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1 Introduction

In the last two decades, the notion of initial and boundary value problems of fractional
order has received considerable attention due to its extensive developments and numer-
ous applications connected with natural phenomena in the real world. Some examples of
these applications that have appeared in many applied aspects of the basic sciences and
the advanced engineering are: chemistry, fractal theory, optics, control theory, biology,
biophysics, economics, etc. For this importance, one can find many papers published in
this field. From the mathematical viewpoint, see e.g. [1, 3, 6, 9-22, 28, 29, 33-35] and the
references therein.

More recently, new developments and research in fractional hybrid differential equa-
tions and inclusions have been made. First time, in 2010 Dhage and Lakshmikantham
introduced hybrid differential equations and proved some basic results on this kind of
differential equations [26].

Next, Zhao et al. [40] generalized Dhage’s work to fractional order and studied theory
of fractional differential equations of hybrid type. Since then, many researchers have been
interested in working on the existence topics for different fractional hybrid differential
equations and inclusions. For instance, Sun et al. [39] defined the two-point boundary
value problem of fractional hybrid differential equation

o L(r,z(r)) +g(v,2(r)) =0, T€l0,1],
Z(O) = Z(l) =0,
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where g € (1,2] and D§ denotes the fractional order derivative operator defined by
Riemann-Liouville. Authors proved existence theorems by applying Dhage’s fixed point
theorem in Banach algebra under the mixed Caratheodory and Lipschitz conditions.

In 2014, Ahmad, Ntouyas, and Alsaedi investigated the results on the existence of cou-
pled solutions for the new coupled system of the fractional differential equations of hybrid

type

“Dy (fﬁ) = ki(7,21(7), 22(1)),

1(7,21(1), 22(7))

CDg(fz(&) = ko(t,21(0),25(x)), T e[0,1],

7,21(7), 22(7))

with Dirichlet boundary conditions
z1(0)=21(1) =0,  2(0) =25(1) =0,

where D} is the derivative operator of the fractional order y € {§,w} C (1,2] of Caputo
type. Authors described the uniqueness theorems for above hybrid problem by the aid
of the Banach contraction principle and showed the existence results by means of the
nonlinear alternative of Leray—Schauder type [5].

In 2016, Baleanu et al. [13] discussed the existence theorems for the fractional hybrid
differential inclusion

eyt 2(7) A1 ;
Do (f(t,z(r),l'glz(r),...,Ig"z(r))) H(n20 2o Tt e(@), T elol,

with boundary value conditions z(0) = zj; and z(1) = z], where p* € (1,2]. Also CD’S* and
7} denote the Caputo derivative operator of the fractional order p* and the Riemann-
Liouville integral operator of the fractional order y € {a;, 8} C (0,00) for i =1,...,n and
j=1,...,k, respectively. The existence theorem for the above hybrid inclusion problem is
proved by using Dhage’s fixed point theorem for multi-valued maps.

Also, we can find some other same works published on the fractional hybrid boundary
value problem in [2, 4, 7, 14, 27, 31, 37] and the references therein.

Motivated by the above-mentioned works, we investigate a new class of fractional hy-
brid differential equations and inclusions. Indeed, we first investigate the fractional hybrid
differential equation

D () (o), reon v

7,2(1

via three-point integral hybrid conditions

z(0) =0,
2(t) q*( z(7) ) _
(,o(r,z(r))) =0 +Jo p(T,2(7) ) |-, O
z(7) q*( z(7) ) _
(,O(T»Z(T))) =0 +Jo p(T,2(1)) /|2 o @
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where p* € (2,3], ¢* > 0, and n € (0,1). Also, CDIS* and joq* are the Caputo deriva-
tive operator of the fractional order p* and the Riemann-Liouville integral operator of
the fractional order g*, respectively. The function « : [0,1] x R — R is continuous and
p € C([0,1] x R,R\ {0}). We are devoted to establishing some basic theorems on the ex-
istence of solutions by means of Dhage’s nonlinear alternative of Schaefer type for this
boundary value problem.

In the next step, we deal with the fractional hybrid differential inclusion

Dﬁ(%) e H(r,2(z)), T€[01] 3)
with three-point integral hybrid conditions (2), where # : [0,1] x R — P(R) is a multi-
function via some other properties. By virtue of Dhage’s fixed point theorem for multi-
valued maps, the existence and uniqueness results were obtained.

Itis noted that the fractional differential equation and inclusion of hybrid type presented
in this paper are elementary and new in the sense that the boundary value conditions are as
nonlocal three-point integral hybrid conditions. Also, this hybrid boundary value problem
is general and it involves many fractional dynamical systems as special cases. It is sufficient
to set p(t,2z(r)) = 1 as a constant function. In this case, the hybrid boundary value problem
(1)-(2) will reduce to an ordinary fractional boundary value problem as follows:

CDg*z(r) = K('C,Z(‘L’)), T €[0,1],

20)=0,  z0)+JT z(n) =0,  2(0)+ T z(1) =0,

where p* € (2,3], ¢* >0,and n € (0, 1).

The structure of the paper is as follows. In Sect. 2, we provide some basic definitions and
theorems which are needed in the sequel. Section 3 specifies the hybrid boundary value
problems that we shall investigate. The main existence theorems are given in this section.
Finally, some illustrative examples are presented in the last section.

2 Preliminaries
The present section specifies some important and applied definitions and theorems on
fractional calculus and multifunctions that we shall recall.

Let us assume that p* > 0 is a real number with n—1 < p* < n, n = [p*] + 1. The Riemann—
Liouville integral of the function z € C([t1, £;], R) of the fractional order is given by

* 1 T z(m)
j(f’ z(t) = o) /0 T dm, 1>0,

whenever the integral exists [36, 38].
The Caputo derivative of the function z € C"([t1,£,], R) of the fractional order is defined

by

* 1 T *
“DE z(t) = W/o (t —m)" 712" (m) dm

[36, 38]. Note that the general solution for ”Dg*z(r) = 0 is obtained by relation z(7) = ¢o +

at+ct+ - +c,. "}, where co, ..., ¢,_1 denote the real numbers and # = [p*] + 1 [32].
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Also, for every positive real number 7% and every continuous function z on [0, T*], we
have

£ £
(T3 DG )z(t) =z(t) + co + c1T + Al T WNRE L

where ¢y, ...,c,_1 are constants belonging to R and n = [p*] + 1 [32].

Let X be a normed space with relevant norm function || - || x. We denote by notations
P(X), Puy(X), Pp(X), Pep(X), and Py, (X) all subsets of the space X, all nonempty closed
subsets of the space X, all nonempty bounded subsets of the space X, all nonempty com-
pact subsets of the space X, and all nonempty compact convex subsets of the space X,
respectively.

An element z* € X is called a fixed point of a multi-valued function H : X — P(X) if
z* € H(z*). All fixed points of the multifunction H is a set that will be denoted by notation
Fix(#) [23]. A multifunction H is called convex-valued if the set H(z) is convex for each
element z € X. Also, we say that the multifunction # is an upper semi-continuous (u.s.c.)
on the space X if, for every arbitrary element z* € X, the set H(z*) belongs to Py(X)
and also, if for every arbitrary open set V of X containing #(z*), there exists an open
neighborhood N of z* provided that H(Ny) € V [23].

Now, let us assume that the pair (X, d) is a metric space. The Pompeiu—Hausdorff metric
PH,;: P(X) x P(X) - RU {oo} is defined by

PHd(M*,N*) =max{ sup d(m*,N*), sup d(M*,n*)},
m*eM* n*eN*
where d(M*, n*) = inf,,»cp« d(m*, n*) and d(m*, N*) = inf«cn+ d(m™*, n*). A multi-valued

function H : X — P,(X) is called Lipschitzian with Lipschitz constant k > 0 if
PHy(H(z1), H(z,)) < kd(z1,25)

for each z1,z; € X. A Lipschitz map H is called contraction if k € (0,1) [23].

For the multi-valued function H : X — P,()), the graph H denoted by Gr(H) is the set
Gr(H) = {(z1,22) € X x YV : w* € H(z)} [23]. The graph Gr(H) of H is said to be a closed
subset of the product space X' x Y if, for every sequence {z,},>1 in X and {w,},>1 in ),
Zy —> Zo, Wy, — Wo, and w,, € H(z,), then wy € H(zo) whenever n — oo [8]. In this case, one
can say that the multifunction H has a closed graph. We say that a multifunction H is a
completely continuous operator if the set 7(13) is relatively compact for each B € P, (X).
If the multifunction H : X — P,())) is an upper semi-continuous, then Gr(#) is a subset
of the product space X x ) with closedness property. Conversely, if H is a completely
continuous multifunction and has a closed graph, then # is an operator with upper semi-
continuity property ([23], Proposition 2.1).

A multifunction H : [0, 1] — P4(R) is called measurable if, for all real constants w, the
function 7 — d(w, H(z)) = inf{|w — v| : v € H(z)} is measurable [8, 23].

We say that H : [0,1] x R — P(R) is a Caratheodory multifunction if v > H(z,z) is a
measurable mapping for every element z € R and z — H(t, z) is an upper semi-continuous
mapping for almost all 7 € [0,1] [8, 23]. Also, a Caratheodory multifunction H : [0,1] x

R — P(R) is said to be £!-Caratheodory if, for every constant 4 > 0, there exists a function
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¢, € £1([0,1],R) such that

[H(z,2)| = sup {Is|:s € H(r,2)} < ¢u(r)

7€[0,1]

for all |z] < u and for almost all T € [0, 1] [8, 23]. The set of selections of a multifunction
‘H at point z € C([0, 1], R) is defined by

Sz i= {V € L’l([O, 1],R) (1) € H(t,z(t))}

for almost all T € [0, 1]. We assume that H is an arbitrary multifunction. Then the authors
in [23] showed that Sy, # @ for all z € C([0, 1], X) if dim X" < co.
Finally, we will use the following three theorems to obtain the main results.

Theorem 2.1 ([25] (Dhage’s nonlinear alternative of Schaefer type)) Let X be a Banach
algebra. For some positive number r € R, consider an open ball V. (0) and a closed ball V. (0)
in X. Suppose that two operators A, : X — X and A, : V(0) — X satisfy the following
conditions:
(i) A1 is an operator including the Lipschitzian property with a Lipschitz constant k*;

(i) Ay has the complete continuity property;

(iti) k*M; <1, so that M = [|A2(V.(0))|| x = sup{[l A2zl x : z € V(0)}.
Then either

(a) there is a solution in V .(0) for the operator equation A zA2z = z,
or

(b) there is an element v* € X with ||v¥||x = r such that A\A1v*Ayv* = v* for some

A€ (0,1).

Theorem 2.2 ([30]) Suppose that X is a separable Banach space, H : [0,1] x X —
Peper(X) is an L'-Caratheodory multifunction and © : £1([0,1],X) — C([0,1], X) is a
linear continuous mapping. Then © o Sy, : C([0,1], X) = P (C([0,1], X)) is an opera-
tor in the product space C([0,1], X) x C([0,1], X) with action z+> (O o Sy)(z) = O(Sy,,)
having the closed graph property.

Theorem 2.3 ([24]) Suppose that X is a Banach algebra. Suppose that there exist a single-
valued map A, : X — X and a multi-valued map Ay : X — Py (X) such that
(i) A1 is an operator including the Lipschitzian property with a Lipschitz constant k*;
(i) Ag is an operator including the upper semi-continuity and compactness property;
(iii) 2k*MG < 1 so that M = ||A2(X)].
Then either
(a) there is a solution in X for the operator inclusion z € A1zA»z,
or
(b) theset X* = {v* € X' | uv* € A1v* A v*, u > 1} is not bounded.

3 Existence results

Suppose that X' = C([0,1],R) is the space of all continuous functions on [0, 1]. For each
z € X, set ||z]| x = sup{|z(7)| : T € [0,1]}. Then X is a Banach space endowed with this
norm. Now, we state the following basic lemma.



Baleanu et al. Advances in Difference Equations (2019) 2019:473

Lemma 3.1 Assume that the continuous real-valued function ¢ is defined on [0,1]. The
solution function zjj for the fractional hybrid differential equation is given by

D (520 ) <ot relo1 @) ®

7,2(t

with three-point integral hybrid conditions

z(0) =0,
(1) q*( 2(7) ) _
(p(r,z(r))) =0 +Jo p(T,2(1)) ) |-, O
2(2) > q*( 2(7) ) _
(p(f,Z(r)) o KRVTErE) e=1 ° o

if and only if the solution function zj; for an integral equation of the fractional order is given

by

(t—mp t0(g*+2) (7 (p—my +7
z(t) r z(t [/ F(p* o(m)dm — s, T ) o(m)dm

Trlg + - [P (L=
Ty )y T eq)

20 (g +3) [P (Q—my a1
(n-1) /o I'(p* +q*)

(g +3) (" (-mp T
ST —nrY) Jy T(pt+q7)

(m)dm

(m)dm

@(m) dM]. (6)

Proof Let z{ be a solution function for the fractional hybrid differential equation (4). Then

there exist constants ¢y, ¢1, ¢ € R provided that

T _ *-1
zy(t) = p(1,25(1)) |:/0 %(p(m) dm+co+cit + czrz], (7)

Also, for g* > 0, we have

q" z5(7) ) _ T(r- m)p*+q*—1
L70 <p(t;Zé(T)) - 0 [‘(p* +q*) (0(}71) dm

.L.q* .L.q*+l .L.q*+2

COF(q*+1) +Cl]"(q*+2) +CZI“(q*+3)'

By using the initial condition z§(0) = 0, we get ¢y = 0 and by the rest of the boundary value
conditions (5), we have

L(g*+2) ["(n—mp e
DT )y T ) wlm) dm
r(g*+2)(n—-nT*?) /1 (1—myp 71
(T *2—nr1) o T'(p*+q*)

¢(m)dm

Page 6 of 21
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and
nq*+1p(q* + 3) 1 (1 _ m)p*+q*—1
ST ey Jy T+ ) lom) dm
C(g*+3) " (—-mp a1

- m) dm.
(T2 —n7Y) Jo  T(p*+q%) v
Substituting the values ¢; (i = 0,1, 2) in (7), we get (6) showing that zj; is a solution function
for the fractional integral equation (6). Conversely, one can easily see that z§ is a solution
function for the hybrid boundary value problem of fractional order (4)—(5) whenever zj is

a solution function for the fractional integral equation (6). d
Theorem 3.2 Assume that p € C([0,1] x R,R\ {0}) and k € C([0,1] x R,R). Also, we have

the following assumptions:
(H1) There is a bounded mapping L : [0,1] — R* such that, for all z,w € R, we have

|0(t,2) - p(r, w)| < L(D)|2() - w(x)].

(H2) There are a continuous nondecreasing mapping ¢ : [0,00) — (0,00) and a
continuous function o : [0,1] — R* provided that, for T € [0,1] and for all z € R,

we have

|k (1,2)| < o (t)¢(llz]l).

(H3) There is a positive number € € R such that

F*AM*¢(||z])

> (8)
1-L*AM*¢(llzl)
where F* = sup, (0,17 10(7,0)|, M* = sup,c(o17 10 ()], L* = sup,(1; IL(7)], and
1 r(q*+2)n" ! r(q* +2)ln-nT*?|

= + +

Fpr+1) T'p*+q*+1) OT2-nT O (p*+q*+1)

I(q*+3) I(q* +3)n?*7
©)]

+ .
=D p*+q*+1) @72 -n@+)I(p* +g* + 1)

IfL* AM*¢(||z|)) < 1, then the fractional hybrid BVP (1)—(2) has at least one solution on an
interval [0,1].

Proof Consider the closed ball V(0) := {z € X : ||z|| x < €} in a Banach space X, where r
satisfies inequality (8). By Lemma 3.1 and by the fractional integral equation (6), we define
two operators A, A, : V(0) — X by

(A12)(7) = p(1,2(7))
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and

(Ar2)(1) = /0 %K(m,z(m)) dm
tI(g*+2) (" (p—myP +T
ot T eg)
L@ +2)0n - N7+ (1 —mp T
(nT+2 —p*+1) o I'(P*+q")
20 (g*+3) 1 (1 -my a1
m-1) Jo TP +q%)
2 (q*+3) (" (n—mp 7!
STt Jo TR+ q)

K (m, z(m)) dm

K (m, z(m)) dm

K (m, z(m)) dm

i (m, z(m)) dm.

Then it is evident that the function z € & as a solution function for the fractional hybrid
BVP (1)-(2) satisfies the operator equation A1zA>z = z. To see this, we prove that there
exists such a solution based on the assumptions of Theorem 2.1.

In the first step, it is proved that the operator A; is Lipschitz on a normed space X with
Lipschitz constant L* = sup, (o 17 |L(7)|. For each z, w € X’ and by (H1), we get

[(A12)(1) = (Aw)(7)| = |p(7,2(x)) = p(T, w(1))|

< L(1)|z(r) - w(r)|
for each z,w € V(0). Now, we take the supremum over [0, 1],
Az - Awllxy <L*llz=wlx, zweV(0),

showing that the operator A, is Lipschitzian on V(0) including Lipschitz constant L*.
Now, we prove that the operator A, is completely continuous on V(0). For this, we first
prove the continuity of the operator A; on V(0). Suppose that {z,} is a convergent se-
quence in an open ball V.(0) such that z, — z as n — 0o, where z is an element belonging
to V(0). Since « is continuous on [0, 1] x R, thus lim,,_, o k (7, 2,(t)) = k (7, z(t)). Then, by

Lebesgue’s dominated convergence theorem, we deduce that
% lim K(m z (m)) dm
r (p*) n—00 e

(g +2 n _ p*+q* -1
_z (q* +2) (n —m) lim « (m,z,(m)) dm
nt+tJo o I'p*+g*) nooo

(" +2)(n—nT+2) 1 (1= mp'+a-1
RN *+ ) il )/ (1—m) lim « (1, z,(m)) dm
(n7"+2 — na'+1) o I'p*+q*) nooo

n—00

1mmeh/T
0

(g +3) [P Q-mpat
(n-1) fo o s ) Ak (mzom) dm

©2r(g* +3) ["(-mp Tt
. . lim « (m,z,(m)) dm
(a2 —n7+1) Jo  T'(p*+q*) nooo

= /OT (z ;Zip)—_l k (m, z(m)) dm

Page 8 of 21
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TI(g +2) [ (n—mp !
o Tt +q)
tI(g*+2)(n-n7*?) [ (1-mp T
N Fp+q) "
2 (g* +3) [P (Q—my a1
(n-1) /o I'(p* +q*)
(g +3) [T (p—mp T
S TR0t Jo TRt q)
= (A2)(7)

K(Wl, z(m)) dm

(m, z(m)) dm

K (m, z(m)) dm

K (m, z(m)) dm

for all T € [0,1]. Therefore Az, — Az, which shows that A, is continuous on V(0).
In the next step, the uniform boundedness of operator A, on V(0) is proved. By as-

sumption (H2) and for all = € [0, 1], one can write

T _ *-1
0] = [ e z0m) |

(g +2) [ (n—m)+T 1
+
T T )
(g +2)ln -T2 (1 (1 -mp et
+
(na"+2 — na+1) o I'(p*+q%)
20 (g*+3) 1 (A-myp a1
(n-1) o I'(p*+q*)
N 20(g*+3) (" (n—mp 01
(T +2—n71) Jo  I'(p* +q)
I (g* + 2!

|K(m,z(m))| dm

|ic (m,2(m)) | dm

| (m,2(m)) | dm

|ic (m,2(m)) | dm

4
< ﬁo(m);(nzn) e A L)
t(g" +2)In—n7 *?|
Ty e T G ()
20 (g* + 3)
Ty 1)cf(rn);“(IIZII)
2 * * g
@I ()

(7 T L+ g + 1)

for each z € V.(0). Hence ||Ayz| < M*¢(||z||)A, where A is given in (9). This implies that
the set A5(V,(0)) is uniformly bounded in the space X
In the following, the equicontinuity of the operator A, is investigated. For this aim, as-

sume that 77, 7o € [0, 1] with 73 < 75. Then we have

—_ m)p*’l

|(A22)(12) — (A1) = ’ /O L

7] _ *-1
—/(; %K(M,Z(M)) dm

(-l (g +2) (" (—mp T
Wb e )

i (m, z(m)) dm
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(ta =) (q* +2)|n -7 |
+
(nq*+2 __nq*+1)

1 * gt -1
x/ wk(m,z(m)) dm
0

T'(p* +q*)
2 1(1_ gt -1
D [

@G- +3)/”(r’/—nf)”**‘f*‘1
(72 =7+ Jo  T(p*+q%)

T _ *_1 _ *-1
sl [ (B2

/Wm—mWId
+ ————dm
D

marg e oo
0

K(m, z(m)) dm‘

Tt F(p*+q*)
(—t)I(q" +2)In - nq+2| (1= my a1

(n7+2 — 7' +1) I'(p* +q%)
(t; - ) (q* +3)/ (1—mp 71

(n-1) o I'(*+q%)

(2= (g* +3) [ (5 — m)"+a' L }
dm |.
+(m”—m+w‘£ T +q%)

We observe that the right-hand side of the inequalities converges to zero independently

of z € V.(0) as 1} — 1. Hence A, is equicontinuous. Thus, by using the Arzela—Ascoli

theorem, we conclude that the operator A, has the complete continuity property on V. (0).
On the other hand, since by condition (H3) we have

= ||A2(V€(O)) ||X = sup{|A22| 1z € VG(O)}

i 1 (g +2)p" ! I(g* +2)ln-n7*?
= Mg (Il s
Fpr+1) I'pr+q*+1) OT2-—nT O (p*+q*+1)
I(q* +3) I(q* + 37
+
=D p*+q +1) @72 -n@)(p*+g* +1)
=M*¢(lzl)A

So, letting k* = L*, we get M*k* < 1, and consequently, one can observe that all assump-
tions of Theorem 2.1 hold for both A; and A,. Hence, one of conditions, condition (i) or
condition (ii), of Theorem 2.1 holds. For some A € (0, 1), let us assume that z satisfies the

operator equation z = AA;zA,z so that ||z|| = € . Now, one can write
|2(7)] = 1[(A12)(7) || (A22) (7))

_ A|p T, Z(‘L’) ’/ F(p* K(m,z(m)) dm

' (q* +2) /” (n—myp a1
o T )

K (m, z(m)) dm

Page 10 of 21
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t0(g* +2)n-nT*? (P (1-mp 7!
TR Jy Torea)
20 (g +3) [P (Q-my a1

(-1 Jo TP +q)

©T(q*+3) (7 (p—mp T
T )y Treg)

(m, z(m)) dm

K (m, z(m)) dm

(1m, 2(m) dm|

<(lo(r,2(r)) - p(z,0)| + |,0(r,0)|)<'/0I %V(?ﬂ,z(;’nmdﬂz

LT +2) [ -yt
't Joo Tp*+q¥)

L TL@ 4l =2 Ay
72—+t o T'p*+q%)

2 (g*+3) ' (1 —mp a1
m-1) Jo TI'p*+q")

. I(q*+3) [ (n—mpT
T+ =7+ Jo - Tp*+q*)

< (L@)|z(x)| + F¥) AM*¢ (|lzl)

‘K (m, z(m)) ’ dm

’K(Wl, z(m))‘ dm

‘K(Wl, z(m)) } dm

’/c (m, z(m)) ‘ dm)

< (L*llzll + F*) AM*¢ (llzl)).-

In this case, we see that

¢ < _EraMre(lia)
T 1L AME(llzll)’

which is a contradiction to (8). This shows that condition (ii) of Theorem 2.1 is impossible.
Therefore, condition (i) of Theorem 2.1 holds and the fractional hybrid BVP (1)—(2) has a

solution on V(0).

Now, we are ready to prove the existence result for the hybrid differential inclusion of

the fractional order (3) with three-point integral hybrid conditions (2).

Definition 3.3 The absolutely continuous function z : [0, 1] — R is called a solution func-
tion for the fractional hybrid BVP (3)—(2) if there is an integrable function v € £1([0, 1], R)

with v(t) € H(z,z(t)) for almost all t € [0, 1] such that z(0) = 0,
z(1) T ( z(7) )
(p(r,Z(r))) =0 +Jo p(t,2(7))

2(t) q*( z(7) )
(,o(r,z(r))) 20 +Jo p(t,z(7))

and for all T € [0, 1],

= 0,
T=n

=0

=1

) T (r—m) ! tl(q*+2) (7 (n—mp"* 7!

(1) = p(t,2(1)) [/0 WV(M) dm - e /0 T +q)
, T +2)(n—n"") /1 (1-my

(nT+2 — na*+1) o TI'p*+qg%)

v(m) dm

v(m)dm

Page 11 of 21
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20 (q"+3) 1 (A —my+a1
-1 ./0 ro gy 0"
g+ [Ty
C (nT2 - pa) rp* +q*) . m}

Theorem 3.4 Assume that:
(N1) There is a bounded mapping L : [0,1] — R* provided that, for every member
21,22 € Rand T €[0,1],

|,0(1:,z1(t)) p(‘L’Zz )|<L |21 zz(r)‘.

(N2) The multifunction H : [0,1] x R — P, (R) has the LY-Caratheodory property.
(N3) There is a positive mapping s € L1([0,1],R*) such that, for all z € R,

||7-l(r,z) || = sup{lvl (v e ’H(t,z(r))} <s(1)

= fol Is(t)|dr.

(N4) There is a positive number € € R such that

for almost all T € [0,1] and ||s|| 1

F*As] z1
> — =,
1-L*Alls|| z1

(10)

where F* =Sup, (o) 10(7,0)] and L* = sup, (o 17 IL(T)].
IFL*Alsll g1 < 5

gral hybrid condztzons (2) has at least one solution function on [0, 1].

L. then the fractional hybrid differential inclusion (3) with three-point inte-

Proof First, we define an operator N : X — P(X) as follows:

weX:

'L'm)p

p(T Z(T))(fo F(p* (Vl’l) dm

N(z) =

w(t) =

_ rF(q +2)

I (gm0 1v(m)dm

nd’ *+1
Tl (q*+2)(

+

I'(p*+q*)

(1= +4" 1

v(m)dm

(Wq +2_
2Fq +3)

q +2
qﬂ+1 fO

(n-1)

(1- m)p +q*-1
o ! )

1"(10*+q*)

2Fq +3)

(n— m)p* +q*-1

v(m)dm

v(m)dm),

veESy,

(9" 2" +1) fo I (p*+q*)
for all v € [0, 1]. This implies that the fractional hybrid boundary value problem (3)-(2)
transforms into a fixed point theorem. Now, we define a single-valued mapping A; : X —
X by

(412)() = p(z,2(x), T €[0,1]

Page 12 of 21
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and a multi-valued mapping A, : X — P(X) by

he X:

fot (T}m(l);)_l V(Wl) dm

[ (g*+2) (17—;/;1)1’*”*’l
- IN Ty Vm) dm
_ LG DT ) 1 mp
h(t) = + F T o T v(m) dm
2 (q*+3) (1- m)p)k*'q*’1
(n-1) fO F(p*+q*) V(Wl) dm

2 * gt -1
T'(g*+3) (n—m)P" *4
) fo F R v(im)dm, veESy,

(Az2)(7) =

forall t € [0, 1]. It is obvious that N'(z) = A1zA45z. We will prove that both A; and A, satisfy
all the assumptions of Theorem 2.3. As a first step, by using assumption (N1), we show
that A; is Lipschitz on &, but because of the similarity of the proof for the operator A; in

Theorem 3.2, we omit the proof.
In the next step, we prove that A, is convex-valued. For this aim, let z;,z; € Ayz. Then,

we choose vy, v, € Sy, such that

Tt -mp tr(q*+2) (7 (n—m)p 7!
———vi(m)dm -

r'(p*) o I'(p*+q%)

+ tI(q* +2)(n—n7*?) /1 (1-mp 1
72 —nt+t) Jo  T'(p*+q%)

20 (g* +3) [P (A —-my a1
(n-1) /o r'p*+q*)

(g +3) (" (n—mp 7!
ST -n ) Jo Tt +qY)

zi(7) = s vi(m) dm

vi(m) dm

v;(m)dm

vim)dm (i=1,2)
for almost all = € [0, 1]. For any u € (0, 1), we obtain

uzi(t) + (1 - pw)za(r)
-[ %[wum) + (1= valm)| dm
(g +2) (7 (p—mp !
ot e Tt
, T + 2 -nT") /1 (1—myat
(n7+2 —n7"+1) o I'(*+q%)
2I'(g* + 3) /1 (1 - myp+a-1
m-1) Jo T'P*+q%)
2r(q*+3) (" (—mp 7!
ST -nT ) o Tt +qY)

[vi(m) + (1 = p)va(m)] dm

[vi(m) + (1 = p)va(m)] dm

[vi(m) + (1 = p)va(m)] dm

[vi(m) + (1 = w)va(m)] dm

for almost all t € [0, 1]. Since the multifunction H has convex values, thus S, . is convex-
valued and therefore, for each 7 € [0, 1], we get v (1) + (1 — n)va(t) € Sy, Consequently,
A,z is a convex set for eachz € X.

To prove the complete continuity of the operator A;, we must prove that A,(&X) is
an equicontinuous and uniformly bounded set. To do this, we prove that A, maps all
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bounded sets into bounded subsets of the space X. For a positive number €* € R, consider
a bounded ball Vi« = {z € X : |z]|| x < €*} in X. For every member 7 € V.« and /1 € Az,

there is a function v € S3;, provided that

T (r—m) ! tI(q* +2) " (n—mp T}
————v(m)dm -

0 I (p*) o T'(p*+q%)
(g + 2 -n""?) [P L-mpa
+ *+2 *+1 * * v

(n7+2 —na'+1) o TI'(p*+q%)
20 (g +3) (1 (A -my a1
-1 Jo TI'p*+q%)
20 (q" +3) f” (n — my" a1 (m)d
-— - v(m) dm
(72 =) Jo - T'(p* +q*)

h(t) =

v(m) dm

nq*+1

(m) dm

v(m) dm

for all T € [0,1]. Then we have

|v(m) | dm

tI(q* +2) /" (n—myp a1
0

T (T _ m)p*—l
) 5/0 TGyl I +q)

nq*+1

(g +2)n—nT*? [P (1 -mp et
+
(na"+2 — na'+1) o I'(p*+q%)
2I'(q* + 3) /1 (1-myp a1
-1 Jo TI'p*+q")
20(g*+3) [ (p—mp Tt
+
T2 =n7) Jo o Tp*+q¥)
Tt —mp th(g*+2) (" (n—mp a1
< ——————s(m)dm +
0 I'(p*) o I'(p*+q%)
t(g" +2)n—nT*? [P (1 -mp et
+
T o TG )
2r(g*+3) (1 (Q-my a1
(n-1) o I'(p*+q%)
2 (q* +3) /" (n—myp"+a 1
(T2 —n7+1) Jo  T'(p*+q*)
- 1 I(g*+2)p 1 I'(g* +2)ln-n7*2
+ +
ST+ " T g+ G-t O +q + 1)

|v(m) | dm

|v(m) | dm

|v(m) | dm

|V(m) | dm

nq*+1

s(m) dm

s(m) dm

s(m) dm

I'(q* +3) I'(g* + 3 sl
+ s
-DI@ +q +1) 7 2= O +q+ D]
= Allsllz1,

where A is givenin (9). Thus || z]| < A|ls|| ;1 and we observe that the set A, (X') is uniformly
bounded.
Now, we continue the proof in the next step. We show that if the domain of the operator

A, isbounded sets, then the range of this operator is equicontinuous subsets of X'. Assume

Page 14 of 21
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that z € V. For h € Az, we choose v € Sy, such that

T *-1 * gt —
h(‘L’)=/ % _r]"(q +2) [ (n-m)P+e lv(m)dm
0

I'(p*) man nt o Joo T(p*+q%)
L@+ 20 - N7+ (LA -mp
(na"+2 — pa*+1) o I'(p*+q)
)
m-1) Jo Tp*+q9)
_ TI(g +3) [T —my T
(a2 —n7+1) Jo  T'(p*+q*)

v(m) dm

v(m) dm

v(m)dm

for all 7 € [0, 1]. Then, for arbitrary variables 73, 7, € [0, 1] with 7; < 75, we have

9] _ p*—l 7 B p*—l
|(z2) = h(w)| < './o %V(m) dm—/0 %V(m) dm
(ty—t)(q*+2) " (n—my"+a1
+ 77q*+1 0 F(p* + q*) ’V(WZ)‘ dm
(o —t)(g* + 2l —nT*?| [ (L—mp"+7
+ (nq*+2_nq*+1) ) F(p*+q*) ‘V(m)’dm
(22—t (g*+3) [P (1—my T
-1 T g |v(m)| dm
(-t (g* +3) (" (n-mpP 71
+ (072 — 1) /0 o a) [v(m)| dm
(g = m)" = (1 - )P
< /0 < T )S(m) dm
19} (7:2 _ m)p*—l
+ /r1 Ws(m) dm
D) [Py
7761*+1 0 F(p* +q*)
(—t)C (@ + 2 —nT*2| (LA =—mp a1 .
+ (7" +2 — ya*+1) s T +q) s(m)dm
(22—t (g*+3) (' (1—m)y" a1
d
D b T
+ (i3 =t)(g" +3) (" (p—my 0! s(m) dm.

72—+t Jo Tp*+g%)
Itis seen that the right-hand side of the above inequalities converges to zero independently
of z € Ve« as 75 — 71. Hence by using the Arzela—Ascoli theorem, it is deduced that the
operator A, : C([0,1],R) — P(C([0, 1], R)) has the complete continuity property.

Now, we show that A, has a closed graph since this implies that the completely contin-
uous operator A, is upper semi-continuous. For this aim, let z, € Vi« and k,, € Az, for all

n such that z, — z* and &, — h*. We claim that #* € A;z*. To prove this, for each n > 1
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and associated with /,, € Ayz,, we choose v, € Sy, such that

v, (m) dm -
I'(p*) nt o Joo I'p*+q)

Tr(g 4 (-7 [ (L=
TR A D)

2 (g +3) [ A —mp a1
-1 Jo TI'(P*+q")

I(q*+3) (" (n—mp 7!
S-Sy Tt g

mmzﬁ%zﬂfi T D) [T

v, (m) dm

v, (m) dm

v, (m) dm

for all T € [0, 1]. It is sufficient to show that there exists a function v* € Sy .+ such that

th(g*+2) [ (n—mp e

(r —my" 1
h(r )_/ v*(m)dm - - v*(m)dm
I"(p* nq +1 0 F(p* + q*)
tl(g* +2)(n=-n""%) (P (L—mp Tt
+ k42 k41 * * v (Wl)dl’}’l
(nT+2 —n7"+1) o I'*+q%)
(g +3) LA —mp -t |
v (m)dm
m-1) Jo TI'p*+q)
(g +3) ["(-mpTt
- *4+2 *+1 * * v (l’l’l) dm
72 =) Jo  T'(p* +4q%)
for each 7 € [0, 1]. We assume that the continuous linear operator
£'([0,1,R) — & = C([0,1], R)
is given as follows:
T Y| TC(g* +2 n — )P -1
OW(t)==2(t) = wv(m) dm - ! (q* :- ) (n—m) m)dm
o I'(p?) nT o I'p*+q)
tL(g 2 -0t [ (L mpte
+ v(m)dm

72 —nr+t)y Jo T'(p*+4q%)
2 (g +3) L (L—mp a1
m-1) Jo TP +q")
20 (g*+3) (" (n—mpP" 7]

v(m) dm

ST Jy o T+ q) vom)
for each 7 € [0, 1]. Also, we get
-1
|a(z) = ()| = H / FZ)IJ (vulm) = v* (m)) dm

tr(g" +2) (" (n—m)y 7!
Wl T )
th(g" +2)(n-n7*2) (1 (1-mp a1
+
(na"+2 — na'+1) o I'(p*+q*)

(va(m) — v¥(m)) dm

(Va(m) — v¥(m)) dm
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2 * 1 *rg*—1
r'(q +3)/ (L-m)p 1 (v () — v () dom
0

(n-1) I'(p* +q*)
2r(g*+3) ["(n-mp 7!
(a2 —n7+) Jo - T'(p* +q*)

-0

(vn(m) - V*(m)) de

as n — oo. Hence, Theorem 2.2 implies that the operator ® o Sy has a closed graph. On
the other hand, since /1, € ©(Sy,,,) and z, — z¥, so there is v* € Sy« such that

(e —my™! g +2) [T —mp
/ F(p* ( )dWl— nq*+1 /0‘ F(p*+q*) v (Wl)dl’}’l

(g +2)(n-n7"2) [P (L-mp Tt
+ = = v*(m)dm
(nT+2 —n7'+1) o I'p*+q%)
21-v * 43 1 1- p*+q*-1
T I'(q" +3) (1—m) V¥ (m) dm
-1 Jo TI'(p*+q%)
2(q*+3) (" (p—m)p T
(72 —n7Y) Jo - T(p* +q%)

v*(m) dm

for each t € [0, 1]. Therefore #* € A,z* and so A, has a closed graph. Hence A, is upper
semi-continuous. Also, by hypothesis, the operator A, has compact values. Consequently,
Aj is a compact and upper semi-continuous operator.

Now, since by (N3)

= ||A2(X) || = sup{|Azz| 1z € X}

1 r(q*+2)p ! I(q* +2)ln—n7 |
= + +
Fpr+1) T'pr+q+1) OT2-nT*H)I(p*+q*+1)
(g +3) r(g"+3)p 7
+ + o Il 21
m-Drp*+q+1) 72 -nT ) p*+q*+1)
= Allsll 1.

So, letting k* = L*, we have M*k* < 1. Therefore all assumptions of Theorem 2.3 hold for
both A; and A,. Then, one of conditions, condition (i) or condition (ii), holds.

We claim that condition (ii) is impossible. By Theorem 2.3 and by (N4), let z be an ar-
bitrary element of X* with ||z|| = €. Then uz(r) € A1z(t)Asz(t) for any u > 1. Hence, we

choose the function v € Sy, such that, for any u > 1, we obtain

1 F(e-mp ! (g +2) (" (n—mp !
z(t) = ;p(r,z(r)) |:/0 Wv(m) dm — ers) T ) v(m)dm

TIlg + - [P (L=
T T R A TR

20 (g +3) [P (A —my a1
(n-1) ./o I'(p*+q*)

2C(q*+3) " (—mp T
SR —gt ) o Tt rq)

v(m)dm

v(m)dm

v(m) dmi|

Page 17 of 21
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for each 7 € [0, 1]. Thus, we get

T (t—mpP !
0 I'(p*)
(g +2) " (n—mp a1
+
't Joo Tp*+q¥)
th(g* +2ln=n" " [ (L-—mp !
+
(T2 —n7+l)  Jo  T'(p*+qY)
2I(g* + 3) /1 (1-my +a -1
(n-1) o TI'p*+q)
20(q*+3) 7 (n—mp a1
+
(T2 =) Jo  T'(p* +q*)
Hp(trz(t)) - ,O(T,O)’ + ’,O('C,O)H
|: T (‘L' _ m)p*—l
X —_—
0 I (p*)

‘v(m) | dm

1
0] = - |o(r.2to)|

|V(m) | dm

|v(m) | dm

|v(m) | dm

|v(m) | dm:|

IA

th(g*+2) (" (n—mp*a1

N N e B

|v(m)| dm +

t0(g*+2)n-nT*? [P (1—mpT!
BT /0 r'p*+q%) )|
2 (g*+3) L (L—mp a1
-1 Jo TI'*+q) [vlrn)] d
I (q*+3) (T (n-mp 7!
(7" +2 —n‘f"“)fo rp* +q*) v dm}
<[L*llll +F*]|:/(; %s(m) dm
(g +2) (7 (p—m)y a1
+ ;;Z*H ) ; (nl"(p*)+ o) s(m)dm
PRZACER U e rn)"**q*‘ls(m) 4
(n?"+2 —na"+1) o I'p*+q%)
2 (g*+3) 1 (1 -my a1
-0 Jo g P
2 =n7) Jo  Tp*+q*)

<[L*é + F*]Alsll o1

for each T € [0, 1]. Hence, we obtain

. _ F'Allsla
e ——.
T 1-L*A|s|| o1

But by condition (10) we observe that condition (ii) of Theorem 2.3 is impossible. There-
fore, the operator inclusion z € A;zA;z has a solution, and so the fractional hybrid differ-
ential inclusion (3) with three-point integral hybrid conditions (2) has at least one solution
on [0, 1]. O
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4 Examples
In this section, to illustrate the importance and validity of our results, we present two

examples.

Example 4.1 Our first example specifies the hybrid differential equation of the fractional

order
9 z(1) T
4 4 _
D, (—le(r)lz 4) 200 sinz, t€][0,1], (11)
L+z()

with three-point integral hybrid condition

z(0) =0,
2(7) 5 z(1)
( rle()” 4) +‘7°4< EGTEN =0
1+z(7)|? + 1+|z(7)? + 4
z(t 3
<7f|z<z>(|2) ) +J4< _r )( 2 ) =0, (12)
[MEGRA 4/ =0 @ T 4

where p* = 2, ¢* = %, n= %. Consider the continuous function p : [0,1] x R — R\ {0} by
o(1,2) = lT-i-‘\ZZ|| +4and the continuous function k : [0,1] x R — R* by «(z, z) = m sinz. Itis
evident that L(t) = T and so L* = sup, (o 1) [L(7)| = 1. Also, we have o () = 100 and ¢(||z])) =
1. In this case, by given data, we get A = 7.7283. Therefore, we can choose € > 0.4187,
and consequently, we have L* AM*¢ (||z||) = 0.0772 < 1. Now, Theorem 3.2 implies that the

fractional hybrid differential equation (11) with three-point integral hybrid condition (12)

has at least one solution on [0, 1].

Example 4.2 In the second example, we proceed to investigate the existence of solution

for the fractional hybrid differential inclusion

”D0%< 2(1) +3) e[ | cosz(T)| ’ ISin?(T)|2 +%} te[0,1], (13)

2gin 20 2(|cosz(t)| +1) 3(1 + |sinz(t)[?) 3

with three-point integral hybrid condition

z(0) =0,
(L) N (L) ~o,
725sin Z(f)) +3/ 120 2sin2 +3
z(1) ) 1 ( z(r) )
L — P &Y L — -0, (14)
<T2 sin Z(t) +3/ 120 O \r26ind) 4 3

where p* = %, q = %, n= %. Consider the continuous function p : [0,1] x R — R\ {0} by
p(t,2z) = t2sin 175 + 3 and the multifunction H : [0,1] x R — P(R) by

| cosz| | sin z|? 2
) N + =
2(|cosz| +1) 3(1 +|sinz|?) 3

H(t,2) = |:
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Itis observed that L() = 5 and so L* = sup_ (o |L(7)| = %. Since, for each 1 € H(t,z(1)),

| cosz| | sinz|? 2
|h|§max( <1, zeR,

) . + -
2(|cosz| +1) 3(1+|sinz|?) 3

thus, we get
”7—[(t,z) H = sup{|v| (v e H(t,z)} <1

Hence s(t) = 1 for each 7 € [0,1] and so ||s| ;1 = 1. By the above values, we get A = 6.2371.
Therefore, we can find € > 0 with € > 6.6298. Finally, since L*A||s| ;1 = 0.6237 < %, so by
Theorem 3.4, the fractional hybrid differential inclusion (13) with three-point integral hy-
brid condition (14) has at least one solution on [0, 1].

5 Conclusion

By using Dhage’s fixed point theorem, we provide some results about investigation of a
hybrid type fractional differential equation and inclusion via some nonlocal three-point
boundary value conditions. Finally, we provide two examples to illustrate our results.
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