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For the multi-index problem:
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necessary conditions for the existence of a solution have been given by Moravek and
Vlach [2] which were restated by Haley [1] in the form:
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where

K< {1,2..,n},
KnK=90,

KUK ={1,2,..,n}.

It is known [1] that the conditions (1) are sufficient for the existence of a solution
if at least one of I, m or n is less than or equal to 2.

The sufficiency of these conditions for other classes of problems has been questioned
by Moravek and Vlach [3]. This note will demostrate that the conditions (1) are
not sufficient for the existence of a solution for the smallest possible problem with
I, m,n> 2 thatis: | = m = n = 3.

A computationally intractable procedure for determining necessary and sufficient
conditions for the existence of a solution to the multiindex problem has been given
by SmitH [5]. In the incomplete application of this procedure to a problem with
I =m = n =3, all of the conditions of the set (1) were generated, together with
some conditions not belonging to (1). One such condition not belonging to (1) was:

(2) —Ay — A3y — Ay + Bay + By + Bys + Cyy +Cpp +Cy 2 0.

To test whether or not the condition (2) was implied by the conditions (1) the
linear programming problem:

Minimize:
__AZI - A31 - ASZ + BZB + B32 + B33 + Cll + CIZ + CZI .

Subject to
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0<4,;,<! (i=12..,Lj=12..m)),
0<B, =1l (i=12,..,05; k=12,..,n),
0sCp=sl (j=12,...mk=12..n)

was solved. The bounds on A;;By and C;, are required in order that the objective
function be bounded.
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Feasible solutions to this linear programming problem define the constants of
multi-index problems satisfying the conditions (1).
There are in fact several optimal solutions, one of which is given in figure 1.
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Fig. 1.

For the problem specified by figure 1 condition (2) is not satisfied since:
—AZI - A3l - A32 + BZ3 + B32 + B33 + CII + C12 + C21 = - 1

and therefore no solutionvexists, even though the conditions (1) are satisfied.

If
L={1,2..1,

M={1,2,..,m},
N ={1,2,..,n},

« < LxM,
p € LxN,
Yy €MXxN
such that if (i, j) € , then for each k, either (i, k) € B or (j, k) € y.

Then for a solution to exist, Smith [4] has shown that it is necessary that

3) - 2 Ay+ Y Bu+ ¥ Cpz0 all of.
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The conditions (1) are the subset of the conditions (3) given by: a
=IxKandy =J x K.

All of the necessary conditions generated for the problem with | = m =n =3
(for example the condition (2)) are included in the conditions (3). It is tempting
therefore to conjecture that the conditions (3) are necessary and sufficient for the
existence of a solution to the multi-index problem having | = m = n = 3.

IxJ, B=
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Souhrn

O MORAVKOVYCH A VLACHOVYCH PODMINKACH PRO EXISTENCI
RESENI VICEINDEXOVEHO PROBLEMU

GRAHAM SMITH

V ¢lanku je dan nejmensi mozny piiklad trojindexového problému, ktery vyhovuje
podminkdm Moravka a Vlacha z r. 1967 a ktery nema pfipustné feSeni.
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