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On the moduli space M(0, 4) of vector bundles

By

iSa0 NARUKI

Introduction.

I n  th is n o te  w e  f ix  a n  algebraically closed field k  with ch(k)* 2 as the
ground field and we denote the  moduli space of vector bundles over P 2 (k )  of
rank 2  w ith  chern  classes c1 , c2 b y  AAci, c 2)  according to the general usage.
Barth [1] gave a beautiful description to M(0, n) (n 2) and claimed that it is
alw ays ra tio n a l. W e no te  however that some gap in his proof was recently
pointed out by M aruyam a [3 ]. Fortunately Ellingsrud-Stromme [2] proved by
using a  different method that M(0, n ) is rational for n  (  odd . B ut, as far
as we know, the rationality-question has not yet been answered for any even n
(. 4). One might even ask if the  answer could eventually be negative, since
the situation is so complicated already fo r the  simplest c a s e  n = 4 . Thus it is
worthwhile establishing th e  rationality of M(0, 4) as an affirmative example,
which is the purpose of this n o te .  We note that our result is a  little stronger
than is required. In fact we will prove the  rationality for the quotient of the
quadric cone of decomposable elements in .A2 V  by W=W(.13 4 ) where V  is a Cartan
subalgebra of the complex simple group 134 and W is the W eyl group associated
with V . (According to [1 ]  and [3], M(0, 4) is birational to the direct product
of this quotient and the affine space le. The corresponding stronger statement
fo r  n = 3  is proved in  the  appendix o f  [ 3 ] )  Throughout this n o te  w e  le t  M
stand for this quotient variety.

Our method of proof is essentially based on the fact that the  group W has
a  substantial chain of normal subgroups which enables us to divide the quotient
formation into several steps. To explain our idea clearly a n d  also to prepare
some necessary no ta tion  fo r la ter use, we now outline our stepwise quotient
formation briefly : L e t  V  a n d  W  be a s  above and Z  the center { }  of W.
We set

L: =.4 2 V

G: =W / Z .

G  acts faithfully on L ; it acts also on the cone of decomposable elements :

Q := A xE L ; xA x=0} .

(Note th at g(x A x) -=det (gIV )•(x  A x )  fo r  g E  W .) T h us w e have the precise
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definition fo r  M:
M=Q/G

Now we define th e  character sgn o f  G  by requiring th e  commutativity for the
diagram

and w e  put

W

6= {g E  G ; sgn (g) =1} (=Ker (sgn)) .

T h e  representation o f  6  o n  L  is not irreducible b u t it sp lits in to  the direct
sum  o f two 3-dimensional (irreducible) representations denoted by p,: 6—GL(L)
i =1, 2 (L_=LieLo. W e set

H,: =Ker (p,) i =1, 2 .

H, and  112 a re  both isomorphic to Klein's 4-group (ZI2Z) 2 . T hey  commute each
other and Hi nfl,= {11 since th e  represen ta tion  is  fa ith fu l. T he d irect product

H: =H 1 . H2

is  thus a  norm al subgroup o f  G  isomorphic to (ZI2Z) 4 . W e put

G*: =G/ H

L* : =L/H Q * := Q 1 H .

(T h e  fac t th a t H  is  abelian makes the description of L*, Q* particularly simple.)
G* has again  the non-trivial center Z* w hich is o f order 2, and w e further set

: =G*/Z*

=L*/ Z* : =Q*/ Z* .

is isomorphic to th e  symmetric group S, and  the  ac tion  on  r ,  is  v e ry  n e a r
t o  th e  usual diagonal action of S, over (k 3 ) x(k 3 ). N ow  w e get the final des-
cription o f  M

:=E/6' M=.(2/6'

W e w ill prove th e  rationality fo r  î  and M  simultaneously, by choosing good
coordinate systems fo r  (suitable Zariski open subsets o f)  the  algebraic varieties
L*, Q*, ••• , M s te p  b y  step.

T o  close th is  introduction, the author heartily thanks Masaki Maruyama for
introducing him to the subject and for being always ready for helpful discussions.
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1. Explicit formulation.

Since V, W  a re  not necessary anym ore, we begin by defining G  and L
d irec tly . Let E  be the abelian group with th e  generators e, (i=1, 2, 3, 4) and
the fundamental relations :

4=1, ei ei =e i ei

e1eg3e4= 1 •

The permutation group S4 of the indices {1, 2, 3, 4} acts on E  as automorphisms
by

cr(ei)=.—euci) S 4  •

G  is then represented by the semi-direct product :

G = E X S ,.

N ow  w e regard the symbols [i, j ]  1 i < j 4  as the coordinates of L=1e 6 and
w e let [ j ,  i ]  denote — [i,  j ] .  (These are exactly the Plücker coordinates of L.)
By the law

j])=— Ii,

ei(Cj, ki)=[j, k] (j, k 0 i)

j1)=16(i), a(1)] C S4

the group certainly acts on L .  The character sgn coincides with the usual sign
on S ,  and w e have

sgn(e), —1 .

The decomposable elements are defined by the equation :

[1 ,2 ] [3 ,  4 ] + [ 1 ,  3] • [4, 2 ] + [ 1 ,  4] . [2, 3]=-0

To observe the splitting L=L i eL, mentioned in the introduction, we introduce
the following coordinates :

u1=[1, 2]+[3, 4] v1=[1, 2] —[3, 4]

u2 =[1, 3]±[4, 2] v2=[1, 3]— [4, 2]

u2 =[1, 4]+ [2, 3] v3 ,[1 , 4] —[2, 3]

Then we obtain a  list of important operations :

(1 .1) e, : =e 4 e2 =e,e 4 operates as

 

/ u4 \ I v i \

\v a

 

/ v

   

- - > U2 - >
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(1.2) : =e 1 e3 =e 2 e4 operates

/ u, \

as

/ — 7.11 \
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/ v, / —v, \

U2 u, v, - - > V2- >

u3 / \ —U3 \v3 7 \ - V 3  /

(1.3) s3 : =e 1 e4 =e 2 e3 operates as

u,\ \ 7v1 - Vi

u2

(

—u, v2 - > V 2  ) •

/ u 3 / \v3 V3

(1.4) A: =e 3 (1, 2) operates as

/ u, \

u2

/ — u,

—u 3 V2

/ — v,

v3

\ U3 7 \-74 2 1 \ v3 I \v 2 /

(1.5) a i  : =-(1, 2)(3, 4) operates as

u,\ / —741 \ I v, / —v,

u ,
- U2 V2 V2- - > - - >

\ 1,13 / \u 3 ! \v3 / \  - V8

(1.6) a, : =(1, 3)(4, 2) operates as

/ u 1 \ I vi \ / - V1

(

u,

u 2
— › U2 V2 - > —v2

U3 / \ - U3 7 \v3 / V3

(1.7) a 3 : =(1, 4). (2, 3)

u1\

U2

(

operates as

- U 1

U2 (vv :

/ v,

- V2- >

U8 - U 3 V3 \ - V3

(1.8) e, operates as

/ u,

u,

- V1

- V2

I v ,

V2 - - >

/ —u 1 \

\u, I —v, \ v3 \ -  u 3 /

T h e  other elements ei (j, k )E G  operates like A  above, a n d  w e  h av e  thus des-
cribed the  action of G over L  completely.

W e fin a lly  rem ark  that th e  quadric-cone Q  o f decomposable elements is
defined by th e  equation
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u  +  u 2 2 u3 2 = v 1 2 + v2 2 + v3 2

in the new coordinates ui , v i .

2. Function field of L*.

The g r o u p  =Ker (sgn) is generated by s2 , (i=1, 2, 3) and e,(j, k) (i, j, k
different) ; so, by the table of Section 1, w e see that it has tw o invariant sub-
spaces i. e. th e subspace L ,  given by v1 =v 2 =v 3 =0  and the subspace L , given
by ui = "22 = u2 = 0 .  Then (u 1, u2, u3) (resP. (y1, y2, Y3 )) is regarded as a  coordinate
system of L ,  (resp. L 2 ). We immediately check

H3 =11, 61E3, 0•261, 63621

113 = {1, 61E2, 6 2E3, (7 363}.

H, (resp. H,), which by definition fixes each v, (resp. u.,), operates as the sign
changes of even number o f  u :s  (resp . v :s ). This implies that the function
field of L*=L/ H , denoted by k(L*), is generated by the following H-invariants :

ai  : =u i
2b i : =v 1

2( i = 1, 2,3)

t s: =u,u,u, t: =v 3 v2 v3 .

k(L*) , k(a i , a,, a,,b,,b,,b,, s, t)

where we have the relations among the generators

(2.1) s2=a3a2a3

(2.2) t2=b1b2b3 .

The hypersurface Q*=Q/H of L *  is given by the following linear equation :

(2.3) 1+ a2 =b 1 -1-b2 -1-33 •

3. Function field of E.
The center Z *  of G* is  of order 2 and generated by the image of element

e, G .  B y (1.8) we see that this transposes a 1 and bi  fo r  i=1, 2, 3 and trans-
forms s, t to  —t, —s. We thus obtain Z*-invariants

a i : (i =1, 2, 3)

: =(s+t)(a i —b i )

: =- (s+t) 2

3 : =s—t .

T o  see that these  generate  the function field k(E ) we need only write down
the inversion formula :
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ai= ' (a i+ ) (i=1, 2, 3 ; A /T =s+t)

bi =  2
1  (a ,  

1s  = —
2

(A/T+6)

1
t= -

2
(VY - 6 )

which shows th a t  k(L *) is  of degree 2 over the field g en era ted  b y  the invari-
ants. By calculating 7+6 2 -=2(s 2 -Ft2)=2(a 1a2 a3 d-b 1 b2 b3 ), A/1-

7  3= s2 —t2 =a 1a2 a3 —b1b2 b3

exp lic itly , w e  ob ta in  th e  fo llow ing  tw o relations w hich are corresponding to
(2.1) and (2.2)

(3.1)2 1 { 1 + ö 2 }62 } =raia2a3d-a3P2P3+a2P3P3+ a3P3P2

(3.2) 4r25=7(Pia2a3H-P2a1a3+133a1a2)+Pli92P3.

The hypersurface C)=Q*/2* is defined by the linear equation :

(3.3) Pi+,324-,(33=o

4 .  Function field of L,
The group â'-=- G*/Z * is now isom orphic to S , and it operates on

whose function field i s  k(a l , a2, a3, Pi, 43 2, 1
3

3, r, a). A s  is  s e e n  f ro m  (1.4), 6
permutes a i 's  as the index changes and r is  6 - in v a r ia n t . But ô  i s  a relative
invariant belonging to the charactor sgn i . e. w e have

61. (5)=- sgn (c)5 a E  =  S3 .

A ls o  b y  (1.4) w e  h av e  th e  rather com plicated operation of 6  over p i 's i . e.
a(p i )=sgn (u)P c ( i ) . This disadvantage is however immediately removed i f  we
introduce the following variables as the substitute for p i 's :

: =1 3,/5 i=1, 2, 3 .

N ow  6' permutes 1
-3- i 's as the index changes. We further introduce the follow-

ing substitute of a i 's
: =a 1 / 1(3,:1 = 1 ,  2 ,  3 .

T h e se  variab les are m ore convenient since th e  equations (3.1) and (3.2) are
w ritten  in the much simpler form :

(4.1) 2211+521=P3(13){7P3(d))+32P1(d)}

(4.2) 472=P3(P){1P2(a)+52},

where p(a) (resp. pi (p) denotes the i-th elem entary sym m etric polynomial of
(resp. By rewriting (4.2) in the form



729Moduli space M(0, 4) of vector bundles

4r2 f   4 r  
(4.2)'ô 2  =  ps (ig)1

p2(d)=11 p3 (1 ;) P2(d)}

and eliminating 52 f ro m  (4.1), we obtain

(4.3) 272+(1—p2(d)-2p1(d)v+p1(d)p2(d)—p3(a)=0

w here w e have introduced the new  variable

7:=2r/P3(p).

N ow  w e recall tha t ô  is no t yet qu ite  s'-invariant and for th is reason  w e put

=.-,6,(d)5 A(a): =(a1—a2)(a2—a3)(a3- - a1) •

W e then obtain from  (4.2)'

(4.4) 52=A(d)2P3(P)T(2f — P2(d))/2 •

Since 7, 6 are  Ô'-invariant, w e arrive a t  the following important assertion :  The
function fie ld  h(L) o f  L - =/6 ' is obtained by adjoining the algebraic quantities
7, 3 defined by (4.3), (4 .4 )  to the fixed field k(ã 1, a 2 , d3, j327 53). The quotient
M=C-2/6' is defined by the equation

(4.5)

5 .  The ra tiona lity  o f L  and M.

N ow  w e have almost everything to prove the desired rationality. W e begin
by finding suitable  generators for the fixed field k(a,, a 2 , a3, P ly /9e, /33)-6 : We
set

p : 143

q: —a1P1d- d2132-l-a3/33

r: ---- d 1
2 31 + d 2

2 /32 +d 3
2

433

These obviously belong to the fixed field and w e can solve the above identities
w ith  respect to Th / 32, /33

131d 2 d 3 P — ( d 2 - i - d 3 ) q d - r  
(d1 — d3)(d2 — d1)

;42 _  did3P — (di - Fd3)9+r (5.1) (a2— di)(d3—a2)

(TAP — (di -1-d2)q± r
(a 3 —d2)(a1—a 3 )

B y  u sin g  th is  w e  see  th a t an y  e lem en t of the fixed field can be expressed to
be a  rational function of d i, d2, a 3 , p, q, r. W e  th e n  se e  b y  th e  's-invariance
of the element and P, q, r  tha t it is a lso  ra tionally  expressib le  by  Pi(d), P2(d),
po), p , q ,  r. T hus w e  have proved
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k(ã 1 , a2, a3, P i ,  P2, 13 3)
'à' =

 k ( P l ( d ) ,
 p 3 (ã ) , P3(d), P, q, r).

N ow , if w e express p 3 (g) by (5.1) a s  a n  element o f  t h e  right hand side, we
then obtain

-= P(Pi(a), P2(a), P3(a), p, 4, r) P3(13) A(a)'

Here P is  a  polynom ial o f the  argum ents and  it is homogeneous o f  degree 3
with respect to p, q, r ;  so we further introduce the  substitutes for p, q;

13: =p /r =q /r.

T h e  equation (4.4) is then written in  the  form

(5.2) 62= r3 (2 ' —P3(d))xP(Pi(d), P2(a), P3(a), ./5, -4, 1)/2.

The final variable change 3: = -6/r gives now

(5.3) (8)2 =TRW p 1(ã ), p 2 (ã), P3(d), P, g)

where R  is  a polynom ial of its a rg u m e n ts . Now we can obviously solve the
relations (4.3), (5.3) with respect to p,(a) and  r, which, together with the  last
assertion of Section 4, implies th e  identity

k(L)=k(Pi(d), P2(d), 15, g , ,  a) .

Since t h e  subvariety M  o f  L  is  defined  by 15= 0 , w e have thus proved the
desired rationality both for L and M.
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