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ON THE NON-LINEAR VIBRATION PROBLEM
OF THE ELASTIC STRING*

BY

G. F. CARRIER
Harvard University

1. Introduction. It is well known that the classical linearized analysis of the vi-
brating string can lead to results which are reasonably accurate only when the mini-
mum (rest position) tension and the displacements
are of such magnitude that the relative change in T
tension during the motion is small. The following -r(x)l\,l(x)
analysis of the free vibrations of the string with fixed
ends leads to a solution of the problem which ade- V(x) 2] U(x+ax)
quately describes those motions for which the changes
in tension are not small. The perturbation method is
adopted, using as a parameter a quantity which is
essentially the amplitude of the motion. The periodic
motions arising from initial sinusoidal deformations Fic. 1. Displaced element of string.
are closely approximated in closed form. The method
is applied to motions not restricted to a single plane and finally the exact solution for
the transmission of a localized deformation is indicated.

2. The equations of motion. The equations of dynamic equilibrium of an element
of the string, deformed into a plane curve as shown in Fig. 1, are
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where p denotes the mass per unit volume, 4 the cross-sectional area of the string in
the rest position, and 6 =arc tan [«’/(1+v’)], the primes indicating differentiation
with respect to x. The condition of fixed ends implies that,
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The stress-strain relation of the string is assumed in the form,
T — T, = EA{[(1 + ¢)2 + («)2]'2 — 1}, 3)

where T is the tension in the rest position and E is a constant characteristic of the
string material. The following dimensionless quantities are introduced to simplify the
algebraic work

(12:‘—'—} T = — £=-——, n=—\{(——
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After differentiating Egs. (1) with respect to x, setting
* Received Jan. 3, 1945.
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sin 6 = = = ¢,

[y + A+ o)~ 1+ar
cos = (1 — )12,

and eliminating v’ between Egs. (1) and (2), we obtain

62 32
W [A+ ne] = = (A + a?r)e], (4a)

82 62
—_— T —_— 2Y1/2| = — aQT —_— 2\1/2 , 4b
622[(1+)(1 o)1) aﬂ,[(1+ (1 — ¢)12] (4b)
f' (1 4 a2r)(1 — o)Vt = . (4¢)

These equations rigorously define the motion of the string which is acted on by on
external forces.
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Motion defined by Egs. (15). a70.

3. The perturbation procedure. It is convenient to choose, as the perturbation
parameter of the problem, a number e which is essentially the amplitude of the mo-

tion.** The two functions ¢ and 7 are therefore expanded in powers of this parameter
as follows:

e=cle+eost o + -], T=éntenit---. (5)

It is easily seen that a reversal of the sign of € should merely reverse the sign of ¢.
Hence the omission of the even powers of ¢ is justified. In a similar manner the fun-
tions 73, 73, - - -+ can be seen to vanish. That 7o vanishes is seen by inspection of
Eq. (4c). The expressions for ¢ and 7 are now substituted into Eqs. (4), the coeffi-

* In Fig 3. the ordinates should be labeled P/P*.
** Equation (15) indicates more precisely the meaning of e.
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cients of each power of e are equated to zero, and the following system of equations
is obtained:

2
['4
Lo(er) = 0, (62), Ly(rs) = — aLq (7 , (6b)
2 4
a ¢y
Lules) = Li(rag), (60, Lir) = — atLo (m -2 ) (6d)
2 3 [ ]
Lo(gs) = Li(rapr + 7203), (6€), La(re) = — atLo (m + i;+ a? "‘2"’ + "‘fé) (6f)
where
02 92 92 9?2
0= — — —, 1 =at— — —,
822 ) 81]’ 317’ as’
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f (n — o103 + 8¢1) dat = 0, (7b)
0

...............

Since each of the operators in the foregoing equations is linear, it is now a simple
matter to evaluate successively the ¢; and the 7;. For the moment, we confine our
attention to the motion defined by choosing as a solution to Eq. (6a) the function,

@1 = cos £ cos 1. (8a)

Note that for ¢, =cos n£ cos nn the same solution will exist when [/ is replaced by //n
in the definitions of £ and 5. Solving successively Egs. (6), starting with the foregoing
definition of ¢y, and using Egs. (7) to determine the arbitrary terms appearing in the
7:, we obtain

1 a?
79 = — cos?q + — cos 2¢, (8b)
4 8
3 —2a—at | 1 — 9a* 1
@3 = COS E[-— —32—11 sin g 4+ 178 cos 3y — E cos 1;]
- gz(_g__az) cos 3¢ cos 7, (8¢c)
128
3—2a— ot | 1 — 9a? 3a? 1
Ty = [———128—17 sin 29 + 512 (cos 29 + cos 49) — gﬁcos‘n - -2?6-cos2n]
+&a—2)c052.*3+---—3;‘“2 13_mzcos4£c052n, (84)

512 2048 4 — o
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cos z[ Mot ) 2 cos 3 sin i sin 3n 4+ 27 cos & ]
= - — —1gsing — ——psi
e 2048 TS T T T hoge T T "

+"', (8(3)

The arbitrary solutions of Eq. (6a) which may be added to each of the ¢; as they are
evaluated have been chosen in such a manner that lim ae’p; exists when « tends to
zero and ae=constant=ca.* This limiting process, of course, defines the motion
wherein the initial tension T is zero and the amplitude @ is non-vanishing. An in-
vestigation of this problem will simplify the question of the convergence of the func-
tions ¢ and 7 as defined by Eqgs. (5) and (8). When « tends to zero as specified above,
the symbols 7 and 7 become meaningless. Hence, we replace them by
I

6 =—=ua?, and 79 = as.

" EA
The limiting process then yields the following expressions for the ¢; and the o;

aepy = a cos &,

1 /s\? 9 9
aedpy = a’[— —2-'(—) cos § + — cos £ — — cos 35]'

2 128 128

aebp; = a‘[i <i>4cos £+ 2 (iycos £ - ﬁ5—(1)2005 3t +f(£)], %)

41\ 2 28\ 2 128\ 2
wer= o[- 2 (ot s ]

6!1\2

€oy = Z a?,
eloy = a“[—-iS’ +2 2£+ 3—7]

16 32 256

] “I: st 1352 " 3s? 72]
og = a _—— — COS 2
e 128 512 ' 128 L (10)
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+ [04 % + o20103 + 02 ?] a’es + g(%),

6
eﬂas=a3|:— 5 +...],
1280

These solutions may also be obtained, of course, by assuming « equal to zero at

* Such complementary solutions are usually chosen to be consistent with a given set of initial condi-
tions. However, it is convenient here to choose them so that the solution does not become meaningless
when a—0, ae=a. Equations (15) indicate that this choice leads to a solution corresponding to a nearly
sinusoidal initial deformation.
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the outset, expanding ¢ and ¢ in powers of a parameter a, and proceeding in the fore-
going manner.

Note that the leading terms of the ¢; define an absolutely converging series for
all a. Note also that the remaining terms of each ¢; are dominated by this leading
term. In fact, for sufficiently large s, the sum of the remaining terms in each ¢; is
as small as we please compared to this leading term. Although this dominance has
not been shown to occur uniformly, it is to be expected that the series defined by
Egs. (9) and (10) will converge over some range of a. The requirement, “sufficiently
large s” introduces no difficulty since the initial value of s may be chosen arbitrarily
large.

The functions ¢ and ¢ are now most conveniently written in the forms

e(£, s, a) = afi(as, &) + a®fs(as, &) + - - -,
U(E' S, a) = 0282(05, E) + a4g4(d$, E) + DR
where the terms of the series defining the f; and the g; are easily chosen from Egs. (9)

and (10). f1 and g, are composed of the previously mentioned leading terms, and it is
easily established that they converge to the values

s (as 1 ) : 1 . (as 1 ) (12)
=cn|—) —=)cost =—ocn?{— —),
' 2 V2 277 2 V2
where cn denotes the elliptic cosine. Energy considerations may be used to show that
the remaining f; and g; are bounded, and it is to be expected that the motion is closely
described by ¢ =af: and o =a?g, when a is sufficiently small. For most materials, a
value of a? greatly in excess of 10~2 will lead to plastic defarmations; hence, the motion
of such strings is well defined.

The motions arising when T is arbitrary, as defined by Egs. (5) and (8), can also
be written in the form,

aeFl(Er 7, e) + a3€3F3(£v 7, 6) + ¢ + P(£1 7 Q, G)r
62[62(2, 7, 6) + a2€2G4(Er 7, € + vt ] + Q(Er n, a, 6),

where P and Q are those parts of ¢ and 7 which vanish when « tends to zero and
ae=a. For this case,

F (1/1+62 k) 8 Gy = (1/1+62 k)
1 = ¢Cn 4 7, Cos g, 2 = 4 cn 4 7, ’ (14)

where k=¢[2(4+€2)]-V2 It is evident, in view of the foregoing results, that

lim Fi(f’ LB e) = ff(E) GS)

€— o

(11

©
13)

T

and it is to be concluded that since the.series defining the F; converge as e tends to
infinity, they will also converge for the smaller values of e. Both a and ae must be
small because of elastic considerations, which indicates that P and Q will also exist.
We conclude therefore that the motion of the string, whose “amplitude” «e is of the
order of magnitude required by elastic considerations, is adequately defined by the
leading terms of Eq. (13). That is, in the first approximation,
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¢=aecn[,‘/1+—i—n,k]cos£
e e

= — cn? 14—, k.

i 4cn[’1/+4":|

Figs. 2 and 3 compare the results of this analysis with those of the linear theory.

4. The motion following an arbitrary initial deformation. The motions derived in
the preceding section are obviously those corresponding to initial sinusoidal deforma-
tions. If the perturbation procedure is again carried out, and if for ¢; the function
@1=2_;b; cos j& cos jn is selected, a solution will be obtained, the leading terms of
which contain no powers of « greater than unity. The solution so obtained will corre-
spond to an initial deformation, ¢1(§, 0) =_;b; cos j&. This predominating part of the
solution may, however, be obtained by a simpler, less rigorous, procedure which
nevertheless leads to identical results. We merely expand (1 —¢?)¥/2 in the conven-
tional power series and omit in Egs. (4), ¢™? as compared to ¢, and «? as compared
to 1. We thus obtain as replacement for Egs. (4)

(15)

a2 8%
~—[a =22,
p [(1 + o] o

a*r

a_gz =0, hence 7 = 7(y), . (16)

] . f_ _
fo<a1' Zz)df 0.

Finally the first of these becomes

[1 + 2 e )ds] P _To 17
e J, T e T oy (1
The solution corresponding to the initial conditions specified at the beginning of this
section is found by considering that solution of the form ¢ =a_; b; cos j&y;(n), where
¥;(0) =1 for each ;.
Upon substitution of this function, Eq. (17) yields the following set of ordinary
differential equations

2+ n’m[l + % > bf«#i] =o. (18)
i
These may be written in the conventional operational form
(D" + ') = — %2% P (19)
7
and standard integration procedure leads immediately to the integral equation

¥aln) = cos ny — — f "sin n(z — na(s) X 02 0)ds. (20)
4 J, ]
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The method of successive approximations when applied to this equation will produce
a converging sequence of solutions. This method is obviously preferable to the direct
application of the perturbation method, once the equivalence of the results has been
established, since no minor terms are carried along in the algebraic work, no compli-
mentary solutions need be added as the integration proceeds,* and the 7; do not ap-
pear when the function ¢ is evaluated.

It is of interest to note that when 5;=0 for j#1, Eq. (20) assumes the form

2
b n
b= cosn = f sin (z — MY 2a)ds, (21)

and that this equation must generate the elliptic function previously encountered.
When the method of successive approximations is applied to this equation, the series
obtained is that one found in the first solution obtained in this paper. This function
may be obtained more directly by solving Eq. (18) for this particular set of initial
conditions.

Perhaps the quickest way to obtain an approximation to the motion for non-
sinusoidal initial deformation is to be found in the application of a numerical pro-
cedure using finite differences. Equation (17) lends itself readily to such a treatment
and the results are considerably easier to interpret than those found by the more
rigorous integral equation treatment.

5. The three dimensional problem. If we now allow deflections w normal to the
plane of u, the procedure of the foregoing sections of this paper leads to the equation

9%

{1+ [T + e lae) 55

2
= 0_¢ (22)
92

and to the equation obtained by interchanging ¢ and x in (22). 7 is given by the
integral on the left side of this equation and x =w/(1+4a?r). It follows immediately
from the similarity of Eq. (17) and that given above that the integral equation
method previously described will provide the solutions to problems of this nature.
In particular, however, the motions wherein the string at any instant lies in a single
plane and wherein each particle describes a quasi-elliptical path is easily determined
in closed form by considering the deformation expressed in the complex form

¢ = ea P(n)e¥™ cos £,
where ¥ and u are each real. Equation (22) assumes the form,
62 2‘)0 a2
[1 += f | o(& ) I%z]a—z, = (23)
which, when separated into its real and imaginary parts, implies,
W (n) = c/¥*(n)
* When dealing with the differential equations leading to Eq. (8), it was necessary to choose comple-

mentary solutions to conform to given initial (or other auxiliary) conditions of the problem. In the in-
tegral equation approach, such conditions are always included in the equations.



164 G. F. CARRIER [Vol. III, No. 2
and

2
Viky - =0, (24)

Here, ¢ is a constant defined by the initial conditions as follows;
v(0) =1, ¢'(0) =0 p0) =0 p(0)=c
When ¢ <1+€2/4, these initial conditions lead to a solution of Eq. (24) given by

[N ) L

cj;ﬂn[/"(s)ds, T=

¥

)

v

®
I
|

where

1
B = e [V + B2 + 32¢%c? + (8 + )],
€

1
v=5s [V + )2 + 32¢%? — (8 + €?)].
€

Note that as ¢ tends to 1+ €%/4, ¥ becomes identically unity and the motion of each
particle is circular. That is,

@ = ae cos teimvites, (26)
When ¢>1+¢€2/4, integration of Eq. (24) yields,

_ B+ Dy -v2z
v+B— (v 1Z°

[ y+8 7?1
Z = sn —en, —.
8 v+8

It is interesting to observe that the string never passes through its rest position for
values of ¢ different from zero. This follows from the fact that ¥ never vanishes.

The function which rigorously defines the transmission of a localized disturbance
along the string is easily found by considering those solutions of Egs. (4) which allow
the function 7 to assume a constant value. Equations (4) become, under this assump-
tion,

(27

¢2_

where

R 02/ 024’ \ 0%’ 0%’ fx [(1 b )2 ( ')2]”2[15 (28)
P aEz - 6772 ’ P 322 - 3772 ’ 0 T “ -n
where
= 147

1+ a?r
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If we now choose
W =fE—pn), o= ((1+an) - @) -1, (29)

where 7 is determined by
1 T
= [+ el = [ 0} = 1,
T Jo

and where f(£) is non-vanishing in a small region in £, all equations are satisfied. This
solution is valid until the deformation reaches a fixed point in the string. When this
occurs, the reflection phenomenon requires a change in 7. This solution is in agreement
with that found by the linear theory except that p would assume the value unity in
that theory.



