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On the Multivariate Nakagamt: Distribution With Exponential Correlation
George K. Karagiannidjsviember, IEEEDimitris A. Zogas Student Member, IEERNd Stavros A. Kotsopoulos

Abstract—in this letter, capitalizing on the proof of a theorem concerned, Nakagamiin [11] defined the bivariate Nakagami-
presented by Blumenson and Miller many years ago, a useful probability density function (pdf) and Tan and Beaulieu in [12]

closed formula for the exponentially correlated n-variate Nak- eganted an infinite series representation for the bivariate Nak-
agami-m probability density function is proposed. Moreover, agamim, cdf

an infinite series approach for the corresponding cumulative s L . . L
distribution function is presented. Bounds on the error resulting The main contribution of this letter is the derivation of useful,

from the truncation of the infinite series are also derived. Finally, closed-form expressions for the multivariate, exponentially cor-
in order to check the accuracy of the proposed formulation, related Nakagamir pdf and cdf, which can be used as a general
numerical results are presented. theoretical tool in the performance analysis of wireless commu-
Index Terms—Correlated fading, diversity, exponential correla- nications systems with multichannel reception or in the Markov
tion model, Nakagamisn fading channels, Rayleigh fading chan- modeling of the Nakagami: fading channel. More specifi-
nels. cally, in this letter, capitalizing on the proof for a theorem pre-
sented many years ago by Blumenson and Miller in [13], a
|. INTRODUCTION useful closed formula for the-variate exponentially correlated

. . Nakagamim pdf is proposed. Moreover, an infinite series ap-
HE effect of correlated fading on the performance of W'raei'roach for the corresponding cdf is presented and bounds on the

less _commumcatlons systems has rgcelved agreat de_ for resulting from the truncation of these series are derived.
research interest recently, due to the possible use of space diyet-

. . ) ) is approach is an extension to thevariate case of the for-
Sity receivers in handheld phones or compact base stations lation proposed by Tan and Beaulieu in [12] for the bivariate
[2]. Several spatial correlation models have been proposed Y agamim cdf,
used for the performance analysis of various wireless systems,
corresponding to specific modulation, detection, and diversity
schemes. One of them, frequently used in multichannel recep-
tion, is the exponential correlation model, which was treated in
[3] by Aalo, who studied the performance of maximal-ratio di- The Nakagamin model describes multipath scattering with
versity in correlated Nakagami- fading. The correlation ma- relatively large delay-time spreads, with different clusters of re-
trix of this model is described bEu = pli=il and corre- flected waves [11]. It includes, as a special case, the Rayleigh
sponds to the scenario of multichannel reception from equi®odel, the one-sided Gaussian model, and it can also approx-
paced diversity antennas, since the correlation between the péirgte the classical Rician fading distribution. However, while
of combined signals decays as the spacing between the antefifigsapproximation may be true for the main body of the pdf, it
increases [1]. The exponential model was used later by s®gcomes highly inaccurate for the tails. As bit errors or outage
eral researchers, who dealt with the performance analysisnéinly occur during deep fades, the tail of the pdf mainly deter-
space diversity techniques [4]-[6]. This model was also pr8tines these performance measures [14].
posed to model the single Rayleigh fading process [7]. How- If 7 is @ Nakagamin variable, then its corresponding pdf is
ever, care should be taken in the use of this model as a tempétggcribed by
fading correlation model, since it gives zero average fade dura- 2r2m—1 r?
tion for the Rayleigh fading envelope, which is not consistent flr)= I'(m)Qm oxp <__> ’ rz0

5 (1)
with real-world measured data [8]. From the literature rewe‘%hereasf() is the Gamma functio = 2 /m, with % being

multivariate Rayleigh densities have been reported in many RAa average signal power and representing the inverse nor-

Pers. A_summary of these works can be found_in [9]_ Simon "?“fqualized variance?, which must satisfyn > 1/2, describing
Alouini in [10] presented an approach to the bivariate Raylelqﬂe fading severity. Moreover, it is well known thatcan be

cumulative distribution function (cdf) in the form of a single iN<onsidered as the square root of the sum of squares f

tegral with finite limits and an integrand composed of elemer@l’ependent Rayleigh @ independent Gaussian variates [2],
tary functions. As far as Nakagami-multivariate analysis is [11]. Let Y1, Y, Y,,,, ben-dimensional column vectors

which are independent and normally distributed with mean zero
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If Xi,Xos,...,Xs,, are 2m dimensional column vectors, )= 1, o . . forn =2
with X, composed of theith components of thér; and (p? + 1)~ lrt2ietod2inabinat(n=2ml, - forp > 2
ry = |Xq|,r2 = [Xal,...,rn = |Xa|, where|X;| means the and~(:) is the incomplete Gamma function [15, (6.5.2)]. For
norm of X, thenr., ra, .., are Nakagamin variates and the derivation of (6), see Appendix A.
their joint pdf is given by The errorEy ,,, resulting after the truncation of the nested
s infinite series in (6), is given by
r e —
fri,re, ... rp) = n e 20— oo In=1 In_2=1I, 1—1
? 2m711"(m)(1 _ p2)m(n71)
met) Brn= 220 2, 2, Gn
p i1=1I1 i12=0 ip—2=0 1, _1=0
X Tk <1 >
k=1 -r o011, 41
/ SIS S S H
X Im—l |:<]_ _p2> Tka+1:| (3) i1=01io=1I> in—2=014,_1=0
with g = 4% forn=2 nd b =
B (P20 - ) STy R, forn > 2 LD DD LD DEND DIl
L,(-) is the first kind and-th-order modified Bessel function. 1=08=0  ino=In—3in1=0
Equation (3) is derived using [13, (2.1)] with the appropriate oo oo oo oo
substitution of the parameters. + Z Z Z Z G, (7
The pdf in (3) is well defined fop = 0 due to the following i1=0i2=0  ip 2=0ip 1=I, 1
result [15, (9.6.7)F whereas
(1 1 p2)ym 261 42io+2in
lim [( p 2) ( )Im—l <(L2> Tka+1>] Gin = ( 1"(51)) pn—l
p—0 1- P 1- p g2 Hl [L]'F(LJ + m)]
m—1 1=
= % (4) )
2m=1T(m) < 1 >
Xyl +m, ———<
Moreover, forn = 2 the bivariate Nakagamt pdf, defined 2(1 - ’; ?)
in [8], is derived. Although the parameter in (3) seems to N Ry
. . . . . Xyt + 12 +m,
be restricted to a positive half integer or integer, it can be any 2
positive number not less than 0.5, since the same argument for R 1
n = 2is givenin [11, p. 31]. Xy < 2 <f >>
Then-variate Nakagamir cdf is by definition
R2
Ri Ry R, X 7y (in_1 +m, 21—712>
F(R17R27" 7 // / 7"17””27 7Tn) ( —F )
andly, I1, - - -, I, is the number of terms required to be summed
X drldrz - dry, (5) in(6), in order to meet a desired accuracy. An upper bound for
or the errorE; ,, can be found by replacing the incomplete gamma
(1= p2)m oo functions inG,, with their confluent hypergeometric function
F(Ry,R2,--+,R,) = “Tom Z representation [15, (6.5.12)] and following a procedure similar
(m) 01,02 eyin—1=0 to the one described in [12]. However, due to the space limita-
92p2(i1 Fiztotin_1) tion of this letter, the formula for the-variate case could not be
cited. As an example, the trivariate case is approached and fol-
H [i;'T(i; + m)] lowing the same mathematical analysis, the error bound for the
i=1 ) n-variate case can be derived. The upper bound of the error for
s iy +m, Ry the trivariate casén = 3) can be evaluated as (see Appendix B)
2(1 - p?) (A1 + Ay)
2 2 1 2
oL +1 Ers3< ——— =2 8
><’y<zl+zz+m,72<i_p2>) 13> (1_p2)2m1"(m) ( )
X . (inez + in_1 with A4y, Ay given on the next page.
R, (p2+1 F(a1 g,y ap3bisba, - bg2) = Dopg(an)k(a) -
+m, —=— (ap)p2® /(bl) (bo)r---(b)xk! is  the  generalized
2 1—p2? P . 4 .
) hypergeometric function [17, (9.14/1)] with(z), the
XY in_1+m _ R (6) Pochammer symbols.
! "2(1 - p?)
2Whenp — 1, itis easily verified thaE is not a positive definite matrix (all l1l. N UMERICAL RESULTS AND DISCUSSION

eigenvalues are not greater than zero). In such a case, the multivariate normaé . 3 b dinth £ vsis of i
pdf used in [13, (2.3)] cannot be defined [16] and consequently (3) does not=duation (3) can be used in the performance analysis of linear

hold. antenna arrays with correlated branches. Assuming that
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TABLE |

COMPARISON OFINFINITE SERIES APPROACH FORTRIVARIATE
AND QUATRIVARIATE NAKAGAMI -m CDF WITH ADAPTIVE NUMERICAL

INTEGRATION TECHNIQUE

R;=2,R,=3,R;=5
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from the infinite series approack: 10~%). Furthermore, it was
observed that the infinite series representation is evaluated much
faster k1 s) compared to the numerical integration technique.
Especially for the trivariate case, the CPU time for the adaptive
method was approximately 2—4 s for all cases, and increased

Infinite Sor \Infinite Series - Adaptive] proportionally with the correlatiop. For the quatrivariate case,
p Mhinite Series P the observed calculation time was about 1 s for the infinite series
0.8562743 1.9498303x 10" and about 15 s for the adaptive method. The above calculations
03 I=b=7) were performed on an Athlon 1,2 Ghz PC
0-2752449 4.7744947x10°"°
(=1=T) 2 ooy 1+ Hom 2I,
0.8599034 217365 <10° A = (RiRS)" " R < p )
08 (U=L=13) ‘ X 22L3m LT (m+ I;)(m + 11)%2 \1 — p?
' 0.2978637
3.8049051 x10° R2
(=I=13) x1 Fi (m+[1m+11+1—2(1—12)>
-p
(()}86144232: 1.8004442 x10°
=l= 2\ p2
0.9 (1+ p*)R5
0.3223925 _7 x 15 <m+11,m+[1 + 1, STt
P 1.7167649x10 (1—-p?)
Rl‘—‘l R2=3 R3=4 R4=5 2
) s s pR1R2
xi1F | Im+L+1,11 +1; <—>
0.3902256 7.8639428x10™° ( ’ 2(1 - p?)
03 (U ==1=T)
. -1 2o p2is 21
0.012299 3.9655428 x107° X e e R,3 , P
(1;==1;=T) = 227/212!1_‘(7/”/ + 22)(m + 12) (1 _ p2)
0.3926822 2.3966878x10°®
U=L=1,=13) . : R3
00 0.0137375 X1 By m+12’m+z2+1’_2(1—p2)
B -8
(Urelomtit ) 1.7565906x10
RTan+212 R2(m+12) 2Io—m
0.3934385 7.3792288x10° Ay = 172 3 P
08 (U=1=1;=26) 4m+L(m + )2 LIT(m + 1) \ (1 — p?)
0.0143562 B
(U=1=1,=26) 86163918 x10 I ( pla Ry > N <m I )
\(1-p?) ’ To2(1=p?)

the correlation between the branches follows the exponential

1 2R2
><1F1 <m+]27m+]2+17_w>

2(1-p?)

model, then thex-variate Nakagamir pdf and cdf can be de-
rived directly from (3) and (6), correspondingly.

In order to check the accuracy of the proposed mathematical
analysis, the results obtained by setting= 3 (trivariate) and
n = 4 (quatrivariate) in (6) are compared in Table | with those
from the adaptive integration technique [18], with regard to the
accuracy and speed of calculations. This numerical integration
technique is used to evaluate the triple and the quatrifold inte-
gral of (5). The numbers in brackets in the second column of

R2
F I, Li+1,——2
X1 1<m+ 2,Mm+ Iz + 1, 2(1—,02))

RoRs \°
x1 Fy (1;m+[2+1,12+1; (ﬁ) )

IV. CONCLUSIONS

Table | are the required terms to be summed in order to ob-|n this letter, capitalizing on the proof of a theorem presented

tain accuracy at the seventh significant digit. To simplify thghany years ago by Blumenson and Miller and extending the
computations, it is assumed—without loss of generality—than and Beaulieu approach for the bivariate Nakagantelf,

I, = I, = I3. As Table | indicates, an increase to the correlayseful formulae for the joint-variate Nakagamir pdf and

tion also leads to an increase of the required terms that nee@# with exponential correlation are derived. The proposed for-

be summed in order to obtain a given accuracy. Furthermore, fh@lation can be efficiently used in the performance analysis of
number of the required terms depends strongly on the signgjace-diversity techniques. Moreover, it can be used, with care,

envelopes. An increase of the signals envelofigsncreases to find transition probabilities in the Markov chain modeling of
the area under which the function is integrated, and correspofigke Nakagamin process.

ingly, the number of terms required in the summation of the se-
res. Taklljlg Into Cor_]3|derat'0_n the gccuracy ofthe CqmpUtatlon?’Very recently, another useful work on the multivariate Rayleigh distribution
the adaptive numerical technique gives results that differ slighthgs published [19].
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APPENDIX A Substituting (9) into (5), the cdf can be written as shown in
(10) at the bottom of the page. Making the transformations
DERIVATION OF THE MULTIVARIATE NAKAGAMI -m, )
CDF WITH EXPONENTIAL CORRELATION

_ U s (P41 _ ™
Substituting the Bessel function in (3) with its infinite series
representation [17, (8.445)] results in and using the definition of the incomplete gamma function
(rirg -« -1 )2m=1 [15, (6.52)], then-variate Nakagamir cdf is finally derived
f(r17T27"'7rn) =

2n(m=DT (1) as shown in (6).
242 n—1 .
o (.2(1:9’;))— rz Q(iz_f)é)ri APPENDIX B
(1 _ pZ)(n—l)m
- DERIVATION OF THE ERRORBOUND
x Yy <I—L2> ZatZetf2n The error in truncating the nested infinite series for the
1,420yl —1=0 P trivariate Nakagamin cdf is produced setting = 3 in (7) as
i1 ,.211 4213 20 —2+2in—1, 2in—
’I"% 7"% +2 "'7"”712 lrn ! (9) oo Ix—1 oo oo
n—1 —
ot o) CIEY $30 SRS 35 31 BECY
j=1 11=11 12= 11=V2=12
F(R17R27"'7Rn) =
1 i 2i1+2ia+...+2ip 1 1
an(m=DT(m)(1 = p2)(n—1)m o - <1 _ 2> n-1_ )
( )( P ) 11,8200y —1=0 P H [47’j7,j!1—‘(m+zj)]
j=1
i -3 2 3241
x [t ammay, [ Sy,
0 0
Rn'—l 2 (24 R, 2
/ Tilv_pllf2+2znf1+2m—le—wd,rn_l TZLin_lJerfle_den (10)
0 0
o _ p2irt2iz R%(m-i-il)Rg(m+1ﬁ1+iz)R§(m+iz)
3 2211+212+3m(1 — p2)2731+27327§1!i2!f‘(m + zl)F(m + Lz)(m =+ Ll)(m + 121+ 7,2)(m + iQ)
R
X 1 F ) ) 1, ———
1 1<m+117m+11+ : 2(1—p2)>
x 1 F: 19, 1 1, —- R F 1 1, ———
1 1<m+21+tz,m+21+tz+ ) 2(1—,02) 2 )t (mte,m+te+ 1, 2(1— %)
RI™R3™ R3™ R? R3 (p*+1
Bl = —/———>—1F I LH+1,—— |1 F I L+1,—
1 23m(m_|_11)1 v\m+Iy,m+ I+ 1, 21— p?) iy | m+ly,m+ Iy + 1, 2 \1=,2
Y (+ ) (13R3)"
i1=1I 1_p2 47111'F(m+7’1)(m+11)
I,—-1 2is 2is P2is 2
P Ry” R3™ ( : : R’ )
X — - — 1 {m+ia,mtie+ 1, ————
igzz:() <1 —P2> 4205 \0(m + ia)(m +is) ’ ’ 2(1-p?)
B, — R2™R3™R3™
23m (m + 1)
R? R: (p*+1 R?
X 1 F 1, ———— | 1 F I Ih+1,— F; I, Lh+1,—————
1 1<m,m+ ) 2(1—p2)>1 1<m+ 2,m+ Iz + 1, 2 \1—,2))" m+ Iy, m+ Iy + 1, 21— )

oo
10=1I>

) p \M R
=0 1 —p2 42111'F(m+11)(m+7,1)

p\*" Ry R3"
1-— p2 41212'F(m+12)(m+22)
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where [2
5T i ID(m)C(iy + m)T(iz + m) 3]
X ( + Ui )
2 m, ——5C
T\ =) 14
o L(p®+1Y\
M<Zl+62+m’5<1—p2>R2> 5]
X o +m By
1 s T 7 .
T\ T ) [6]
Using [15, (6.5.12)], (11) can be written as 7]
1 oo I>—1 o o
- - / / [8]
B = Wi — e \ 2, 25,00 2 2 O
(12) (9
with G4 given at the bottom of the previous page and
1Fi1(a,b; z) being the well-known confluent hypegeometric [10]
function. Since, F(a,1 + a,—2z) can be shown to be mono-
tonically decreasing for all the positive valuesaoindz, £ 3
can be upper bounded as [11]
(B1 + Bs) [12]
Ers< —— 2 13
1S T 2 )
(13]

whereB;, Bs are given at the bottom of the previous page. After
algebraic manipulations, (8) is derived. [14
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