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On the moduli space M0, 4) of vector bundles

By

Isao NARUKI

Introduction.

In this note we fix an algebraically closed field & with ch(k)#2 as the
ground field and we denote the moduli space of vector bundles over P,(k) of
rank 2 with chern classes ¢,, ¢, by M(c,, ¢c,) according to the general usage.
Barth [1] gave a beautiful description to M(0, n) (n=2) and claimed that it is
always rational. We note however that some gap in his proof was recently
pointed out by Maruyama [3]. Fortunately Ellingsrud-Strgmme [2] proved by
using a different method that M(0, n) is rational for n (=3) odd. But, as far
as we know, the rationality-question has not yet been answered for any even n
(=4). One might even ask if the answer could eventually be negative, since
the situation is so complicated already for the simplest case n=4. Thus it is
worthwhile establishing the rationality of M(0,4) as an affirmative example,
which is the purpose of this note. We note that our result is a little stronger
than is required. In fact we will prove the rationality for the quotient of the
quadric cone of decomposable elements in 4%V by W=W(B,) where V is a Cartan
subalgebra of the complex simple group B, and W is the Weyl group associated
with V. (According to [1] and [3], M(0,4) is birational to the direct product
of this quotient and the affine space k% The corresponding stronger statement
for n=3 is proved in the appendix of [3]) Throughout this note we let M
stand for this quotient variety.

Our method of proof is essentially based on the fact that the group W has
a substantial chain of normal subgroups which enables us to divide the quotient
formation into several steps. To explain our idea clearly and also to prepare
some necessary notation for later use, we now outline our stepwise quotient
formation briefly: Let V and W be as above and Z the center {+} of W.
We set

L:=A*V

G:=W/Z.
G acts faithfully on L; it acts also on the cone of decomposable elements :
Q:={xeL; xNx=0}.
(Note that g(xAx)=det(g|V)-(xAx) for geW.) Thus we have the precise
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definition for M:
M=Q/G.

Now we define the character sgn of G by requiring the commutativity for the

diagram
|

G —————{=1}
sgn

and we put

G={geG;sgn(g)=1}  (=Ker (sgn)).
The representation of G on L is not irreducible but it splits into the direct
sum of two 3-dimensional (irreducible) representations denoted by p;: G—GL(L))
i=1,2 (L=L,HL,. We set

H;: =Ker (p:) 1=1,2.

H, and H, are both isomorphic to Klein’s 4-group (Z/2Z)*. They commute each
other and H,N\H,= {1} since the representation is faithful. The direct product

H:=H,-H,
is thus a normal subgroup of G isomorphic to (Z/2Z)!. We put
G*:=G/H
L*:=L/H Q*:=Q/H.

(The fact that H is abelian makes the description of L*, Q* particularly simple.)
G* has again the non-trivial center Z* which is of order 2, and we further set

~

G:=G*/2*

Li=L*/zx 0:=0Q%*/Z*.

G is isomorphic to the symmetric group S, and the action on [ is very near
to the usual diagonal action of S; over (£*)X(k®). Now we get the final des-
cription of M
L:=L/6 M=Q§/C.
We will prove the rationality for . and M simultaneously, by choosing good
coordinate systems for (suitable Zariski open subsets of) the algebraic varieties
L* Q* ---, M step by step.

To close this introduction, the author heartily thanks Masaki Maruyama for
introducing him to the subject and for being always ready for helpful discussions.
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1. Explicit formulation.

Since V, W are not necessary anymore, we begin by defining G and L
directly. Let E be the abelian group with the generators e; (=1,2,3,4) and
the fundamental relations:

=1, e.e;=e;e;

ee.e50,=1.

The permutation group S, of the indices {1, 2, 3, 4} acts on E as automorphisms
by
g(e)=eqc gES,.

G is then represented by the semi-direct product:
G=EXS,.

Now we regard the symbols [z, ;] 1<i<j<4 as the coordinates of L=~Fk® and
we let [7,7] denote —[7, 1. (These are exactly the Pliicker coordinates of L.)
By the law

ei(ld, jD=—"[¢ 1]
els, kD=0s, k1 (U, k#7)
a([7, jD=[0@), 0()] 0<S,

the group certainly acts on L. The character sgn coincides with the usual sign
on S, and we have
sgn(e;)=—1.

The decomposable elements are defined by the equation:
[1,2]-03,4]+[1,3]-[4,21+[1, 4]-[2,3]1=0

To observe the splitting L =L, L, mentioned in the introduction, we introduce
the following coordinates :

u,=[1,2]+[3,4] vi=[1,2]-[3,4]

u,=[1,3]4+[4,2] v,=[1,3]—[4, 2]

u,=[1,41+[2, 3] v,=[1,4]1—-[2,3]
Then we obtain a list of important operations :

(1.1) &,: =ee,=eye, operates as
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(1.2) e,:=e,e;=e,e, operates as

U, —U; (2 —U;
uz —> ug vg —> Ug
ua '_ua vg _vs

(1.3) &3: =e,e,—e,e, operates as
Uy — U,y 2

Uy | —> | — Uz Vo

Us Ug Vs

(1.4) A:=e4l,2) operates as

(1.5) @,:=(1,2)3,4) operates as
Uy
Vs
Usg Us Vs
(1.6) a.:=(1, 3)4, 2) operates as
Uy U, v,

uz e _u2 Uz

>
i
>
>

Ug —Us Vs
1.7) o,:=(1,4)-(2, 3) operates as
ul —u1

Uy | —> Uy

TTT— T T T

Us —Ug

(1.8) e, operates as

Uy —U; U, — Uy
Ug | ™| — V2 2 —> | —Ug
Uy —Us Vs —Ug

The other elements e;(j, )G operates like A above, and we have thus des-
cribed the action of G over L completely.

We finally remark that the quadric-cone @ of decomposable elements is
defined by the equation
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ultultult=v+v.2 40’

in the new coordinates u;, v;.

2. Function field of L*.

The group G=Ker (sgn) is generated by ¢;, ¢; (=1,2,3) and ei(s, k) (7, 7, k :
different) ; so, by the table of Section 1, we see that it has two invariant sub-
spaces i.e. the subspace L, given by v,=v,=v,=0 and the subspace L, given
by u;=u,=uy;=0. Then (uy, u,, us) (resp. (vy, v, vy)) is regarded as a coordinate
system of L, (resp. L,). We immediately check

Hi={1, 0.e5, 0364, 0,85}
Hy=(1, 0,&, 0163, 051},

H, (resp. H,), which by definition fixes each v; (resp. u;), operates as the sign
changes of even number of wu;’s (resp. v;’s). This implies that the function
field of L*=L/H, denoted by k(L*), is generated by the following H-invariants:

a;:=u;’ bi:=v? (=123
{ ST =UiUU; t:=vVsV5 .
R(L*)=k(a,, as, a3, by, by, b, s, 1)
where we have the relations among the generators
2.1) s’=a,a,a,
2.2) ?=bbsb, .

The hypersurface Q*=Q/H of L* is given by the following linear equation :

2.3) a,+a,+a;=b,+b,+0b;.

3. Function field of L.

The center Z* of G* is of order 2 and generated by the image of element
¢;€G. By (1.8) we see that this transposes a; and b; for /=1,2,3 and trans-
forms s, ¢ to —t, —s. We thus obtain Z*-invariants

a;:=a;+b; (1=1,2,3)
Bi:=(s+t)a;—by)

7 =(s+1)

0 :=s—t.

To see that these generate the function field k(f) we need only write down
the inversion formula:



728 Isao Naruki

aizé(aﬁwi) (i=1,2,3; V7=s+1)
b )

s =2 (WT+)

=5 (T =)

which shows that £(L*) is of degree 2 over the field generated by the invari-
ants. By calculating y+0*=2(s*+1%)=2(a:a,a5+b.b:bs), /7 0=5>—1*=0,0:0;—b1b:b,
explicitly, we obtain the following two relations which are corresponding to
(2.1) and (2.2)

3.1 2r{r+0*} =rasasas+a:f.Bs+as B Bs+as 8182
(3.2) 4y20=7p(B1asas+ Bsras+ Bsaias)+ 51825 .
The hypersurface Q:Q*/Z* is defined by the linear equation:
(3.3) B+ ot B:=0.

4. Function field of L,

The group G~=G*/Z* is now isomorphic to S; and it operates on L=L*/zZ*
whose function field is k(a;, @, as, B1, Bz, Bs, 7, 0). As is seen from (1.4), G
permutes «;’s as the index changes and 7 is G-invariant. But 8 is a relative
invariant belonging to the charactor sgn i.e. we have

0(0)=sgn(6)d o€G=S,.

Also by (1.4) we have the rather complicated operation of G over Bi’s i.e.
o(B:)=sgn (6)Bsy. This disadvantage is however immediately removed if we
introduce the following variables as the substitute for j3;’s:

Bi:=pi/d =1, 2, 3.

Now G permutes j;’s as the index changes. We further introduce the follow-

ing substitute of a;’s
C?z:za’i/léi l:1, 2,3.

These variables are more convenient since the equations (3.1) and (3.2) are
written in the much simpler form:

4.1) 27 {y+0% = (B {7 bs(@)+0° p (@)}
(4.2) 47°=p(P){7 po(@)+0%},

where pi(@) (resp. pi(jB)) denotes the /-th elementary symmetric polynomial of
@;’s (resp. Bi’s). By rewriting (4.2) in the form
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w2y 5 = =18 =r | — b
and eliminating 6% from (4.1), we obtain
4.3) 2774+ (1= po(@) =2 p:(@)7 + p1(@) po(@) — po(@)=0
where we have introduced the new variable

T:=2r/Ds(p).

Now we recall that ¢ is not yet quite G-invariant and for this reason we put
0 =A@)0 A@) 1 =(@,— @) (A — Q)X — Q)
We then obtain from (4.2)’

(4.4) O*=A(Q)* po(BIF(2F — po())/2 .

Since 7, 6 are G-invariant, we arrive at the following important assertion: The
function field k(L) of L=L/G is obtained by adioining the algebraic quantities
7, 6 defined by (4.3), (4.4) to the fixed field k(@,, &, @;, B, P, 53)5. The quotient
M=§/5 is defined by the equation

(4.5) 1§1+ﬁ_2+,§3:0-

5. The rationality of L and M.

Now we have almost everything to prove the desired rationality. We begin
by finding suitable generators for the fixed field k(a,, a,, as, Bi, B, ;93)5: We
set

Il
e

p: 1+Ez+,l§a
q: alﬁl‘l‘&zﬁz‘Fd’aES
r: —_—&1251‘!’&2252'1'&3253

These obviously belong to the fixed field and we can solve the above identities
with respect to §;, Bs, f8s:
- Qo0 p— (A +aAg)g+7
(&1_&3)(5’2_&1)
Ay p— (@, +as)g+r
(&2—&1)(&3_&2)
By=— @0 p—(a+as)g+r
: (@y— )0 —ay)

o1

1

(6.1

Il

oI

2

By using this we see that any element of the fixed field can be expressed to
be a rational function of @,, @,, @, p, g, . We then see by the G-invariance
of the element and p, ¢, » that it is also rationally expressible by p.(@), p.(&@),
ps(@), p, g, . Thus we have proved
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k(@,, &,, as, l;l, 1§2, ‘3‘3)5=k(p1(&)’ Do), ps(@), P, g, 7).

Now, if we express ps(f) by (5.1) as an element of the right hand side, we
then obtain

ps(ﬁ)z P(pl(d)y pZ(z_,z;x)lzs(d)y pv qr 7‘) .

Here P is a polynomial of the arguments and it is homogeneous of degree 3
with respect to p, ¢, r; so we further introduce the substitutes for p, q;

p:=p/r qg:=q/r.

The equation (4.4) is then written in the form

(5.2) S*=1T(27 — po(@) X P(p(@), po(@), ps(@), P, §, 1)/2.
The final variable change 6:=68/r gives now
(5.3) Or=rR(F, p@), po(@), ps(@), P, )

where R is a polynomial of its arguments. Now we can obviously solve the
relations (4.3), (5.3) with respect to ps(@) and », which, together with the last
assertion of Section 4, implies the identity

R(L)=k(py(@), p(), B, T, 7, 0).

Since the subvariety M of L is defined by 5=0, we have thus proved the
desired rationality both for L and M.
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