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On the Multiple Gamma-Functions

Koji KATAYAMA and Makoto OHTSUKI

Tsuda College

In his paper [5], Shintani obtained a certain type of infinite product representations
of double gamma-function I', and Stirling’s modular form p, in the sense of Barnes.
On the basis of them, he derived the relations of theta-function and I', and of #-
function and p,. This is one of the points of his new proof for classical Kronecker’s
limit formulas.

The main purpose of the present paper is to settle the Shintani type infinite product
representations of r-ple gamma-function I' (w; @) and r-ple Stirling’s modular form p (@)
in the sense of Barnes.

In §2, we prove Lemma 1, which is powerful to establish the asymptotic expansions
of functions defined by some types of contour integrals. In §2.2, we introduce the
function 1.G,,(z), which is a generalization of LG(z), first introduced and investigated
by Shintani [4]. In §2.3 and §2.4, we derive the asymptotic expansions of LG, (z +a)
and logl(w+a; @).

On the basis of them, we construct LG,, , ,(z) in Theorem 1, §3.2, and the function
log P, . ((w; @) in §3.3, the latter of which is a generalization of log P(w; z) of [2] and 1s
essentially equal to logrl,, (w; @), up to an easier factor. Then the easier factor is
determined by the difference equations (1.2.6) satisfied by I, , ,(w; @) and thus we arrive
at the Shintani type infinite product representations of I',, ; and also of p, ;.

§3.4 is a by-product and gives a ‘simple proof” of inversion formulas of theta-
function and of Dedekind n-function.

1. The multiple Bernoulli polynomials and the multiple gamma-functions in the sense
of Barnes.

1.1. The multiple #-th Bernoulli polynomials. The r-ple n-th Bernoulli poly-
nomial

rSn(W; @Wg, Wy, "7, Cl),._l)

of w with parameters wg, w,, ‘-, @w,_, is defined by
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(—1)yte ™™ Z (— e ST D(w; w) & (=11 .Suw; )"
ﬂ:; (l—e-w") k=1 k-1
for |t|<|2n/wg], - -, |20/, _,|, where ,S,(w;®) is the abridged notation of
WSaW; g, @y, * -+, 0,_ ) With @ =(wq, @y, * - -, w,_,) and ,S*(w; @) is the k-th derivative
of .S, (w; @) with respect to w.

Let B,(w) be the k-th Bernoulli polynomial defined by
te” - Bk(W)

—Z

k=0

(1.1.1)

uM

n!

B, = B,(0) is the k-th Bernoulli number.
Then

B(w)=(B+w)"

where in the binomial expansion of the right hand side, B=B"' and B/=B; is the j-th
Bernoulli number.
Further, we have

(—iyee™ _ Tiog-ea) 0 L (=1
[liZo=e  Jlilge™*=1) SR | ey

=exp(—(°Bwo+'Bw,+ - - - +" " 'Bw,_, +w)I)

R

r—1 r—1
? [Ticow

Hence, comparing this to (1.1.1), we have
(OBCU0+ 1Bco1 + .. +'—IB(1),_1 +w)n+r—1n!
1oy n+r—1)!

where in the multinomial expansion of the numerator,

(1.1.2) Si(w; @)=

!BJ=BJ i=0’ --',r—I
but
‘BI-"B*#B;,, for i,i'=0,---,r—1.

1.2. The r-ple gamma-function. Let w, w,, - - -, ®,_; be complex numbers with
positive real parts. We define r-ple Riemann zeta function {, by

(1.2.1) Cr(s; w, 03)=C,.(S, W, Do, Wy, "7 75 Wy 1)
= ) (W+mwo+mw;+---+m,_o,_,)"°  (Res>r)
=0

where 0=(0, - - -, 0) and m=(my, m,, - * -, m,_,), myeZ, m;>0. Here
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w*=exp(slogw)
and
logw=log|w|+iargw, —n<argw<m.

¢, can be continued analytically to a meromorphic function in the whole complex plane
via the integral representation

. _ —sri —wtys—1
(1.2.2) Liss w, @)= LA =S J e Tt dt
I

ooy 1lino(l—e™ <%
where 0 <A <ming_; ., (|2n/w;|) and I(4, o) is the path consisting of the infinite line

from oo to 4, the circle of radius A around 0 in the positive sense and the infinite line
from A to oo as shown below:

27

)
-k! j -
FiGure 1. I{4, )
¢, is holomorphic except for simple poles at s=1,2, -, r.
Put

_logpr(w09 Wy, ", Wy 1): _logpr((b): hm l:{% Cr(S; w, CB)} +10gW] .
w— 0 )

s=0

p (@) is called the Stirling modular form (in the sense of Barnes). Then the r-ple

gamma-function I' (w; @)= I (w; g, @,, - -, 0,_,) in the sense of Barnes [1] is defined
by
I'(w;, @
ds =0 X ()
Then
(1.2.4) lm wl(w; @)=1.
w—=0

From (1.2.3) and the integral representation of ,, it follows
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Cw.d) 1 ~tlogt
(125) log XD _ f ¢ "logt  di
I

= —— —+(y— 7)), (0; w, @)
Gy [ico(l—e9 o

where log: is real valued on the upper segment of I(4, o) and y is the Euler’s con-
stant, namely

pA@®)  2mi

1 1
1 +?+ oo +——log(n+ 1)=y+0(n"1) .
n

For & =(wy, @,, - -, 0, _,), we write @* =(wy, 0, * -, @, _, ®,). It is known (or, easily
shown from (1.2.5)) that the following difference equations hold:
Lw, %) N I'(w; &)

[, w+w;d%  pld¥)

(1.2.6)

for every i=0, 1, - - -, r, where & means the r-tuple obtained by omitting w, from @*.
In particular,

(1.2.7) I (w; d%)=pla}).

It is reasonable to define po( )=1.

ProrosiTiON 1.
(1) {0, w, @)=(—1),S(w; @) .

ProOF. By (1.1.1),
e—wtt—l

0; w, @) =Res - =(—1),Si(w; @),
40w, @)= Res = (1Y, )
P |

—1; w, @ =Res - =—
Cr( w CU) =0 ;':é(]--e_“"") 2

(—1)7,85w; &) O

PROPOSITION 2. Let t be positive.

I (tw; td)

M I' (w; @)

r—1 :
=CXP[(~(—I)ZSE(W; @)+ kZ (=1 aSilws o, -, wr—l))logt]-
=0

~ r—1
@ 2D el (T St o) logt .

Proor. Differentiating {,(s; tw, t@)=1t"°(,(s; w, @) with respect to s and putting
s=0, we have
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(1.2.8) log LA D) v 0 v, 3)logi+log ~n )
pi®) p@)

Put w=w,. Then by (1.2.7) and Proposition 1, (i),

I'(w; @)

pr(t(b) - pr—-l(twh T, tCO,._.l)
,0,.((6) pr—l(wla T wr—l)

Continuing this process we have (ii) of the Proposition. Then put (ii) into (1.2.8). We
have (1). [

exp((—1)".S1(we; @)log?) .

2, Asymptotic formulas.

2.1. Key lemma. We put
mo]
An= 3 " for an integer m >0 and 4,=0.
k=1

LemMmA 1. For Rez>0 and an integer m=0,

1 e = —z)"
27 Jrwy & m!

(A,,—logz—7y+mi)

where logt is real valued on the upper segment (4, + ) of I(4, o).

ProoF. We write

1 —zt
Imz——.J\ ¢ 4 logtdr,
27 )y £

1 e
Jp= logetdr ,
27i -[U(i) pmt g

=] e—zt

where U(A) is the circle of radius A around the origin. Then I,,=J,+ K. To compute
Jm» consider the integral
1
L= J log! 4
U

; m+
2nil Jygy ¢

which is equal to

1 jz" logA+i0 1 J""" log . 2

e-moggs L L |7 gemimagg |

o A" 2 A" Jo

- id0 =
2ni J,  Ame'™® 2n

Then we have
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l 2x : 2n
Lo= Ogif de+if 0d0=logl +ni
2 2n Jo

n 0

and for m>0,

27 : 2n
L o= logi J‘ e ™o 4+ lm f Oe =m0 = —

1

" dmam 0 2" Jo mam™
Hence
o0 _ Nk
J,,,=——1—7 Y %ﬂt"logtdt
27” U()-)k"-"o tm k!
m—1 Y 1 ___1 __aym
Sy = D et miyed)

K=o k! (m—k)Amk m!

where g(4) denotes a function approaching 0 when A goes to 0.
Now, for the integral K,, m=1, we have

l. 00 z a0 e—zt e—-z}l. z
K,=| — e | — 2 dt= - K,
mt™ o om J;om mi™  m

because of Rez>0. Hence,

1 — — )2 __ym—1
sz{ + (=2) —+ (=2) - .|_...+(_Z)___
mi™  mm—DA""'  mm—1)m—2)A""? m!lA
+4=2) K, .
m!
Here K, is computed as follows:
(* oo —zt o0 —zt __ -t © —t
Ko=| £ dt=f idt+~[‘ ¢ _at
v i f A t A t
(feo ,—zt__ ,—t ) 1 1 Y —t
= f—Laft—f { — _~}€H[dt+f
v A t A l_e ! t a l—e '

* 0

o0 —t

= —10gz—y+8(l)+f

i

since, with u=e¢ 7', the last integral is equal to

—z2t__ 5t PO 1 1 oo
= Ldt-f { - ——}e"dt+8(/1)+j ©
o O t 0 1—8' t i 1-—-6

- dt=—logz—~logi—y+ed),

}e—zl



MULTIPLE GAMMA-FUNCTIONS 165
O _du
j 1——[log| u—112-.=—log(l —e =4
= —log(A(1+ - )= —logl+e(l).

Summing up, we see that the integral I,,=J,,+ K, is of the form

Ay Ay 1 a,

— + - +—+blogi+ay+el).

am T gm—1 2 g o T&4)

But the integral 7, is independent of A. Hence [,, must be equal to ¢, which is the sum
of the constant terms of J,, and K,,. The constant term of J,, is (—z)"ni/m! and that of
K, is

I (=" (—z) (—z"! (="' (=2 (= )'"
moml T mm—1) m—nr T YT T (logz+7)
A P

m!

which proves our lemma. []
In general, we use the following notation: for a given integer m=0,
Q0 m o0 oo
[ > a,,x"] = Y ax", { Y a,,x"} = ) ax".
n=0 m n=0 n=0 m+1 n=m+1
For brevity, put
T, (a a))t"

tre—at [e'e)
Toia—en &

n=0

Then by (1.1.1),

2.1.1) (—=1)'nl.S, .- (a; ®)

(n—r+1)!

(—=1ynl ST " Ya; @), 0sn=sr—1
rTola; @) {

r<n.

2

The following lemma is easily obtained from Lemma 1.

Lemma 2. For Reaz0, Rez>0 and Rew;>0, i=0,1, -+, r—1,

1 1 tre” ™
——— e “logrdt
2mi (i, 00) it l:n:;é(l_e_wit) :Im &

_ Z W Tola; @) (—2) (A,,—,—logz—y+mi).
n=0 n! (m~n)!
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Lemma 3.
(H Y ( )Tk(a ON—z)' k=T fz+a,d),
k=0
2 > (,:)er(a; AN —zf *=(—=1)r,Siz+a ®).
k=0
PrOOF. By definition,
tre—(z+a)t B i ,T,,(z+a; d))t”
[Tio—e"=f W50 n! '

On the other hand, it is equal to
tre . o0 ,T,,(d; df))tn @
e € S X T N
1_[._ (1—e ©%) n=0 n! n=0

z Tda) (=2 , n ol
=2 X k", ! Z{n,kg (k),Tk(a,a))(—z) "}t.

n=0k+Il=n

(— Z)"t"

Comparing the right hand sides, we get (1). (2) follows easily from (1) and the formula
just before Lemma 2. []

LEMMA 4. For Rez>0, Reaz=0,

—qat

te e
lim logtdr=0.
i-0 »[U(A){l_e—'}m+1 e £

Proor. It is sufficient to show

limJ t"logtdt=0 for m=0,
U(A)

A—0

since the integrand of the lemma is the sum of the terms of type ™ logf, m =0. We have

2n
J t’"logtdt=j Amtlem* Di%i(loo 1 +i6)dO
U 0

and get the lemma. [J

LEmMMA 5. For Reaz0, Rez>0 and Rew,; >0, i=0, ---,r—1,
a0 1 tre—at
e “dr
J; gmr {H:_—‘_é(l_euwﬂ) }m+1
0 T (a; &
= 7@ ) (asymptotically for large |z)) .

n=m+1 R(R—1)" - -(n—m)z"™™

Proor. The left hand side is asymptotically equal to
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o Tlad) [

n=m+1 n! 0

e FnTmT gy

Then the Lemma follows from the fact that the integral equals I'n—m)/z"" ™. [

2.2. The function LG, (z). For every integer m =0, we define the function LG,(2)
by

(2.2.1)

1 t —zt _1 m
LG, (z2)=—— emﬂ logtdt—i—( )

B, (2)(y —mi), Rez>0.

-t

In his paper [4], Shintani first introduced and investigated LG,(z) (=LG(z) in his
notation). The following Proposition generalizes Lemma 2 of [4].

ProprosITION 3.

(1) LG, (2)= (=1 i (m)Bkz'"""(Am—k-—logz)+Jw{ i = } “"e_"_;i_dt,
n! l—e ™ jmeq 1™

k=0 k 0
@ PGl _ _1G,_\). m=z),
. dz
3) LG (2) = logI'(z)— 4 log(2m),
@ @ZL 2,2,
Z

where (s, z) is the Hurwitz zetafunction

o0

s, z2)= D (z+m)~ %, Res>1,

m=0
=Mj ii{i—ldtzil(s;z, 1).
2mi I, 0) —e!
) LGz + D=LGy@)= <=2 (4, ,—logs)  (mz1).
m—1)!
_1yn—1 _1ym
6) LG ()= g —my S g mz2)
(m—1)! m!
and

LG,(1)={(0)= —Flog(2m),

where {(s) is the Riemann zetafunction defined by
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|
)= D, — Res>1
a=1 nf
and has an expression
(1 — —sri —tys—1
(2.2.2) ((s)=(—s—).e—~— f e_—_ dt
2xi Iy 1

valid for any s.

_ Proor. (1) The integral of the defining formula (2.2.1) for LG,(z) is divided into
two parts:

1 t e ®
223 —_— — logtdt
( ) 2mi I(A,m){l—e_'}marl tmrl 5

1 t e ™
+— [ — ] T logtdt .
21:1 I(A,0) l_e t m tm

The second integral is evaluated by Lemma 2 with r=1, =0 and w,=1. The ﬁrst
integral is divided to

1 t e—zt oo t e—zt
— ——— logedt + —dt.
2mi U(A){l_e_:}m+1 (! & J; {1“e—t}m+1 tmHl

Then (1) follows easily from Lemma 4.
(2) Note that

2 B () =mBo_(2).
dz

Then (2) is straightforward.
(3) By (1), we have

LGl(z)z_Boz(l—logz)—B‘(_longf {1 t_,} e
2

0 —e Iz

The integral of the right hand side is equal to

© (1 1 1 —a
5t
0 2 t et_l t

Then Binet’s first formula for log'(z) (Whittaker-Watson [6], p. 249) shows (3).
4)

dz 2mni ~e ! logzd

_ _Jw “"_z:' di=~(2,2).

dLGo(z) _ 1 J‘ te™ ™
I(A,00)
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(5)

—zt —1m m—1
LG,(z+1)—LG,(z)= —L_ € logtdt+ (=)=

(y —mi)

because of B, (z+1)— B, (z)=mz""*. Then the integral is nothing but

_ (__Z)m—l
(m—1)!

I =

m—1

(A, —logz—y+mi)
and (5) is obtained.
(6) Tt is known that
{1—m)=—B,/m for m>1, {O)y=—-1/2.
We have, differentiating (2.2.2) and putting s=1—m,

e ' dt

—t tm

(' —m)=(—1)"(I""(m) + =il '(m)) L J
2mi

1(2, ) l1—e

4 Tom)= )" LG 1)+ B (1) i)

-1 ) ,
= (I"’(m) + =i T(m)){(1 ~m)

+(—= D)"Y m— 1)!LGm(l)+—::Bm(l)(y—1ri) .

Note that B,(1)=(—1)"8,,. Then LG,(1)={'(0)= — 5 log(2n) and we get

(=t (= )BT )+ miL(m))
(2.2.4) LGm(l)*——f——-(m_l)! {'l—m)+ miom— 1!
+(_1)mM for m>1.
m!

It is easily seen that I'(m}A,,_, —7)=1I"'(m). Then the second term plus the third term
of (2.2.4) becomes (—1)"B,A4,,_,/m!. [

2.3. Asymptotic formula for LG, (z +a).

PROPOSITION 4. For Rez>0 and Rea=0, we have asymptotically for large | z|

Ht

LG, (z+a)= (—’—nl)’” > (’Z)Bk(a)z'”_"Am_k* (=1 B, (z+a)logz

' 2o m!

< (—=1)"B,(a)

n=mr1 nn—1-(n—mz""" "’

+
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Proor. By Lemmas 2 and 4,

1 t —{(z+a) (_l)m
LG, (z+a)=— logtdr + B, (z+a)(y—mi
(z+a) 2ni Jv,(;_,w) 1—e™t ¢mt1 g m! (+a)y —mi)

1 te e
=——.J [ _t] — logtdt

1 te™ % e (_l)m
+— logrdt + B, (z+a)y—mi
270 Jiao) { 1—e! }mﬂ 1 £ m! ( Wy = i)

YBya) (—2y"*
k' (m—k)

(A, ——logz—y+mi)

m (—1
=3 !
k=0

o t —at 11 _1 m
+J { ¢ — } ¢ T3 dt+( ) B (z+afy—mi)+¢&A).
2 l=—e ™ )y ™ m!

Here the terms including y — zi vanish, since the terms including y — #i in the first sum
are gathered to

(Tnl')m B, (z+a)(y—mi).
We let 4 tend to 0. Note that

1Tda; )=(—1yB(@), n=l, Tola;1)=1.
Then Lemma 5 proves our Proposition. [J

2.4. Asymptotic formula for logl'(w+a; @). In [1], Barnes gave the asymptotic
expansion for logI' (w+ a; @) in the most general setting but his proof was very much
complicated. Here we present an easy proof which is based on Lemma 1.

ProrosiTiON 5. For Rew>0, Reaz=0 and for &=(w, w,, ", w,_,) with

Rew; >0, i=0, - - -, r—1, we have asymptotically for large | w|
r . B r —1 ns(r—n+1) Y
g L HE®) _ & (ST @ =
PAD) n=0 (r—n)!
" i (=18, 4 1la; @)
n=1 n(n+ 1)w"

Proor. Our proof goes on the same way as for Proposition 4. We have by (1.2.5)
Tw+a; ®) '
()
1 e “r'ogr dt

= = —— —+(y —m){0; w+a, @)
270 Jiawy [lico(l—e @) ¢

(2.4.1) log
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1 [ tre” :I e ™logt s
27 J pia,0) Hz;é(l—evw"t) v it

1 t'e e “logt
: { r—1 — w;t } r+1 dr
278 Jyao) UIlico(l—€7 %) )iy 8

+(p—n)0; w+a, ®).

The first integral of (2.4.1) is equal to

C rTn(a; CT)) ( - w)r -

)}

S nl (r—n)!

(A,_,—logw—y+mi).

Since

1 r T (a: &N — w) ~"r!
15 TAGON=WTT e it g )= L,(0; wa, @)

r! »=o nl(r—n)!

holds by Lemma 3 and Proposition 1, (i), y —ni disappears from (2.4.1). By Lemma 4,
the second integral of (2.4.1) equals

o 1 { l.re_at } ot
- — e Mdt
fo et n::é(l—e e

which is equal to, by Lemma 5 and by (2.1.1),
S Tula; &)
n=r+1 Hn—1) - (n—rjw" "
_ & (=1)Spe g B) i (=17, S, 4 4(a; ®)
n=r+1 M—r+Dn—rw"" =1 n(n+ 1)w"

Summing up, we get our Proposition. []

3. Multiple gamma-function and Stirling’s modular form.

3.1. The double gamma-function. Shintani, in his paper [5], gave the infinite
product expansions of the double gamma-function I';(w; (1, z)), for w,z>0, and the
Stirling’s modular form p,((1, z)), z>0, as his Proposition 1. Then I';(w; (1, z)) and
p,((1, 2)) are continued analytically to holomorphic functions in the domains

{w,z); zeC—(—00,0], w# —(m+nz),m,n=0,1, - - -}

and {z; ze C—(— 00, 0]}, respectively. Also, he proved the following formulas (cf. [2],
[5D), for Imz>0,

@3.1.1) pal(l, —2)pa(1, 2) = (2722 2n(z) exp{m'(—l-+ : )}
4 12z
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Fafw; (1, 2)) Tp(1—w; (1, —2)) F(1+z—w;(1,2) Tw—z(1, ~2)

(3.1.2)
p2((1, 2)) pa(1, —2)) p((1, 2)) p2((1, —2))
(@) (1 w—w?
”sl(w,z)exp{m( 6z 'z )}
where

@
n(z)zeZn'iz/24 H (1 _eZHinz) ,
n=1

Bl(w, z) = 2e2"iz/12 sin(nw)n(z) n (1 _eZﬂi(w+nz))(1 _e2m'(— w+nz)) )
1

In this case, the difference equations (1.2.6) become

I (w+ 1 (1, 2))=T3(w; (1, 2)20) 2T (w/2)~ * exp{(1/2—w/z) logz} ,

7 (3.1-3) {FZ(W"I‘Z; (1, Z))=I"2(w, (1, z))(2n)1/2F(W)_ 1 .

We constructed loglI', in {2], going the converse way to Shintani’s, by the Weierstrass
principle from the asymptotic expansion of logI". More precisely, we first defined the
function log P(w, z) by

— {logl“(w +nz)— (W +nz —%) log(nz) + nz —% log(2n)
n=1
2_
_ L W}, (w,2>0) .
12nz 2nz

Here the inside of { } except for the first term gives the asymptotic expansion of
logI'(w+nz) up to n™ '-term. Thus { }is O(n~2) and the series converges. We call such
an obvious principle of construction the Weierstrass principle. P(w, z) can be continued
analytically to the domain of (w, z) aforementioned. Then we constructed I',(w; (1, z))
by attaching easier factors to P(w, z).

3.2. LG,(w)by the Weierstrass principle. - First, by the Weierstrass principle based
on the asymptotic expansion of LG, (w+a) of Proposition 4, we define

a0

(3.2.1) PG, (w)=— Y, {LG,,,(-W +n+1)—LG, (w+n)
1

_ene ('Z)(Bk(w 1) = Byw)n™ 44y 5 —logn)

m! =1

_(=)""Y(Bps(w+1)~B,, I(W))}
(m+1)'n '
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For m=2, we have

2n

ool 2
PG,(w)= Z { (wHn)+(w+n)log(w+n)+n— (w+n)logn—L},

which was introduced and denoted by PG,(w, 1) in [3]. Also, there, the formula
(3.2.2) LG,(w)=wlog./2n +wlogw—w++ w2+ LG,(1)+PG,(w)
with LG,(1)=1/12—-'(—1) has been given.

The right hand side of (3.2.1) is computed as

= — i {LGm(w+n+1)—LGm(W+")

GV (m)kwk_lnm_kum_k_logn)_ (—1)'"“wm}

m! =1\ k mn

- i {LGm(w+n+1)-—LGm(w+n)
n=1

(—1)" mil (m_l)w""ln'"""(Am,k——logn)

S m=1)! &= \k—1
— 1y" _1ynt+1l,..m
+LLWm-1logn_LQuL}
(m—1)! mln

-~ i {LGm(w+n+ 1)—LG,(w+n)
n=1

__l)k k

— ZO (LG u(n+1)=LG,,_4(n))
(=" wm‘llogn—_(_l)m+lwm}.
(m—1)! min

Here Propositon 3, (5) is used for LG,,_,(n+1)—LG,,_(n).

THEOREM 1.
wyn—1 m—2 (__ 1\k
LGm(W)zL(Am_I—Iogw)+ y (=1 wr*LG,,_ (1)
(m—l)! k=0 k!
(—l)m m . m+1
+m log«/27r—————yw +PGm(W)

holds for mz=1.

Proor. The partial sum of —PG,(w),

173
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(3.2.3) Nil {LG,,,(w+n+1)——LG,,,(w+n)
n=1
m—2 ¢ 1\k. .,k
-y 5D 06, i+ D-LG,, )
k=0 k!
(_I)m I B (_1)m+1wm}
o v loen min |’

is equal to

m-—2 (_l)k
=LG,w+N)—LG, (w+1)— Y o
k=0 :

—1)y" —1 m+1..,m N—1 1
+ D" ety EDT TN L
(m—-1)! m! w=1 N

Replace LG, (w+ N), LG,(N), logI'(N), ¥ ¥~ 1/n by

WHLG,, - (N)—LG,, (1))

LG, w+ M) =" (Z)Bk(w)N'"—"(Am_k—logNH oY),

k=0
(=" & (m ~k -1
LG, (N)= > BN™ XA, x—logN)+ O(N"7}),
m! =o\k
logI'(N)=(N—1/2)logN—N++log2r)+ O(N™ 1),
N—-1 1
Y —=y+logN+ON"1Y).
n=1 R

Then terms going to infinity for N — oo, appearing in the formula so obtained, are of
the types NP (p=1), logN and N7logN (¢=1) and (3.2.3) converges when N — 0.
Hence, diverging terms are canceled with each other. Finally we replace LG, (w+1) by

—wyn—1
LG, (w+ 1)=LG,,,(W)—L (A,,_,—logw). O

(m—1)!
3.3. The functions I',(w; @) and P(w; ®). Recall that @=(w,, »,, ***, ®,_,) and
@*=(wy, Wy, ", W,_, ®,). Assume throughout that w, w;, i=0, 1, -+ -, r, are all real

positive. By the Weierstrass principle, we define P, (w; @*) by

logP, . ,(w; %)= — ) {logl" AW+ nw,; @)—logp (D)
n=1

" ST T W B —nw, ) "

(r _ m) | (Ar -m= log(nwn))

ro(—1
_ v d
m=0

(=1L ca)}

2nw,
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based on the asymptotic expanison of logI'(w; @) given in Proposition 5 (w, a are taken
as nw,, w here, respectively). P,(w; (1, 2)) is denoted by P(w; z) in [2].
We have, by the difference equation (1.2.6) for I', , ,,
I, v, &%) Iy (wto,; %) =1 I'(w; @)
Pr+ 1(0?)*) Pr+ 1(65*) pr(d’))
Therefore, for NeZ, N>0,

log

og [rri 0% ) Tros(wt Neosd®) N3 o Towtnos; &)
Pri1(@D%) Pri1(DF) n=0 pA@)
We consider
ey . T (w:
(3.3.2) IOg Fr+ I(W9~C: ) =10g Fr+ 1(W+J\Zwr9 w ) +10g r(w5~w)
P+ 1(@F) P+ 1(BF) p.(@)
N—1 Ry
4+ Z l:log F,(w—l—nfu,, CO)
n=1 pr(w)
r —1 mrs(r-f-l—m) W; @ —nw, F—m
— 3 SISTT T O Ty logt,)
m=0 (r—m)'

(=130 ca)]

2nw,

(Ar -m~ log(nwr))

N & (=D ST (v o —ne,) ™
g | g e

(r—m)!

n=

=TS ) ]
2nw, '

Note that the first sum tends to —logP, , ;(w; ®*) when N — 0.
The second sum is transformed to, by Proposition 3, (5),

N-1[ r=1
) |: (=D"STH 7™ (w; @)y " ™(LGy - s 1 (1) — LGy s 1+ 1))
0

n=1 m=

r iy et Lm0 SN r—m
_(—l)rrSi(W, cﬁ)logn- Z ( 1) rSI (Ws (1))( n(l),.) loga),
ey (r—m)!

N (=11, 85(w; &) ]
2nm,

r—1

= ZO (= D"ST™ 7 "(w; D)) ™ "(LG, - s ()= LG, 4 1(N)

m=

~(—1),S1(w; @)log N'(N) +(—1),S1(w; @) logw, — N(— 1),51(w; @) logw,
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Mol rh (= 1S s ) — o)

-2 2 logaw,
n=1m=0 (r—m)!
L ETLSim @) K 1
2w, n=1 h .
Now we know that
I',.,(w+No,, &%)
log -
pr+1(w*)
r+1 -1 (r+2—m) e % — N r+1-m
=y S ST TS ONNOYT T —log(New, )+ O(N )
m=0 (r+1-m)!

= ¥ (=1 ST 2w M0t LG, - e oN) — LG, -y o(N + 1)
m=0

—(=1y", 1 Siw; @*)log N

~ rEl (1), ST M 3 *)(— Neo Yt log(e,) + O(N 1)

m=0 (r+1—m)!
‘ (=D & [k k-1 -1
LGy (N)= Iz )y lBlN (A - —logN)+ O(N™ ),
!o1=0
(_l)k_l k—1

N-—-1
Y nl=y+logN+ONY),

n=1

logI'(N)=(N—1/2)logN—N +log(2n)'*+ O(N~ ).
Put these into the right hand side of (3.3.2), which must converges when N — oco. The
terms going to infinity for N — oo are of the types N? (p=1), logN and NilogN (g=1).
Hence diverging terms for N — o0 must be canceled out with each other. Therefore, as
N - o0, we have

Iy(w; %) I (w; @)
Pri1(DF) PAD)
—(=1)y*L,  Siw; @*)logw, +(—1),S(w; &) logw,

(3.3.3) log —logP, 4 (w; @*)

r—1
+ 2 (=D)STT T (w; @) T"LG, (1)
m=0
+ (—1y*1,85(w; d)y

—(—1Y,S](w; @) log(2m)'/2 .
2w

r
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Put
D, (w; ) =((—1y "1, Si(w; @*)—(—1),S1(w; @) logw,

r—1 —1yti s L@
_ Z (—l)m,.Sgr+l—m)(W; d))w:—mLGr_m.'_l(l)_( ) r 2(w w)y

m=0 2(1),.

+(=1),Si(w; @)log(2m)'/?,

(=) Sy w; @) —aw) "

(r—m)‘ (A,._m—IOgC!),.)

Y o w, d%)= ZO

(=171, 85(w; @)
2w,

+

for d=(wg, Wy, ", W,-;), B*=(D, w,). Then
e8]

10gPr+ I(W; (b*)= - Z {logrr(w+nwr; (b)_logpr(ca)_ Tr+ 1(W; 659 na),)} >

n=1
Lyyi(w; &%) _ I'(w; @)

.~ =log ——~
pr+1(CO ) pr(w)

log - ¢r+ 1(w> @ *)

+ {logI'(w+nw,; G)—logp(B)— ¥, 1(w; B, nw,)} .
=1

n

Put w=w, in the above. Since (1.2.7) shows

rr+1(w0; (b*)=pr(wla Y wr) ’ Fr(wo; (b):pr—l(wls T, COr—l) H]
we have
log pr(wlz ) '~';CO,) =10g pr—l(wls ~a CDr—l) _¢r+1(w0; (I)*)
Pr41(D¥) p(D)

+ Y {logI(wo+nw,; @) —logp@)— ¥, . 1(we; &, nw,)} ,
n=1

pr(wls T, wr)pr(d'))
pr—l(wl’ Y (1),._1)

logp, ,(@*)=log + @, 1(wo; B*)

— Y. {logl (wo+nw,; @) —1ogp (D) — P, . 1(wo; @, naw,)} .
n=1

Then, by (3.3.3), we have

pr(wls T, CO,.)
pr—l(wl’ T wr—l)

logrr+ l(wa (b*):log[ FP(W; @)]+ djr+ l(wO; dj*)'_¢r+ I(W; (I)*)
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+ Y {logI(w+nw,; &)—logl(we+nw,; @)
n=1

+ ¥, 1(we; @, 0, )~ ¥, (w; @, hw,)} .

Thus we get an infinite product expressions for I', . (w; ®*) and p,, (&*) which
generalize Proposition 1 of Shintani [5]:

THEOREM 2. Let w>0 and w;>0,i=0,1, ---,r.
(1) Toywob=— PO ") b
pr—l(wls T, wr—l)

*exp(D, ; (wo; DF)— D, ((W: B¥))

= | T'(w+no, @) i )
. l—l1 |: I'{wy + nw,; @) exp{¥, . 1(wo; @, nw,)—¥, . (w; &, nw,)}]
n= r 0 rs

and this is continued holomorphically to the domain
{w, ®*) ; w;eC—(—00,0],i=0,1, - -, r,
wHE =Y oM, meZ, i=0,1, -, r}.

*)= pr(wl’ T Cl),.)p,.((b)

(2) [ ()
pr—l(a)l’ T, a),_ 1)

exp(®, . 1(wo; B*))

* [ {M{wo+no,; @)~ p @) exp(¥, . 1(0q; &, nw,))}
n=1

and this is continued holomorphically to the domain
{o*; w;,eC—(—00,0],i=0,1, ---,r}.
For r=1, take w,=1 and put w, =z. Then

1 z w? 1 woow 1
Siw;(l,z2)=—+—+——+———————, Siw; 1)=——+w,
S =t T 1Si(ws 1)= = —+w

1 1
1SPw; D=1, ;S3(w; 1)=W2“W+€ s LG2(1)=1—2_C’(—1) s

2

1 z w 1 w w 1
D,(w; (1, 2))= +—+ — 4 Jlogz—{ — (-1
2ws {1, 2)) (122 12 2z 4 2z 2)°gz (12 ¢t ))Z

_ ywr-w+1/6)
2z

(——;——f— w) log(2n)'/?,

w2—w+1/6

1
¥,w; (1, z2))=—z(1 ——logz)+(—~f+ w) logz+
2 2z
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Hence we have

w—w?

Iyw; (1, z)=2m)"'? exp{( —j}-—) logz+

(w2 —w)y }
3 —

2z

. *  I'(w+nz) w—w? _‘ }

rn 1l i XP{ 2my HA—Wogna) .
—omexpd — T E ey 2L J_) }

p((1, 2))=(2m) exp{ 2 13 +zL'( 1)+(12 4+122 logz

© 1
- 1 @r)*2r(t +nz)~! exp{—l— + (— + nz) log(nz)—nz} )
n=1 12nz 2

These formulas coincide with the formulas of Proposition 1 in Shintam [5].

3.4. The inversion formula.

PROPOSITION 6. I',(W; wg, @y, ***, ®,_4) and pwy, @y, ***, @,_,) are symmetric
with respect to wg, @y, ***, O, _;. '

For short, we say that I'(w; @) and p(®) are symmetric (with respect to @).

PrOOF. (1.2.5) shows that log(I'(w; ®)/p(®)) is symmetric with respect to @&. Add
logw to the both hand sides of (1.2.5) and let w tend to 0. Then by (1.2.4), p,(d) is
symmetric and the symmetricity of I',(w; @) follows. [

PROPOSITION 7. Assume that z,=1, zye C—(— o0, 0] for I=1,2, - -, r—1, and w
is such that w # —-Z:;émizi,miel,i=0, 1, ---,r—1.Thenforeveryl=1,2, -- -, r—1,

(i) r,<i;1,-zi,---,

z) zy

Zr-1

s T )zrr(w; Lzy oty 2my)
Z

2] e

.exp{((— l)rrS’l(w’ 13 215 "7, Zr'-l)

r—1
- kZO(_ l)r_.kr—kSi(zk; Zgy T, zr—l)) logzl} .

1
.. 1 _
(ll) pr(ls—st "'9;5”'3 Zrzl\):pr(lﬁzla"'azr—l)
! 1

r—1 ‘
* exp{—(kzo(_ l)r_kr—kSi(Zk; zka T, Zr— 1)) logzl} -

In particular, for r=2 and z, =z,

(iit) rz(ﬁ; (1, i)) = I,(w; (1, 2)) exp{(l LW (1 +1)) logz} ,
z z 2z 2 z
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. 1 3 1
(1v) Pz((l, ?))=P2((1’ z)) cxP{(j_‘l‘z—;“%) logz} .

Proor. In Proposition 2, (i), (ii), put wo=z,=1, w,=z,, k=1,2, - -+, r—1, and
t=1/z,. (First, apply them to #>0. Then make analytic continuation.) Then (i), (ii) in
the present Proposition easily follow from the homogeneity (Proposition 2) and the
symmetricity (Proposition 6). []

COROLLARY. For Imz>0,

(i) 91(1, —i)=e”'w*/=i_ \/E.sl(w, 2,
z zZ i H
(i) n( ~i)= ﬁn(z) .
zZ 1

Proor. We first derive (ii). Since Im(—1/z)>0, we have, by (3.1.1),

(Do D) A el

Then our Proposition shows

1 3 1
Pz((l, - 7)) =p,((1, —z)) eXP{(T + —1-2? + %) log( —2)} s
1 3
Pz((la _z_)) = p,{(1, 2)) exP{(Z__—“liz _‘iz—z”) IOEZ} .

Then (ii) is obtained by a straight forward calculation. Here note that log(—z)=1logz —ni.
Proof of (1). In (3.1.2), replace w, z by w/z, — 1/z, respectively. Then it becomes
(3.4.1)

Il — W0 =35 (L, (-2~ (L, =D+ (1L 1)
p2((1, — P21, 2Dp2((1, —FNpa(1, )

= n(=1/2) expm‘{—i—z(i——ui)}.
9,(w/z, —1/2) 6 z z?

Now, by (3.1.3) (=the difference equations),

r( () e(2),

Then by Proposition 7, (iii) and the symetricity (Proposition 6), we have
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z oz z
=I,(1—w; (1, —2)) exp{(] ——M—i(l ——i)(l —w)) log(—z)} .
2z 2 z

Fz(;; (1, —%))=F2(1 —w; (1, —2))2m)" ”zr(l:-)
-exp{(l —(1;_2“’)2—%(1 —%)(1 —w)) log(—z)} .

In the same way, we have

el o)

V4
=T,(1+z—w; (1, 2)2m)” 1/2r(1 )

Z
'exp{(l—l— (1”_“’)2 (1+ 1)(1+z-—-w])logz}
z
(-5 *i))- (1= 2)Jeorr(1-7)
z zZ V4 Z Z
~Tw—z(1, —z))(2n)1’2F(1 )-
zZ
-exp{(l (W 2)2 (1 i)(w—z))log(-z)},
V4
(e —)) r(% (o p)Jemrer(3)
z z Z
w

=TI ,(w; (1, z))(2n)”21"(——) 1

2
*exp 1+W——L 1+~L w jlogzp.
2z 2 4

Put these into (3.4.1). Then a straight forward calculation shows (1). [

Thus

é

ng l\)lr—t

Nl»-»

It will be worth to note that the inversion formulas for 3,(w, z) and #(z) are derived
from the homogeneity and the symmetricity of p,(1, z) and I'y(w; (1, z)) (only on the
basis of Shintani [5]).
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