C H
(which can be shown to be a common core for the operators 7'(f)) and the assignment
f = T(f)|¥) is continuous in the topologies on C*°(S) and H for any vector in this
domain. Letting I" be the anti-linear involution

If(z) = —2°f(2), (19)

the smeared stress tensor is a self-adjoint operator on D(Lg) for f obeying the reality
condition I'f = f, and one has T'(f)* = T(I'f) in general. It can be shown that the
operators ¢' (/) for real f form a unitary projective representation of the (covering of
the) group of orientation preserving diffeomorphisms (whose generators are the vector
fields f(z)d/dz) on the circle. The Virasoro net is then defined by

Ayir(1) = [T | feC™®U),Tf = fY (20)

where the double prime means the v. Neumann closure. The generators of this algebra
hence correspond to diffeomorphisms acting trivially outside the arc I C S.

3.3. Pointlike fields. The standard setup of CFT commonly used in the physics literature
is based on the use of pointlike fields rather than nets of algebras of bounded operators.
Here we will sketch the connection. In fact, the full mathematical details of this connec-
tion are not understood in general, although in many important classes of examples, see
[23].

On the circle, one typically postulates the existence of local fields having the “mode
expansions”

1 —n—h
= — nz 21
¢ (2) qusz @1)

nez

h > 0 is called the conformal dimension of the field. The field is typically “energy
bounded” i.e. that the modes ¢,, n € Z of the field are linear operators on Hg, which
satisfy:

Assumption 1. The local fields have a mode expansion (21) such that:

1. an energy bound of the type ||(1 + Lo)*¢, ¥ | < C(1 + |n|)k+h_% (14 Loy
for all n € Ny, |¥) € Ho, and for some k > 0, satisfying

2. the commutation relations [L,,, ¢,] = ((h — 1)m — n)¢,4y for |m| < 1 where
L_y, Lo, Ly are the generators of the action of SU(1, 1) on H and where & € R is
called the conformal spin, satisfying

. 1f |Q0) € Hp is the vacuum vector, then ¢,|2p) = 0 for n > —h, and satisfying

. ¢ = ¢_, for a self-adjoint local field.

. The fields ¢ (f), supp(f) C I should be affiliated with 2A(7), i.e. there exists a
sequence B, such that lim, B,|V) = ¢ (f)|¥) forall W € V = ﬁkD(Ll(‘)).

W B~ W

These properties imply that the smeared fields are operator valued tempered distri-
butions on the domain V = ﬂkD(L(’j): Let |W) € V. Then 1) gives, with ¢ (f) :=
Js () f(2)dz,
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11+ Lof (AW < CIA+ Loy 1w 3 | Fonl (14 [n))" =2
nez

< Cy sup || P, (22)
J<h

because |f_n_h| goes to zero for |n| — oo faster than any inverse power. Thus, ¢ (f)
is an operator valued distribution on the dense invariant domain V), which is in fact a
common core for the operators ¢ (f). By the same type of estimate the properties 1)
and 2) imply furthermore that ¢ (z)|€2p) can be analytically continued to a H-valued
holomorphic function on D* with vector valued distributional boundary value on S. It
follows from the commutation relations 2) that  carries a strongly continuous unitary
representation U of SU(1, 1) generated by Lo, L+, and this representation satisfies
transformation law

d
i[Ly, ¢(2)] = z’"“d—zrb(z) +h(p)z"¢(z) or
U(2)p()U ()" = [g' @)1"$(g(2)), (23)

where g € SIT(\I,/I) is in the covering group of the Mobius group, and g(z) its action
on points z of the circle. For integer 1 € Ny, we get a representation of SU(1, 1)/{£1}.
The restriction of U to the invariant subspace span{¢, |20) = 0 | n < —h} is a discrete
series representation (see e.g. IX, para. 3 of [31]). It also follows that primary fields can
and will be normalized so that
e*inh

Qolo (x Q)= ———-. 24

(0l$ (S MIR) = 35 24)
In particular, we see that the field can be local only if the dimension 4 is a natural number.
Fermionic fields are not local but satisfy a graded locality. In that case h € %No.

Example 5: (Stress tensor) The stress tensor 7' (z) affiliated with the Virasoro net of
central charge ¢ > 0 is a pointlike field of dimension 2 = 2 satisfying the above
assumptions.

Example 6: (U (1)-current, see e.g. [27,28]) The net of the free U (1) current on the
circle can be defined e.g. starting from the Lie-algebra generated by a central element 1
and the “modes” j,, n € Z defined by [j,, jm] = ind, —, 1 with *-operation j¥ = j_,.
The Hilbert space H is the closure of the linear span of jy, ... j; [Q0),n1 < - - <ng <
—1 on which the action of the J,,’s is obtained via the commutation relations and the
condition j,|20) = 0 forn > —1. One sets L, = % ZmEZ * Jn—mJm :, Where here and
in the following, the normal ordering sign : , : means that modes with index m > —1
(or > h if the field has dimension /) are always put to the right of the modes with index
n —m < —1. The L,,’s the satisfy a Virasoro algebra of central charge ¢ = 1.
It can be checked that the corresponding current

: 1 . a1
== ™ 25
7@ m%z]z =

satisfies the above assumptions with 2 = 1 and is hence an operator valued distribution
satisfying j(z)* = 22J(z) and [j (2), j(w)] = i8'(z — w). For any test-function f, the
smeared operator j(f) := fs J(2) f (z)dz has a dense set of analytic vectors (a space of
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such vectors is spanned by the eigenvectors of L), and hence is essentially self-adjoint
by Nelson’s analytic vector theorem. Hence, we can unambiguously define the Weyl
operators

W(f) =" fec(), (26)

(here T'f(z) = — f(2) and C°(S) is the set of invariant elements under I'), satisfying
the Weyl relations

W(HW(g) = CUOPW(f+g), W(f)* =W(-1),
C(fg) =1 /S (&' f — flg)dz. 27)

The corresponding net of v. Neumann algebras is defined by

Auay(D ={W () | f e} (28)

where I C S is an open arc of the circle or a union thereof, and the double prime
means the weak closure (double commutant). The local, unbounded field operators
Jj(f),supp f C I are not contained in- but are affiliated with these algebras.

Example 7: (Free Fermi net, see e.g. [27,32]) This net is constructed starting from the
Clifford algebra generated by a central element 1 and the “modes” vy, n € Z+ % subject
to the relations ¥, Y, + Yim ¥y = 84,—m1, ¥,y = ¥_,. The vacuum Hilbert space Hs
is the closure of the linear span of the vectors ¥, - - - ¥, |2Ns), n1 < np < --- < 0.
A x-representation is defined setting ¥,,|2ns) = O for all n > 0 using the relations to
define the action of an arbitrary ,,. The state |2ns) is in this context called the “Neveu-
Schwarz-vacuum”. The operators L, are defined by L, = ) ezl M Wy V-
which generate an action of the Virasoro algebra (in particular of the Lie algebra of
SU(1, 1) generated by L,,n = —1, 0, 1), at central charge ¢ = % The corresponding
field

1 —n
VO = =) Yy (29)

nez

is hence an operator valued distribution. It satisfies ¥ (2)* = zy¥ (z) and ¥ (z)*¢ (w) +
Y(w)¥(z)* = 8(z — w)l. For any test-function f, the smeared operator ¥ (f) :=
fS ¥ (2) f(z)dz is in fact a bounded operator satisfying the canonical anti-commutation
relations

VOV@+ V@V =~Tfl (N =vTf), T(H=-z""fQ@.
(30)
The corresponding net of v. Neumann algebras is defined as the CAR-algebra [33]

Apermi (1) = {¥ (f) | f € CGZ(DY". €Y

The net of local observables is not a local net but a graded local net, see e.g. [27]. There
is another representation of the same net Apermi, called the “Ramond” representation. It
is given by the integer moded expansion

1 L
Ve = = D Yz "2, (32)

nez



On the Modular Operator of Mutli-component Regions in Chiral CFT 795

where the modes satisfy the same relations as before. The Hilbert space HR is constructed
as the linear span of the vectors ¥y, - - - ¥, |QR), n1 < ny < --- < Osetting ¥, |Qr) =
0 for all n > 0 using the relations to define the action of an arbitrary y,,. The Virasoro
generators in the Ramond representation Hg are L, = ZmeZ m:V_msn¥m

4. Modular Operators for Conformal Nets on S

In this section we give a first prescription for computing modular operators of chiral
conformal nets on S satisfying some natural extra conditions. It is related naturally to
the matrix elements (0|} (x) A ¢ (y)|Q0), but leaves in general certain ambiguities
that preclude so far their explicit calculation. This difficulty can be overcome to a cer-
tain extent by our second method, presented in Sect. 5, more directly related to the
matrix element (2|¢ (x)(In A)¢(y)|2). Since the material here will form the basis of
our discussion in Sect. 5, and since the arguments are also of independent interest, we
nevertheless present this approach first.

4.1. General results. Quite generally, if 901 is a v. Neumann algebra in standard form
with cyclic and separating vector €2, then if X, Y € 90, the Fourier transform

. . dr
FX,Y(S)E/]R(mXA”YQ) e’”E (33)

is well-defined in the sense of a tempered distribution in the variable s—in fact for
Y = X*, I'x x+(s)ds is a positive Radon measure on R, see sec. 5.3 of [17,18]. By the
Fourier inversion theorem, the operator A/’ is hence fully characterized provided we
know 'y y(s) forall X, Y € 9 and all s, i.e. as a distribution in s.

Using the KMS condition (8) after shifting the integration contour from the real axis
R to the line R — i parallel to the real axis immediately gives

Cxy(s) =e'Tyx(—s). (34)

On the other hand, for X € M, Y € 9 or vice versa, we get
Lxy(@s) =Tyx(—s) (35)

using that the modular flow o/ (X) = A X A~ preserves O, M.

We now want to describe how the extra structure of chiral conformal field theory can
help to characterize I'x y (s). The case we want to consider is the v. Neumann algebra
M = A(A), associated with a region A consisting of p open arcs. The vector under
consideration is the vacuum, |Q2) = |Q¢). It seems that the information is most easily
retrieved if instead of bounded operators X, Y, we work with point-like unbounded field
operators as described in the previous section. We define for a generic primary field ¢:

. . d
[(s;x,y) E/(52<)I<1>()6)A”<15(y)IQO)e”sz—t- (36)
R T
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Here, x, y € S are to be smeared with test functions on A or A’, and A = Ay, is the
modular operator in the vacuum state for the multi-interval/arc A. The quantity I" should
be considered as analogous to (33).

Example 8: For one arc, A = (a, b), the modular flow of a local primary field of
dimension 4 is given by the Hislop—Longo theorem [8,9] as

alb — x)e ! 1 h(x — a)

A" AT =[g[ ()] P (g (x)), g (x) = Ty

(37)

Therefore I' can be found from (36) and (24), giving for x, y € (a, b)

e—i‘v/2—inh|r(h _ %)|2 ( b - a)2 )h
(33)

He o) =G an (r —a)(x D)y =a)(y = b)

(is (x—a)(y—b))
cexp| —In—— ).
2 (x—b)(y —a)

The example suggests that the behavior of I'(s, x, y) near a boundary point g; of a
multi-interval could be (x —g;)~". This is supported by the following lemma, formulated
in the circle picture.

Lemma 1. Under the assumptions on the CFT given in the previous subsections:

LIff e CPMR)and T'(f;x,y) = fl"(s; x, ) f(s)ds, then T'(f;x,y) is smooth
inx,y €S away from the 2p end-points of the p intervals 1;. Moreover, for any
0<e< %,

P
Pfox ) [Je = an)" (v = an)" (x = b)" (v = ba)"

n=1

< Ce™ sup (G2 £ (s)))
N

(39)

for some constant C only depending on the end-points. Here, o = +1 if both x, y
arein A, 0 = —1ifx,yarein A’ =S\ A.
2. We have the KMS condition

C(s;x,y) =€ T'(—s;y,x) (40)

in the sense of distributions for x,y € A. When x € A,y € A’ (or vice versa), we
have instead

L(s;x,y) =T (—s;y,x). 41

Proof. 1) We will compare the quantity I" of an arbitrary multi-arc A to that correspond-
ing to a single arc. First we assume x, y € A. Let I be the largest arc contained in A
that is symmetric around x, and J the largest interval contained in A symmetric around
y. If, for example, c; resp. ¢ are to the left of x resp. y, then I = (c;, cjflxz) resp.

J = (ck, ck_1 yz). Welet Ay, Ay, Ajbe the modular operators for the corresponding lo-
cal algebras. Then we use the well-known operator inequality A > A9 for0 < o < 1.
This follows from the fact that 2A(A) D 2([), which is exploited as follows. Quite
generally, let 91; be two v. Neumann algebras on the same Hilbert space with common
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cyclic and separating vector |2). We let S; be the Tomita operators for 9; with polar
decompositions S; = JiA;ﬂ. Note that, if 91, C 91y, then D(Sy) C D(S;). The set

D(S)) is a Hilbert space called H; with respect to the inner product (graph norm)
(@, W) = (P|V) +e(S1 WS D) = (P[(1 +“A)W). (42)

Letting I : 'H; — D(S1) be the identification map, one shows that I’ID(SZ) is a
closed subspace Hy C ‘H; with associated orthogonal projection P,. The operators
V= I71(1 + et Aj)_l/2 are isometries from H to H; (j = 1, 2) and their adjoints are
V]?k =(1+e" Aj)l/ZIPj (with P; = 1). There follow the relations

IPjI*=IVjVJT“I*=(1+e”Aj)’1, j=12 (43)
IF=1""1+e"A), (44)

which can already be found in [24].
We multiply the first relation from the right with X € 91, and from the left with

Y* € 9, and take the expectation value in the state |Q2). Then we use the second
equation and obtain

(QIY*(1+“AD)T'XIQ) — (QUY*(1 + " A2) 7' X|Q)

1 1 1 1 (45)
=((1=P)I " (1+"A)T'Y|(1 =PI (1 +"A))T XQ) .
The fact that the right side is manifestly non-negative for X = Y implies (1+¢*As)~! <
(1+e"A 1)_1 , and that, combined with the operator identity
sin o0
AY — NG = ln”a / UM+ A) T =T+ AN Idu <0 (46)

—00

forO0 < a < 1 gives the claim. Therefore A a/zAZ/Z(A;O‘/ZAZ/z)* = A;a/zA‘zA;a/Z

< 1 implying [[A%?A7*/?|| < 1, and similarly for J. By the functional calculus, if
dE (1) is the spectral resolution of In A 4:

C(fx,y) = Qm)”! /R ¢ £ (s) /R ¢ (Q01¢ (OAE () (1)) dids

@7
— (/¢ () f(—In A)d ()],
and then by the Cauchy-Schwarz inequality
ID(fx, y)| = ‘(Qolcb(x)f(—ln A4)é(»))
<A f=mAIIai A aia i aiecl )

INTIO I

< (supe‘”lf(s)l> 1A 6l 145 ¢ ()] -

Since ¢ (x)|20) can be analytically continued to a Hyp-valued holomorphic function
inside the unit disk D* (by the mode expansion of ¢, see the previous subsection), the
Hislop-Longo theorem applied to the modular flow o} of I can similarly be continued
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to imaginary flow time parameter t = —i« (see Eq. (37)). In combination with (24) we
thereby obtain

187 6012 = (Qol ()" A% (x)|0)
= (Ql¢p () o, (¢ (x))120)
= 22 (Qolp (x)o, " ($ (x))]R20) (49)

= Q2m)'dg!,, () /dx (x — gL, () 2
< (sinra) M |x — cj|_2h,

and similarly for y. Since this holds for any pair of end points,

p
L x 0 [T —an (v —an) e = b)" (v — ba)"
el (50)

< (sin Ta) 2 sup (e‘“|f(s)|)

Now we split the testfunction f = fy + f_, where the testfunction f_ has support in
(—o00, c], and the testfunction fi has support in [—c, 00). Then, for the contribution
from f_, we choose o« = 1 — ¢, whereas for the contribution from f., we choose o = ¢.
As a consequence, we find that (39) holds.

This shows in particular boundedness in x, y of I'( f, x, y) away from the endpoints.
A similar estimation can be made for descendant fields, i.e. the derivatives of the fields
¢ (x), ¢(y), and this shows smoothness. This finishes the proof of 1) when x, y € A.

To cover the other case, we note that the modular operator for 2A(A) D A(A’) is
related to that of My by A = Al_l. Then the other case of 1) follow by the same
argument, namely, x, y € A" we take I’ be the largest interval contained in A’ that is
symmetric around x, and J' the largest interval contained in A’ symmetric around y and
proceed in the same way as before.

2) Eq. (40) follows from the KMS condition (8) for bounded operators X, Y €
mo(RA(A))” because we are assuming about the local fields that for test-functions f, g
supported in A there exist X,,, ¥,, € mo(RA(A))” with the property that lim, X,|Q0) =
¢ (f)1R20) and lim,, ¥,,|R20) = ¢ (2)|€20) in the strong topology. A similar remark applies
to (41). 0O

We next make analytic continuations in the variables x, y. This gives us the following:
For fixed x € A, and fixed test-function f(s), the function y — I'(f; x, y) has an
analytic extension to a holomorphic function of y inside the unit disk D* = {z € C |
|z| < 1}, by the mode expansion of ¢. Similarly, for fixed y € A, the function x
["(s; x, y) has an analytic extension to x outside the unit disk D™ = {z € C | |z| > 1}.
How to extend to y € D~ or x € D*? The idea is that T'(f, y, x) is analytic in this
domain, so we try to paste I'(s; x, y) and I'(f, y, x) together across the boundary of the
disk and hope that we get an analytic function that way. This will turn out to be the case
on account of the KMS condition which relates the two quantities in precisely the right
way.

To this end, we define the following auxiliary quantity for fixed x € A, s € R:

C(+s,x,y) ifyeD",

K =
o) '(—s,y,x) ifyeD™.

(51
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We similarly define, for fixed y € A, s € R:

F(+s,x,y) ifxeD,

H =
@) =0y x) ifx € D,

(52)

Note that H implicitly also depends on the choice of y, s and K on the choice of x, s,
but we suppress this since we are, for the moment, only interested in the dependence of
H on x and of K on y. Furthermore, note that H and K are, a priori defined only as
holomorphic functions on the union D* UD™ = C\ S, i.e. the complex plane minus the
circle. On the circle, we define the boundary values from the inside resp. the outside of
the disk (&£):

HY*(x)= lim LH@. K*(y)= lim LK@, xyes. (53)

z—x,z€D z—y,zeD

Then the “jump conditions” (40), (41) imply that

H (x ifx e A/, K~ ify e A/,

H = =
D=1 o) ifx e A, MK (x) ifyeA.

(54)

Thus, both H resp. K are solutions to a Riemann—Hilbert-problem (across the contour
S). These problems are essentially completely understood, see e.g. [34,35]. The number
and type of solutions depends in general on the specification of the behavior of H resp.
K near the boundary points {g,} of the multi-arc A = U;(a;, b;) and at infinity, see e.g.
[34] (para. 79, pp 230) or [35] (para. 42, pp 420). In the case at hand, this behavior is
restricted by (39) and by the mode expansions of the fields.

A minor technical complication arises at this stage due to the fact that, as functions of
s, both H resp. K are only defined in the distributional sense, and our bound (39) likewise
also involves a test-function in s. This complication would make the direct application
of the results in [34,35] somewhat cumbersome, so we give an explicit analysis of the
implications imposed by the Riemann—Hilbert problem in the case at hand taking into
account this complication.

First we define the shorthands

P P
M) =[x —ap). M) =]]&-b). (55)
j=1 j=1
and
Zoew) = L [+ &= 56
+(x) = g n Jl:[] (x——b]) (56)

Notice that Z, (x(1 F¢)) = Z_(x(1 F&)) Fi/2 when ¢ — 0%, and that Z, has branch
cuts on A, while Z_ has branch cuts on A’ = S\ A. Then we define

K(y) = (M (y)T,(»)" / F(5)elsZ=Z:0N g (y 5) ds,
(57)
H(x) = (I, (x) T, (x))" f F(s)e s E 20N g (x 5) ds.

‘We have:
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Lemma 2. I?(y) is a polynomial in y of degree at most 2(p — 1)h, ﬁ(x) is a polynomial
in x of degree at most 2(p — 1)h.

Proof. We first consider K (y). The function In 228 ; = 27 Z4(y) jumps by +27i as
y crosses A from the inside of the unit disk to the outside. That jump compensates
precisely the jump (40) implied by the KMS condition, so that K (y) is continuous
across A. Similarly, (41) implies that K (y) is continuous across the complement A" as
a function of y, too. Therefore, by the edge-of-the-wedge theorem, K is an analytic
function of y in the entire complex plane minus the boundary points of the intervals.
Since K is a tempered distribution on S which away from the boundary points is the
boundary value of an analytic function (from either inside or outside the unit disk), it
follows that K cannot have any essential singularities at the boundary points y € {g;}.
Indeed, at any given boundary point, say a;, since we have a tempered distribution,
there exists a natural number N, such that, if we multiply K (y)by(y—a j)N , we get a
continuous function near a; in y € S. By the edge of the wedge theorem, this function,
being a boundary value from both inside and outside the disk, must be holomorphic
near a;. Actually, by (39) we know the factor (I1, (y)l'[b(y))h cancels the potential
blow up near a; when y € A, and therefore we can actually choose N = 0. Since this
argument can be repeated for any other boundary point, we learn that the function K (y)
is analytic in y throughout the entire complex plane. A similar statement holds for x and
y interchanged and with K and H interchanged.

We now establish a bound on the modulus of K (y) for |y| — oo. We learn from
the mode expansions and properties of the fields that y~2Ph+2h £ (y) remains bounded.
Thus, we conclude that |K(y)| < | y|2hp=2h throughout the entire complex plane for
some new constant possibly depending on x € A and on the test-function f. Therefore,
K (y) must for fixed x € A be a polynomial in y of degree at most 2ph — 2h. We may
repeat the same argument with the roles of x and y and of K and H reversed, and this
finishes the proof. O

The next lemma is a straightforward consequence of the preceding two lemmas.

Lemma 3. As a distribution on (x, y) € Sx S (and s € R), we have (for Z_, see (56)):

I(s,x,y)
2(p—Dh

= (M ()T TGN ™ Y € (5)gm (1) g ()= =701,

m,n=0

(58)
where 82}'6(%_6)'“'_‘?/26,“” (s) € L'(R, ds) for each % > & > 0, with uniformly bounded
L'-norm in ¢, and where q,, are polynomials of degree n.

Proof. We consider the distributional boundary values for x — A from within D~ and
for y — A from within D*, respectively in the following expression

Fs,xow) = Him (Ma (@020 (s, 2, y). - (59)

This boundary value prescription coincides with that for I" (s, x, y) and thus the right side
is well-defined as a distribution in on A x A (after smearing in s against a testfunction
f(s)), by elementary results on products of distributions that are boundary values of
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analytic functions. By Lemma 2, I'( f, x,y) is a polynomial both in x and in y. The
inequality (39) and the definition of Z, (56) gives the upper bound

IFCfx ) < Cemsup (57173 £ (9))) (60)

on this polynomial forall x, y € A. Since the coefficients, @, ( f), of this polynomial can
be reconstructed by interpolation from the values I'(f, x, yg) for 2h(p—1) interpolation
points x, and 2A(p — 1) interpolation points yg from A, this upper bound also holds
for a,;, (f). By the well-known duality between the Banach spaces L! (R) and L*°(R)
we can interpret this as saying that a,,, (s)e(%_g)ls +35 is a function in L' (R) with norm
bounded from above by Ce= 2" Now set cpm(s) = anm(s)e® and use the relationship
Zy(x(1F¢e)) =Z_(x(1Fe) Fi/2 whene — 0*. Then the proposition follows after
expressing ' in terms of I'. O

If we wish, we can at this stage take an inverse Fourier transform of G in s to get a
general expression for (Qo]@ (x) A ¢ (y)|R0). We set
G = [ (o), (61)
R
and we may take the polynomials ¢ in (58) as monomials, again for simplicity of notation.
Then we immediately get:

Proposition 1. /) As a distribution in (x, y) € A x A (with boundary value prescription
(x,y) € D™ x D* — S x S understood)

(Q0lp () AT (1)|R20) = (T4 (x) T (x) T, (W) T (y) " -

2(p—Dh (62)
D G+ Z(x) = Z(y) X"y,

m,n=0

where Z = Z_ is defined in (56), where Cpy (t) is analytic in the strip {t € C | —1 <
J(t) < 0}. There, it satisfies a bound

[Gnn (0] < [sin(r )] " (63)

and for real t satisfies the property (in the distributional sense as a boundary value)

E'\mn([_i) :alm(_t) :/C\mn(t)- (64)
2) We must have:
(=" < Q(x, y) )2h
2 2sinhw(Z(x) — Z(y) —i0)
2p—Dh
= Y G (Z(x) = Z(y) —i0) x"y" (65)
m,n=0

in the distributional sense (for x, y € A C S), where the bi-variate polynomial Q is as
in (66).
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Proof. 1) The formula (62) follows directly from Lemma 3. In particular, the claimed
analyticity and bound (63) follow from the corresponding bounds on ¢, (s). The formula
(64) follows from the KMS-condition. 2) For t = 0 we evidently have A/’ = 1. This
condition gives a non-trivial constraint on the functions ¢;,,. Introduce the quantity Z
as in (56) and

6 —ap (= b)) =TT (v —aj)(x — bj)
X —Yy ’

Note that Q(x, y) is a polynomial in x, y of degree 2(p — 1) in each variable. We then
get2). O

Q(x,y) (66)

Remark 1. The domain of analyticity of ¢, is large enough to permit us to take the
limit |y| — oo or |x| — 0. The constraint then confirms that ¢, (f) = 0 when m, n >

2h(p —1).

As we will see, in certain special cases eq. (65) and the properties given in proposi-
tion 1 suffice to determine ¢,,, uniquely. For instance we will see in Sect. 4.2 that for
a free fermion, the information we have obtained uniquely fixes the modular flow. For
the U (1)-current, the proposition is however already less restrictive, although we are
still able to get some results in Sect. 4.3. This is mainly because the polynomial Q is of
increasing degree and thus contains more free parameters for fields of higher dimension.
Also for this reason, we will introduce in Sect. 5 another method.

4.2. Example: Modular flow of free Fermi field in vacuum (NS)-state. As an application
of these general results, we find the action of the modular flow of a multi-arc A for the
net YApermi in the vacuum state (Neveu-Schwarz sector), see example 7. Even though the
free Fermi net is not local but graded local (the free Fermi field ¢ has h = %) we can
easily adapt, in this simple case, our arguments leading to proposition 1 to fields obeying
Fermi-statistics, i.e. fields of dimension 2 € %N. The main change appears in (41), where
there is now a pre-factor —1 on the right side when ¢ = 1 obeys Fermi-statistics. This
change propagates to eqgs. (51) and (52), where there now appears a pre-factor —1 on
the second line on the right sides in both equations. Following through this sign change
one sees that proposition 1 still holds if we replace (64) by Cpup (f — i) = —Cpm (—1).

To determine these functions, we may, in this simple case, test the relation (65) with
p points (and with h = %). We pick ¢, n € Rnotequal,andweletx;, yy € A C S, k,1 =
1, ..., p be the pre-images of ¢ = Z(x;) # n = Z(yx), where Z = Z_ is the function
defined by (56), and where A is the union of p open disjoint arcs in S as in (12). Testing
the constraint (65) with these points we get for the free Fermi field v

i Q) =
ks VI —~ .

- — = —n—1i0 Myt 67
P D B (€ =0 —i0) ()" () (67)
m,n=0
We note that vy, (x¢) = (xx)™ and v, (y;) = (y;)" where m,n =0,...,p—larepx p

Vandermonde matrices whose determinants
detfvjc)l = [ Gi—xp#0 (68)
I<i<j<p
do not vanish since all the points x;,/ = 1, ..., p are from disjoint intervals in A. Thus,

the Vandermonde matrices in (67) may be inverted and therefore ¢,,,(r) is uniquely
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determined. However, rather than finding the coefficients Q (x, y) = 517”1:() Qumx™y™
from (66) and inserting the inverses of the Vandermondians directly, we may observe
that one solution to the constraint (67) is of the form

i Quwn

69
45 sinh 't (69)

E'\nm(t) = -

and this must hence be the unique solution. It is a good check that this solution is also
consistent with the general properties of proposition 1 (for 7 = %). Substituting the

solution into proposition 1 (for A = %) then gives:

Theorem 1. Forthe free massless real Fermi field on'S and a multi-arc A = U;’zl (aj,bj)
C S, the associated modular flow of the Neveu-Schwarz state is '
I () g (y) — o (0) T (y)

it _ 1
SO A IR0 = S ) T, (e () — e ()

where x,y € A, with the usual boundary value prescription (y approached from the
within D*, x approached from within D™ ) understood.

Since the action of the modular flow ¢’ is of second quantized form on the vacuum
Hilbert space, it follows that modular flow is uniquely determined by (70). We now
obtain the generator if the flow, thereby making contact with the original analysis due
to [10] based on eigenfunctions of the Cauchy kernel.

First, we transform our result from the circle to the lightray via the Caley transfor-
mation C : S\ {+1} - R,C(x) = —i(x + 1)/(x — 1). The lightray fields are then
related to the circle fields by Ys(x) = /C’(x)¥r(C(x)). In terms of the lightray fields,
eq. (70) is seen to retain its form, where the arcs of the circle (a;, b;) become inter-
vals (C(a;), C(b;)) of the lightray. By abuse of notation, we can thus work with (70)
and pretend that all quantities, such as x, a;, b;, ¥, A (see (12)) refer to the lightray.
Next, we go back from (70) to the Fourier transform (36) using (106). This gives us for
x,y€ACR,

(O1y (x)(In A)yr (y)|0) =/ﬂés1“(s,x,y)ds

Q(x,y) / so—iSZ-()HSZ_(y)
- 4”2(Ha(x)l'lb(x)l'la(y)n,,(y))% R 1l+es

1 P S T <k
=2 Z/R = Uk(x)U; (y)ds.
k=1

ds

(71)

Ip the last line we have substituted the functions Uf x) = (—I1, (x)l'[b(x))’%qk(x)

€/$%-) [compare (62)] with the choice g (x) = N © ! ]_[i;,,é «(x —a;) for the polynomials,
where N is the constant

N2 ni;ﬁk (ar — ai)

k= "= . L~

[T, (ax — bi)

givenin [10], and we have used the identity Z/f:] qr(xX)qr(y) = Q(x, y) taken from [11]
(eq.2.55). Forafunction f € C;°(A, C) of compact support on our multi-interval A (12),

(72)
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we next let G 4 be the restriction of the Cauchy kernel G (x, y) = (1/27i)(x —y — i0)~!
to A, defining an operator on L2(A) and we let

P
ka(x,y) = @m)72 ) f sUF)U ()ds, (73)
k=1"R

which will be identified as the modular hamiltonian on the 1-particle space momentarily.
As shown by [11] (eq. 2.11), we have G4 Uy s = (1 + e_s)_lUk,s, and the functions Uf
in fact give a spectral resolution of the operator G 4. We can consequently write, with

V(f) = g v () fdx, £, g € C(A, C):

(QolY (F)In Ay (2)|Q0) = (Gaf, kag) = (f, Gakag) (74)

with the usual L2-inner product on the right side. The kernel k4 (x, y) has been computed
in [11] (egs. 2.72, 2.76), with the result (Z = Z_)

({1, ir 1
kA(x,y)=—z<Z,(x)8(x—y)+§ [Z,(x)} S(x —y)
1 1
ppm oo ;a[x - w(Z(y))])

(75)

where the sum over & is over all pre-images y; of Z(y) not equal to y itself. Below we
will also see that k4 = In(G ' — 1).*

In order to re-interpret this result on Fock space, it is convenient to give a slightly
different, but fully equivalent description of the theory {germi(/)} on the lightray. The
n-point functions on the lightray are of “quasi-free” form in the sense of [33]

Yy 5e0(0) [T (fys Gfogis1)) 1 even, 76)
0 otherwise

(Qoly (f) -+ (fu)l€20) = {

where the sum is over all perfect matchings in the group of permutations on n elements,
and where G 1is the operator defined by the Cauchy kernel. This operator is a projection
which in momentum space corresponds to the multiplication with the characteristic
functiononRy,i.e. Gf (k) = 1(0,00) (k) f (k). As shownin [33], this leads to an alternative
but equivalent description of 7 as the fermionic Fock-space H = @, A" KC with 1-particle
space L = {f € L*(R) | f (k) = 0, Yk < 0} of square integrable functions f(x) whose
Fourier transform f (k) is non-zero only for k > 0. In terms of this Fock-space, the
representation of the light ray fields can be written as

Y (f) =a*(Gf) +a(Gf), (77)

where a*(g), g € K are smeared creation operators defined as a*(g)|¥) = |g A ¥) on
any n-particle state |W) = [W] A--- AW,) € A"K C H.

The 1-particle version of the Reeh-Schlieder theorem implies that it is consistent to
introduce on the dense domain D(h4) = {Gf | f € C°(A, C)} C K the “I-particle”
modular Hamiltonian & 4 as

ha:D(hp) — K, ha(Gf) = Gkaf, (78)

4 In the literature [13], such formulas have previously been proven for finite-dimensional fermion algebras.
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and as a consequence of (89), we can then write the modular flow of Apemi(A) for a
multi-interval A = Uj.’:l I in second quantized form as

o0 n
Ait — @/\e”“. (79)
n=0
In view of (74) the final answer may also be (formally) rewritten as

{S20|¥ (x)(In A (y)S20) = (LR0o|¥ (X)[Ha, ¥ (y)1€20), (80)

where Hy = % foA ka(x, Y)Y (x)¥(y)dxdy and k4 the kernel of the operator on the
right side of (75). Our result for the modular flow is thereby seen to be equivalent to
the result for the modular flow found previously by [10]. Our arguments therefore in
particular provide a rigorous proof of the result by [10]. For related results establishing
(75) see [32,36] who use different methods. They also give a (slightly) corrected way to
write this equation in exponentiated form, see eq. 4.3 of [32].

4.3. Example: Modular flow of U (1)-current on S. The conformal net ;1) for the free
U (1) current algebra on the circle was defined in example 6. Via the Caley transform
C:S\{+1} > R,C(x) = —i(x+1)/(x — 1), one obtains a corresponding net indexed
by open intervals / C R of the real line (lightray) or a union thereof. The circle and
lightray currents are related by js(x) = C’(x)jr(C(x)) and thus jr(x)* = jr(x). The
corresponding lightray Weyl operators satisfy the same relations as on the circle. The
two-point function on the lightray is

1
2 (x —y —i0)2’

and thus takes the same form as on the circle (24) up to the precise form of the boundary
value prescription.

We would next like to understand better the modular flow of the net (1) of the free
U (1) current algebra. In so far as proposition 1 is concerned, the discussion is actually
identical for any bosonic field ¢ of dimension d = 1. First we note that for local fields
of conformal dimension &7 = 1, 2, 3, ... the method used for the free massless Fermi
field to determine ¢, is inapplicable since the analog of the Vandermonde matrices,
Vl" =), l=1,....,p,n=1,...,2h(p — 1), that now appear in the analogue of
(67) for general h are no longer square matrices and hence not invertible as the sum over
n, m would now go up to 2i(p — 1) according to (65).

But we can obtain a weaker result for # = 1 which will follow instantly from the
following two lemmas. The first lemma is taken from [11].

(S201) (x)j (»)1S20) = — (81)

Lemmad4. Let x; € A C S,] = 1,..., p (A the union of p open disjoint arcs as in
(12)) be the pre-images of ¢ = Z_(x;) as in (56). Then

3 1 () - K, (82)
22 () [T (i — an) o — by)

=1

for all natural numbers j in the range 0 < j < 2p — 2 and all ¢ € R, where

s i (@)
’ 5:1 ((l[ - b”) Hm;él (al - am)

=1
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P .
(br)’
== 83

12; 1[1):1(171 — ay) l_[maél(bl —bp) (83)

From this result, one gets:

Lemma 5. Let x;, y; € A C S, k,l = 1,..., p be the pre-images of { = Z_(x]) #
n = Z_(yx) as in (56). Then

i 1 1 1 p
Z ] 7 2 2 7 g 2" (84)
cion 2= Z_ () Qr)~(u — yp= - [2sinh (¢ —n)]

Proof. Using the notation introduced in the previous proof (with Z = Z_), we have:

1 1

P
3;ZWNZMWQm%%_Wp

i Q)20 0, y)?
7'

e () Z/()’l) (Mg () T () — Ma () T ()2

(85)

_ Qn)~2 i 1 1 00, )2
(@@ = e 0=0)2 et Z0 () Ta () Ty () 2/ OO 00

1 Z O(ay, ap)?
~ @sinh7(y — oN% A= TP (ap = bu) T (a1 — am) TTE_ (@ — b)) T1j i (ar — a)

using the previous lemma in the last step. Now it follows from the definition of Q (66)
that

itk £1,

86
(T, T, — T M) () ifk =1, (86)

O, ar) = {(i

which is also equal to =8 [] jula —aj) ]_[le(al — b;). Inserting this identity into
(85) completes the proof. 0O

Now let ¢ be a bosonic field of dimension d = 1. For fixed ¢, consider the pre-images
x1€ A, l=1,...,pof { = Z_(x) inside the p open disjoint arcs (12). We can view
the x; = x;(¢) as functions of ¢ and form the operator-valued distribution on R given
by

~ 1 <&
$(0) = 5= D _H(©OD©)), (87)
=1

formally corresponding to the “transformation law” of a primary field of dimension 1.
Our first result on the modular flow is

Theorem 2. We have for any dimension 1 fields ¢ (e.g. the U (1)-current)

p

it
(QoIFOAGNIR) = oo

(88)

in the sense of distributions in n, { € R.
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Proof. First we apply eq. (24) to ¢ and we set x = x;, y = y; and sum over k,[ =
1, ..., p. Then we get from the previous lemma:

p

(QFOFMIR) = 5 s (89)

Next we set x = xi, y = y; in proposition 1 and sum over k,/ = 1, ..., p. Then we get
using the notation introduced in the previous proofs

(Q016(2) A" G (1)|R0)

p 2(p-1)

=2 -2 gmn (t+¢—n—i0) (i)™ (yl)"
om0 Z'(xi) Z" (y) Mg (xge) T Cyr) T (o) T (1) (90)

k,/=1 m,n=0
2(p—1)
= Y G+ —n—i0) KK,
m,n=0
applying Lemma 4 in the last step. Now let f(¢) = Zrzﬂ(f;;i)) Coun () Ky Ky Comparing

(90) with (89), we conclude that f(t —i0) = p[2sinh(m¢ — i0)]~2 for real ¢, and hence
for all ¢ in the strip 0 > J7 > —1 by the edge-of-the-wedge theorem, completing the
proof. 0O

Remark 2. As is well-known, the U (1) current can be represented on the Fock space of
two independent free real Fermion fields vy, Y2 by j(x) =i : Y1y : (x). In operator
algebraic terms, the U (1)-net is a subnet of two copies of the free Fermi net, see [27]. If
one could show that there was a unit norm vacuum preserving conditional expectation
value from the Fermi algebra for region A to the current algebra of A (as follows from the
work by [27] when A is an interval by Haag duality), then the modular flow on the current
algebra 2y (1y(A) would be that induced by the flow for the Fermi net (Theorem 1), by
Takesaki’s theorem, see e.g. sec. 5 of [37]. At present, however, we do not know that
such a conditional expectation exists for multi-component regions A.

As a test, Theorem 1, eq. (70), can then be applied to j(¢) defined as in (87). Alter-
natively, we my compute the left side of (70) using the modular flow of the free Fermi
field(s) given explicitly in [10,32]. One sees after a computation that either results are
consistent with Theorem 2. In the next section, we will again discuss the modular Hamil-
tonian for the U (1)-current from a different perspective.

5. Thermal States

It is possible to analyse the modular flow of a thermal state in a similar manner as for the
vacuum state. However, we find it useful to use a variation of the method described in
the previous section which, in essence, corresponds to replacing the matrix elements of
the function A" with functions closely related to the resolvent, (A — )»)’1. Such matrix
elements will have certain analogous jump properties as the functions K, H introduced
above, but their exact form depends on the statistics (i.e. conformal dimension /) of the
field ¢ (x). The cases of fermionic> and bosonic fields are treated separately in Sects. 5.1
and 5.3, respectively.

5 In the case of fermionic fields, we have graded locality as in the example of the free Fermi field.
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We will use the parametrization x = > of the circle. Under this map A consists

of intervals Ule (a;, b;) C (0,1). A’ is as before the interior of the complement. We
define, by a slight abuse of notations,

¢(M) EeZnihud)(eZniu)' (91)
A Gibbs state is given by the usual formula

Tr (Xe~PLo)

wp(X) = e (e o)

NRN(PB) >0, X eAA), (92)

where the trace is taken in the vacuum (i.e. the defining) representation (wg, Ho) of
the net. We shall mostly take 8 to be real and positive, and occasionally use 7 =
iB/2m, which is the periodicity of the correlation functions in imaginary direction in the
coordinate u. The general case can be obtained usually by analytic continuation in the
end. Then it follows immediately that wg is a B-KMS-state on 2 = B (Hp) relative to
the 1-parameter automorphism group of rotations of the circle, i.e. translations in u. By
the Reeh-Schlieder theorem, the GNS-vector |Q24) corresponding to wg is (cyclic and)
separating for 2A(A) = Vv {7 _2(I;), and we can define a corresponding modular operator
A = Ag 4 as in the vacuum situation.

5.1. Fermionic fields. We begin by introducing a variant of the construction in the pre-
vious section involving resolvents. For |2) = [Q2g) and A = Ag 4, we set®

Qe AT + DT 4 E = 3170 (0)Q) i — /27 < I(w) <0,

FEEV = @pia+ D +6 - 1gwe) it /27 > 3w = 0.

(93)

The resolvents in these expressions are well defined if & € (%, 00) U (—%, —00) in
view of A > 0, and the analytic continuations in u are justified by the KMS property
for the Gibbs state, because ¢ (u)|€2) is a vector-valued holomorphic function on the
strip {u € C | 0 < J(u) < B/27}. ¢ is assumed to be a hermitian field of conformal
dimension A satisfying our Assumptions 1. The relation to the modular Hamiltonian
follows from the formula

—InA = /:o dg([(Al +D eIt raT DT - - %]1>, (94)

2

which trivially holds for positive real numbers A and for positive self adjoint operators
in view of the spectral theorem. This immediately gives

]

(R (u)(In A)¢p (v)2) = —/1 3 (F(é, u,v) + F(=§, u, v)), 95)

2

where u has a small negative imaginary part. The holomorphic functional calculus also
implies more general formulas such as

(Qp(w)h (A) ¢ (v)$2)

6 Here and in the following, we write ¢ () for 7 (¢ (1)), where 7, is the GNS representation of w = wg.
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1 wdgh(1/2+g

el 1/2_§> <F(§+l+i0,u,v)—F(§+l—iO,u,v)),

(96)
for suitable holomorphic 7.

In any case, we should try to find F. Our first lemma is the crucial tool expressing
the analyticity/jump properties across the real u-axis.

Lemma 6. Let v € A be fixed. If u € A', then
F(&, u—i0,v) = F(& u+i0,v). 97)
Ifu € A, then
—E+DHFE u+i0,v)+(E — DFE u—i0,v) = (Ql{p W), p(v)}Q), (98)

in the sense of distributions. Here {¢(u), p(v)} = ¢p(u)p(v) + ¢ (v)p(u) is the anti-

commutator.

Proof. We take A = % — & and consider the elementary formula

1 A 1+1 1
- = : (99)
AA—1+1—1/A A — 1)+(A+1)—l
Using this formula, and u, v € A, the definition of F gives
FE,u+i0,v) = —(QlpIA+ D'+ — DI o))
1
== (@A + DA + 1= 1/1)7 g W)R) (100)

= —%<9|¢<v)¢<u)sz> — $<sz|¢(v>(A—1 +1-1/0) 7o)
On the other hand, using the formula for A — A~! and the definition of F gives also
FE u—i0,v) = (Qpl(A™ + D™+ = DI 'p(0)Q)
= L (Qpweme)

A—1 -1
(AT + DM+ 0= DI o))

Qo)A +1)7!

1 B 1 _1 1
= 1 Qoo )Q) —/\()L_l)(fllcb(u)(A +D)7(A+ 1)

[A+1—1/A""p Q)
1
= (AW )R) - =D
A+1—1/A1""ow)S)

_ 1 _; —1 _ —1
= (e ®)) A(A_l)(ﬂl¢(v)(A +1=1/0)" ¢ w)S2).

(101)

QlpAA+D) (AT +1)
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Here, we used the relations ¢ (u)|Q2) = ¢u)*|RQ) = S¢(u)|Q) = JA%¢(M)|Q), the
anti-unitary property of J, and the property JA~!J = A, which follow from Tomita—
Takesaki theory. Adding up these relations:

A=DF¢&,u—i0,v) —AF (¢, u+i0,v) = (Q{¢ (), (v)}2), (102)

which is equivalent to the statement of the lemma when u, v € A.

In the other case, when u € A’, v € A, we use the formula (117). On this for-
mula, we act from the left with ¢ (v) and from the left with ¢ (#) and take the expec-
tation value in |€2. Then we obtain a formula for F. Since u € A’,v € A, we have
(A~ ¢(U)Ai !, ¢(u)] = 0 by Tomita—Takesaki theory, and using this formula to com-
mute the operators inside the expectation values, we get the claim of the lemma when
ueA,veA 0O

As in the previous section, the lemma shows that F'(§, u, v) defines a function of
u for fixed v € A that is analytic in the cut strip {u € C | |S(u)| < B/27,u ¢ A}.
Furthermore, by the KMS condition, it can be checked that H(s,u — i(8 — 0),v) =
—H(s,u+i0, v), whichis also = —H (s, u+1+i0, v) by construction. Thus, F (&, u, v)
has the same periodicity as the 2-point function (2|¢ (1)¢ (v)€2), that is

FE u+1l,v)=FE u+t,v)=—F(E&,u,v). (103)

This allows us to define F as a function of u# on the entire complex plane cutby A+Z+tZ.
The limits from below the real axis define hermitian distributional kernels F (¢, u—i0, v)
that are of positive/negative type for & > % resp. £ < —3%, which follows from A > 0;
similarly for the limit from above the real axis. Similar statements hold when fixing
u € A and viewing F (&, u, v) as a function of v.

As in the vacuum case studied in Sect. 4.1, we would next like to have a result like
(39) of Lemma 1 about the potential singularities of F' at the end points of the intervals.
Unfortunately, the proof strategy of Lemma 1 does not hold in the present case since we
have no analogue of the Hislop—Longo theorem for thermal states.

Instead, we will prove first a result comparing the modular operator of a thermal state
wpg for the full algebra A = B (Hp) to the modular operator for the partial algebra 2((A).
The point is that the former corresponds to rotations of the circle (i.e. translations of the
coordinate u) and is thus known. The idea is more precisely to apply eq. (45) to the case
My =AMy = 2A(A) (viewed as operator algebras on the GNS-Hilbert space Hg = 'H
of the thermal state wg = w), so we can define the modular operators A; of M; on 'H
with respect to the cyclic and separating vector [Q2) = |Q2,,).

Lemma 7. Lets € R, letu,ve A = Ule(ai, b;). Then
(101 +e AN IR — (2P + e A0 p)R)

i —h
S lu—gil ™M —gql ™"
aj

(104)

with implicit constant depending on s and the endpoints {q} of the intervals.
Proof. Let X, Y € 9M,. From (45), we get with the notations introduced around (42)

QIY*(1+&ADTIXIQ) — (QIY*(1+ € A2) 1 X|Q)

105
=((1=P)I 'A+A)TYQIA - P)I A+ AT XQ) . (105)
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For y > 0, we can write

1 i yit
L _/ S (106)
1+y 2 Jgsinh[z(r +i0)]

Therefore, by the spectral calculus applied to y = e* Ay,

iStAit

_ -1 s A )1 _ b -1 A
(I=P)I(1+A) X|Q) = > (1= P)I /Rdt sinh[n(t+i0)]X|Q>'
(107)

The key idea is now the following. Suppose that, for |¢| < fo and some #y > 0, we knew
that o{ (X) is in My, so AY X|Q) = o{(X)|Q) is in the domain D(S), so I ATX|Q)
is in Ha, so (1 — P)I~! A’leQ) = 0. Then we can effectively restrict the range in
the integral to || > fo and drop the iO-prescription, and this is the moral reason for the
existence of our bound.

An even better estimate is obtained if instead we choose a, say even, real-valued
smooth function A (¢) > 0 such that 4(z) = 0 for |t]| < % and h(t) = 1 for |t]| > 1, say,
and write

-1 s A =1 i -1 e AY d
=PI 1+fAD) X = (=PIt | de —2Lp(Z) x192).
2 R sinh(wt) \ 19
(108)

Now we take a test function f compactly supported inside A and we denote the distance
of the support of f to the boundary of A by § = dist(d A, supp(f)); of course § > 0.
Furthermore, we let {X,,} be a sequence in 9, converging strongly to ¢ (f). Such a
sequence exists since we assume that the local fields are affiliated. Then (108) also holds
for X = ¢ (f). We next wish to use the mode expansion (21) inside (108). Because
w = wg is a B-KMS state on 9 with respect to the automorphic actions of rotations

ar = o, &) = e~P!7 the modular flow A’i’ corresponds to rotations in the sense
that Al (2)A]"" = e Py (e~ Pi7) for z € S. Then it is clear that A ¢ (f)AT will
remain affiliated with 91, as long as || < §/8, so (108) holds with X = ¢ (f) and
o =46/B.

In terms of modes
Aal(ﬁnAl_i[ — eiﬂ(}’l+/’t)f¢n' (109)
In particular, since the modular flow preserves the state, we must have (¢, 2|, 2) =
(3,Lm||¢n§2||2 = 8u.mw(¢;¢d,). From (iv) of Assumption 1 it follows that ¢ ¢, < (1 +
In)2"=1(1 + Lg)2* for some k > 0, and therefore we must have
¢ Q1% S (1 + n))*" (1 + Lo)™] (110)

for all n. Since w = wg is a Gibbs state, we conclude

on_1 Tr[(1 + Lo)*ke=PLo]
Tr(e—ALo)

ln 201> < (1+ |n) < (L+np?t. (111)
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Using the definition of 7 as well as 1 — P> < 1, we get for any complex constants ¢,

2
D =P)I'ea2| < D Gnem (I om QI $0R)
nez n,mez
= Y nlm (Gn QA1+ ADPR)
n,mez
= leal® (1$a Q1% + €' 162017 (112)
nez
= leal* (1gn 1% + € -0 201
nez

<A+e)) leal> 0.

Taking the norm squared of (108) then gives:

I =PIt +eang(NHel?
eist+i/3(n+h)t ,3[
2 (/ﬂ; b ( 5 )dt) ful = P70

nez
2
lsl+zﬂ(n+h)l t
/ —h ﬁ— dr
R sinh(mt) )

2

2 2h—1 (113)
FARAUE!

(1+e)Z

=(1+e)) gsp (s +Bn+ h)) |fal> O "1

nez

where f, = fol e?minu £ ()du the Fourier components of f (), and where @1y (s) is
some smooth function which can be chosen to satisfy for large |s| a bound of the form
[0, ($)] < O[ (1 +19ls |)~N] for as large an N as we wish. The Fourier coefficients are
trivially bounded by the L'-norm of f. The bound (113) then gives, altogether

11— PYIT A+ AN o ()R

1
2

SISl <Z o(lsn|™) 0<|n|2’”>> (114)

nez

N
SR FAE (§> ,

with implicit constants depending on s. We can likewise find a sequence {Y,} in 9y
converging strongly to ¢ (g), and thereby obtain a similar result as (114) replacing ¢ (f)
by ¢(g). Combining these two results now with (45) and using the Cauchy-Schwarz
inequality on the right side of that equation gives

(Qlp(@)* 1+ AN TGN — (RS (1 + ¢ M)~ p(H)IR)

/ (115)
SUFN gl (8785) "
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Letting f, g tend to delta-distributions centered at u, v then by defintion, 6 ; — dist
(u,9A) S ) |lu—ajllu — bj| and likewise for g, and the L! norms remain bounded.
This gives the claim of the lemma. O

From here, we can get:
Lemma 8. Let u,v € A = U;_(a;, b;). Then
F(&,u i, v)\ S =gl Mo — gl = w7 (116)
qj
with implicit constant depending on B, s and the endpoints {q} of the intervals.

Proof. For definiteness, consider F (&, u — i0, v). From (106), we get for A > 0 the
identity

D= [po]—

i A—it
) sinh[r(t —i0)]"
(117)

1 1 i 1 /Oodt & —
(At Teg—f g+ 2823 ) \£+

We use this for A = Aj, the modular operator for the full algebra 2. Then Alf gener-
ates translations by — ¢ /2w of the coordinate u. Now we sandwich the above identity
between (Q2|¢p (u —i0) and ¢ (v +i0)|2). Then if Fy is defined as F but with A, we get

1
Fi(¢§,u —i0,v) =€+

T (2 ()¢ (v)$2)
3
L f°° wlf2 " (QIpu + (=1 — i0)/2m)p (1))

2621 ) o \E+1% sinh[7 (1 — i0)] :

(118)

The second term is uniformly bounded in #, v since the integrand is the boundary value of
an analytic function that his holomorphic for —¢ < J(#) < 0 with algebraic singularities.
The first term behaves as ~ (u — v) 2", since this is the UV-behavior of a thermal 2-
point function of a field of conformal dimension %, as one may also prove rigorously by
decomposing the field into modes and using (iv) of Assumption 1. The proof now follows
by writing | F| = |F2| < |F>— F1|+]|F1| and using the preceeding Lemma 7 on | F> — Fi|.

—imh

We remark that the proof actually shows F (&, u —i0, v) ~ ezﬂ ﬁ(u —v—i0)"2h
L
2

for u near v if the field ¢ is in standard normalization (24). O

Our Assumptions 1 and the fermionic nature of ¢ (i.e. h € %N) imply the operator
expansion in anti-commutator form,

2h—1

.o} = Y 8" u—v)0,(5u+v)). (119)

n=0

as one can see for instance using the relation between our operator algebraic formalism
and Vertex Operator Algebras, see [23]. Here the O, are hermitian bosonic primary fields
of conformal dimension 24 — 1 —n, and 8™ (1) = i5(14). Welet (O,) = (2|0, (u)2),

— du”
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which is independent of u for our rotation invariant thermal state |2), and use this
relation in Lemma 6, to obtain a new version of the jump condition involving the thermal
expectation values (O,,).

We summarize the properties of F' (93):

Theorem 3. Let ¢ be a fermionic field of conformal dimension h in the normalization
(24).

e Forfixedv € Aandé& € (%, oo)U (—l, —00), F(&, u, v) is a holomorphic function

of u on the periodically cut complex plane C \ (A + Z + t7Z) with the periodicity

Fé u+l,v)=F¢& u+t,v)=—F(¢&,u,v).

e Across the cuts, u € A, F satisfies the jump condition

—(E+DFE u+i0,v)+(E — HFE u—i0,v)
2h—1

= Z 8™ (u — v)(0,). (120)
n=0

e Near the end-points q; of the intervals, |F| < |q; — u|™", as a function of u.
e Near v,
—imh

F(&,u—i0,v) ~ (u—v—i0)~ 2" (121)

2 §+%

as a function of u.
e Analogous properties hold true for u <> v.

Now we let

Glu—v) = ﬁ‘{(r) 93(u —v; 1)

2mwivz(t) 9 (u — v; 1)
also equal to the thermal 2-point function of the free Fermi field (see below). Our conven-
tions for the Jacobi ¥ functions are summarized in the appendix. Then the combination
G(u — u')F(,u', v) is doubly periodic in u’ for any fixed v € A. Thus, integrating
around a contour y surrounding the fundamental parallelogram as in fig. 1, we get
Zero,

(122)

O:fﬁ du' G(u —uYF (£, u', v). (123)
Yo

Since G(u — u') ~ %(u —u) ' foru ~ ', and u = u’ is the only singu-
larity of G inside the fundamental parallelogram, we can deform the contour y to
a contour tightly surrounding the intervals as shown in fig. 1, for J(u) — 0~ and
N(u) € A. Then we collect the residue, use the jump condition in the theorem, as well
as Y2 10,) G (u — v —i0) = (¢ () (v)2). This gives:

Corollary 1. Let ¢ be a fermionic primary field of dimension h. F defined as in (93)
satisfies (in the distributional sense for u, v € A):

(Qpld (WP (V)Rp) = — (& + DFE, u —i0,v)
1 ,01(0) 93(u —u' —i0; 7)

+—+4 d F(&,u' —i0,v).
i) A S P —w =10y G 0

(124)

Here,~ denotes a regulated version of the integral described in the following remark.
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Fig. 1. Illustration of the contour deformation in complex u-plane

Remark/Definition: The meaning of the regularized integral operation— 4 1s somewhat
subtle because because F* (&, u,v) = F(&, u + i0, v) are distributions of u € R for
fixedv € A. Assuch, there is no obvious meaning to the integral in Corollary 1. To define
- 4» we must remember the origin of the formula from an integration along a contour
fitting tightly around A, see fig. 1. We consider tempered distributions FE(&, u, v) of
u € R with the property that

(a) F*(é u,v) — F~(&,u,v) = F*(&, u,v) — F~ (€, u,v),
(b) F* (&,u,v)|q4 = 0, as a distribution tested with functions of u having compact
support in A’ (thus away from any boundary point), and
(c) F FE (&, u, v)| 4 satisfies the jump condition (120) of Theorem 3 as a distribution tested
with functions of # having compact support in A (thus away from any boundary
point).
We then define the regulated integral by replacing F~ with F~, now integrated over all
u, which is now well-defined. Corollary 1 holds with this prescription, since (a), (b), (c)
are all that is used about F' in the vicinity of the real axis in the above proof.
The existence of F= can be seen as follows. In A, it is defined to be equal to F*.In
A’, it is defined to zero. This defines distributions for all u € R, except for the boundary
points g;. We wish to define F F* by a suitable distributional extension. At the boundary
points the unextended distributions have “scaling degree” at most —/4 (by Theorem 3),
i.e. finite. Therefore, by standard results (see e.g. [38]), an extension exists and is unique
up to addition of Z Z k<h—1 iAk §® (u—qg ). The free parameters must be adjusted in
such a way that (c) holds forall u e R, not just inside A away from the boundary points,
and such that (a) still holds. This uniquely determines F F=, and hence our prescription

The corollary imposes on F an integral equation at which we will look at in more detail
in the following example. The example also suggests that corollary 1 can be used to find
the modular operator in the case of a general fermionic primary field of dimension /.

7 We remark that in the expressions considered below in Sect. 5.4, our regulated integral has the same
meaning as that explained in sec. 4 of [11].
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5.2. Example: Modular Hamiltonian for thermal state of free Fermi field. Now we
analyze what we can learn from Theorem 3 and Corollary 1 for the free Fermi field, where
h = % and {¢¥ (#), ¥ (v)} = §(u —v)1. For this theory, we can actually prescribe thermal
states (92) using either the Neveu-Schwarz or the Ramond representations. For the
Neveu-Schwarz (vacuum) sector, the representation is the half-integer moded expansion
(29), now denoted as {Ns(z). For the Ramond-sector, the representation corresponds to
an integer moded expansion given in (32) now denoted as g (z). The Gibbs states (92)
in the Neveu-Schwarz/Ramond representation correspond, accordingly, to the thermal
state vectors |2ns, ) and [Q2R, g), respectively. The thermal 2-point functions are [39]:

(Qx pl¥x()¥x(v)€2x,p) = Gx(u —v —i0) (125)

where the subscript X € {R, NS} indicates the choice of boundary conditions (sector).
For NS, the definition was already given above in (126), whereas for R, we set

91(t) D2(u—v; 7)
2mith(t) 1 (u — v; 1)

Gr(u —v) = (126)

Next we define Fx as in (93). By Theorem 3 we know its properties, with the only trivial
difference that Fr(s, u + 1, v) = Fr(&, u, v) in the Ramond sector, where the subscript
X € {R, NS} indicates the choice of boundary conditions. These properties uniquely
determine Fx in our case (cf. table 1):

1 (1) Po3(u —v—is|A|/2m; T)
§+%2m’191(u—v; 1) Da3(—is|A|/27; T)

(I‘Ia(u; I, (v; r))i‘y/z”
“\ Iy o, 1) ’

Frns(E,u,v) =

(127)

assuming for instance —¢ < J(u) < 0. Here |A| = Zj(bj — aj) is the total length of
the intervals,

1
+ —
e = § 2, (128)
§—3
and
p
Ma(u; 7) = [[ 91w —ai7) (129)
i=1
etc.

By the well-known periodicity properties and pole/zero structure of the ¥ -functions,
it is easy to check that the above formula indeed satisfies the the properties known to
hold by Theorem 3. For instance, the role of the second line is to give the required jump
across A, and the role of the pole at u = v in the first line gives the delta-function in
(117), also consistent with (142). To show that F as given is the only solution to the
properties in Theorem 3, we multiply any solution F with the inverse of the second line.
This will cancel the jump of F except for the delta function in (117). Thus, the multiplied
F can have a first order pole at u = v mod Z with residue 1/(§ — %), by (117). It cannot
have poles, however, at the end-points g; of the intervals, since Theorem 3 tells us that
|F| < |gi — u|~'/2. Thus, the multiplied function F is meromorphic with a single pole
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in the fundamental parallelogram, with the same residue and periodicity properties as
the first line. There can only be one such function, by well-known results on elliptic
functions.

Knowing F, we get the kernel of the modular hamiltonian (Qx_glvx () (In A)yrx (v)
Qx g) by integrating up (96). Thus, we have, in principle, found this kernel. The (non-
trivial) integration over £ in (96) has recently performed by [15,16], who have inde-
pendently arrived at an analogous formula as for F for a closely related quantity, by
a different method based on resolvents. It is instructive to see more precisely how this
method is related to ours, as it may also shed light on how to proceed in the case of fields
with general conformal dimension /.

For this purpose, let us set Gx(# — v) be the thermal 2-point function given by
(125), with X € {NS, R}. By Theorem 3, Fx has the same periodicity as Gx, so the
combination Gx(u — v') Fx (&, u, v) is doubly periodic in u for any fixed v € A. Thus,
integrating again around a contour y surrounding the fundamental parallelogram as in
fig. 1, we get zero as in (123), with G = G x now in that equation. Such an identity also
derived by [16] via a different argument using the special properties of the free Fermi
field. By contrast, we have so far only used general properties and Theorem 3, so our
argument works for any CFT.

Now, we deform again the contour y to a contour tightly surrounding the cuts A
inside the fundamental parallelogram, see fig. 1, use the jump properties and bounds on
F as given in Theorem 3 and collect the residue. While these steps can still be performed
in any CFT according to Theorem 3, the free Fermi case is especially simple because the

1

poles of F near the end-points g; of the intervals are of the order |u — ¢;|2, and hence
integrable. Thereby, we immediately get the integral equation

Gx(u —v —i0)
=—(&+ %)FX(E, u —i0,v) +/ du’' Gx(u —u' —i0)Fx(&,u’ —i0,v) (130)
A

without any need for a regulator in the integral as in Corollary 1. Dropping the subscript
“x” for ease of notation and indicating by G 4 = G| 4 the restriction of the kernels (125)
to A x A, we may view G 4 as an operator L2(A) — L2(A).In fact, the anti-commutation
relations and the positive nature of the Hilbert space inner product in (125) imply the
operator inequalities 0 < G4 < 1. Now we define F f(é ) the operator defined by the
restriction F (&, u +i0, v) to A in kernel notation, i.e. when u, v € A. We can then also
write the above integral equation in operator notation as G4 = (G4 — § — %)FA_ &)
and solve it as

Fi(§)=(Ga—£—-37"Ga (131)

when & € (%, oo) U (—%, —00). In view of (96), we should then further calculate, in
operator notation

/1 d& <FA_($) + F;(—g)) = In(G;' — )Ga. (132)

2

Thus, as a kernel, the modular hamiltonian is given by

(Y (w)(In Ay (v)2) = —<ln(GZ1 - l)GA)(u, v). (133)
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Formally, this may also be expressed as saying Hy4 = % foA ka(x, Y)Y (x)y¥(y)dxdy
and ky = ln(GZ1 — 1) is the hamiltonian appearing in eq. (80). This is in accord with
a well known formula [14] for the modular Hamiltonian of the free Fermi field in terms
the restricted 2-point function G 4, which can be derived using the Fock-space structure
of theory. In the present case, however, our derivation was rather different and can be
paralleled for fermionic fields in general CFTs which are not necessarily equivalent to
free field theories. As derived here, our formula holds for thermal states in either the NS
or the R sector, choosing for G either one of the 2-point functions (125). Thus, apart
from confirming our method, this relation to integral equations might also be useful in
the case of more general CFTs where one does not have a priori relations like (133).

5.3. Bosonic fields. We now repeat a similar analysis for a bosonic field ¢ of dimension
h € N, satisfying our standing Assumptions 1. In fact, most results in Sect. 5.1 for
fermions hold just as well for bosons, with nearly identical proof. A difference, however,
arises in the jump condition (98), which involves the anti-commutator of ¢, whereas for
bosons, we would like to have the commutator. This means that we should work with a
different definition of F, (93). In the bosonic case, we instead define using the shorthands
|2) = [Qp) and A = Ag 4

Qo[ — e (1 =M 1p)Q)  if =B <) <0,

Fls,u,v) = {<9|¢<v>[1 — (1= A Y Q) if f > J(u) > 0.

(134)

Since A > 0, F is well defined, in the distributional sense if s > 0, and we refrain
from using a different symbol for F' even though it is a different quantity compared to
Sect. 5.1. The connection to the modular Hamiltonian now follows from the elementary
formula

o l
InA = / ds - AT (135)
A R

giving for J(u) > 0, say,

(Qlp()(In A)gp (u)R2) = /OO ds F(s,u,v). (136)
0

Thus, we should determine F. Again, the key result is a lemma expressing a jump
condition.

Lemma 9. Let v € A be fixed. If u € A', then
F(s,u—1i0,v) = F(s,u+1i0, v). (137)
Ifu € A, then
(I —=€F(s,u—i0,v) — F(s,u+1i0,v) = (Q|[¢u), p(v)]Q), (138)

in the sense of distributions. Here [¢ (1), ¢ (V)] = ¢ (u)p (v) — ¢ (v)p (u) is the commu-
tator.

Proof. Analogous to the proof of Lemma 6. 0O
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Our Assumption 1 and the bosonic nature of ¢ imply the operator expansion

2h—1
[p), p)] = Y 8" —v)0n(3(u+v)), (139)
n=0
which may be used to eliminate the commutator in the jump condition (138). Certain

obvious changes also apply to the periodicity of F, which is now (103) without the “—"
sign. In the proof of Lemma 8 we now use the formula

1 i1 /Ood [(ef — AT

l—e(1— AT S P sinh[7(r — i0)]’ (140)
—00

instead of (117), leading now to F(s,u — i0, v) ~ e;:h (u—v— i0)‘2h for u near v.

Altogether, this gives the following variant of Theorem 3 for bosonic fields:

Theorem 4. e For fixed v € A and s > 0, F(s,u,v) is a holomorphic function
of u on the periodically cut complex plane C \ (A + Z + tZ) with the periodicity
F(s,u+1,v)=F(s,u+t,v) = F(s, u, v).

e Across the cuts, u € A, F satisfies the jump condition
2h—1
(1 — € )F(s,u —i0,v) — F(s, u +i0,v) = Z s —v)(0,). (141)
n=0
e Near the end-points q; of the intervals, |F| < |q; — u|™", as a function of u.
e Near v,

—imh

F(s,u —i0,v) ~ (u—v—i0)2h (142)

as a function of u.
e Analogous properties hold true for u <> v.

Remark 3. We will see below that the theorem, or alternatively the following Corollary 2,
may be used to find F, and thereby the modular Hamiltonian in view of (136). See
Sect. 5.4 for examples.

In the case of bosonic fields, it is apparently not straightforward to get an analog of
the integral equation in Corollary 1. The problem is that G, the analogue of (126) should
have a simple pole at u = v and be such that G(u — u’) F (s, u’, v) is doubly periodic
in u’ for fixed v € A. Since, by contrast to fermionic fields, F (s, u, v) is itself doubly
periodic in u, the simplest choice—in the absence of any other structural properties of
F, would be to choose G as doubly periodic, too. However, as is well known there is no
such meromorphic function with only one simple pole in the fundamental parallelogram.
We will, however, be able to make a similar construction below in the case of the U (1)
current, where F has an additional property.

In the general case, we can nevertheless still find an integral equation in the vacuum
case, where we can simply set G(x — y) = Q@nri)~'(x — y)~!. Here, we go back to
the real line picture in which the theory is living on R parameterized by x, y, and we
correspondingly write F (s, x, y), etc. Theorem 4 still applies to the vacuum case: By
inspection of the proof, we can take in the end the limit 8 — oo. A similar type of
argument as for Corollary 1 now leads to (using (O,) = 0 except when O,, = 1 in the
vacuum state):



820 S. Hollands

Voo

Fig. 2. Illustration of the contour deformation in the complex y’-plane

Corollary 2. F defined as in (134) (for a bosonic primary field ¢ of dimension h in
standard nomalization (24)) satisfies for the vacuum state |Q2) = |Qp):

(ol () (y)€20) =F (s, x, y +i0)

+s1 d/F / 0 / -0—1
¢ 5 Ay (s, %,y +i0)(y —y —i0)~".

(143)

forx,y € A C R (lightray picture).

Proof. For the proof, we first work in the circle picture where x, y € S. For our as-
sumptions about the fields, we have for z € D* = {z : |z] < 1} that ¢(2)|R) =
Zn>h "¢, |20) which is holomorphic in D*. Likewise, for z € D™ = {z : |z| > 1}
that (Q0]¢(2) = Zn>h 27" (¢, Q2| which is holomorphic in D~ and goes as |z| "
for |z| — oo. This implies that, for fixed x € A, F(s, x, y) is a holomorphic function
in C\ A decaying like |y|~2" for |y| — oo. Now we consider y € ID*, a small contour
o around y" = 0, and the identity

1
5 P A FGsx 00 - »'=o. (144)
Tl Y0

We then move the contour yq across the cuts A as in fig. 2, deform it to a very large
circle Y0, use the decay of F(s, x, y") as well as the jump conditions (141) across the
cuts A and collect the residue. The statement then follows after transforming back to the
lightray picture. 0O
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5.4. Example: Modular Hamiltonian of free U (1)-current. The U (1) current, j, was
introduced in example 6 above. It has dimension 4 = 1 and commutator [ (1), j(v)] =
i8'(u — v). The thermal 2-point function is

1
(2p1) ) j(W)82p) = —7— (P —v — i0; 1) —n1(7)) = Gu — v —i0). (145)

Here, 11, n are the constants appearing in connection with the Weierstrass gp-function,
see appendix.

Guessing a—hopefully unique—answer for F just from the properties given in The-
orem 4 as in the case of the free Fermi field does not seem as straightforward for the
current, so we proceed by the more deductive method of integral equations. We have
already mentioned that for thermal states, we have not found a general way to obtain an
analogue of Corollary 1 for bosons. However, for the case of the U(1)-current, there is
an additional structural property which helps.

Consider the Weierstrass ¢-function satisfying ¢’ = —g, see appendix. It has a
single simple pole at u = 0 in the fundamental parallelogram but is only quasi-periodic,
C(u+1l) =¢W)+n1, ¢(u+t) = ¢(u; T)+n2. As a consequence, the function ¢ (1) —nu
is periodic under # — u + 1, and changes by 72 — 1t = —2mi under u — u + 7. The
combination {¢ (v —v) — (v —v)n1 } F (€, u, V) is also not doubly periodic in v for any
fixed u € A. However, integrating around a contour y surrounding the fundamental
parallelogram as in fig. 1,

0= ‘(ﬁ du F(s,u, V){C(W' —v) — (V' —v)n1}, (146)
Yo

still gives zero because of the special property of F that, foru € A,

(oIl —e*(1 = A H 71 jwQ) if B> I(e) > 0,
=0, (147)

1 s _ —17—1 : . e ~
/F(s,u,v/+s)dv’:{<[1_e(l AT RLjeR) i =B < ) <0,
0

which follows from the mode expansion of j (v) = > 02 Jjne 2T and the fact that
Jjo is the charge operator, which annihilates any state in the vacuum sector. Hence also
Jjol€2) = O for our thermal state, since it can be viewed as a statistical operator on the
vacuum Hilbert space.

If we now evaluate this contour integral as before taking the properties of F in
Theorem 4 into account, then we get

1
—{pwm—v—i0) —n1} = F(s,u,v+i0)
2

+ L,e‘v][ dv' F(s,u, v +i0){c(v' —v —i0) — (V' —v)n}. (148)
2mi A

Here, denotes the regulated integral described in and below Corollary 1.

‘We now consider the connection with formulae in the literature for the kernel of the
modular Hamiltonian. First, we decompose

G(u—v—i0) = S(u—v)+%C(u — ), (149)
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with %C(u —v) = 8 (u — v) symmetric (imaginary) and S(u — v) = —%P.V.(p (u —
V) — m) the symmetric (real) part of G as in (145) (P.V. means Cauchy principal value).
Since the correlation function satisfies (|7 (f)*j (f)Q) > 0, we get G(f, f) > 0 for
any test-function f € C3°(A, C). Decomposing f = g +ih into a real and imaginary
part, we get

LCth, )l </S(h,1)y/S(g. ) (150)

forall g, h € C§°(A, R). We then use the positive definite R-bi-linear form § to define
on C3°(A, R) an inner product, which we then extend to a hermitian inner product by
complex anti-linearity in the first entry. Let this hermitian positive definite sesqui-linear
form be called (, )s. Its completion defines a Hilbert space, K 4, which is contained
in the Sobolev space WO1 / 2’Z(A). It is the 1-particle space of the GNS-Fock space built
on |Q2) = |Qg). It follows from the definitions that s > f +— ¢(f)|R2) € H is an
isometry. Furthermore, since [1 — e¢* (1 — A*1)~1]171 is a bounded, self-adjoint operator
on H for s > 0, it follows from (134) that the kernel F=(s, x, y) = F(s,x £i0,y)
extends to a bounded quadratic form on 4, and hence can be identified with a bounded
linear operator on K4.

By Riesz’ theorem, there is a self-adjoint operator on this Hilbert space, ¥ 4, such
that %C(f, g) = (f,Xag)s for all f, g € K4. This operator satisfies |X4| < 1, so
12| > 1in view of (150). It follows that for s > 0, (¢=* — 1 + 157 1)~! exits and is
a bounded, self-adjoint operator on 4. By construction, the operator ¥ 4 is expressible
as (i/2) SXI Ca, with S4, C4, G 4 the operators defined by the restriction of the kernels
to A. Alternatively,

—iC,'G, =4z - 1. (151)

Using C = &' and following the same argument as in sec. 4 of [11] (where the vacuum
state was considered), we find that

u b
Cilfw) =1 / fhdu' — % / fydu! (152)
a u
in the case of one interval A = (a, b), leading to

2mC Gy = ¢(u—v—i0) —uny — 3[¢(a—v—i0)
+¢(b—v—1i0)— (a+b)n1]. (153)
Note that the terms in [...] do not depend on u, and therefore could be added in the

integral (146) in view of (147). Therefore, we can write our integral equation (148) in
operator form also as:

Fi@+ e (5 = D= ~Gy (154)

where Fj{ (s) is the bounded operator on /C4 corresponding to the kernel F' (s, u, v+i0).
Since we already know that the operator on the right side can be inverted for s > 0, it
follows that

Fi(s) = —=Gall + et (5" — D! (155)
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is a solution to our integral equation in operator notation. Integrating this operator identity
over s as in eq. (136), we obtain

oo o0
/ ds F;(s)z—GA/ ds[l+1ef(z)t = 1!
0 0

1
:GA/ dapr+ i -1t
0

2;1+1
=Galn| S—|, (156)
-1
and thereby in view of eq. (136)
, , I
(Qj)(InA)j()R2) = Galn e (u, v). (157)
2L -

This formula is sometimes quoted in the literature [13] for the matrix elements of the
modular Hamiltonian of a free boson field, and should be thought of as analogous to
(133) for the fermion field. A similar derivation also goes through if A = U;(a;, b;)
consists of an arbitrary number of intervals. By contrast to the results in the literature,
our derivation is based on the rigorously derived integral equations, rather than a formal
analog with finite-dimensional quantum systems.

‘We now sketch how to find an explicit expression for the matrix element (157) of the
modular Hamiltonian in the case of one interval. To calculate the logarithm of operators,
we need the spectral decomposition of the self-adjoint operator E;l , which we write as

o
E;l = —/ ds coth(s) Ug (1) Vg (v) (158)
—00
Here, V;isa generalized8 left-eigenfunction of E;l with eigenvalue V Z;l = — coth(s)

Vs, and U; satisﬁes—fs Vs (u)Uy (u)du = 8(s —s’). Paralleling the steps in sec. 4 of [11],
one can see that (¢; ranging over the endpoints a, b of the interval)

Vi = 3w =i +is — a)/2m) (_ D1 (u — a))‘”/z" 159)
" 1 (u —qi) V1 (u —b)

with boundary value prescription u +i0 understood, is such a generalized eigenfunction.
This eigenfunction is constructed in such a way that is has a multiplicative jump by
¢* across the interval (a, b) (from the last term), and such that it is doubly periodic in
u (cf. Table 1). Furthermore, near any one ¢; of the endpoints a, b, it is bounded by
< |u — g;|~" in accordance with Theorem 4. The constants cq; (s) are at first adjusted
so that

1
][ Vi(u —i0)du = 0. (160)
0

Then, we have again the relation (146) with V in place of F', and evaluating this con-
tour integral by deforming the contour around the fundamental parallelogram to a tight

8 More precisely, Vy is a linear form on a domain D C K4 defined by g |—>7fA Vs(u)g(u)du.
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contour around (a, b) as in fig. 1 then gives the desired eigenvalue equation. That (160)
impose no actual loss of generality is demonstrated in the end.
Property (160) is evidently equivalent to

D g )1y (s) =0, (161)
qi

where

b _ . _ _ —is/2m
Iq(s):][ Hwu—q+is(b—a)/2w) (_z?l(u a)) . (162)

du
a 191(14—6]) ﬂl(u—b)

The constants ¢y, (s) can further be adjusted so that —isgn(s)CXIVS = Uy is a right-

eigenvector of E;l , satisfying the desired normalization—f Z Vo(u)Ug (u)du = 8(s —s'),
see sec. 3 of [11] for further discussion of this point. The §-function in this expression
can only come from the the contribution of the integrals near the boundary points g;,
which gives a practical way of evaluating these constraints.

Using In[(coth(s) — 1)/(coth(s) + 1)] = —2s and EXIUS = — coth(s) Uy, it imme-
diately follows that

i =t S
——1In ——|Ca = / ds |s| Us(u)Us(v) =: ka(u, v) . (163)
2 -1 )

Therefore in view of (157) and the commutation relation [j (1), j(v)] = i8'(u — v), the
final answer may also be (formally) rewritten as

(Qlj@)n A, j()2) = (Qj(w)[Ha, j(v)]$2), (164)

where Hy = foA ka(u,v)j(u)j)dudv and k4 (u, v) the kernel of the operator on
the right side of (163). We refrain here form analyzing in detail the remaining integrals.

This construction can be generalized to the case of p intervals A = Ule (aj,bj)in
the following way. The ansatz for the generalized eigenfunction is now

. —is/2m
V=3 Cqi ()01 (u — g; +is|Al/27) ( [T; o — a,-)) 6s)

” 91— qi) CT1, 01— b))

where |A| = Zj(bj —aj). On the 2p coefficients cy, (s) we impose (160) and the p
constraints

b .
]["Vs(u)duzo, i=1,....p. (166)
aj

Of these, only p — 1 are independent because (160) and the periodicity of V(u) can
be used to show that Z/—f Zj Vs(u) du = 0 by integrating V(u) around a contour as in
fig. 1. A priori, (166), (166) are again a restriction on the possible set of eigenfunctions.
But in the end one shows that, in fact, all eigenfunctions of Zgl satisfy this constraint.
They are equivalent to

Y @) =0, j=1.....p, (167)
qi
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where
b . N\ is/2m
: D (u—q+is|Al/2  U1(u —aj)
zg(s):][’du 1 —q +is|Al/2m) (T, j a6s)
a D (u—q) [I; 01 —0b))
This leaves us with p linearly independent left-eigenfunctions, Vsk (u),k=1,...,p.The

constants ¢, (s) are further be adjusted so that —isgn(s)C ;1 Vsk =U, f or equivalently
u —
Uk = —isgn(s)][ du’' VFw’), foru € (aj,bj), (169)
aj

is aright-eigenvector of EZI , satisfying the desired ortho-normalization 4 Vyk w)U Sk,/ (u)
du = 8ipd(s — 5').

Following an argument given in sec. 5 of [11], let us finally explain why condi-
tions (160), (166), initially only imposed for convenience in order to derive the desired
eigenfunctions, impose no actual loss of generality. By expanding the elliptic func-
tions near the end-points of the intervals and using the regularization prescription im-
plicit in—f described in the remark after Corollary 1, that the limits of the functions
limg_q ka (u) = xr(u) yields a set of functions whose span is equal to the set of indi-
cator functions {l(aj)bj)(u)} j=1,...,p- Therefore, the orthogonality relation implies that

the p eigenfunctions {Vsk (1) }e=1
must satisfy (166).

Then a similar analysis as in the case of one interval, expanding the bounded operator
F*(s) on K4 in the generalized basis Usk, Vsk of X4, gives again (164) with Hy =
Saxakatu,v)j)jv)dudv, where

p are already complete, because any eigenfunction

,,,,,

P oo
Z/ ds |s| Usk(u)USk(v) =:1ka(u,v) (170)
k=1Y7%°

now. Again, we refrain here form analyzing in detail the remaining integrals.

6. Conclusion

In this work we have studied the modular flows of multi-component regions in chiral
CFTs using methods from complex analysis. Our main tool was the KMS-condition built
into modular theory, which we have combined with input from CFT such as locality and
analyticity. The main general results concern matrix elements of the modular operator
of the general type (2|¢(x) f(A)¢(y)S2), where f are various functions such as In,
resolvents, complex powers, and ¢ a primary field. The states |<2) studied in this work
were the vacuum and Gibbs (thermal) states. In some cases, our results for the matrix
elements can be expressed in terms of integral equations of Cauchy-type [34,35], see
e.g. Corollaries 1, 2.

Solving these types of equations was possible in a number of examples, such as
free fermions and the U (1)-current. To keep the paper at a reasonable length, we have
not carried out in this work all the resulting integrations, which would be needed if
one is interested in more explicit answers. This would be possible. In the examples
considered, we were also able to explain the relationship with known results in the
literature [10,11,15,16], and also with certain general, but formal (in the QFT context),



826 S. Hollands

Table 1. Periodicity properties, with M = ¢ 7T g—27iu
91 o) 93 Vg
9w+ /0w - - T T
Vi (u+1)/0;i () -M M M -M

methods known specifically for such free field theories, see [13,14]. In this sense, our
methods also serve to make these formal approaches rigorous.

Our analysis is, in principle, not limited to such free CFTs, and in fact e.g., Corollar-
ies 1, 2, refer to general primary fields in an arbitrary chiral CFT, subject only to certain
standard assumptions [40]. It would be interesting to study the implications of these
general results further, which we leave for future work [41-44].
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A. Conventions for Elliptic Functions

Our conventions for the ¥ -functions are:

91 (s 7) = Z(_l)n—%einr(n+%)2+2ni(n+%)u
nez
. 1,2 . 1
192(“; ‘L') — Zetnr(n+§) +2mi(n+5)u

S (171)
B3 (u; 7) = Zetmn +2mnu’

nez

04(1/!, T) — Z(_l)neiﬂ‘[ﬂ2+2ﬂinu.

nez

The gp-function is given by

) = ( 1 ! ) 172)
Pl = Z w+m+tn)?  (m+tn)?2)’ (
(m,n)#(0,0)
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The Weierstrass ¢ -function is a function defined so that ¢'(u, 7) = —g (u; ). Explicitly,

1 1 1 u
cuit) =~ + Z - + = - (173)
u u+m+tn m+ttn (m+7tn)
(m,n)#(0,0)

It has the periodicity ¢(u + 1) = ¢(u) +n1, (U + 1) = ¢ (u) + n7.
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